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Convergence rates of Gibbs measures with degenerate minimum

Pierre Bras*

Abstract

We study convergence rates of Gibbs measures, with density proportional to e=/(*)/t ast — 0
where f : R? — R admits a unique global minimum at z*. We focus on the case where the Hessian
is not definite at x*. We assume instead that the minimum is strictly polynomial and give a higher
order nested expansion of f at *, which depends on every coordinate. We give an algorithm yielding
such an expansion if the polynomial order of x* is no more than 8, in connection with Hilbert’s
17" problem. However, we prove that the case where the order is 10 or higher is fundamentally
different and that further assumptions are needed. We then give the rate of convergence of Gibbs
measures using this expansion. Finally we adapt our results to the multiple well case.

1 Introduction

Gibbs measures and their convergence properties are often used in stochastic optimization to minimize
a function defined on R?. That is, let f : R* — R be a measurable function and let 2* € R¢ be such
that f admits a global minimum at z*. It is well known [Hwa80] that under standard assumptions, the
associated Gibbs measure with density proportional to e=7(®)/ for t > 0, converges weakly to the Dirac
mass at £*, 0y«, when ¢t — 0. The Langevin equation dXs = —V f(Xs)ds+ odW consists in a gradient
descent with Gaussian noise. For o = v/2t, its invariant measure has a density proportional to e~/ ()/t
(see for example [Khal2|, Lemma 4.16), so for small ¢ we can expect it to converge to argmin(f)
[Dall4| [Bar20]. The simulated annealing algorithm [LAS87] builds a Markov chain from the Gibbs
measure where the parameter ¢ converges to zero over the iterations. This idea is also used in [GM90],
giving a stochastic gradient descent algorithm where the noise is gradually decreased to zero. Adding
a small noise to the gradient descent allows to explore the space and to escape from traps such as
local minima and saddle points which appear in non-convex optimization problems [Laz92] [DPG™14].
Such methods have been recently brought up to light again with SGLD (Stochastic Gradient Langevin
Dynamics) algorithms [WT11| [LCCC15], especially for Machine Learning and calibration of artificial
neural networks, which is a high-dimensional non-convex optimization problem.

The rates of convergence of Gibbs measures have been studied in [Hwa80|, [Hwa81| and [AH10]
under differentiability assumptions on f. It turns out to be of order t1/2 as soon as the Hessian matrix
V2 f(x*) is positive definite. Furthermore, in the multiple well case i.e. if the minimum of f is attained
at finitely many points 7, ..., z},, [Hwa80] proves that the limit distribution is a sum of Dirac masses
dzx with coefficients proportional to det(V2f(27))~'/? as soon as all the Hessian matrices are positive
definite. If such is not the case, we can conjecture that the limit distribution is concentrated around
the z7 where the degeneracy is of the highest order.

The aim of this paper is to provide a rate of convergence in this degenerate setting, i.e. when x*
is still a strict global minimum but V2 f(z*) is no longer definite, which extends the range of applica-
tions of Gibbs measure-based algorithms where positive definiteness is generally assumed. A general
framework is given in [AH10|, which provides rates of convergence based on dominated convergence.
However a strong and rather technical assumption on f is needed and checking it seems, to some
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extent, more demanding than proving the result. To be more precise, the assumption reads as follows:

there exists a function g : R — R with e79 € L'(R9) and a1, ..., ag € (0,400) such that
1
Vh € R, T @+ % ha, o 1%ha)) = f(27)] = g(ha, - ha). (1)
—)

Our objective is to give conditions on f such that (1) is fulfilled and then to elucidate the expression
of g depending on f and its derivatives by studying the behaviour of f at x* in every direction. Doing
so we can apply the results from [AH10] yielding the convergence rate of the corresponding Gibbs
measures. The orders a1, ..., ag must be chosen carefully and not too big, as the function g needs
to depend on every of its variables hq, ..., hq, which is a necessary condition for e™9 to be integrable.
We also extend our results to the multiple well case.

