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ABSTRACT. We investigate the dynamics of a delay differential equation obtained by perturbing a vector
field f: R™ — R", admitting a stable periodic orbit, thanks to a delayed feedback control ng(z,z(t — 7)) of
same regularity, where 7 is small and 7 large so that n7 be bounded but non small. We prove that trajectories
starting in a neighborhood (of size independent on the parameters 71, 7) of this original periodic orbit in the
set of continuous functions from [—7, 0] to R™ enter asymptotically a periodic regime, which regimes existing
in finite number. Our synchronization result is based on the construction of an invariant manifold via a
process inspired by the Lyapunov-Perron method for integral operators associated to solutions of ordinary
differential equations, and on the persistence of normally hyperbolic invariant manifolds for semi-flows on
Banach spaces. The statement we provide here complements already known results on periodic orbits in the
context of delay differential equations.

1. INTRODUCTION

The control of nonlinear dynamical systems is an active research area which has led to many improve-
ments in engineering disciplines, notably for: driving multibody systems, stabilising spacecrafts attitude [25],
controlling blood glucose [33] and neural firing rate means [26], stabilising erratic dynamics of synthetic gene
circuits [39] (or inducing such behaviors [31]).

In this context, among the different methods of control developed, time-delayed feedbacks have now been
used for several decades. Initiated at the end of the 1980s with the seminal work of Ott, Grebogi, and Yorke
on chaos control [27], several delay feedbacks have been proved to be useful to turn an unstable periodic
orbit of a chaotic attractor into a stable one: a particular scheme, efficient and easy to implement in practical
experiments, is the control of Pyragas [32], who introduced a feedback term given by the difference between
the dynamical state of a signal and its value delayed by a time equal to the period of this signal.

Since these two pioneering works, various investigations have been performed successfully in this direction,
for instance to stabilize an unstable equilibrium point ([20], [43]), to control the synchronization of dynam-
ical networks [21], to stabilize unstable periodic orbits emerging from a subcritical Hopf bifurcation ([6],
[13]), or again rotating waves near a fold bifurcation [14]. All these investigations led to new insights and
achievements for various fields of applications, including the control of stochastic neural synchrony in the
brain [34] (suspected to be responsible of disease such as Parkinson or epilepsy) among other therapeutic
approaches, and the stabilization of electrochemical or optoelectronic systems ([10], [40], [14], [15]), in control
engineering. The genericity of stabilization by such delayed feedback controls has also been tackled, showing
that, in principle, there is no restriction for their use (see [37]).

In this paper, we consider the perturbation of a vector field f : R® — R"™ (admitting a stable periodic
orbit I' in R™) by a delay feedback control of the form ng(z(t), x(t —7)). Compared to the studies mentioned
above, we are not interested in turning I' into an unstable orbit, but our goal is to describe the dynamical
phenomena induced by the delay 7, and this in a neighborhood of I in the infinite-dimensional phase space
corresponding to this type of perturbation. In particular, we are interested in the following questions: how
much of periodicity persists or is enhanced thanks to the delay feedback? Does the delay induce other type of
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phenomena (including chaos or other complicated dynamics which can occur even for scalar delay dynamical
systems [18]) in such a neighborhood?

This idea of looking at the emergence of particular dynamical states from the delay is not at all new. In fact,
Pyragas himself had suggested the existence of a delay-induced multistability in his famous article. Since
then, a work done by Perlikowskwi and Yanchuk in [28] (followed later by Sieber, Wolfrum, Lichtner and
Yanchuk in [38]) has provided some answers to the questions above: they showed that given a smooth delay
equation & = f(x(¢), z(t — 7)) admitting a periodic orbit, then the presence of this orbit automatically implies
its reappearance when the delay is increasing: as a consequence, they deduced that more and more periodic
orbits appear when the delay tends to infinity, some of them stable, others, unstable. This is in accordance
with experiments observed in lasers when the delay taken is large ([42], [23]).

In this context, our purpose here is to prove that for our delay equation & = f(z) + ng(z(t), z(t — 7)) taken
when 77 > 0 is small and 7 > 0 large so that 7 be uniformly bounded but non small, there is nothing else but
periodic orbits in a neighborhood (whose size does not depend on 7, 7) of the original orbit I': we provide
a Mathematical statement saying that, any trajectory in the phase space €' ([—7,0],R™) starting in such a
neighborhood converges asymptotically to a periodic orbit, these periodic orbits existing in finite number.
Hence the trajectories in this neighborhood exhibit a delayed-induced synchronization, and they are split in
clusters of synchronization with distinct frequencies: we give a formula (at first order in 7) for these distinct
frequencies. Moreover the larger 7 is (at a fixed value of 1), the more numerous are the periodic orbits, and
thus the more numerous are the different clusters.

Our work therefore completes the one of Perlikowski and Yanchuk in [28], in the particular case of our

equation with the two parameters 7, 7. Our result shows three main assets. The first one is to hold for a
non trivial range of parameters, namely when the delay 7 can possibly be very large, compared to classical
perturbations results requiring 7 to be fixed and 7 small enough compared to 7 (as a consequence 7 appears
to be usually very small). The second one is to give a full description of the dynamics in a neighborhood
of size fixed with respect to these parameters 7,7 (which size depending only on the vector field f), and
therefore in a neighborhood which is not very small. The third one is that this synchronization we obtained
here is provided by a precise Mathematical statement valid for the delay equation @ = f(z) +ng(z(t), z(t—7))
itself with any (sufficiently smooth) maps f and g, whereas, very often, such a result is established for phase
reduction models deduced from such a delay equation (and, as said above, often in the situation where the
delay is fixed or small: see [22] and very recently [1]). To our knowledge, these three points constitute a new
result.
The approach we adopt to obtain it is based on the use of two classical tools in nonlinear dynamical systems
theory. The first one is the Banach Contraction Mapping Principle [2], which, under the form of the
Lyapunov-Perron method for curves solutions of an ordinary differential equation [29, 30, 9], has permitted
to establish in the past the existence of various types of invariant manifolds on which it is convenient and
usual to reduce such a dynamical system (see [35], [36], [41]): we adapt this method here for our delay system,
and as a result obtain an averaged system for which we manage to prove the desired frequency-locking. The
second tool is the persistence of normally hyperbolic invariant manifolds under perturbation of semi-flows
generated by delay differential equations: this persistence under small perturbations is well known for flows
in finite dimensional spaces (see [12], [19], [24] and as well [11]) and it has been extended at the end of the
1990s by Bates, Lu, Zeng in [3, 4, 5], in the infinite dimensional setting of semi-flows on Banach spaces.! 2
Thanks to this result, we obtain that the desired synchronization exists not only for our averaged system,
but also for our original delay equation.

We now present our result in details (Section 2), before giving its proof in the remaining part of the paper
(in Sections 3, 4, 5, 6, 7 and in the Appendix).

2. PRESENTATION OF THE MAIN RESULT
Let i(t) = f(z) be a differential equation defined by a vector field of class ¥ in R", for which exists a

stable hyperbolic periodic orbit I of period 7" in R™. In this paper we consider a perturbation of this vector

IThe Lyapunov-Perron method permits as well to obtain all these persistence results, both in finite or infinite dimension.
2We reproduce the precise statement of this result in the Appendix.
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field by a delayed feedback term:

(1) & = f(x) + ng(a(t), 2(t — 7)),

in which g : R2® — R" is of class €2 as well, 1 is taken very small, and the delay 7 > 0 is possibly very
large: in particular we allow the product n7 to be bounded but non small, which constitutes a non trivial
case of persistence of periodic behavior under small perturbation.

2.1. Notations. In all the paper, R will denote the set of real numbers taken with the absolute value | - |,
R, the set [0, +o0o[, and R_ the set ] — 0o, 0]. We will denote by S! the circle of length 27.

R™ will be equipped with a fixed norm denoted indistinctly by || - || for any n > 2. For square matrices of
size n — 1, we will also denote by || - || the matrix norm induced by || - || on R*~!.
(€¢(]-1,0,R), || - ||oo) Will denote the Banach space of continuous functions from the interval [—1,0] to R

equipped with the uniform norm defined by the relation ||f[|oc = sup,¢(_1 ¢ [f(s)[, and similarly for other
spaces such as € ([—7,0],R"), or €([—7,0],R""1). The notation (Bs,(R_,R"1) || - ||o) Will stand for the
Banach space of continuous functions from R_ to R”~! uniformly bounded by §y,. We will need to use as
well weighted Banach spaces, mainly the space €, (R_,R) of functions having an exponential growth of rate
at most given by a > 0:

Co(R_,R) = {f : R_ — R continuous, ||f||o < 400}

where the norm || - ||, is defined by the relation || f||o = sup,<q [f(s)[e**.
For products of two Banach spaces (whether those are spaces of functions or not), the norm taken will be
always the one given by the maximum of the two norms.

For the delay differential equation (1), we denote by z(t,) the trajectory of (1) starting at the initial
condition v € €([—7,0],R") and taken at time . We will also need to consider the semi-flow (7; ., +)¢>0
associated to this differential equation, i.e the map from % ([—7,0], R™) to itself defined by:

Vy € €([—7,0[,R"), Vs € [-7,0] : Tin-(7)(s) =x(t +s,7).

These notations z(t,y) and Ty, -(7)(s) will be adapted in a straightforward way to other delay differential
equations: for instance for the delay equation (3) written in normal coordinates (see Lemma 2.2), we will
denote by Ty -(¢o,y0) the semi-flow associated to (3) taken at the initial condition (¢o,yo). When semi-
flows of different equations will be considered in the same context, the reference to the considered equation
will be explicitly mentioned in the notations: in Section 6 for instance, 7, - will stand for the semi-flow of
the averaged equation (15), and similarly 7(gy ., - will denote the semi-flow of (8).

We refer the reader to [18] for an introduction to these basic notions on delay differential equations.

We will often use the notation f(+) to denote the function « — f(x) when this notation will be convenient.
For instance in Section 6, in Proposition 6.3 with the function n7G(- + 0,) from R to R, and in Lemma

2 2
6.5 with the functions —— . +C4 from R_ to R standing for s — %s + (4, and w] + +C5 standing for

5 — w;s + Cy. Similarly in other parts of the paper, notably in Corollary 7.1 with the function y; ¢ from
R_ to R written as:

27T -
Xi,C = T +w:< * +C + ai(‘ﬂ?,T» C) + ﬁi('77777-7 C)

and standing for:

2
S %s—&—wfs—i—C—&—ai(s,mﬂC)—1—51-(3,77,7,0).

For a map F defined on R"~! and of class ", r > 1, the notation DF(z) will stand for the Jacobian of
F at z in R"™!, and similarly for semi-flows on Banach spaces with the notation DTy, -(1,y) where (¢,y)
lies in a specific product of Banach spaces of continuous functions.
The classical Landau notation o(||y||) (“little 0”) will stand for a term z in R"~! whose norm ||z|| can be
3



neglected with respect to ||y|| in a neighborhood of a point (often 0) in R™~!. This notation will be also
used for Banach spaces: for instance o(|[h||,), where h is in G, (R_,R).

2.2. Statement of the main result and sketch of the proof. The main result of this paper unveils a
frequency-locking for trajectories of the infinite-dimensional dynamical system (1) starting (in some sense)
close to the original periodic orbit of f in R™. This means all trajectories starting in a neighborhood of this
orbit in € ([—7,0],R™) will be proven to asymptotically converge to a periodic orbit, such periodic orbits
being in finite number (depending on 1,7 and g). Let’s introduce the following notation:

Notation 2.1. Consider the periodic orbitT' C R™ of the vector field f. For any § > 0, we denote by Vp ,(6)
the neighborhood of T' in € ([—7,0],R™) of size §, that is to say the following open set:

Vrr(6) = {7 € ¢([-7,0,R"): sup inf |[yo(s) —yll <d}.
s€[—7,0] yel

The frequency-locking we are looking for will be obtained by using normal coordinates. To introduce
these coordinates, we first establish the following result (see the proof in Section 3):

Lemma 2.2. There exist 6g,n0 > 0, an open set Vs, of R™ containing T and a €*-diffeomorphism ®:
®: Vs, CR" =S x W, € St x R*™1
T — (@1(x),®2(z)) = (way)

where Ws, = {y € R"™1 ¢ ||y|| < do} such that for any 0 < n < no, and any T > 0, the diffeomorphism ®
transforms the solutions (x(t))i>0 of (1) starting at initial conditions in the neighborhood Vr -(6o) of T' in
€ ([—T,0],R™) into the curves (¢¥(t),y(t))i>0 solutions of the system:

2) gf = 2% + g1 (Y(t),y(t), vt —7),y(t — 7))
d—f = Ay +ha(,y) + ng2(b(t), y(t), vt — 7),y(t — 7)) ’

where ¥ has values in R, y has values in R"~Y, the €2 maps g1, g2, hy are 2m-periodic in the variable ¥, and
there exists a constant K(hg) > 0 such that for any ¢ € R and anyy € Ws, we have: ||ha(1,y)|| < K(ha)||y||*.

