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Abstract—Starting from Gallium Nitride (GaN) epitaxially grown on silicon, pre-stressed micro-resonators with integrated 
piezoelectric transducers have been designed, fabricated, and characterized. In clamped-clamped beams, it is well known that tensile 
stress can be used to increase the resonant frequency. Here we calculate the mode shape functions of out-of-plane flexural modes in pre-
stressed beams and we derive a model to predict both the resonant frequency and the piezoelectric actuation factor. We show that a 
good agreement between theory and experimental results can be obtained and we derive the optimal design for the electromechanical 
transduction. Finally, our model predicts an increase of the quality factor due to the tensile stress, which is confirmed by experimental 
measurements under vacuum. This study demonstrates how to take advantage from the material quality and initial stress resulting of 
the epitaxial process. 
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1 Introduction 
Gallium nitride (GaN) is the second most used material in microelectronics after silicon, due to its success in optoelectronics 

(DenBaars et al. 2013), and in high power electronics and RF (Khan et al. 1993; Mishra et al. 2008). Its piezoelectric and 
mechanical properties make it also a promising microelectromechanical systems (MEMS) material for sensors. The combination of 
piezoelectricity, mechanical characteristics, chemical inertness and high breakdown voltage can lead to sensors that overcome some 
limitations of silicon (Cimalla et al. 2007). Moreover, the use of AlGaN/GaN heterostructures enables efficient transduction and 
integration of electronics in the same package (Ansari et al. 2011; Popa and Weinstein 2013). 

Previously, we investigated beam resonators based on GaN with piezoelectric actuator and integrated HEMT transducers 
(Faucher et al. 2012; Faucher et al. 2009). The material grown by MOCVD presented a reproducible high tensile stress due to the 
epitaxial growth process. In this work, we study the effect of the tensile stress on the resonant frequencies and the flexural modes of 
vibration. It leads to modification in the design of the transducers for optimal performances. Moreover, the tensile stress induces a 
higher potential energy stored by the vibrating beam which increases the quality factor.  

2 Derivation of frequency and mode shape for arbitrary mode with stress 
 Performances of resonant sensors are linked to their resonant frequencies. For beams vibrating with flexion modes, assuming 
small amplitudes compared to the dimensions of the beam, and elastic deformation, the resonant frequencies and the associated 
motion can be calculated from the Euler-Bernoulli equation (Brueckner et al. 2007). Its expression is given in Fig. 1a. For 
calculating the resonant frequencies of doubly clamped beams, we cancel the driving force and the damping coefficient and assume 
sinusoidal motion. This leads to a characteristic equation (Torri et al. 2014) that we solve numerically. The solution is plotted in 
Fig. 1b using dimensionless quantities representing frequency and stress. Therefore, it can be used for any kind of doubly clamped 
beam: this solution is independent of the dimensions and the material properties of the beam. 
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Fig. 1 a Euler-Bernoulli equation with uniform axial stress. b Resonant frequencies of doubly clamped beam for varying tensile stress, expressed with 
dimensionless quantities 
 

 Thanks to the Euler-Bernoulli equation (Fig. 1a), the mode shape functions can be obtained for any mode at any tensile stress. 
The Fig. 2 gives the mode shape function of the first mode normalized to a maximum amplitude equal to 1 for different tensile 
stresses, and its first derivative. Obviously, the case of infinite tensile stress cannot occur in reality because the beam would 
fracture, but it also represents the case of very thin and long beams reaching the behavior of a vibrating string. 

 

Fig. 2 Normalized mode shape function of the first mode (a) and its first derivative (b) for various tensile stress. The blue dashed line is the 
mode shape function without tensile stress, and the black solid line is the mathematical limit of infinite tensile stress (or vibrating string limit) 

 