We generally assume f to be coercive, i.e. f(z) — 400 as ||z]|| — +oo, C?P in a neighbourhood
of x* for some p € N and we assume that the minimum is polynomial strict, i.e. the function f is
bounded below in a neighbourhood of z* by some non-negative polynomial function, null only at x*.
Thus we can apply a multi-dimensional Taylor expansion to f at x*, where the successive derivatives
of f: R — R are seen as symmetric tensors of R¢. The idea is then to consider the successive
subspaces where the derivatives of f are null up to some order ; using that the Taylor expansion of
f(z* + h) — f(z*) is non-negative, some cross derivative terms are null. However a difficulty arises
at orders 6 and higher, as the set where the derivatives of f are null up to some order is no longer a
vector subspace in general. This difficulty is linked with Hilbert’s 17*" problem [Hil88], stating that
a non-negative multivariate polynomial cannot be written as the sum of squares of polynomials in
general. We thus need to change the definition of the subspaces we consider. Following this, we give
a recursive algorithm yielding an adapted decomposition of R? into vector subspaces and a function g
satisfying (1) up to a change of basis, giving a canonical higher order nested decomposition of f at x* in
degenerate cases. An interesting fact is that the case where the polynomial order of 2* is 10 or higher
fundamentally differs from those of orders 2, 4, 6 and 8, owing to the presence of even cross terms which
may be not null. The algorithm we provide works at the orders 10 or higher only under the assumption
that all such even cross terms are null. In general, it is more difficult to get a general expression of
g for the orders 10 and higher. We then apply our results to [AH10], where we give conditions such
that the hypotheses of [AH10]|, especially (1), are satisfied so as to infer rates of convergence of Gibbs
measures in the degenerate case where V2 f(z*) is not necessarily positive definite. The function g
given by our algorithm is a non-negative polynomial function and non-constant in any of its variables,
however it needs to be assumed to be coercive to be applied to [AH10]. We study the case where g is
not coercive and give a method to deal with simple generic non-coercive cases, where our algorithm
seems to be a first step to a more general procedure. However, we do not give a general method in this
case.

Our results are applied to Gibbs measures but they can also be applied to more general contexts,
as we give a canonical higher order nested expansion of f at a minimum, in the case where some
derivatives are degenerate.

For general properties of symmetric tensors we refer to [CGLMO08|. In the framework of stochastic
approximation, [FP99] Section 3.1 introduced the notion of strict polynomial local extremum and
investigated their properties as higher order "noisy traps".

The paper is organized as follows. In Section 3, we recall convergence properties of Gibbs measures
and revisit the main theorem from [AH10]. This theorem requires, as an hypothesis, to find an
expansion of f at its global minimum ; we properly state this problem in Section 3.2 under the
assumption of strict polynomial minimum. In Section 3.3, we state our main result for both single
well and multiple well cases, as well as our algorithm. In Section 4, we detail the expansion of f at its
minimum for each order and provide the proof. We give the general expression of the canonical higher
order nested expansion at any order in Section 4.1, where we distinguish the orders 10 and higher from
the lower ones. We then provide the proof for each order 2, 4, 6 and 8 in Sections 4.3, 4.4, 4.6 and
4.7 respectively. We need to prove that, with the exponents oy, ..., ag we specify, the convergence



in (1) holds ; we do so by proving that, using the non-negativity of the Taylor expansion, some cross
derivative terms are zero. Because of Hilbert’s 17" problem, we need to distinguish the orders 6 and
8 from the orders 2 and 4, as emphasized in Section 4.5. For orders 10 and higher, such terms are not
necessarily zero and must then be assumed to be zero. In Section 4.8, we give a counter-example if
this assumption is not satisfied before proving the result. In Section 4.9, we prove that for every order
the resulting function g is constant in none of its variables and that the convergence in (1) is uniform
on every compact set. In Section 4.10, we study the case where the function g is not coercive and give
a method to deal with the simple generic case. In Section 5, we prove our main theorems stated in
Section 3.3 using the expansion of f established in Section 4. Finally, in Section 6, we deal with a
"Hat" example where all the derivatives in the local minimum are zero and where we cannot apply our
main theorems.

2 Definitions and notations

We give a brief list of notations that are used throughout the paper.

We endow R with its canonical basis (e1,...,eq) and the Euclidean norm denoted by || - ||. For
z € R? and r > 0 we denote by B(z, r) the Euclidean ball of R? of center x and radius . For E a vector
subspace of R%, we denote by Dg - R? — E the orthogonal projection on E. For a decomposition of R?
into orthogonal subspaces, R? = F; & --- @ E,, we say that an orthogonal transformation B € Og(R)
is adapted to this decomposition if for all j € {1,...,p},

Vi € {dim(El) + -+ dim(Ej_l) +1,... ,dim(El) + -+ dim(Ej)}, B.e; € Ej.
For a, b € R?, we denote by a * b the element-wise product, i.e.