The proof of this lemma requires to perform a coordinates transformation for Equation (1), similar to the
classical case of a hyperbolic stable periodic orbit for a smooth vector field in R™ (see the book of Hale [17]
or [35]). Compared to other works, this coordinate transformation for Equation (1) is not done in the phase
space (as in [16]), which is infinite dimensional, but at any time ¢, using the fact that the term x(¢) solution
of (1) always belongs to R™. In this way we can “formally” use the %-diffeomorphism ® giving the normal
coordinates in the non delay situation and obtain a new form of our delay equation (1), more suitable for
the obtention of the frequency-locking we are looking for.

Remark 2.3. This means that the €?-diffeomorphism ® of Lemma 2.2 gives a bijective correspondance
between solutions (z(t))i>0 of Equation (1) starting at initial conditions vy close to I in € ([—7,0],R") and
solutions (Y(t),y(t))i>o0 of Equation (2) starting at initial conditions ® o 7.

By rescaling time from ¢ to ¢’ = ¢/7 we are thus led to the following equivalent equation:

(3) i;/(f = %TT + 777g1(1/)(t),y(t),1/1(t - 1),y(t — 1))
Wyt mha(y) + (00, 9(0). 0t~ 1).3(t 1)

for which the initial conditions are taken in a neighborhood Vr 1(d) close enough to I' in € ([—1,0],R").

Now, for Equation (3), we observe in Section 3 that after a finite time the value of ||y(t)|| is of order of
magnitude 7. Thus, replacing in the equation of the variable 1, we get a delay equation for i that roughly
speaking does not depend on .

To prove this assertion rigorously, we use an invariant manifold approach similar to the construction
of invariant manifolds for flows in R™: we perform a method inspired by the Perron-Lyapunov method
[9, 29, 30], which comes to applying the Banach Contraction Mapping principle for an integral operator
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coming from the variation of constants formula (see [35]). Such a method require to work on curves defined
for infinite backward time, but in general solutions of delay differential equations are not unique in the past:
to overcome this problem, we consider the semi-flow of (3) for initial conditions directly defined on the entire
set R_, and not on the finite domain [—1,0]. A natural choice is the Banach space €, (R_,R) of functions of
growth exponentially bounded on R_ for the variable ¢, and the Banach space Bs,(R_,R""!) of uniformly
bounded functions on R_ for the variable y. On %, (R_,R) x Bs,(R_,R"~1), the semi-flow of Equation (3)
is 42, and we prove in Section 4 (Lemma 4.3) it admits the following 42 invariant manifold in that space:

Ma = {(¢,Ga(¢))7¢ € %Q(R*vR)}a

where G, is of class €2 with values in Bs,(R_,R"71). A key point in our approach is the existence of an
exponent a; > 0 (depending on 7, 7) for which this manifold M, is in fact globally stable for the semi-flow
of (3) (see Theorem 4.5 ), in the meaning that for any (¢1,y1) in €([—1,0],R) x By, /2([—1,0],R*~*) there
exists an initial condition (@o, ye,) in Ma, such that we have:

lm  sup ||Te.5.7(00,Y60)(s) = Tes1m.r(¢1,91) ()| = 0.

t—00 5e[—1,0]
This convergence is not as strong as the foliation result obtained by Chen, Hale, and Tan [7], due to the shift
by time ¢ + 1 in this expression (see Figure 1): however, this global attractivity still permits us to reduce
Equation (3) on this manifold M, . This comes to reducing it to an equation in only one variable, but this
time defined by a semi-flow i, 1.+ of class €2 on G, (R_,R), and not on €'([—1,0],R). This equation,
obtained at the end of Section 4, has the form:

dyp  2mT

=t 017G (1) + 17 o (V1)

where H,, : €a, (R_,R) — R is uniformly bounded in 7 (and thus n*7H,(¢:) is a perturbed term of order
7, provided n7 is larger than a constant larger than one). In fact the semi-flow of this equation is not only
©? on 6u,(R_,R) but on €,(R_,R) for any a > 0 (only the global stability mentioned above and given by
Theorem 4.5 of such a manifold M, is true for &« = 7). The obtention of this equation concludes the first
part (composed of Section 3 and Section 4) of this paper.

In the second part (from Section 5) we study this equation in the variable v, a priori on any space of the
form %, (R_,R), with the purpose of describing its solutions in asymptotic time: in that purpose, we first
look at its first order approximation in 1 (Equation (8)). Using averaging techniques we reduce Equation (8)
to a much simpler averaged system (15). For this averaged system, we prove the existence of an exponent
a2 > 0 for which we can fully describe the asymptotic behavior of any trajectory starting in €5, (R_,R): this
is done in Lemma 6.5 (using Lemma 6.1, Proposition 6.3). The asymptotic behavior, roughly in (Q’TTT + w*)t
where w* is a constant depending on 7, 7 and g, is the desired frequency-locking for System (15). It is there
that we use the persistence result of normally hyperbolic invariant manifolds [3] of Bates, Lu, Zeng (we recall
this theorem in Section 8.1 of the Appendix): it says that if a semi-flow admitting a normally hyperbolic
invariant manifold is of class €' on the Banach space considered, and if its linearized semi-flow restricted
to the unstable part associated to this manifold is an isomorphism, then this manifold persists under small
perturbations of the semi-flow (see the Appendix).

Applying this result, we conclude there exists an exponent s > 0 such that the asymptotic behavior of any
trajectory (starting in €a,(R_,R)) of Equation (8) is given approximately by this term (25T + w*)t: this is
the statement given by Corollary 6.7, which concludes the second part of this paper.

Finally, in Section 7 we merge the two parts above. The two exponents obtained a3 > 0 and ag > 0
have no reason to be equal but given any initial condition Xy € %, (R_,R) we can always modify it on
] — 00, —1] so that the new initial condition X, belongs to Gu, (R, R)N%a, (R_,R). Since our goal is to deal
with Equation (1) which is defined by a finite time delay (equal to 1 in the rescaled time), we can consider
the asymptotic behavior of (Ta,, t.n,7(Xo0)(s))i>0 for time s € [~1,0], which therefore comes to considering
the one of (TMal,t,n,r(Xo)(S))tzo- Using this point, we can use Corollary 6.7 of the second part to describe
trajectories of the semi-flow Tx4,,, : this gives Corollary 7.1. From this, we can conclude that any trajectory
of Equation (3) starting with an initial condition in ¢'([-1,0],R) x Bs, ([—1, 0], R"~1) converges to a periodic
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orbit (as stated in Theorem 7.3), which periodic orbits are in finite number and defined by the constants w*
mentioned above. Using the diffeomorphism ® of Lemma 2.2, we finally obtain the same conclusion for our
original Equation (1). This conclusion (see the end of Section 7) constitutes Theorem A, which is the main
result of this paper, and its statement is the following:

Theorem A. There exists §g > 0 for which, given any L1, Ly > 1, there exist ng, My > 0 such that, for a
generic choice of n, T in the set {(n,7) €ER?: 0<n<ny, 7 >0, Ly <nr < Lo}, there exist p real numbers
Wi, -, w, associated to p functions Ci,- -+, (p € € ([—7,0],R™) satisfying the following:

for any initial condition vy in the neighborhood Vr -(d9/2) of T' in €([—7,0],R"™), there exists an integer
1 < i < p for which the trajectory (Tin.~(7))t>0 solution of Equation (1) converges asymptotically to the

2w 9
@\ < Mon=.
T T

Interpretation of Theorem A. When n is very small and 7 > 0 very large such that nT be bounded but
non small, there are clusters of synchronization in frequency, through which all trajectories of Equation (1)
converge. The number of these clusters is finite and depends on n, 7. Each of them is defined by a frequency

*
W

. 27 i
equal (at first order in n) to & + =

orbit (Te .+ (Ci))e>0. Moreover, (Ten-(G))e>0 is periodic, and of period A; satisfying |A;—

Remark 2.4. (i) In this statement, the real numbers L1, Lo > 1 are just used to ensure nt is bounded and
larger than one (which imposes T to tend to infinity when n tends to 0): for simplicity, one can essentially
consider in the first instance that Ly = Lo = 1. Since in this case the delay T is forced to be equal to %
(which is too restrictive), we take L1, Lo > 1 arbitrarily to avoid this unnecessary restriction on the form of
the delay.

(i) The case where T is kept at a fized value 79 when 1 varies (or the case where T is of order n), is trivial:
indeed, in this case, a direct application of the result of Bates, Lu, Zeng ensures that for any n small enough,
the original periodic orbit T’ persists as a stable periodic orbit (unique, in a small neighborhood of T') in
%([—T(h()],Rn).

(iti) We will see (Section 6) that for any 1 < i < p, we have w} = n7G(w; + 22T), where the map G is
2mw-periodic on R: thus, when n tends to 0, the period A; converges quadratically to the period T of the
original orbit I' in R™.

(iv) Observe that for larger and larger values of nT, the number of fized points of the map nTG(+ + 27%)
increases: therefore we recover, as in the paper of Perlikowski and Yanchuk [14] (and as in [1] as well), that
the number of periodic orbits increases with the delay. Moreover, except for some pathological values of n, T
in {(n,7) €R?: 0<n<mg, 7>0, Ly <nr < Lo}, we will prove that the stability of these periodic orbits
are given by the slopes of the map nrG(- + 25T) at the fized points w}: namely, if F'(w}) > 1, then the
associated periodic orbit is unstable and if F'(w}) < 1 and F/'(w}) # 0, it is stable. Thus, again as in [14]
and [1], we recover the fact that roughly speaking, half of the periodic orbits are stable, and the other half
unstable (see Figure 2 in Section 6).

The remaining part of this paper is dedicated to the proof of Theorem A, and contains the steps discussed
above with all the technical proofs in detail.

3. NORMAL COORDINATES FOR EQUATION (1)
In this section we prove Lemma 2.2 stated in Section 2:

Proof of Lemma 2.2 As the vector field f is 4 in R", then as explained in [17] there exists §; > 0,
an open set Vs, of R" containing I', and a 42 map V:

T:RxW; CRxR" = V5 CcR”
(b,y) — @

where Ws, = {y € R"1 : ||y|| < 81}, satisfying the relation (¢ + 27, y) = ¥(2),y) and which induces a
diffeomorphism when restricted to [0, 2w[xW;, such that this diffeomorphism ¥ transforms the solutions of
6



the equation & = f(x) into the solutions of the following system:

. s

b =3 |
gy =Ay+h(¥,y)

in which ¢ takes values in R, the matrix A of size n — 1 have eigenvalues Aq,--- ,\,_1 all strictly nega-
tive, and there exists a constant K(hy) satisfying, for any 1 € R and y € Ws,: ||ha(w,y)|| < K(ha)||y||*.
Moreover, in this differential system the map hy is of class €2 in both variables and satisfies the relation

ho (¢ + 2m,y) = ha (4, y).

Under this change of coordinates, the new variables 1, y, are called the normal coordinates (see [35]).
Let’s denote by ® the inverse of the restriction of the map ¥ to [0, 27[x W, .
Then, given > 0,7 > 0 there exists a finite time o > 0 such that the curves (®(x(t)))icjo,0] =
(¥(t),y(t))tefo,t0] (Where z(t) denotes a solution of & = f(x) + ng(x(t), z(t — 7)) having an initial condi-
tion +y in the neighborhood Vr ,(é1) of T in €([—7, 0], R™)) satisfy:

Vit € [O,to], y(t) S Wle
and therefore satisfy, formally:
;}f = 2 O (a(0)) (B0 (1)), B~ ), (1~ 7))
Y Ayt halih) +n 2 (w(0)) (@), y(0)), B~ 7).yt — 7))

In other words, we get that the curves (®1(x(t)), ®2(x(t)))rc(o,t0) = (V) y(t))eo,1,) satisfy System (2),
ie:

igf :2%+77g1(¢(t)7y(t>71/}(75—T),y(t—r))
d—z = Ay + ho (e, y) + ngs (V(0), y(1), B(t — 7),y(t — 7))

where g1, g2 are functions of class 42 from (R x R"71)2 to R which are 27-periodic in the variable .

Now, in accordance with the statement we are proving, we need to justify this correspondance between
System (1) and System (2) is valid for any time ¢ > 0, not only for time t € [0,¢] (i.e that the curves
(®(x(1)))eeio,t0) = (¥(1),y(t))tejo,t) satisfy System (2) above for any time ¢ > 0 and not only in [0,%]). To
do this, we first notice the existence of a constant o > 0 and of a matrix P € GL,_1(R) (depending only on
the matrix A, and not on g, 7, or 7) such that:

Vz e R"1: (2, P71 APzZ) < —0o|2|]?,

and this since all eigenvalues of A are negative: this classic inequality can be seen by applying the Jordan
normal form to A (see Lemma 8.1 in the Appendix). We now choose 0 < §p < §; satisfying the condition:

(4) — o+ [P [|PIPK(hz) o < O
and we choose Cy > 0 large enough so that the inequality

-1
L P, b0)

() [=o +[[P7H* [IP|PK(ha) o] Co

0

be satisfied (where KC(g2,d0) = MAXy, € [0,27]2,y,4' EWS, g2, y, ¥, ¥']|]). Moreover, we reduce the value of

7 > 0 so that we have nCy||P|| < dp. Then, given a fixed 7 > 0, let’s consider a trajectory (®(z(t)))i>0 =

(1(¢), y(t))i>0 starting at an initial condition in the open set Vp ;(dp). Assume, that for a given time ¢t > 0
7



we have: ||[P~1y(t)|| > nCo and ||y(t)|| < dp. Then it comes, by Lemma 8.1 of the Appendix:

S SIPy” = (P (), P ()
< —oll PO + POl P IPIPK ) + 1Py 2P )
S PO - [0 + 1P (PP hg)gy + IR E2:0)
PRl -+ PP PP}y + IR B0

< 0.