The resonant frequencies can be expressed analytically using the Rayleigh method, based on energy conservation. At a resonant 
frequency fn, the vertical displacement of the beam can be written as 𝑈(𝑥, 𝑡) = 𝐵 ∙ 𝑈!(𝑥) ∙ cos	(2𝜋𝑓!𝑡 + 𝜑), where 𝑈!(𝑥) is the 
mode shape function that is defined up to a multiplicative constant, and B is a constant that depends on the definition used for the 
mode shape function and the driving force. Due to the axial stress, a potential energy is added to the system. Here are the 
expressions of the kinetic energy Ec, the flexural potential energy Ep,flex and the axial potential energy Ep,axial: 
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With these definitions of the potential energies, the conservation of the energy during the motion of the beam corresponds to 
𝐸" = 𝐸&,()*+ + 𝐸&,,+-,). This leads to the equation of the frequency of the nth mode, which also corresponds exactly to the 
numerical solution given by Fig. 1b: 
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dimensionless coefficients, independent of the beam dimensions for a fixed mode shape function. The an coefficients are linked to 
the ratio between the flexural potential energy and the kinetic energy, and the γn coefficients are linked to the ratio between the 
axial potential energy and the flexural potential energy. Without stress, an = kn2 where kn are the well-known eigenvalues 4.730, 
7.853, …, (n+1/2)π; and γn ≈ 0.2949, 0.1453, …, 12(kn–2)/kn3. Since the mode shape functions vary with the stress, the coefficients 
an and γn are modified by the stress: for increasing stress, an increases up to infinite whereas γn decreases toward zero. 

However, the variation of an and γn can be taken into account using a unique coefficient: an is replaced by the fixed kn² and γn is 
replaced by γ’n, which leads to the second form of equation (4). Without stress the new coefficient γ’n is equal to γn and for 
increasing tensile stress γ’n decreases toward 12n2π2/kn4. It gives a limit of about 0.2366 and 0.1246 for the first and second mode 
respectively. A unique coefficient that does not diverge is easier to use, and then it is often employed to calculate the resonant 
frequency of doubly clamped beams with internal stress. With this unique coefficient, the resonant frequency with or without 
tensile stress can be easily compared. However, the two coefficients an and γn can be directly expressed using the different 
contributions of the energy of the system, which is not the case of γ’n. 

3 Vibration amplitude and experimental measurements 
We fabricated doubly clamped beams in GaN from EpiGaN GaN-on-Si substrate with dimensions of 400 µm × 40 µm × 1.8 µm 

(Fig. 3). Details about the fabrication process can be found elsewhere (Faucher et al. 2012). The actuation is provided by a Schottky 
diode with a length of 50 µm and by using the two-dimensional electron gas (2-DEG) as a bottom electrode to apply the high 
electric field on the thin AlGaN layer. The detection is performed by a resonant high-electron-mobility transistor (R-HEMT) 
integrated on the beam. When the beam vibrates, the strain of the GaN material generates piezoelectric charge in the 2-DEG. This 
charge is converted into current and amplified by the transistor. From the measured resonant frequencies of the different modes, we 
deduce the stress of the beam using the previous model. The value of σAL2/(2EefI) is found to be about 80. It corresponds to  a 
tensile stress of about 100 MPa, which is in good agreement with the value expected from the epitaxial growth process. This value 
is found assuming that the effective Young’s modulus of the beam is about 290 GPa which fits with the resonant frequencies of the 
modes 1 to 9. The value of the Young’s modulus has also been confirmed by nanoindentation and is coherent with values 
previously reported for similar structures (Leclaire et al. 2014). The growth process conciliates the high tensile stress with the 
Young’s modulus among the highest reported for thin GaN (Cimalla et al. 2007). The mode shape function of the first mode 
calculated for this stress value is reported in Fig. 2. 

 
Fig. 3 a Optical image after process of a GaN beam resonator with dimensions 400 µm × 40 µm × 1.8 µm. The out-of-plane flexural modes are 
excited by the piezoelectric effect inside the Schottky diode at left. At right a resonant high-electron-mobility transistor provides amplified 
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mechanical detection. b Schematic structure of the resonator in side view and cross-sectional view. c Doppler vibrometry measurement of the 
first mode and analytical calculation for  the piezoelectric coefficient value 0.4 C/m² 

 

The actuation method uses an electric field applied in the AlGaN layer of the beam from the anchor to the end of the actuation 
electrode. It gives a vibration amplitude that can be calculated using the model developed by DeVoe (DeVoe 2001), if there is no 
stress. Due to the piezoelectric property of the AlGaN, the high electric field is locally converted into an axial strain located at the 
top of the beam. This creates a moment which sets the beam in motion depending on its frequency response and mode shape. 
However, due to the tensile stress, the mode shape functions are modified, and it can be shown that at the resonant frequency the 
vibration amplitude is proportional to the first derivative of the corresponding mode shape function at the end of the actuation 
electrode according to the following formula (Ben Amar et al. 2012): 
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 Here, u(xr) is the amplitude vibration at the position xr, V is the applied voltage amplitude, fn the resonant frequency, e31AlGaN is 
the effective piezoelectric coefficient, w is the width of the beam, wact and Lact are the width and the length of the actuator electrode 
respectively and Qn is the quality factor. It can be noted that the integral is proportional to the length of the beam, and therefore the 
derivative is inversely proportional to the length of the beam. Increasing the tensile stress brings closer to the beam anchor the 
maximum of the first derivative of the function (Fig. 2b). Then, for beams with tensile stress, the actuation electrode has to be 
shorter to provide an optimal excitation. 