Vi € {1,...,d}, (a*b)l = a;b;.

For v!, ..., v* vectors in R? and T a tensor of order k of R?, we denote the tensor product
T (e = Z Tz‘1-~ikvz'11---vfk-
i1y €{ 1,00, d}
More generally, if j < k and o', ..., v7 are j vectors in R%, then T - (v! ® - -- ®v7) is a tensor of order

k — j such that:
T- (Ul ® "'®U])ij+1~-ik = Z n1~-~ikvz‘11 "‘Uz]'j'
015008 €{1,..,d}

For h € R%, h®* denotes the tensor of order k such that
heF = (iy .. hik)z‘l,...,ike{1,...,d}-

For a function f € CP (Rd, R), we denote V¥ f(x) the differential of order k < p of f at x, as V¥ f(z)
is the tensor of order k defined by:
ak
8xil e 81.'516 11,82,..,0k€{1,...,d}

By Schwarz’s theorem, this tensor is symmetric, i.e. for all permutation o € Gy,

0" f(x) _ Of()

axim) ce 8xi0<k) axil ce 8%

We recall the Taylor-Young formula in any dimension, and the Newton multinomial formula.



Theorem 1 (Taylor-Young formula). Let f : RY — R be CP and let x € R?. Then:
21
_ Lok @k P
o), 5, 30 V4 B+ ot

We denote by ( K ) the p-nomial coefficient, defined as:

1 erip
( k > R
inyeeyiy)  inl i)

Theorem 2 (Newton multinomial formula). Let hy, ..., h, € R, then
k ; ;
(hi+hat -+ h) = > <,L i)’%?ll@“'@hg“’- (2)
i1yip€{0,k) N D7 TTTP
i1+tip=Fk

For T a tensor of order k, we say that T is non-negative (resp. positive) if
Vh € RY, T-h®* >0 (resp. T - h®* > 0). (3)

We denote L'(R?) the set of measurable functions f : R? — R that are integrable with respect to the
Lebesgue measure on RY. We denote by Ay the Lebesgue measure on R%. For f : R? — R such that
e~ € LY (R?), we define for t > 0, C; := (fga e*f/t)_l and m; the Gibbs measure

m(x)dx == Cre 7@/t gy,

For a family of random variables (Y?);¢(0,1) and Y a random variable, we write Y; % Y meaning that
_>

(Yz) weakly converges to Y.
We give the following definition of a strict polynomial local minimum of f:

Definition 1. Let f : R? — R be C% for p € N and let z* be a local minimum of f. We say that f
has a strict polynomial local minimum at x* of order 2p if p is the smallest integer such that:

2p
1
Ir >0, Vh € B(z*,r)\ {0}, > Hv’ff(g;*) Rk > 0. (4)
k=2
Remarks :

1. A local minimum z* of f is not necessarily strictly polynomial, for example, f : x +— eIzl
and z* = 0.

2. If x* is polynomial strict, then the order is necessarily even, because if * is not polynomial strict
of order 2[ for some [ € N, then we have h, — 0 such that the Taylor expansion in h, up to
order 2!l is zero ; by the minimum condition, the Taylor expansion in h,, up to order 2] + 1 must
be non-negative, so we also have VZ+1 f(z*) . p22+1 = (.

For f:R? — R such that minga(f) exists, we denote by argmin(f) the arguments of the minima
of f,i.e.

Rd

argmin(f) = {o € %45 f(a) =nin() |

Without ambiguity, we write "minimum" or "local minimum" to designate f(z*) as well as z*. Finally,
we define, for 2* € R% and p € N:

p(z*) = {f € C*?(RY,R) : f admits a local minimum at x*} .

ay(x*) = {f e C?(R%,R) : f admits a strict polynomial local minimum at z* of order Zp} )

4



3 Convergence of Gibbs measures

3.1 Properties of Gibbs measures

Let us consider a Borel function f : R? — R with e~/ € L'(R%). We study the asymptotic behaviour

of the probability measures of density for ¢ € (0, 00):

mi(x)dr = Cre™ 52 de

when ¢ — 0. When ¢ is small, the measure m; tends to the set argmin(f). The following proposition

makes this statement precise.
Proposition 1. Let f : R? = R be a Borel function such that
fFi=essinf(f) = inf{y : N{f <y} >0} > —o0,

and e~/ € LY (RY). Then
ve >0, m({f > [ +e}) — 0.