This means the function ¢ — ||[P~1y(t)|| is locally decreasing at any time ¢ > 0 for which ||P~y(¢)|| > nCo
and ||y(t)|| < do. So for any time ¢t > 0 large enough, we have:

1P~ y(@)I] < nCo,
which implies:

()] < nCol| P|].

Setting ny = we have proved that for any 0 < n < 19 and any 7 > 0, each curve (®(z()))i>0 =

do
CollP|”
((t), y(t))1>0, (where z(t) is a solution of & = f(x(¢)) + ng[x, z(t — 7)] starting at an initial condition in the
open set Vr -(dp)) satisfies:

Yt >0, y(t) € W,,

and thus the curves (®(z(t)))i>0 = (¥(¢t),y(t))i>0 satisfy Equation (2) for any time ¢t > 0. QED.

In fact this proof contains two important informations:

Remark 3.1. (i) According to the proof of Lemma 2.2, the trajectories of System (2) starting in a
neighborhood of size dy of I, contract to a neighborhood of size of magnitude n after a finite time.

(i) With the same ng,d0 > 0 taken in this proof, we have that if 0 < n < X, any trajectory starting at
an initial condition in a neighborhood of size §o/2 of T' remains at any time in this neighborhood.

4. CONSTRUCTION OF A GLOBALLY STABLE INVARIANT MANIFOLD FOR (3)

Since after a finite time the value of ||y(t)|| in Equation (3) is of order of magnitude n, thus, replacing in the
equation of the variable 1, we get a delay equation for v that roughly speaking does not depend on y at first

2
order (provided nt is larger than 1): namely an equation of the form % = % + nreo(¥(t),0,9(t — 1),0).

As said in Section 2, to formalize this idea we prove here the existence of a globally stable invariant manifold
Ma, for the semi-flow of Equation (3) (see Lemma (4.3) and Theorem 4.5 below) in which the elements
(v, y) satisfy that the variable y can be expressed as a function of 1.

In the rest of this section, that is to say for Propositions 4.1, 4.2, Lemma 4.3, and in the proof of Theorem
4.5 below, we fix (see Lemma 8.1 of the Appendix) a constant C' > 0 and o < 0 such that the following
holds:

(%) VE>0: |let]| < Cet,

where A is the matrix of System (2) and System (3). We also fix 19 > 0 and dyp > 0 satisfying Lemma
2.2, and (as in the proof of this lemma), we reduce their value if necessary so that for any 0 < n < 79, the
8



following holds:

K(hg) 82 + 1 K(g2,0) < )

¢ s Y

(%%)

) K(Dhg)éo + n’C(DgQ, 50) p
-0

where K(Dhy) = sup. ey, [[Pha(2)[| and K(Dgz2,d0) = Subse (0,201 x w52 [1D82(3)]]-

The conditions (%) and (%) are mainly used in the proof of Theorem 4.5 and could have slightly been relaxed

for Propositions 4.1, 4.2 and in Lemma 4.3.

2C 1

Now given a > 0, and 0 < n < 19, 7 > 0, consider the following map T defined over the set of curves in
Cn(R_,R) x Bs,(R_,R*1) :

T: () ~ yite [ T [rhy (¢(u), y(u) + nrea(d(w), y(u), (u — 1), y(u — 1))]du.
Cu(R_,R) x Bs, (R_,R™™1) — Bs, (R_,R"™1)

Proposition 4.1. For any o > 0, and any 0 < n < ng, 7 > 0, the map T is well defined, that is to say we
have:

Yo,y € Co(R_,R) x Bs,(R_,R"™ ) : T(¢,y) € Bs,(R_,R"™1).

Proof. By choice of §y > 0, for any (¢,y) in €,(R_,R) x Bs,(R_,R"*~ 1), for any 7 > 0 and any u < 0 ,we
have:

[1[rha((w), y(u) + n7ga(é(w), y(u), ¢(u — 1), y(u = D)]|| < 7K (h2)d3 +n7K(g2, bo),

and thus, by Conditions (x) and (%*):

_ C
vt >0, [[gt)]] < jU(K(hz)5§ +nK(g2,d0)) < do,
as desired. 0
The following lemma is the one that will give us the existence of the desired manifold:

Proposition 4.2. For any a« > 0, any 0 < n < 19, 7 > 0, and any ¢ € Co(R_,R), the map T is a

%—contmction in the second component:

_ 1
(Y1, y2) € Bay (R, R"™1)2, [T, 1) = T(d,0)|le < S lIy1 = valloe-
Proof. Let ¢ € €o(R_,R) and (y1,y2) in Bs,(R_,R"~1). We have, for any time ¢ in R_:

1T (¢, 51)(t) — T(¢,y2) ()| < (TK(Dh2)do + n7K(Dg2,6)) - ly1 — v2lloo / |le™ A=) ds

—00
C
< — (K(Dh2)do + nk(Dgz2, é0)) - [ly1 = y2ll
and therefore, by (%) and (**) we have that T is a 3-contraction in the second component on the Banach
space Bs,(R_,R"~1) equipped with the norm || - ||o- 0O

From Proposition (4.2), we now have:

Lemma 4.3. For any o > 0 and any 0 < n < ng, T > 0, there exists a €% manifold M,, included in
Co(R_,R) x Bs,(R_,R"™1) |, invariant for the semi-flow Ty, » associated to (3). This manifold is defined
by:
MG& = {(¢7 y¢),¢ € (goz(R—aR)}a
where y, denotes the unique fized point of the map y — T(¢,y), with y € Bs,(R_,R"71).
9



Proof. By Proposition 4.2, given a function ¢ € €, (R_,R) the map T is a contraction in the second com-
ponent on the Banach space (Bs,(R_,R""1),|| - ||o): thus by the Contraction Mapping Principle, this map
admits a unique fixed point. Denoting by y4 this unique fixed point, we obtain the desired manifold M, as
a graph of a function in ¢.

Now, let us take (¢o,ys,) € Mo and a positive time ¢ > 0, and let us prove that 7z, -(¢o, ye,) belongs to
M. Recall that by definition of the semi-flow we have:

ﬁ,n,'r(?bo, y%) S W)(t + S, ¢07 ycbo)a y(t + S, d)Oa qug)]
R_ > RxR" 1L
where ¥ (t+s, do, Yp, ), Y(t+5, do, Yo, ) denotes the solution of (3) starting at (¢o, y4,) and taken at time ¢+ s.
The first coordinate 7y ,, - (90, Yg, )1 is clearly in €, (R_,R). Indeed, for any s € [—t, 0], the term Ty ,, + (d0, Yo, )1(5)
at time t + s > 0 is equal to:

27 (t + s)

t+s

T +¢O(O)+777_/ gl(w(uv¢0ay¢0)7y(u7¢07y¢0)7¢(u_ 17¢07y¢>0>7y(u_17¢07y¢0))du
0

in which the integral is bounded (uniformly in s € [—¢,0]) by a constant K; < 400, which gives:

2Tt
T

Tt (005 Yo )1llo < max{  sup ] [do(t + )|e, | = | + [¢0(0)] + 0Tt} < +o0.

s€]—o0,—t

Now let us consider the second coordinate Ty , - (F0, Yoo )2-
If s € R_ satisfies t + s < 0, then we have:

7;77777'((]507 y¢0)2(3) = Ygo (t =+ 8)

t+s
- / eTAS=D [Ty (g (1), Yo (1)) + 1782 (D0 (1), Yo (1), b0 (1 — 1), Yo (u — 1))]du

— 00

- / T A [y (Gt + 1), i (£ + 1)
+0782(Go(t + u), Yo, (t + 1), do(t + u — 1),y (t +u —1))]du,
from which we get the relation: yg,(t +s) = yw(t+.7¢07y¢0)(s), and therefore:
Vs €] = 00, =], Ten,r (B0, Yeo)2(8) = YT ) 2 (60,091 (5)-

If s € R_ satisfies t + s > 0, then performing a simple change of variables like in the previous equalities, we
have:

7;,7’],7’(¢07 y¢0)2($) = y(t + -, (ZSO’ y¢o)(s)
= ( eTA(s_u) [Th2 (1/1(75 + u, QSO’ y¢0)7 y(t + u, (bO’ y¢o))
+ nTgQ(w<t + u, ¢0) y¢0)7y(t + u, ¢0a y(ﬁo)?d)(t +u— 17 ¢0) y¢0)7y(t +u— 1a ¢07y¢0))]dua

and therefore:
Vs € [_t’ O]’ y(t + ¢Oa y¢o)(5) = T(w(t + -, ¢07 ytbo)a y(t + -, ¢Oa Z/qbo))(s);
from which comes:

y(t + -, ¢07 y¢0)(8) = yw(t+'7¢07y¢g) (S)

and thus:

Vs € [_ta 0]7 7;77177'(42507 y¢0)2(s) = YT nr (d0,980)1 (s)
10



Lastly, we remark that 77, - (0, Yo )2 € Bs, (R_, R"™1) since:
Te.n7 (00, Y0 )2lloo = max{  sup  |lyg, (t+ )|, sup Y7, (g0.00): (5)I[}
s€]—o00,—t s€[—t,0]
< do-
We have proved that T; , - (00, Ye,) is in Mg, as desired.
([l

Notation 4.4. It will be convenient to denote by G : Co(R_,R) — Bs,(R_,R"™1) the function of class
€2 defining the manifold M., i.e to set yy := Gu (), in which way the manifold M, can be written as:

My = {(¢7Ga(¢))v¢ € Cga(R—vR)}'

The conclusion of this section is the next result, which shows that (for some values of «), M,, is attracting
all initial conditions in € ([—1,0],R) X Bs, /2([—1,0],R™"*) for the semi-flow of Equation (3) (see Figure 1).
This is a crucial step for the proof of the main result (Theorem A) of this paper:

Theorem 4.5. There exists ng > 0,59 > 0 for which the following holds.
Given 0 < n < n9 and 7 > 0, there exists ay > 0 such that for any (é1,y1) taken in €([—1,0],R) x
Bs,/2([—1,0],R*™1), there exists an initial condition (¢o,yg,) i Ma, C Cay (R, R) x Bs,(R_,R" ") such
that for the semi-flow Ty~ of (3) we have:

lim — sup ||Tz.5,7(¢0, Yo ) (5) = Tev1m.7 (01, 91) (s)|| = 0.

t=00 5e—1,0]

Proof. See Subsection 8.3 of the Appendix. |

(¢0’ y%)

Ma,

FIGURE 1. Global stability of the manifold Mg, for the semi-flow of Equation (3).

The manifold Mg, included in €, (R_,R) x Bs,(R_,R"~!) being attracting, we can therefore restrict
our delay differential equation (3) to Mgy, . Since Mg, is invariant, then given any initial condition (¢o, yg,)
and a positive time ¢, the trajectory ((t + s, o, Ypo)> Y(t + S, Po, Yp, ))s<o solution of the delay equation
starting at (¢o, ye,) satisfies the following relation:

Vs <0, yt('a¢0’y¢o)(5) = Gay (wt('v¢0’y¢o))(5)'

Moreover, using the fact that after a finite time ¢ > 0, the term y(¢, o, yg,) is of order of magnitude 7 (as a
consequence of Lemma 2.2), and using a Taylor expansion we can write:

Y= 2%7 + 1781 (1(t),0,9(t — 1),0) + 0?7 Dgy (1(t),0,(t — 1),0)(0, y?(?t), 0, y(tn 1))
+er(y(t), y(t — 1)) - [ly@®)|| + ea(y(t), y(t — 1)) - [|y(t — 1]

11




where the terms €1 o(y(t), y(t — 1)) tend to 0 when ||y(¢)|| and ||y(¢t — 1)|| tend to 0. Therefore, Theorem 4.5
tells us that, given any (do,Yp,) € Ma,, the trajectory starting at (¢o, y4,) satisfies the equation in only
one variable:

dyp  2mT

(6) T T +07G1 () + P THay (Ur)

where Gy : Ga, (R_,R) — R is the function of class €2 defined by G1(¢) = g1[$(0),0,¢(—1),0], and
Hy : Coy (RO, R) — R is €2 as well (since Gq, is €2) and uniformly bounded in 7.
Therefore, the equation truncated at first order in 7 reads (provided 77 is larger than a constant L > 1):

@ D= 2T eh((0), vt~ 1)

where h : R x R — R defined by the relation h((t),(t — 1)) = g1[1(¢),0,9%(t — 1),0] is of class €2 and is
2m-periodic in both variables.