The vibration amplitudes of the GaN beams for different modes have been measured using a laser Doppler vibrometer under 
atmospheric pressure and ambient temperature (Fig. 3c). For the first mode, at 191 kHz, the amplitude vibration at the center of the 
beam is about 250 nm/V with a quality factor of 240. Due to the high tensile stress, the length of the fabricated electrode is about 
the same as the optimal one. Without tensile stress, the optimal length of the electrode would be 0.224 times the beam length 
(Imboden and Mohanty 2014). In our case, the optimal length is only 0.16 times the beam length, and using a usual longer actuator 
would have decreased the actuator efficiency by about ten percent. Taking this into account, we found that the vibration amplitude 
is in good agreement with the model of the beam with tensile stress (Fig. 3c), even for higher frequency modes. However, there is a 
great uncertainty on the value of the piezoelectric coefficient. The previous calculations are done using e31AlGaN = 0.4 C/m², but 
theoretical or experimental values can vary with more than a factor 2 (Cimalla et al. 2007). Moreover, as the AlGaN film is thin 
over the GaN, the AlGaN can be considered as stressed in axial and lateral direction but unstressed in the vertical direction. In these 
conditions, the effective piezoelectric coefficient is: 

𝑒52,*( = 𝑒52 −
𝑐25
𝑐55

𝑒55 

(6) 

where eij are the piezoelectric coefficients and cij are the stiffness coefficients under constant electric field. It would be higher by 
a factor 1.62, which is equal to 0.65 C/m². It could also be considered that the AlGaN is not stressed in the lateral direction, because 
the AlGaN and GaN could be relaxed by a lateral deformation when an electric field is applied in the AlGaN. In that case, the 
effective piezoelectric coefficient is: 
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It would be only higher by a factor 1.08, and equal to 0.43 C/m². These higher effective piezoelectric coefficients may explain 
why the experimental amplitude vibration is higher than the theory shown in Fig. 3c. 

Simulation with finite element method (FEM) were also performed and compared to the analytical model. The actuation 
efficiencies are reported as the function of the actuation electrode length for the three different effective piezoelectric coefficients 
and fro FEM simulation in Fig. 4. The FEM simulation are performed using anchoring boundary conditions that are fixed away 
from the beam on the silicon substrate so that the GaN bulk can be deformed. As expected, the FEM simulation result is between 
the analytical models for the thin film, and the laterally unstrained film. The FEM simulation confirms that the optimal length of the 
actuator is shorter than the 0.224×L obtained for beam without axial stress. The lower experimental value (also shown in Fig. 4) 
could come from additional defects in the AlGaN layer or imperfect Schottky contact. 
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Fig. 4 Comparison between the calculated and measured actuation efficiency represented as the vibration amplitude at the center of the beam for 
the first mode divided by the actuation voltage and by the quality factor. The beam   dimensions are 400 µm × 40 µm ×1.8 µm and the internal 
tensile stress is 100 MPa. The red solid, blue dashed and black dotted lines are calculated form analytical models with piezoelectric coefficients 
equal to 0.65, 0.43 and 0.4 C/m² respectively. The red stars come from FEM simulations and the black square represents the experimental value 

4 Impact of tensile stress on the quality factor 

The use of beams with high tensile stress, made possible by the MOCVD growth process, leads to an optimal design with less 
metal deposited on the beam compared to an unstressed beam. It minimizes the impact of the metal on the beam behavior. Indeed, 
the metallic electrodes have often low Young’s modulus which modifies the resonant frequency, and is another source of 
dissipation that decreases the performances of the vibrating beam (Imboden and Mohanty 2014). Moreover, the energy stored by 
the vibrating beam is equal to the maximum of its kinetic energy during the motion, which is proportional to the square of the 
frequency (equation (1)). The energy dissipated per cycle is written ΔE. Then the quality factor is: 
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For comparing a beam with tensile stress or without tensile stress, we scale the amplitude of vibration of the beam such that: 
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(10) 

Then, if the dissipation mechanism is independent of the stress and the frequency, the quality factor will increase proportionally 
to the square of the frequency. This gives another vision than previous work about dissipation in pre-stressed beams (Schmid et al. 
2011; Unterreithmeier et al. 2010) by expressing the link between the energy of the system and its resonant frequency, which can 
be measured experimentally. 