Proof. As f* > —oo, we may assume without loss of generality that f* = 0 by replacing f by f — f*.
Let £ > 0. It follows from the assumptions that f > 0 Ag-a.e. and \g{f < e} > 0 for every € > 0. As

e”f € LY(RY), we have

A{f <e/3} < 65/3/ e fd\g < 40o0.
R4

Moreover by dominated convergence, it is clear that

Crt L A{f =0} < +oo.

We have -1
1
Ci < / ) < |eIaalr <)
f<e/3 —
>0
Then
e/3t —f(x)/t —/3t(v—1
i@ e [psce dv _ e/"C,
m{f>e¢ :C/ et dr < T 50
W=e=al STUOMFER STy e

f(x) 2 f(z)

because if f(x) > ¢, then e” "¢ < e 3te” 3¢t , and where we used that C’?;l < Cl_l ift<1/3

O

Now, let us assume that f : R? — R is continuous, e~/ € L'(R?) and f admits a unique global
minimum at z* so that argmin(f) = {z*}. In [AH10] is proved the weak convergence of m; to d,+ and
a rate of convergence depending on the behaviour of f(z* + h) — f(a*) for small enough h. Let us

recall this result in detail ; we may assume without loss of generality that x* = 0 and f(z*) = 0.

Theorem 3 (Athreya-Hwang, 2010). Let f : R? — [0,00) be a Borel function such that :

1. e7/ e LY(RY).
2. For all § > 0, inf{f(x), ||z|| >} > 0.

3. There exist oy, ..., ag >0 such that for all (hi,..., hq) € Rd,

1
gf(talhl, ce ,tadhd) — g(hl, .. .,hd) € R.
t—0



4. sup e~ ¢ dhy ...dhg < 0c0.
R4 0<t<1

For 0 <t <1, let X; be a random vector with distribution m;. Then e=9 € L'(R?) and

<(Xt)1,...,(Xt)d> iX ast— 0 (5)

ton tad

where the distribution of X has a density proportional to e=9@1%a),

Remark: Hypothesis 2. is verified as soon as f is continuous, coercive (i.e. f(z) — +oo when
||z|| = +00) and that argmin(f) = {0}.

To study the rate of convergence of the measure 7y when ¢t — 0 using Theorem 3, we need to
identify aq,..., ag and g such that the condition (5) holds, up to a possible change of basis. Since
x* is a local minimum, the Hessian V2 f(2*) is positive semi-definite. Moreover, if V2 f(2*) is positive
definite, then choosing ay = -+ = ag = %, we have:

1 1
~F#Y2h) — —nT V2 f(2¥) - b= g(x).
t t—0 2

And using an orthogonal change of variable:

/d e 9@ Jp = /d e~3 Ximt fBiyizdyl ...dyg < oo,
R R

where the eigenvalues j3; are positive. However, if V2 f(x*) is not positive definite, then some of the 3;
are zero and the integral does not converge.

3.2 Statement of the problem

We still consider the function f : R — R and assume that f € ay(z*) for some x* € R? and some
integer p > 1. Then our objective is to find oy > -+ > a4 € (0, 400) and an orthogonal transformation
B € O4(R) such that:

1

vh € RY, @+ Bt xh) = f(2")] =2 g(ha, ..., ha), (6)
where t* denotes the vector (t*1,...,t%) and where g : R — R is a measurable function which is not
constant in any hy, ..., hg, i.e. for all i € {1,...,d}, there exist h1, ..., hi_1, hiy1, ..., hq € R?

such that
hi +— g(hi,...,hq) is not constant. (7)
Then we say that a1, ..., ag, B and g are a solution of the problem (6). The hypothesis that g is not
constant in any of its variables is important ; otherwise, we could simply take a1 = --- = a4 = 1 and

obtain, by the first order condition:
]' * *
S @ty ha)) = f(a7)] =2 0.

t—0
3.3 Main results : rate of convergence of Gibbs measures
Theorem 4 (Single well case). Let f : R — R be C? with p € N and such that:

1. f is coercive, i.e. f(x) — 400 when ||z|| — +o0.

2. argmin(f) = 0.

3. f € ,(0) and f(0) = 0.