Remark 4.6. (i) Notice that, we must consider Equation (6) (and Equation (7)) on Banach spaces
defined on R_ and not on [—1,0] since it results from the reduction to the manifold Mg, .
(i) Equation (6) is in fact not only a delay equation with a € semi-flow on the Banach space €o, (R_,R),
but on €x(R_,R) for any a > 0: it’s the convergence given by Theorem 4.5 which is only valid for
some choices of exponents depending on n and T.

5. USING AVERAGING THEORY TO STUDY EQUATION (7)

Now in Equation (7), the term 7/T is taken large enough: therefore the phase is rotating very quickly.
To take it into account, we set:

B(t) = %TT -t
p(t) =(t) - B(t)

and embed the equation (7) in R2, by considering:

~—

27T
(8) b=
¢ = nth(e(t) + B(t), d(t — 1) + B(t — 1)).

We can study Equation (7) through this embedding in R?: indeed the equation in ¢ is the same equation as
the one in 1. Now, as h is of class €2, 2m-periodic, therefore we can express h in Fourier series, using the
basis given by functions (s,t) — exp(i(ms + nt)), for any integers m, n in Z. Doing this, we get that ¢ has
an equation of the form:

do ; ndb(i— z i T (m—

(9) E =nr Z am,nez(md)(t) ne(t 1)+27rnT)627mT(m n)t’
(m,n)ELXZ

where (Gm,n)(m,n)ezxz is the family of Fourier coefficients of the function h. Therefore, the reformulation of

Equation (8) in the infinite dimensional setting takes the form:

(10)
dpy . 27T
0=
dé

L (0)= 17 T e OO CIETE) 45 e O D) i1 0

As 7/T is taken very large, the second sum in the right hand side of the equation in (;5 is very small, and can

be skipped at first order in 7: to formalize this point rigorously, we are now going to use in a hidden way

averaging theory.

For t > 0, let us set ¢pV := ¢y — 0T S‘E(Z(m;én)eZXzam,nei(m‘b‘_"@*l”””%) fot e(m=m)B: ds) (which corre-

sponds to defining a Krylov-Bogoliubov-Mitropolsky type of transformation, as in the classical Averaging
12



theory). That is to say we set:
(11) Vs <0, ¢}(s) :=u(s) —nR( > meumms)—nwl(s)+2m%)(ez’<m—n)m(s> —1)),
(m#n)ELXZ T

in which way the new coordinate ¢y is a small perturbation of ¢;.

To study Equation (10), we want to make use of ¢}“” as new variables. We thus need to verify that the
definition of ¢7¢* above can be somehow considered as a change of variables (which is the statement of
Proposition 5.2 below). In this purpose we precise the following notation:

Notation 5.1. Given o > 0, we denote by (Eo(R_,R)>,||(-,)||a) the product Banach space €no(R_,R) x
Go(R_,R) equipped with the norm ||(-,)||o defined by the relation

(B, ) € Ga(R_,R)?, [[(8,8)lla = max(|[B]]a, ||¢]]a)-
Proposition 5.2. Giwen a > 0, let’s consider the maps Ty, T2, T|_1y defined by:
Ty :  FaR_,R)’ — Gu(R_,R)? [To:  %a(R_,R)’ — %a(R_,R)’
(B,9) = (B, ¢"), ’ (B,9) = (B, ¢")

and

B, ") = (B,¢) = Ty (B, ¢")

where the spaces Go(R_,R)* and Gao(R_,R) are equipped with the norm ||(-,)||a and ||(-,")||2a. Then, the
following holds:

(i) The map Ty is a bi-Lipschitz homeomorphism.

(ii) The map Ty is of class €*.

(i) The map Ti_qj is of class €*.

Proof. See Appendix, Subsection 8.4. O

{11*[_1]; a(R_,R)? = %a(R_,R)?
(

Remark 5.3. For any given a > 0, the transformation (8,¢) — (8, ¢™°") is not a diffeomorphism from
Ca(R_,R)? to itself, i.c if we consider the same norm || - ||a). However the map T(—1] plays the role of the
inverse of Ta, from which we are now going to prove (in Lemma 5.4 below) that it is sufficient to study
Equation (10) through its version with the variable ¢™".

As h is of class €2, the Fourier series of h converges normally. Therefore we can differentiate under the
sign sum in the expression of ¢ in s = 0 to get, for any ¢t > 1:

(12)
dpBy 27T
a V= 7
ey im(60(0)— b (~1) 427 %)
T (0) =R e e ™ 1O~ (214277))

__Gmni(me(0)=nde ()27 ) (i, (0) — ndhy (—1)) (i (m—m)Be(0) _
(i) T2y 7))(méu(0) — ndu(~1))(e ).
It is not restrictive to look at Equation (12) for time ¢ > 1 since we are interested in asymptotic behavior
(i.e for large time ¢ > 0) of trajectories of our initial Equation (1).
Now, by Item (i) of Proposition 5.2, we can replace ¢(t) by T7 (8, ¢2°V)(0), which leads us to the following
crucial Lemma:
Lemma 5.4. The variable ¢ given by the equality (11) satisfies, for any time t > 1, a delay equation of
the form:

. 2T

plt) ==
(13) T

pre(t) =g ore, Byl
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in which G™Y is a functional from €, (R,7R)2 to R, of class € for any a > 0. Moreover, the truncation
of the second equation in (13) at first order in n reads (provided nt is larger than a constant L > 1):

(14) (bnew(t) — 777_%(2 am7m€im(¢new(t)—¢new(t—1)+2ﬂ'%)).
meZ

Proof. The second equation in (12) is of the form ¢"*%(t) = Go™V[¢(t), ¢(t — 1), ¢(t), d(t — 1), B(t)] with
Go™" defined from R® to R, and % since the Fourier series of h converges normally. Now, for time t > 1,
the two terms ¢(t), ¢(t — 1) satisfy Equation (9): thus ¢(t), ¢(t — 1) depend smoothly on ¢(t), ¢(t — 1), ¢(t —
2), B(t), B(t — 1), .

This yields that the second equation in (12) has the form ¢V (t) = Go"V[o(t), p(t—1), p(t—2), 5(t), B(t—1)]
with Go™*" of class € from R® to R, which can be rewritten in a functional way under the form

(bnew(t) = gew[(bh ﬁt]7

in which G2V : €30 (R_,R)* — R inherits the smoothness from Go"*"¥ (and this for any fixed a > 0).
Finally by Item (iii) of Proposition 5.2, the map Tj_qj is " from %, (R_, R)? to %ae(R_,R)?, which means
the variable ¢V given by the equality (11) satisfies, for any time ¢ > 1, a delay differential equation of the
form:

2T

By =
F() =G [, B

in which G"" is a ¢ functional from %,(R_,R)® to R. By Item (i) of Proposition 5.2, the variable ¢(t)
is a Lipschitz perturbation (in ¢"%(t)) of the variable ¢"%(¢): therefore the truncation of this equation at
first order in 1 reads as the formula given by (14). O

Thus, for our study in asymptotic time of the delay equation (7), we have proved this equation can be
seen, for any time ¢ > 1, as a €' perturbation of the second equation of the following (averaged) delay
differential system:

. 2nT
(15) B(t) =T

¢ (t) =TGP (1) — 9" (t — 1) + 6]

where G is a 2m-periodic function of class 42 defined in Fourier Series by the coefficients (@, m)mez in
Equation (14) above, and 0, = 2w 7.

6. STUDY OF THE DYNAMICS OF THE AVERAGED EQUATION

In order to analyze System (15), it is useful to introduce the quantity, for time ¢t > 0:

Since the two variables in (15) are separate, we can analyse only the equation in ¢"°V in (15). Rewriting it
with the new variable w, we are led to study:

d;
(16) di: = Fw(t)) - Fw(t—1)), t>0
in which the function F is defined on R by the relation F(x) = n7G(x+0;). This equation has the remarkable
property that any of its trajectories converges to a constant in R, as stated in the next lemma:

Lemma 6.1. Let a > 0, and n > 0, 7 > 0. For any wy € € (R_,R), there exists a constant C,, such that
the solution w(-,wo) of the delay equation (16) with initial condition wy satisfies: w(t,wy) — C,, when t
tends to infinity.
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Proof. 1st Step: Let us define p(z) = fox F(s)ds, for any real z. The function ¢ is somehow going to play
the role of a Lyapunov function. Consider an initial condition wg € €, (R_,R), and the solution w := w(-, wp)
starting at wy. We are going to prove in this first step that | f0+oo w(s)?ds| < +o0o using this functional ¢.
We have, for any time ¢ > 0:

2 (i)

Flw(t))w(t)

w 2 w(l — g

T 2(t)) F( (t2 1)) +%[F(w(t))fF(w(t71))]2
w 2 w(l — g

_F( 2(t)) _F( (t2 1)) +%w(t)2

and therefore by integrating from 0 to ¢:

p(w(t)) = p(w(0))
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Now, as w(t) is bounded (since F is bounded) we have :

Sup lp(w(t)) — p(w(0))] < +o0.

Moreover, the triangle inequality clearly gives:

t 2 0 wl(s 2
sup|<p(w(t))—<p(w(0))—/tlF(w§8))d8+/ wdﬂ < +oo,

teR 1

and thus we get:

+oo
|/ w(s)?ds| < +oo,
0

and this whatever be the initial condition wy.

2nd Step: Now as w(t) is bounded and &(t) is bounded as well (since F’ is bounded), therefore w(t) must
tend to 0. Let’s prove this assertion.

Assume the contrary, that is to say assume we have: Jeg > 0, VA > 0, 3t > A, w(t) > €. Thus, fixing such
an ey > 0, there exists a strictly increasing sequence of positive numbers (a,),>1 such that:

€0
A2n+1,02n42] = E

Vn>1: dJH

For such a sequence (ay)n>1 wWe can assume without restricting the generality that exists a constant ¢; > 0
such that for any n > 1, w(aznt2) — W(aant+1) > €1: otherwise the sequence of general term w(agn42) —
w(agn+1) would be approaching 0 and thus (w(ay))n>1 will be asymptotically bounded from below by a
positive constant. This is absurd by convergence of the integral of w?2.

Now let’s apply the mean value equality: Vn > 1, w(agnt2) — w(agnt1) = @(cn)(aznto — aan+1) > €1, where
¢ is a real number in [ag2,11, a2nt2]. Since @ is bounded the sequence (agnt2 — G2n+1)n>1 is therefore
bounded from below by a positive constant. Thus:

10 rasnio ) too 6(2)
E / w(s)“ds > E (@2n42 — a2n+1)z > +o0,
n=0" 42n+1 n=0
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which is a contradiction. So w(t) tends to 0, as desired.

3rd Step: Finally let’s prove that w(t) tends to a constant depending only on F when ¢ tends to infinity.
Taking again the expression of ¢(w(t)) — ¢(w(0)) written above, we have, by the mean value equality:

Flw(e))®  [° Flw(s)®, 1 [
; _/ > ds+§/0 d(s)?ds,

where ¢; € [t — 1,t]. By the 1st Step we thus get the existence of a constant cte,, (depending on F and on
the initial condition wy) such that

V>0 p(w(t) = p(w(0)) + 5

F 2
o) - "D e,
when ¢ tends to infinity. Then by the mean value equality again,
F(w(t))? Flw(c))? .
(o)~ I ooty - BT () B i) o) e 1
where d; € [¢;,t]. Now as F and F’ are bounded and as d; tends to +o00 with ¢, it comes:
F(w(t))?
o(w(t)) — % — Ctey,-
Next, by the mean value equality again, there exists d, ) € [w(0),w(t)] such that the following holds:
F(w(t))? F(w(0))?
o(eo®) ~ "I o)~ PO ) — ) )] - (8) — (0]

In the last relation, the left part converges, and the term [0’ (dy(+)) — F(duw ) )F'(du(t))] is bounded and does
not tend to 0, since F' does not tend to 1. Consequently, for any initial condition wg € €, (R_,R), the term
w(t) — w(0) must tend to a constant depending on wp when ¢ tends to infinity. O

Remark 6.2. In fact, it is easy to see that Equation (16) admits a Lyapunov function, namely the one
defined by the relation:

1t
Li(wo) == o(w(t,wo)) — 5/ F(w(u,wo))?du.
t—1
The reader might have noticed that all constant initial conditions on [—1, 0] are solutions of (16). Among
them, we have:

Proposition 6.3. Letn > 0 and 7 > 0. Consider ¢ € R such that F'(c) # 0, and the characteristic equation
~A+F(w)[1 —e ] =0 (where A € C), associated to the linearized equation of (16). Then:

(i) There exists only one multiple eigenvalue which is 0, and it is a double eigenvalue, occuring when
F'(c) =1.
(ii) If F'(c) €] — 00,0[U]0,1], the characteristic equation admits a countable infinity of eigenvalues, all
of them of negative real part, except the eigenvalue 0.
(iii) If F'(c) > 1, there exists only one eigenvalue with positive real part, and it is a real solution. All
other eigenvalues (in countable infinity) have negative real part, except the eigenvalue 0.