This equation can be used for any dissipation mechanism but one has to be careful while using existing models of dissipation. 
For what is known as extrinsic dissipation, the models are based on the exchange of energy using the total energy of the system so 
that the models give directly the quality factor 𝑄!(𝜎). In that case, one has to use existing models and change the value of the 
resonant frequency with pre-stress. Note that the presence of the resonant frequency in these models may not be explicit because it 
may have been replaced by its expression using the equation (4) in the stressless case. For air damping, the quality factor for pre-
sressed beams can be calculated directly by using the frequency with tensile stress in existing models (Aoust et al. 2015; Bao and 
Yang 2007; Blom et al. 1992; Kokubun et al. 1984). For clamping losses, the ratio of velocity of acoustic waves to the resonant 
frequency is decreased by the stress. So the quality factor should increase due to the tensile stress (Cross and Lifshitz 2001) by a 
factor going from two to three depending on the resonant mode for high tensile stress. 
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For intrinsic dissipation, such as thermoelasticity, or surface or mechanical defects, the models often come from the exchange of 
energy only due to the flexion. So, 𝑄!,%Z∆𝐸%/∆𝐸(𝜎)[ is equal to the quality factor using those models for the new resonant 
frequency, and the quality factors 𝑄!(𝜎) associated with those dissipative mechanisms are mainly increased with tensile stress due 
to the increase of the frequency squared. For dissipation due to multiple materials, the impact of each material should be 
proportional to its energy. For example, if a metal is deposited on a beam with tensile stress, the metal should not have tensile stress 
so that its energy will not increase. Hence the quality factor will be higher compared to the case where the same metal is deposited 
on a similar beam without tensile stress. 

Measurements under vacuum with a pressure of 0.1 mbar, are presented in Fig. 5, for beams with dimensions close to the 
previous one (see legend) and higher tensile stress. These measurements are done using the R-HEMT as electromechanical 
detection transducer. It confirms the increase of quality factor due to the tensile stress, with a quality factor that can be higher than 
10 000 which is among the highest quality factors ever reported for GaN beam resonators (Rais-Zadeh et al. 2014). Modes 2 and 3 
are in good agreement with a quality factor without tensile stress 𝑄!,% that would be equal to about 1300, and with ∆𝐸% = ∆𝐸(𝜎) 
which means that the resonant frequency and the tensile stress does not modify the dissipated energy per cycle but only increases 
the energy stored in the beam. For the first mode the quality factor should be higher but there is probably a limitation due to 
clamping losses. The constant quality factor equal to 1300 without tensile stress is attributed to surface losses. The quality factor 
decreases with the order of the resonant mode due to the decrease of γ’n, because the tensile stress is less dominant over the 
behavior of the beam for the higher mode orders. 

 

Fig. 5 Quality factor measured under vacuum for two resonators with dimensions of 380 μm × 20 μm × 1.8 μm (A) and 390 μm × 20 μm × 1.8 μm 
(B). The first three modes are presented showing the quality factor increase with internal tensile stress. The quality factors are obtained by fitting 
the resonance amplitude curve, with an uncertainty of about 10%. The theory (equation 10) using Qn,0 = 1300 is plotted with crosshair symbols 

 

Conclusion 
GaN MEMS resonators with internal pre-stress were theoretically and experimentally investigated. The Young’s modulus in the 

presence of tensile stress is mastered. The influence of the pre-stress on the resonant frequency and the mode shape functions is 
described. Then its effect on the actuation efficiency is analyzed showing that an optimal design requires a shorter electrode on the 
beam. FEM simulation and analytical models were compared to quantitatively calculate the actuation efficiency. Additionally, the 
tensile stress increases the stored potential energy, which might result in an increase of the quality factor. This phenomenon was 
confirmed by our measurements under vacuum. Therefore, since the stress of commercial epitaxial wafers is known, the design can 
be easily optimized and the resonant frequencies of the resonators can be determined before fabrication and test. 
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