4. e=f e LY(RY).
Let (Ep)y, ()i, B and g to be defined as in Algorithm 1 stated right after, so that for all h € RY,
1 * (6% *
@+ B (%« h) = f(2")] = g(h),

t—0

and where g is not constant in any of its variables. Moreover, assume that g is coercive and the
following technical hypothesis if p > 5:

Vh € RY, Y(iy,...,ip) € {0,2,---,2p}P, (8)

Gt <l = V) ()P @ @y, () =0

Then the conclusion of Theorem 3 holds, with:

1 1
< ..)*(B_l-Xt)iX ast—0,

#717 . ) 10
where X has a density proportional to e 9().
Algorithm 1. Let f € </ (x*) for p € N

1. Define (Fy)o<k<p—1 recursively as:

Fy=R?
Fp={h€F,_1: VYN € Fp_y1, V*f(z*) he h®%*1 =0},

2. For1 <k <p-—1, define the subspace Ey as the orthogonal complement of Fy, in Fy,_1. By abuse
of notation, define E, := F,_1.

3. Define B € O4(R) as an orthogonal transformation adapted to the decomposition

RI=FE @-- @ E,.
4. Define for 1 <i <d,

1
Q; = Z f07” 1 € {dlm(El) + .-+ dim(Ej_l) =+ 1, ... ,dlm(El) + -+ dlm(E])} (9)
5. Define g : R4 = R as

2p
sm=> 5 2 (ilmZ.)v’“f<x*>-pEl<B-h>®1®~--®pEp<B~h>®p. (10)
k=2 dy,..ipe{0,. 6} NP
i1+ tip=Fk
DR

Remarks :

1. The function ¢ is not unique, as we can choose any base B adapted to the decomposition R =
Ei@--- @ E,.

2. The case p > b5 is fundamentally different from the case p < 4, since Algorithm 1 may fail to
provide such (Eg)k, (a;)i, B and g if the technical hypothesis (8) is not fulfilled, as explained in
Section 4.8. This yields fewer results for the case p > 5.

3. For p € {1,2,3,4}, the detail the expression of ¢ in (17), (18), (20) and (23) respectively.



4. The function g has the following general properties : g is a non-negative polynomial of order 2p;
g(0) =0 and Vg(0) = 0.

5. The condition on g to be coercive may seem not natural. We give more details about the case
where ¢ is not coercive in Section 4.10 and give a way to deal with the simple generic case of
non-coercivity. However dealing with the general case where g is not coercive goes beyond the
scope of our work.

6. The hypothesis that g is coercive is a necessary condition for e™9 € L'(R?). We actually prove
in Proposition 3 that it is a sufficient condition.

Still following [AH10|, we study the multiple well case, i.e. the global minimum is attained in a
finite number of points in R?, say {x%,...,x%,} for some m € N. In this case, the limiting measure of
7 will have its support in {7, ..., 2}, }, with different weights.

Theorem 5 (Athreya-Hwang, 2010). Let f : R? — [0, 00) measurable such that:
1. e7/ € LY(RY).
2. For all 6 > 0, inf{f(x), ||z —a}|| >4, 1 <i<m}>0.

3. There exist (cuj)i<i<m such that for all i, j, o;; > 0 and for all i:
1<j<d

1 ) .
*f(x: + (ta“hl, e ,ta’dhd)) — gi(hl, ce hd) S [0, OO)
t t—0

4. Forallie {1,...,m},

F@F+ (%1 hy ... t%d hy))
/ sup e t dhi...dhg < oco.
R4 0<t<1

Then, let o := minj<;<pm, {2?21 aij} and let J = {z e{l,...,m}: Z?:l Qi = a}. For0<t<1,
let X be a random vector with distribution m;. Then:

& 1 / o
X = e 9 @) dy . §x .
"0 > jes Jrae 9 Wda ; R4 '

Theorem 6 (Multiple well case). Let f : RY — R be C* for p € N and such that:

1. f is coercive i.e. f(x) — 400 when ||x|| — +o0.
2. argmin(f) = {a7,...,2},} and for all i, f(z}) =0.
8. Foralli€{l,...,m}, f € o (x}) for some p; < p.
4. e=f e LY(RY).