Proof. (i) If X is a multiple eigenvalue of the characteristic equation, then taking the first derivative we have
e* = F’(c) which implies A = F/(c) — 1 and thus A must be real in this case. This in turn leads to A = e —1,
for which the only real solution is 0: this proves Item (i).

To prove Items (ii) and (iii), let’s write A = a+ib under real and imaginary parts a, b in R, and reformulate
the characteristic equation as:

a =TF(c)[1 —e *cos(b)]
b =TF'(c)e *sin(b) .
(ii) Let’s first assume F’(c) < 0. We remark that any non null solution A = a + ib must satisfy a < 0 (since

we always have the relation 1 — e~ % cos(b) > 0 for any (a,b) in Ry x R.
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Now, the real map b — In( ) + beotan(b) is a surjective map (in fact even bijective) in each interval

— sin(b)
b

Jkm, (k+1)7[, with k odd in Z (since it tends to +o00 in 7+ and —oo in 27~ ) and therefore exists a countable
infinity of values b € R such that

ln(%n(b)) + beotan(b) = F'(c) — In(—F'(c)).
Then we can set:
a= ln(¥n(b)) +In(—F'(c))
from which comes:
a=F(c)(1- F’ZES)O;(EEIJ)) and e® =F'(c) Sinb(b)

which means that a + ¢b is solution. This proves that when F’(c) < 0, there is an infinity of eigenvalues of
the characteristic equation, and all of them have strictly negative real part (except the double eigenvalue 0).

Then let’s assume F/(c) €]0,1]: in this case any non null solution A = a + ib must satisfy a < 0 as well
(otherwise we would have |b| < |sin(b)| which is absurd). By the exactly same reasoning as above, there
exists an infinity of values b € R such that

In( sin(b)

from which we conclude there exists as well an infinity of eigenvalues of the characteristic equation, all of
them with strictly negative real part (except the eigenvalue 0). This proves Item (ii).

) + beotan(b) = F'(c) — In(F’(c)),

(iii) Lastly, to prove Item (iii) let’s see F/(c) as a parameter varying from a small positive value to in-
finity. By Item (ii), an eigenvalue with positive a can only emerge by intersecting or crossing the plane
{a = 0} from below (i.e from negative values of a). But if @ = 0 then b = 0: therefore, as F'(c) is varying,
an eigenvalue with positive a can only emerge from the multiple eigenvalue 0. By Item (i), this means such
a solution emerges at the value F’(c) = 1. Since the multiplicity of 0 is two, it comes there exists a unique
solution with positive real part for any given value F’(c) > 1, and this is actually a real solution. As in (ii),
there exists in addition to this positive solution, an infinity of eigenvalues with negative real part, which
correspond to the ones existing for F'(c) €]0, 1] that do not intersect the plane {a = 0} as F’(c) crosses the
value 1. This proves Item (iii). O

Now, among the constant solutions of Equation (16), those which are relevant for Equation (15) are given
by the fixed points of F' (as we will see in Lemma 6.5). Observe that F admits at least one fixed point w* such
that F/(w*) < 1 since it is a periodic function from R to R. Moreover, the larger n7 is, the more numerous
these fixed points are, and the more numerous are the fixed points satisfying F/(w*) < 1 (see Figure 2). We
have:

Proposition 6.4. For a generic choice of n > 0 and T > 0, the fived points (wi,--- ,w,) of the function
F = nrG(- + 0.) satisfy the condition F'(w}) # 0, 1.

Proof. For x € R, we have the equivalence:

{F(z) =z Gz +6) T
F/(ﬂf) %0,1 G/($+9T) 7&0’77%

Then, consider a fixed point w; of F: if w} = 0, we clearly have G'(0,) # 0, ?7% for a generic choice of n, T
in R. If, w} is non null, G(w; + ) is non null as well, and a sufficient condition ensuring that w satisfies
F'(wf) # 0,1 is that w] satisfies:

G'(w; +6;)

0 1
Gt 7 Y ar

K3
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FIGURE 2. Fixed points of the 27-periodic function F = n7G(- + 6;): the number of fixed
points increases with nr.

and so another sufficient condition is that w; satisfies:

d 1n(|(;(x:97)‘>7§0 and L m(Glz+6,)]) £ 0.

dx ‘z:w:‘ dx |x:w;‘

In these last expressions, we can vary the parameter € R in a generic way so that the tangent at the curves

Gz +6;)
T

of the maps x — In <| |> and x +— In (|G(x 4 6,)|) have a nonzero slope. Hence the result. O

We know have, under this genericity condition of Proposition 6.4 (see the Appendix, Section 8.1, for a
precise definition of normally hyperbolic invariant manifolds):

Lemma 6.5. Letn >0, 7 > 0 and let T,% . the semi-flow associated to (15). Denote by (w7, -+ ,wy) the
fized points of the function F = nrG(- + 6;). Then, there exists ag > 0 such that for any 1 < i < p, the
following manifold of dimension two in €y, (R_,R)?:

2T

Ni,av - {(T . +Cl7wz . +02), where (01,02) e R2},

is invariant for the semi-flow Moreover, we have:

tfl'r;),T'
(i) If F'(w}) > 1, the manifold N 4, is unstable and normally hyperbolic in €ay(R—,R)?, and its
unstable manifold is of dimension 3.

(i) IfF'(w}) <1 and F'(w}) # 0, the manifold N';, 4y is stable and normally hyperbolic in €p, (R_,R)?.

Proof. Let us fix n,7 > 0 and « > 0 (the choice of a will be specified at the end of the proof).
Consider one of the manifolds N .y associated to the fixed point w}. Then, N oy is invariant under
Indeed, we have, for any t > 0:

av
t,n,7"

d
@(%‘*t"‘cﬂ =w! =Fwit+Cy — (Wi (t—1)+ Cs)]

and thus for any (Cy,Cy) € R? and any ¢ > 0 we have:

) 2T N 2nT "
Vs > —t: tT‘Z,T(T - +C0Lwi - +Co)(s) = (T(t +5) 4+ C1wi(t+5) + Ca),
which proves the invariance of A i,av under T7 .

In order to prove Items (i) and (ii) we need to consider the linear semi-flow DT (m) at each point

t,n,7
2nT
m= (= - +C1,w; - +Cs) € N av. A simple writing of a rate of variation gives:

T
VB,QS € %Q(R—’R)27 D t?%’77(m)(6,¢) = (ﬁ(o)’ﬁ,w: (¢))a
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where 3(0) denotes the constant map of €, (R, R) equal to 4(0) on R_, and 7; .+ (¢)) denotes the semi-flow
associated to the linearized equation § = F/(w?)(8(t) — d(t — 1)).

(i) To prove Item (i), let’s consider the eigenvalues of the characteristic equation —\ + F/(w})[1 — e~*] = 0:
Since F/(w}) > 1 by assumption, following Proposition 6.3, the eigenvalue Ao = 0 is sunple7 and we denote
by A1 the unique positive eigenvalue, and (A, )n<—1 all the eigenvalues with negative real part.

Now, it is a well-known fact on delay differential equations that the family of maps {s + e*»* n < 1} forms
a Schauder basis of the set € ([—1,0],R). This means we have, for any ¢ € €([—1,0],R):

Vs € [-1,0] : ZC’eAS

n=—oo

This decomposition is unfortunately not valid in %, (R_,R), however thanks to it, we can still define the
following projectors:

pi(e) =Co

pi(¢) = CreM

where Cy and C are the constantb associated to the eigenvalues Ao, A1 in the decomposition of ¢|_; ) in
the Schauder basis, and where e*** denotes the map s +— e*** from R_ to C. Then, we can set:

E¢, =R2?
Ey ={(0,C1e*),C1 € R}
Ey, ={(B—-B(0),¢ - pi(¢) — pi(9)), (B,¢) € Ca(R_,R)?}
where e*t* denotes the map s — e*1* from R_ to C. These three sets are closed subspaces of €, (R_,R)?
(where R is identified as the set of constant functions over R_ and is therefore seen as a subspace of
%.(R_,R)) and we observe:
V(Ol,CQ) ERQ, D tnT(m)(Cl,Cg) = (01,02)
VC, € R, D72 (m)(0,Crer ) = (0,Cretetr)

Vo € €a(R_,R) {

and also that we have, for any s € R_:

av c U _ (0,¢(t+s)7pf(¢)(t+s)fp;"‘(¢)(t+s)), lfSS*tfl
Ta”] T( )(/8_6(0)7¢_pi(¢)_pi (¢))(S) - { (sz;i_oo CneA"(H_s)), ifs>—t—1
= (0, Tew: (0)(s) = Pi (Tew; (0))(5) = Pi' (Tew: (6))(5))-

Therefore the linearized semi-flow satisfies: DT (m)pa @ Ep, — Ep = Eg (for a = c,u,s) where
2t

=T (m) = (T(t + )+ C1,w;(t + +) + C5). Using the relation:

B =p(0)+[8—B(0)]
¢ =pi(¢) +pi(9)+ [P —pi(¢) —pi ()l

we thus obtain:
ba(R_,R)> = ES, ® B @ ES,,

in which we remark that ES, = T, N; ay. The unstable space EY at m is of dimension 1, which automatically
gives us that D7 (m)gu is an isomorphism from EJ, to E . To conclude that Niav is a normally
hyperbohc invariant manifold, it remains to check (see Definition of Section 8.1 in the Appendix) that
DTgy - (m) is expansive on Ej, and contractive on Ej,, at a rate greater than its behavior on the tangent

m?
space E¢ . In this purpose we easily notice:

{ min[L, inf{[|[ DT - (m) (B, )lla, (B,0) € EL, |[(B,¢)lla =1} =1
inf{|| DT - (m) (B, d)llas (B,9) € By, [1(B, d)lla = 1} = M.
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The contractivity of D7,% _(m)g; is more technical to obtain: to do it, let’s fix (8, ¢) € Ej;, with expression
for ¢ over [—1,0] given by ¢(s) = Z"Z_l Cye**. Then we have, for any m < —1:

0 n=-—1
/ P(s)e ids = Y Ch / p(s)ePrnAm)sgs
-1 n=—oo
6’)"” — ef)‘"
= Cn+ Y Cre WY }
n#m
6/\"”
=C, + C,
F(wr
(wy) —
6)\"' BA"’
= 1 —
’”( F/(w:)) i 7O

= Chm (1 e Am> + F,(w;)l_ A0

For any m < —1, the eigenvalue A, is in C \ R which ensures F/(w}) — A\, — 1 75 0. From this we get:

7)\5
vm < —1, Cp, F’( = _1/ o(s ds — o ) 1¢(0).

As seen in the proof of Proposition 6.37 we have |A;,| ~ |m| when m tends to 1nﬁn1ty, and so there exists a
constant K > 0 such that:

() m<—1: Ol <K swp [o(s)].
s€[—1,0]

Now, for any ¢ > 2, we have D tnT( m)(B8 — B(0), ¢ )( ) = (0,"="L CLer () and since D 2 (m) is
a compact operator on ¢([-1,0],R)?, the map D72 _(m )(,8 B(0), ¢) is twice differentiable over [—1,0].

This allows us to write:

n=-—1
vtz 2,Vs € =10 sz e (M)(B = 5(0),0)(5) = (0, > Cudpe (),

n=—o00
and applying the inequality (17) above, we get:

—1

3K > 0,¥t>2Vs € [-1,0]: Y [Co| <K sup 13 a 3 DT (m) (B = 5(0), 9)(s)]]

s€[—1,0]

n=—oo
and by compactness again of DT _(m) on €([—1,0],R)?, we get the estimation:

-1

IK > 0,¥s € [-1,0]: Y [C| <K sup DT (m)(8 = B(0), 9)5)

n=-—00 s€(—
< KKy sup |4(s)],
s€[—1,0]

where K5 denotes the norm of the operator D75, (m) on €([—1,0],R)?.
From this estimation we finally obtain, for any ag > 0 satisfying R(\,) + a2 < 0 (for any n < —1):

n=-—1

Vt > 2,¥(8,¢) € E, (DT -(m)(8 = 8(0),6)llaz < €™ max(||¢|laz, Y [Cul)
< e ' max(||¢l|ay, K K2 sup |¢(s)])

s€[—1,0]
< e 2! max(1, KK2e%?)||9|| n -
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We thus can conclude that exist a time ¢ty > 2 and a real number p < 1 such that we have, for any t > ¢q:

pint{IDTEY (1) (8, 6)llag: (5,6) € B ]1(8,6)llas = 1} > 1
> |IDTE ()5

m

a2

which ends the proof that N .y is a normally hyperbolic invariant manifold in €, (R_,R)? (where ag > 0
satisfies R(\,,) + a2 < 0 for any n < —1). N,y is unstable and since dim(EY) = 1, therefore the dimension
of the unstable manifold associated to N ay is: dim (T}, N ay) + dim(EY) = 3, as desired. We have proved
Ttem (i).

ii) The proof of Item (ii) is completely similar. O
(i) P pletely

Lemma 6.6. Letn > 0, 7 > 0 such that the condition F'(w}) # 0, 1 be satisfied for the fized points wy,--- ,wy
of F. Then, the union set UL_iN'; 4, is a globally stable (invariant) manifold in €a,(R_,R)? (where ag is

chosen as in the proof of Lemma 6.5) for the semi-flow T, . of Equation (15), in the following sense:

V(B,0) € Can(R_,R)?, i€ {1,---,p}, I(C1,C2) € R?:

sup ||7;%),7— (55 ¢)(S) - 7;:177,7'( T
s€[—1,0]

2
L O wp - +C)(s)] = 0

when the time t tends to infinity.