Then, for every i € {1,...,m}, we consider (Eix), (cuj)j, Bi and g; as defined in Algorithm 1, where
we consider f to be in <7 (x}), so that for every h € R?:

1 )
—f(x7 + B - (t* % h)) — gi(h1,...,hg) € [0,00),
t t—0

where t9 is the vector (t%1, ... t%d) and where g; is not constant in any of its variables. Furthermore,
we assume that for all i, g; is coercive and the following technical hypothesis for every i such that
pi > 9:

Vh € R Y(iy,. .. ip,) €{0,2,...,2pi}7,

%1 4+ .4 ZQL]; <]l = vi1+---+imf(xz*) P, (h)®i1 R v ®pEip» (h)®ipi =0.



Let a := minj<j<m, {Z?Zl aij} and let J := {z e{l,...,m}: Z?:1 Q;j = a}. Then:

1
X — / e @) dy . §x.
"0 > et Jrae 9 Wda ; Rd '

Moreover, let § > 0 be small enough so that the balls B(x7,d) are disjoint, and define the random vector
Xit to have the law of X; conditionally to the event || X, — x}|| < 6. Then:

toir’ ") poug v

1 1
< )*(BALXZ-t)i)Xi ast — 0,

where X; has a density proportional to e 9i(@),

4 Expansion of f at a local minimum with degenerate derivatives

In this section, we aim at answering to the problem stated in (6) in order to devise conditions to apply
Theorem 3. This problem can also be considered in a more general setting, independently of the study
of the convergence of Gibbs measures. It provides a non degenerate higher order nested expansion of
f at a local minimum when some of the derivatives of f are degenerate. Note here that we only need
2* to be a local minimum instead of a global minimum, since we only give local properties.

For k < p, we define the tensor of order k, T}, := V¥ f(z*).

4.1 Expansion of f for any order p

In this section, we state our result in a synthetic form. The proofs of the cases p = 1,2,3,4 are
individually detailled in Sections 4.3, 4.4, 4.6 and 4.7 respectively.

Theorem 7. Let f : R* — R be C* for some p € N and assume that f € %*(x*) for some x* € R%.
1. If p € {1,2,3,4}, then there exists orthogonal subspaces of R Ey, ..., E, such that
Rd:El@"'@E]h

and satisfying for every h € R%:

]' * *
7 (5, () 4+ 8 @ () f(a)] 1)
2p
v DL IS (z'l i >T’“'pE1(h)®l®"‘®PEp(h)®”‘ (12)
k=2"""i1,..ipe{0, k} L
114 +ip=k

i ip
Gt =1

The convergence is uniform with respect to h on every compact set. Moreover, let B € Oq(R) be
an orthogonal transformation adapted to the decomposition F1 @ --- @ E,, then

1 * (6% *
@+ B (t%xh) = f(2")] = g(h), (13)
—0
where
<} k
sm=> 5 2 ( o )Tk Dy, (BW)T @ @p, (B0 (14)
k=2 " ip,.ipe{0,. k) NP
i1 ip=k
%+...+%:
1s not constant in any of its variables hy, ..., hg and

1
o = Z fO’I" 7€ {dlm(El) + -4+ dim(E]‘_l) + 1, o ,dlm(El) —+ -+ dlm(E])} (15)

9



2. If p> 5 and if there exist orthogonal subspaces of R, Ey, ..., E, such that
and satisfying the following additional assumption

Vh € RY, V(iy,...,ip) € {0,2,...,2p}?, (16)

11 ) ) )
5 +et ﬁ <1l = Ti+ti, Pg ()" ®--- ® Pp, (h)® =0,

then (12) stills holds true, as well as the uniform convergence on every compact set. Moreover,
if B € O4(R) is an orthogonal transformation adapted to the previous decomposition, then (13)
still hold true. However, depending on the function f, such subspaces do not necessarily exist.

Remarks:

1. The limit (12) can be rewritten as:

2p ®i1 ®1
P, (h) Py, (h)¥"
Z' Z Tk‘iz'l! Q- ® i
k=2141,...,ip€{0, ,k}
i1++ip=k

Gt =1
2. For p € {1,2,3,4}, we explicitly give the expression of the sum (12) and the p-tuples (i1, ...,1%p,)
such that & +--- + 32 =1, in (17), (18), (20) and (23) respectively.

3. For p € {1,2,3,4}, we give in Algorithm 1 an explicit construction of the orthogonal subspaces
Ey, ..., E, as complementaries of annulation sets of some derivatives of f.

4. The case p > 5 is fundamentally different from the case p € {1,2,3,4}. The strategy of proof
developed for p € {1, 2, 3,4} fails if the assumption (16) is not satisfied. In 4.8 a counter-example
is detailed. The case p > 5 yields fewer results than for p < 4, as the assumption (16) is strong.