This means that the union Ule./\/ i,av 1 "attracting” all initial conditions in €, (R_, R)? for the semi-flow
of Equation (15).
This means also that the only invariant manifolds for the semi-flow of Equation (15), are the A ay.

Proof. Let us fix (80, $0) € Ga,(R—,R)* and write for any ¢ > 0 and s < 0, T2 (Bo, ¢o)(s) = (%TT(H—S) +
Bo(0), 4(t + s)), that is to say we denote by ¢(t + s) the solution of the equation ¢"¥(t) = nrG["V(t) —
¢V (t — 1) 4 0] with initial condition ¢g, taken at time t + s. Let’s also set w(t) = ¢(t) — ¢(t — 1), for any
t>0.

Then, w is differentiable for ¢ > 1, and so w(t) = F(w(t)) —F(w(t—1)), which means w is solution of Equation
(16): by Lemma 6.1, it comes that w(t) converges asymptotically to a constant C. On the other hand, for
any t > 1, there exists ¢; € [t — 1,] such that: w(t) = ¢(c;) = F(w(cy)): therefore the constant C' must be
one of the fixed points of the map F, say w;.

Now, as in Lemma 6.5, each open interval of the set {c € R: F’(c) # 0,1} is a one-dimensional normally
hyperbolic invariant manifold of @, (R_,R) for the semi-flow of (16): this can be shown in an exactly similar
way as the proof of Lemma 6.5 (and this since the linearized semi-flow of (16) at ¢ has a similar expression

2
as the one of (15) at any point (% -4+C4,c-+C3)). Therefore, the convergence of the trajectory w towards
such a component of {c € R: F/(c) # 0,1} containing w; happens exponentially fast (since this trajectory
must enter the stable manifold associated to this normally hyperbolic invariant manifold). This means there

exist two constants K > 0, a > 0, and a time ¢y > 1, such that the inequality |w(t) —w}| < Ke~* holds, for
any t > ty. We have:

d¢

70 (u) — w})du

(3

Vi > 1o > 1, (6(E) — wit) — (d(to) — wito) = / (

- / (F(w(u) - F(w))) du.

to
It comes (since the function F/ is bounded):

+o0 K
/ |F(w(s)) — F(w))e* e **ds < — - sup |F'(t)| < +oo,
to G teR+
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and therefore the integral ftjoo (F(w(u)) — F(wy)) du is convergent. Setting

+oo
Co = B(to) — wito + / (Fle(u)) — F(w?)) du,

to

we have obtained that the constant Cy does not depend on the time ¢y (but only depends on the initial
condition ¢g in Gn,(R_,R)) and that:
tlg(r)lo o(t) —wit = Cp.
From this, we conclude we have:
v(ﬁOagbO) € Cgaz(R*,R)a Jdi € {1a e ap}v ElC’O eR:
av av 27TT ° *
S[up ] ||7;,n,7'(/807 ¢0)(8) - 7;,7],T(T + ,80(0),0% : +CO)(S)H —0
se[—1,0

as desired. 0
The result of this Lemma means that any trajectory enters (after a finite time) the stable manifold of

one of the normally hyperbolic invariant manifolds of 7?7‘7177 say N, i,av, whether this is a stable or unstable
manifold.

Corollary 6.7. Let us fix L1, Ly > 1. Then, there exists ng > 0 such that for a generic choice of n, T in the
set {(n,7) €R?: 0<n<mno, >0, L1 <nr < Lo}, the €' semi-flow T(8),t.m.+ of Equation (8) admits the
following normally hyperbolic invariant manifolds:

27T -

Ni={( T
in Coy(R_,R)? (with ag > 0 taken as in Lemma 6.5), where the perturbation s — o;(s,n,7,C1,Cs) tends
to 0 when n tends to 0 (uniformly in 7,Cy,Cs), depends smoothly in C1,Cy and satisfy the relations:

Oéi(', nT, 017 CQ) = ai('7 nT, 07 Cl + CQ)
Oéi(‘, nT, 07 c + 27T) = ai('7 n,T, 07 0)7
for any (Cy,Cy,C) € R3. The union of these manifolds satisfy:
V(ﬁ,qf)) € %az(RfaR)Q, die {L e ’p}7 3(01’02) € RQ :
27T .

S[ull)O] H,T(S),t,n,'r(ﬁa ¢)(5) - ﬁS),t,n,T(T + (jla(");k ° +C’Q =+ 041‘('#7, T, Cla CQ))(S)H =0
se[—1,

+ C1,w! ++Co + a;(+,n,7,C1,Cs)), where (C1,C5) € R2}, i=1,---,p

when the time t tends to infinity.

Proof. Let’s first consider Equation (13). For n7 larger than a constant L > 1, this equation is a ¢
perturbation, of order of magnitude 7, of Equation (15): in this perturbation, the variable 5 is not af-
fected, and this perturbation tends to 0 uniformly in 7, when 7 tends to 0. Therefore, applying Lemma
6.6 and the result of Bates, Lu, Zeng for ¢ semi-flows on Banach spaces (see the theorem of Section 8.1
in the Appendix), we automatically get the persistence of the manifolds Ny a4y, -+ ,Npay for the semi-
flow of (13). Thus, given Ly, Lo > 1, exists 9 > 0 and a function (s,C,C3) — «a;(s,n,7,C1,C3) € R
which tends to 0 when 7 tends to 0 (uniformly in 7,Cy,C2) such that, for a generic choice of 7,7 in
{(n,7) eR?: 0<n<mo, >0, L1 <nr < Ly}, each N; with the form claimed is a normally hyperbolic
invariant manifold for the semi-flow of (13), is of same stability as N ay, and is unique (in a neighborhood
of size 1 of Nj ay). Similarly for the semi-flow of (8), since the variable ¢"°" is a perturbation of ¢ which
tends to 0 uniformly in s and 7, when 7 tends to 0.

Now since the semi-flow of (15) admits no other invariant set than the normally hyperbolic invariant mani-
folds N ay, it comes (by normal hyperbolicity) that for a generic choice of 0,7 in {(n,7) € R?: 0 < n <
no, 7 >0, Ly <17 < Lo}, the semi-flow 7(g) 1.+ of System (8) has no other invariant set than the N;.

So, as for Equation (15), for any initial condition (B, ¢o) € €a, (R_,R)? the trajectory (T(8),t.m,7(Bo, P0))e>0
enters the stable manifold of one of the manifolds N'; (whether it is a stable or unstable manifold) after a
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finite time. Hence the global stability claim.

Lastly, we observe that Equation (8) is invariant under the transformation K — (8 + K, ¢ — K) where K is
a real variable. This means that given any initial condition (8p, ¢0) € Gu, (R—,R)?, the curve (B(t), #(t))i>0
solution of (8) with initial condition (8o, ¢o) satisfies that (8+ K, ¢p— K) is still a solution of (8). Thus, taking
the limit of (7(s),¢,5,~(Bo, ®0))t>0 when ¢ tends to infinity, we obtain easily that for any (K,Cy,Cy) € R3,

2T .
(

+K+C1,wf - +Cs — K‘FO@(‘,??,T, Cl,CQ))
_ (27TT'
T
Taking K = —C} it comes that, for any (Cy,Cs) € R%:

+ K+ Cw! - 4+Cy — K+ (e, 7, K+ C1,Co — K)).

ai('ﬂn77-70acl + 02) = ai('?n>7-> ClaCQ)'

Moreover, since the equation (8) is defined by a function h which is 27-periodic in the variable v, it also
comes:

v(ﬂ(ﬁ d)O) € Cgcm (R—a R)2a 7-(8),15,77,7'(607 (rb() - 27T) = 728),t,77,7'(507 ¢0) - (07 27T),

from which we deduce the relation:

ai(‘aU7770701 + 02 + 271—) = Oéi(‘,'f],T,O,Cl + CQ)a

as desired.

7. END OF THE PROOF OF THE MAIN RESULT
From Corollary 6.7 we can now come back to Equation (6) and establish the following result:

Corollary 7.1. Let us fix L1, Ly > 1. Then, there exists ng > 0 such that for a generic choice of n, 7 in the
set {(n,7) € R*: 0 <n<mno, >0, Ly <nr < Lo}, there exist p real numbers (wi,--- ,ws) € RP and 2p
functions:

(S ) C) = ai(877777-7 C) (S ) C) = 51‘(5777,7, C)
R_xR =R, ’ R_xR =R,

for which the following holds.
For any initial condition vy € o, (R_,R), (where a1 is chosen as in Theorem 4.5) there exist C € R and
1 <4 < p such that the trajectory (Ta,, tn.(%0))i>0 solution of Equation (6) starting at 1o satisfies:

lim  sup [Tamg, .t (Y0)(S) = TMa, it (Xic)(8)] =0
t=+00 5¢[—1,0]

where x;.c is defined by:

2nT -
Xi,C = T +w: ° +C + Oéi('ﬂlﬂ'v C) + ﬂi('ﬂ%ﬁ C)

The two functions s — a;(s,n,7,C) and s — B;(s,n,7,C) tend to 0 when n tends to 0 (uniformly in ,C),
and satisfy the relation:

ai('a nT, C+ 27T) = O(i(', nT, C)

Bi('v nT, C+ 27T) = Bi('a nT, C)

Proof. Consider the system:

: 2T
b=

d) =n7G1(¢¢ + Bi) + 7727'%71(@ + 54)
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which is System (6) extended to R? by introducing the fast variable 3, as we did for System (8). Then
the semi-flow T(1g)¢,,» of System (18) is ¢* on 6,(R_,R) (for any arbitrary given a > 0) and is a ¢!
perturbation of System (8) of order of magnitude n?7. Therefore, applying Corollary 6.7 and applying the
persistence result of Bates, Lu, Zeng (i.e the theorem of Section 8.1 in the Appendix) for ¢! semi-flows on
Banach spaces, we obtain that:

V(BO»QSO) € (gaz(Rva)Qa di e {17 U 7]9}, 3<Cl,02) € R27 Vs € [_170} :
27T -

H7d(18),t,77,‘r(60a ¢O)(S) - 7ElS),t,n,‘r(T + Clvw: ° +CQ + ai('7n77-707 Cl + 02) + Bi('an77-707 Cl + 02))(8)H

tends to 0 when the time ¢ tends to infinity, in which the terms a;(+,n, 7,0, Cy +C3) and §;(-,n, 7,0, Cy + Cs)
are small terms of order 7?7 and satisfy the claimed properties of periodicity. Observing that for any
Yo € Cay (R, R) NG, (R_,R), the term T4, t.n.-(10) can be written as the sum of the first and second
component of 718 ¢.n.+(Bo, Yo — Bo), we get the result for elements 1)y € o, (R_,R) N Ca, (R_,R).

Finally, given any 1o € %a, (R_,R), it suffices to consider an element 1y € Gu, (R_,R) N Ga,(R_,R)
satisfying:
Yoj(-1,0) = Yo|[-1,0]

and to notice that:

Vt>0, Vs € [7170], TMal,t,n,T(w())(S) = TMQI,t,n,T(¢O)(S)
to get the result. O

Remark 7.2. Observe that the persistence of normally hyperbolic invariant manifolds argument that we
applied in this proof gives us, as for Corollary 6.7, the following relation:

Vi<i<p, VC eR,Vt >0, 4C; € R, : TMal,t,n,T(Xi,C) = Xi,C+Cs >
which is as well an invariance relation.

From Corollary 7.1, we can now use Theorem 4.5 (on the global stability of the manifold M., associated
to the €2 function G, ), from which it directly comes the following theorem, which is the main result of
this paper expressed in terms of the variables (v, y), i.e for System (2):

Theorem 7.3. There exists 0g > 0 for which, given Ly, Ly > 1, there exists ng > 0 such that for a generic
choice of n, T in the set {(n,7) ER?: 0 <n <ng, >0, Ly <nr < Ly}, there exist ay > 0, p real numbers
wi, - ,w, € RP and p functions of class E:

(S ) C) = i (87 nT, C)
R_.xR —R,

for which the following holds.
For any initial condition (vo,yo) € €([—7,0],R) x By, jo([—7,0],R*™1), there exist C € R and 1 < i < p
such that the trajectory (T(2)em,+ (Yo, y0))e>0 solution of System (2) starting at (Yo, yo) satisfies:

lim  sup ||7(2),t47m,7 (%0, 90)(5) = T(2),t.n.,r (Xi.or Gay (Xi,0))(8)]] = 0
t—+oo s€[—7,0]

where Goy 8 a €2 function on (€ay (R_,R),|| - ||lay) and xic is defined by:
1 277

Xi,c = T[ T

The function v;(-,n,7,C) tends to 0 when n tends to 0 (uniformly in 7,C) and for any (C,t) € R x Ry,
there exists Cy € R such that:

1
+w;{']+0+77,( 'aanvc)'

T

7i(°7naTa C+ 27T) = ’Yi(‘77777'7 O)

T(2).tm.7(Xi,0) Gan (Xi,0)) = (Xi,c+015 Gan (Xi,c4Cy)-
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Proof. Let’s take dg,n9 > 0 satisfying Theorem 4.5, and fix L1, Ly > 1. Reducing 7o if necessary we can
assume 1) satisfies Corollary 7.1. Let’s take a generic choice of n, 7 in {(n,7) € R? : 0 <n <y, 7 >0, L1 <
N7 < Lo} and aq > 0 satisfying Theorem 4.5.

Then, given (o, y0) € €([-1,0],R) x Bs, /2([-1, 0], R"~1), Theorem 4.5 tells us that there exists (¢1,yy,) €
M, such that:

im — sup ||7(3),641,n,7 (Y0, 40)(5) = T(3),0,,7 (V1,9 ) (5)]] = O,

t=+00 5c[-1,0]

where 7(3) ;. denotes the semi-flow associated to System (3).

Now, setting v;(-,n,7,C) = a;(+,n,7,C) + Bi(-,n,7,C) (where the two terms «;(-,n,7,C) and §;(-,n,,C)
are of order 7?7 and taken as in Corollary 7.1) and applying Corollary 7.1, there exist 1 <i < p and C € R
such that:

lim sup ‘TMQI,t,n,T(wl)(S) - TMal,t,n,T(Xi,C)(3)| =0.
t=+00 5¢[—1,0]

By construction of the manifold Mg, , we have:
7E3),t,77,7 (¢1a Zwl) = (TMal 6,7 (wl)a Goq (TMal 6,7 (wl)))
T3y, (Xi,0 Gag (Xi,0)) = (TMay st (Xi,0)s Gag (TMy tn,r (Xi,0)))
and so, for any ¢ > 0, for any s € [—1,0]:
[Ty, e, (@1, Y0 (8) = T(3),.m,7 (Xi,05 Gan (Xi,0)) (3]
=[(TMeay .7 (V1) (8) = Thay i (X0.0)(5), Gaa (TMay st ($1))(8) = Gay (TMay nr (Xi,0)) ()]

from which we get:

lim sup ||7Z3),t,77,'r (¢17 ydu)(s) - 7—(3),t,77,'r (Xi,C’a Ga1 (XZC))(S)H = 07
t—4oc0 s€[—1,0]

which gives the result for the semi-flow 7(3) ¢, - of System (3).
Rescaling the time by the factor 7, we get the result for trajectories (7(2)¢n,+(%0,%0))t>0 of System (2)
starting at initial conditions (¢, o) € € ([—7,0], R) X By, jo([—7, 0], R*~1). O

Finally, from Theorem 7.3 and Lemma 2.2, we can now deduce the main result of this paper:

Proof of Theorem A. We fix L1, Lo > 1 and take §o > 0, 19 > 0 satisfying the claim of Theorem 7.3,
and (reducing their value if necessary) of Lemma 2.2. We also take a generic choice of 7,7 in the set
{(n,7) €R?: 0<n<mo, >0, L1 <nr <Ly}

(i) First, let’s take an integer 1 < i < p, and C € R. By Theorem (7.3) we have:

vt >0, 3C; € R, T(Q),t,n,r(Xi,a Ga1 (Xi,C)) = (Xz‘,CJrcﬁGal (Xi,C+Ct))~

Since we have:

VE>0: T2yt (X0 Gay (Xi,0)) (=) = T(2),0,n,7 (Xi,0s Gay (Xi,¢))(0),

it thus comes for any ¢t > 0:
27 w
Cy— (=t+—+
= T + T
Since v;(+,n,7,C) is in (G, (R_,R), || ||a, ) and of order n7, exists a constant K such that :

*
K3

—t
t) = ’Yi(O,T],T, C) - ’71’(777’}37—30 + Ct)

27
Cr = 7(5 + 1G] +0:))] < K(1+elpr,
from which we deduce, since Cy = 0, the existence of a time ¢t = A; such that C4, = 27 (which time A; is
actually 7-close to T'). Notice that A; also depends on the value C' which has been initially fixed: to avoid
cumbersome notations, we don’t write this dependence on C' but we keep it in mind for the end of the proof.
Now, we observe that the map 7(2) 4, n.r(Xi,c; Ga, (Xi,c)) belonging to €a, (R_,R) is in fact of class ¢!
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over [—Aj;, 0] (since the semi-flow T(2) 4 is of class € over €([—A;,0],R)). This gives that 'yi(;, n,7,C)

i1, T

is also ¢! over [—A4;,0], and then it comes:

27 A; 1
_ 2" < - 2
|Ai 2 wf|_K17- 2 w;"nT’
T T T T

in which K7 > 0 is a constant. Thus exists a constant My > 0 such that:

2T 9

|A; — W| < Mon~,

T T

as claimed. By construction of the manifold Mg, , we have Gq, (¥ + 27) = Gq, (¢) for any ¢ € €o, (R_,R)
(see Lemma 4.3), from which comes, by properties of v;(-,n, 7, C) given by Theorem 7.3:

T(2), 4, mr(Xi,0s G (Xi,0) = (Xi,0427, Gy (Xi,0121))
= (Xi,C+27T7 Ga1 (Xi,C))

and so we obtain the equality:

T(2) 44 Asm.r (X0 Gay (Xi,0)) = T(2)6.m.7(Xi,05 Gay (Xi,0)) + (27, 0)

where here 0 denotes the null point in R? 7!,

(ii) Then, to obtain the desired result from this equality, it remains to apply Lemma 2.2 which makes the
correspondance between curves solutions of System (2) in the variables (¢, y) and solutions of our original
System (1) in the variable x.

We take an initial condition v € Vr (60/2). By definition of the diffeomorphism ® of Lemma 2.2, the curve
(1(¢t), y(t))i>0 starting at the initial condition ® o 7y satisfies:

VE > 0,Ys € [<1,0] : Tinr (1)(s) = 0@t + 8, y(t + 5)-
By Theorem 7.3, there exist an integer 1 < i < p and C € R such that:

sup ||[(Y(t+s+1),y(t+5+1)) = T2t (Xi,0, Gay (Xi,0))(8)]]| = 0

I
s€[—1,0]

when the time ¢ tends to infinity. Therefore we have:

sup | Tes 1m0 (1)(8) = @7 (T2 1.m,7 (X005 Gy (Xi,0)) ()] = O

se|—1,

Observing that ®(7(2),t44,,n,7 (Xi,0s Gaa (Xi,c))(8)) = 71 (T(2) 0,7 (X105 Gaa (Xi,0))(8)) for any t > 0
and for any s € [—1,0] (since ® maps into S! x R*~!), we can finally conclude that the trajectory (®~!o

2
T(2),t,m.7(Xi,0, Gay (Xi,0))) >0 s a periodic orbit (of period A; = A;(C) close to 771]*)7 towards which the
i

27

T T
trajectory (Ti41,n,+(7))e>0 converges asymptotically. In fact, this orbit (71 o T(2) ¢4+ (Xi,c» Gas (Xi,0)))i>0
is the same as the orbit (7" o T(2) 1.5+ (Xi,0, Gas (Xi,0)))e>0 (again since ® maps into S' x R™~1), which is
a periodic orbit of period A;(0). Therefore, there are only p distinct such periodic orbits, whose periods 4;
do not depend on C. QED.
(Il

8. CONCLUSION

We have rigorously proved a self-induced synchronization result for Equation (1), resulting from the
perturbation of an arbitrary vector field f of class ", r > 3, in R™ (around a stable periodic orbit of f), by
a delayed feedback term ng(z,z(t — 7)) of same regularity. The result obtained (Theorem A) showed that
trajectories asymptotically enter into a periodic regime and are split in (a finite number of) clusters defined
by frequencies equal (at first order in 7) to 2% + W?f Such a result was proved for a generic choice of the
parameters 7, 7, under the assumption that n > 0 be small, 7 > 0 be large and 77 be bounded by a constant
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larger than one: it remains to describe the dynamics when there is no more this restriction on n7 (possibly
unbounded).

Our synchronization result often appears in the context of networks (notably coupled phase oscillator
networks), where very often it is stated for averaged systems reduced from the original delay equation, or in
the case where 17 is small ([22], [1]): we will apply the result we presented here to dynamical networks in a
future paper.
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APPENDIX

8.1. Persistence of Normally Hyperbolic Invariant Manifolds for semi-flows in Banach spaces.
Let us first recall the precise definition of a normally hyperbolic invariant manifold (see [3]):

Definition (Bates, Lu, Zeng, see [3]). Let (X,|-|) be a Banach space, equipped with the linear operator
norm || - ||, and M an invariant manifold for a semi-flow Ty : X — X of class €1 for any t > 0. Then, M
is a normally hyperbolic invariant manifold for Ty if:
(H1) For each m € M there is a decomposition X = X& & X} @® X3, of closed subspaces with X, the
tangent space to M at m.
(H2) For each m € M and t > 0, if m; = Ty(m):

DTy(m)|xa : X5 — X,y fora=cu,s
and DTy (m)|xu is an isomorphism from X}, onto Xy, .
(H3) There exists to > 0 and X\ < 1 such that for all t > tg

Ainf {|DTy(m)(z")|: 2" € X7, [2"| = 1} > max{1, || DTi(m)|xe ||}
Amin{1, inf{|DT;(m)(z)| : 2 € X, |z°] = 1}} > || DTy (m)|x: |-

As said in [3], Condition (H3) essentially asks that near m € M, the hyperbolic dynamics in the direction
normal to M is much stronger than the dynamics on M itself: i.e, the map T; is expansive in the direction
of X}  and at a rate greater than that on M, and T} is contractive in the direction of X and at a rate
greater than that on M.

With this definition we can now reproduce the persistence result of Bates, Lu, Zeng (first stated in [3] for
¢ semi-flows on ¢ manifolds, and then improved in [5] by a stronger version for ¥’* manifolds) that we

use at several points in this paper:

Theorem (Bates, Lu, Zeng, see [3]). Let X a Banach space, Ty a €' semi-flow of X, and M a €?
compact connected invariant manifold on which Ty is normally hyperbolic for t sufficiently large. Suppose
also that for each m € M, DTy xu is an isomorphism. Let t1 > 0 be large enough and be fized and N be a
fized neighborhood of M. For any € > 0, there exists o > 0 such that if T is a € map on X which satisfies
||T — T ||<gl(N) < o, then:
(a) Persistence: T has a unique €' compact connected normally hyperbolic invariant manifold M near M.
(b) Convergence: M converges to M in the € topology as ||T — T, |l (v tends zero.
(¢) Bxzistence: T has unique € invariant manifolds We(¢) and W (¢) in a tubular neighborhood N (€) of
M, which at M are tangent to the center-stable vector bundle X¢® X* and the center-unstable vector bundle
Xe@m Xy, respectively.
(d) Characterization: W (e) = {zo € N(e) : T*(20) € N(e), for k> 1, TF(xo) — M as k — +oo}
Wet(e) = {zo € N(€) : 3(xx)r>0 C N(e), satisfying T(xy) = xx_1 for k > 1,and xp — M as k — 400}
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and M = We(e) N TW(e).

Furthermore, if Ty is a €* semiflow on X which satisfies HTt1 - Ty ey <O and H’ft Ti||lgony < o for
0 <t <ty then M is a normally hyperbolic invariant manifold for T, with center-stable manifold W“s( )
and center-unstable manifold W< (e) respectively.

The reader might have observed that this persistence result is set for compact normally hyperbolic invari-
ant manifolds: however, as said in [4], this compactness assumption can be released provided the quantities
in the estimates above are uniform (which is the case in Lemma 6.5). It is the stronger statement of [5]
(with the €2 requirement on M relaxed to ¢’!) together with this uniform estimates assumption (replacing
compactness) that we use all along the paper.

8.2. Basic estimates involving the matrix A.

Lemma 8.1. Let A be a matriz in M,(R) whose eigenvalues are all strictly negative. Then, there exist
o>0,C >0 and a matriz P € GL,(R) such that the following holds:

(ii) For any z € R™: (2,P~'APz) < —0|z||.

(i3) For any t > 0: |[eAt|| < Ce™7*.

Proof. See [35], or [8]. O
8.3. Proof of Theorem 4.5 (global stability of the manifold M,,).

Proof. As for the proof of Lemma 4.3, we apply the Perron-Lyapunov method, adapting the construction
done in [35] for non-delay differential equations. In this purpose, we need to use again the following weighted
Banach spaces on R: the space (5 (R,R),|| - ||o) of continuous functions on R bounded in norm || - ||, and
the space

B, 2(R, R™ 1) = {f: R — R""! continuous such that: ||f||o < 60/2, and [|f||o < +00},

where « is a strictly positive number (whose range will be specified later in the proof) and || - ||, stands for
the weighted norm by the exponent o > 0 both for functions with values in R or with values in R" (to avoid
cumbersome notations).

(B, jo(R,R"™ ,]] - ||a) is a Banach space, and note that the continuous functions over R bounded in norm

|| - ||la are in fact automatically bounded on Ry but not on R_. Lastly, we will equip the product space
Co(R,R) x B§ /2(R, R"~!) with the norm given by the maximum of the weighted norms of the two com-
ponents. To avoid useless cumbersome notations again, we will still denote by || - || this norm, i.e we will
set:

[1(£1, £2) o == max({[f1 ], [[f2][a)-

Keeping the same choice of dg > 0 and 79 > 0 as for Lemma (4.2), (4.1), and (4.3), we set 1y = &
and choose 0 < n < 5 (n satisfying therefore (x%)) and 7 > 0, and we consider an initial condition
(61,31) € €([—1,0],R) x By, /2([—1,0],R"~1). For simplicity of notations again, we denote by (¢ (t), y1(t)
the solution of (3) starting at the initial condition (¢1,y1), and taken at time ¢ > 0, i.e defined by:

P1(t) := (o1, 91,1)
yl(t) = y(¢laylat)'

In order to rewrite Equation (3) in a more concise way, we will also set:

2nT
(Y1, Y1, Y2, y2) = - * nTe1 (1, Y1, P2, y2)
q(¢17 Y1, w21 y2) = Th2(1/11» yl) + 777'g2(¢17 Y1, 1/12» y2)
(i) By choice of  and (¢1,y1), we know (see Item (ii) of Remark (3.1)) that we have ||y1 (¢)|| < dp/2 for any
t > 0. It thus comes, by (%*):

o)

. 5o\ ”
2 0, (0) — An ()l < 7o) (3 )+ 0l
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(ii) Now we pullback the trajectory (11(t),y1(t))i>0 by setting:

di(t) =i (t+1)

yNI(t) = yl(t + ]-)7
so that the inequality stated in (i) be valid for any ¢ > —1. Notice the curve (1 (t), 51 (t))s>_1 is still a
trajectory solution of Equation (3), and therefore is continuously differentiable.

Then, we extend this trajectory to a €' curve (¢1(t),41(t))ier over the entire real line by imposing the
following conditions:

(i) (7/51 (t),91(t))ter satisfies sup,< Y1 (s)| < 400
(ii) (1(t),91(t))eer satisfies supg<q [|91(s)|] < do/2

. N o\ > 5
(iii) For any s <0, ||y1(s) — TA1(s)]| < 7K(ha) <20> + nTK(g2, 50)

Now, as in the construction of the manifold M, (see Proposition 4.2 and Lemma 4.3) let us consider the
operator T; (-, -, ¢1,y1) defined by :
Tl('a'al[;hgl) : (’775) = (ﬁ/ag)
Ga(R,R) X B 5(R,R"™) = €, (R,R) x B (R, R* ™)

where for any time t € R:

F() == [Pl () + (), 51 (5) + E(8) 01 (s — 1) + (s = 1), 41 (s — 1) + £(s — )] — ¥ (s) }ds

: t i ~ - ~ -

Et) = [l e g (s) + (), 41(s) +E(s),¥n(s = 1) +v(s = 1),4 (s — 1) +&(s — 1)]

—y1(8) + TAy1(s) }ds

Let us verify this map is well defined, i.e (7, 5) actually belongs to €, (R, R) x B?O/z(R R"~1). We verify it

for 7, the similar argument working for &.
By definition the curve (v1(t), 41 (¢))¢>0 satisfies Equation (3) and so for any time ¢ > 0:

+o0 B -
() = */t {p[v1(s) +7(s),51(s) +&(s),¥1(s = 1) +v(s = 1), 41 (s = 1) +&(s — 1)]
— plih(5),41(5), 901 (s — 1), 972 (s — 1)] }ds.
Thus, we have, for any time t > 0:

+oo
1¥(®)] < nTK(Dgx, 50)/t max[[y(s)]; [[§(s)l]; [v(s = DI, [1E(s = D[ ]ds,

T —Q
< T K(Dar,50) 117, )l e,

where K(Dg1,dp) = SUD; ¢ ([0,27] x We, )? ||Dg1(3)||- This implies (since K(Dgq,do) is bounded independently
on (¢1,y1)): supysg |[7(t)[e** < 4o00. Then, for any t < 0 the quantity:

0 .
| /t {p[1(s) + (), 41(5) + €(s), 1 (s = 1) +v(s = 1), 41 (s = 1) + &(s — 1)] — i (s) }ds| - e
is smaller than:

{[1(0)] + |1 (1)] + Ceo) [pl1(s) + () 41(s) + &E(5), (s = 1) + (s = 1), 4 (s = 1) +&(s = D]| - [t} - "
selt,

Since (£(s))s<o is bounded and (71 (s))s<o as well (by condition (ii)), we get that the superior bound in the

last inequality is bounded uniformly in ¢: thus (as (11(¢))¢<o is bounded by condition (i)), we obtained

sup [5(t)|e™ < 400,
<0

and so 7 € €.(R,R). Using (x) and (x*), the similar argument works to prove that £ € B%/Q(R, R?~1),
using this time condition (iii).
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Furthermore, for a good choice of « (that we state below), the map T; (-, -, 1/31, ¥1) is a contraction. Indeed,
let us take two couples (71, &) and (72,62) in (R, R) x Bg. (R, R"~!) and consider the term:

1Ty (71,15 %01, 01) — Th (Y2, o, 01, 91) | |a = max(ilel]g |71(t) — ”72(t)|€atvilelﬂlg €L () — &2(t)|[e™).

We have, for any time ¢ in R:

+o00o _ _
IT1(t) —72(t)] < /t |p[Y1(s) +71(5),¥1(8) +&1(s), ¥1(s — 1) + (s — 1), 41(s = 1) + & (s — 1)]

— plh1(s) +72(s),51(s) + &2(5), U1 (s — 1) +v2(s — 1),51(s — 1) + &o(s — 1)] | ds

which as above yields:

. T

[[71 — Y2lla < %’C(Dgh%) (71 = 72,61 — &2)lla-
A similar inequality is obtained by the same reasoning for ||§~1 — éﬂa. Namely:
TIC(DhQ)(SO + UT’C(DgQ, (50)

—T0 — &

& - &lla < C-

Thus, choosing a; such that:

[[(v1 = 72,61 — &)lla-

nTK(Dg1,00) < a1 < 201 < —T0

(in this way aq depends only on 7 and 7, since K(Dg1,dp) does not depend on (¢1,y1)) we obtain:
K(Dhg)(so + ’I]’C(Dgg, (5())
-0

€1 — &3], < 2C- (71 = 72, €1 — €2)las»

which proves, by condition (), that T3 (-, -, U1, 71) is a contraction.

(iii) Finally, by the Banach contractive mapping theorem, there exists a unique fixed point (71, &) of the
map T4 (-, -, ¥1,71). We then set:

Yo :=t1+m

Yo =11 + &1,
which are curves defined and continuously differentiable over the entire real line R.
By construction, ||yo(s)|| < dp for any time s < 0, and we have, for any t € R:

Yo(t) = plto(t), yo(t), Yo(t — 1), yo(t — 1)]
yb(t) = TAyO + Q[wo(t)a yo(t),¢0(t - 1),y0(t - 1)}7

and thus, at any given time s € [—1,0] :

Vt > —s, Tenr(Yor_Yor_)(s) = (o(t + 5), yo(t + s)).

This means that (g Ry Y0 UR+) is the solution of the delay equation starting at the initial condition ¥og_,Yor_
(and even starting at ¥o|i_1]: Yo|[—1,0))- Now, at any fixed time s € [—1,0] we have, for any ¢ > —s:

Tt (Yo v _)(8) = Tewnnr (@1, 92)(8)]] = ([0t +8) = 1t + 5+ )| [[yo(t +5) =91t + 5+ 1)[])
= ([o(t +5) =91 (t + 8)|, llyo(t + ) — G(t + )]])
= (Im@+ 9 [[62( + s)l])

and so:

lim sup ||7;,n,7(¢O|R_ayO|R_)(S) - 7;+1,17,T(¢17y1)(5)|| =0,

1200 5e[—1,0]

this pointwise convergence being exponentially fast.
To conclude, since the curve (yo(t))i<o is the solution of the equation:

A(t) = Az + q[top_(1), 2(t), Yop_(t = 1),2(t = 1), t<0
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we have that (vojr_,yor_) belongs to the manifold M, as desired. O
8.4. Proof of Proposition 5.2 (a coordinate transformation for Equation (9)).
Proof. (i) The map Ty is of the form: T (8, ) = (8,6) — n- (0, Q[, 6, 6_1]), with:

Am,n i(me(s)—ne(s— ™% i(m—n)B(s
Vs <0, QB,¢,¢(s — D] :=R( > CraY—— )e< 9(s)=nd(s—1)+2mn F) (oilm-m)B(s) _ 1)),
(m#n)ELXZ trpim—=mn

(where we recall that the notation ¢_; stands for the function ¢_1 : s — ¢(s — 1), with s € R_). Given
(B1,¢1) and (B2, ¢2) in %Q(R,,R)2, we have, for any s < 0:

QU 61,61 (5 — ) = Qs s a(s— )| < S Blma)l 2 BWmnll g3 x4 gy,

1
(m#n)ELXTZ ‘27‘(‘7(7’77, - ’I’L)|

where:

X1 =meoi1(s) —ne1(s — 1) + 215
Yy = (m —n)Bi(s)

and similarly for X5, Y5.

Since the function h is €2, therefore the following series:

%amn +%amn
> [R(@m.n)| + [S(a@mn)]

o (il +

(m#n)ELXZ

converges. This gives that the map (8,¢) — (0,Q[B,d,¢—_1]) is a Lipschitz map from CK&(R_,R)Q to
%Q(R_,R)Q. As a Lipschitz perturbation of the identity map on a Banach space, the map T; is there-
fore a bi-Lipschitz homeomorphism.

(i) Let (8, ¢) and (h,k) in G.(R_,R)*. Given s < 0, the difference:
—(T2(8 +h, ¢ +k)(s) — T2(B,¢)(s) — (h(s), k(s))

is equal to
R(an,n) . . . .
7(0, Z m[sm(X¢ + Xk + Y3 + Yi) —sin(Xy + Xi) —sin(Xy + Yp) + sin(Xy)])
(m#n)ELXZ T
s(af’rn n)
+n(0, Z m[cos(X¢ + Xy + Y5+ Y1) — cos(Xg + Xi) — cos(Xy + Y3) + cos(Xy)])
(m#n)ELXZ T

where we have set:
Xg =mo(s) —ng(s — 1) +2mnz
Xk =mk(s) —nk(s—1)
Yg = (m—n)B(s)
Yo = (m—n)h(s)
Let’s look at the first sum of this term, expressed by the function sin and R(an, ). We have:
[sin(Xy + Xu + Yg + Y1) —sin( Xy + Xi) — sin(Xy + Y3) + sin(Xy)]
=sin(Xy + Y3)[cos(Xi + Yi) — 1] — sin(Xy)[cos(Xk) — 1] + sin(Xy + Yi) cos(Xy + Y3) — sin(Xk) cos(Xy)
=(Xx + Yy) cos(Xy + Yg) — Xy cos(Xy) + Z1,x,n
where Zy 1.n satisfies: sup,s|Z1,1,n/e?** = o(||(h, k)||o) when [|(h,k)|| tends to 0. Similarly we have:
[cos(Xy + Xk +Yp + Y1) — cos(Xy + Xi) — cos(Xy + Y3) + cos(Xyp)]
=— (Xx + Yi)sin(Xy + V) + Xy sin(Xy) + Z2,xn

where Za i 1 satisfies: sup,>g |Z2,1,n/e*** = o(||(h, k)||o) when [|(h,k)||o tends to 0. This gives Item (ii).
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(iii) Let us fix (8,¢"*) € €a(R_,R)®. As said in Item (i), the map T; is a Lipschitz perturbation of
the identity map on %, (R,,R)Q: thus T; (83, ¢™") can be obtained as the limit of the sequence (Zn)n>0
defined by the relations:

Z = (Bo, 95°") e
Zn+1 = F(Zn)7 h

where the point (5o, pf") is taken arbitrarily in %Q(R,,R)z, and the map F is defined by the relation
F(X,Y) =nQ(X,Y,Y_1) + (8,¢™v), for any (X,Y) € €a(R_,R)?. Since Ty is €, this gives:

DTy_yy(8, ") (b, k) = (b, k) + nDQ(T_1)(8, 6"), Ti—1)(8, ¢")2(- — 1)) (b, k) + o([[ (b, K)[a)

when ||(h, k)||o tends to 0, where we have denoted by Tj_1j(3, ¢"“")2 the second coordinate of T_y) (3, ¢"")
(and where, as before, Tj_yj(3,¢"“")2(- — 1) stands for the map s +— T(_1j(B, #"")2(s — 1)). By Item (ii),
the linear map DQ(T[_1;(8, ¢""), T—1)(B,¢"“")2(+ — 1)) is continuous. Hence the result.

O
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