5. For p > 5, such subspaces E1, ..., E, may also be obtained from Algorithm 1, however (16) is
not necessarily true in this case.

The proof of Theorem 7 is given first individually for each p € {1,2,3,4}, in Sections 4.3, 4.4, 4.6,
4.7 respectively. The proof for p > 5 is given in Section 4.8. The proof of the uniform convergence and
of the fact that g is not constant is given in Section 4.9.

4.2 Review of the one dimensional case

We review the case d = 1, as it guides us for the proof in the case d > 2. The strategy is to find the
first derivative (™ (2*) which is non zero and then to choose a; = 1/m.

Proposition 2. Let f : R — R be CP for some p € N and let x* be a strict polynomial local minimum
of f. Then :

1. The order of the local minimum m is an even number and £ (z*) > 0.
(m) (p*
2. f(z*+h) = f(z*)+ fT(,)hp +o(h™)
h—0 ’

Then oy := 1/m is the solution of (6) and

(m) (>
L 1) @) Ty

t—0 m)!

which is a non-constant function of h, since f(™(z*) # 0. The direct proof using the Taylor formula
is left to the reader.
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4.3 Proof of Theorem 7 for p=1

Let f € o/*(x*). The assumption that z* is a strict polynomial local minimum at order 2 implies that
V2 f(z*) is positive definite. Let us denote (53;)1<i<q its positive eigenvalues. By the spectral theorem,
let us write V2 f(2*) = BDiag(B1.4) BT for some B € O4(R). Then:

d
1 * . 41/2 * 1 2
;(f(iﬂ +1/"B-h)— f(z ))QQZ;BJ%- (17)
1=
Thus, a solution of (6) is a1 = -+ = ag = %, B, and g(hq,...,hg) = %Zfil B;h?, which is a non-
constant function of every hy, ..., hg, since for all 4, 5; is positive.

In the following, our objective is to establish a similar result when V2f(2*) is not necessarily
positive definite.

4.4 Proof of Theorem 7 for p =2

Theorem 8. Let f € (x*). Then there exist orthogonal subspaces E and I such that R = E @ F,
and that for all h € R%:

— | f@ + ' p, (h) + t4p, (h) — f(a*)
1

2 SV pp (W) 4 V) pp () ©pp () 4 VG pp ()P (18)

Moreover, if f € o5 (x*), then this is a solution to the problem (6), with Ey = E, Ey = F, o defined
in (15), B adapted to the previous decomposition and g defined in (14).

Remark: The set of 2-tuples (i1, 42) such that % + % =1, are (2,0), (1,2) and (0,4), which gives the
terms appearing in the sum in (12).

Proof. Let F :={h € R?: V2f(x*)-h®? = 0}. By the spectral theorem and since V2f(z*) is positive
semi-definite, F' = {h € R?: V2f(z*)-h = 0%} is a vector subspace of R%. Let E be the orthogonal
complement of F in RY,

For h € R? we expand the left term of (18) using the Taylor formula up to order 4 and the
multinomial formula (2), giving

4
1 ko\,iyia_ i i
Sh X ()T e (07 o)

The terms with coefficient t%, a > 0, are o(1) as t — 0. By definition of F we have V2 f(z*)-p,(h) = 09!,
so we also have

V2 f(a*) - pp () =0

by the local minimum condition. This yields the convergence stated in (18).

Moreover, if * is a local minimum of polynomial order 4, then by the local minimum condition,
V4f(x*) > 0 on F in the sense of (3). Moreover, since V2f(z*) > 0 on E, then the limit is not
constant in any hy, ..., hq. O

Remark: The cross odd term is not necessarily null. For example, consider

f: R?2 —R
(z,y) +— 2% +y* + zy?.

Then f admits a global minimum at z* = 0 since |zy?| < 2(z® + y*). We have E; = R(1,0),
Ey =R(0,1) and for all (z,y) € R?, Ty - (ze1) @ (ye2)®? = 2xy? is not identically null.

11



4.5 Difficulties beyond the 4th order and Hilbert’s 17t* problem

If we do not assume as in the previous section that V*f(x*) is not positive on F, then we carry on the
development of f(z*+h) up to higher orders. A first idea is to consider Fy := {h € F: V*f(z*)-h®* =
0} C F and FE3 a complement subspace of Fy in F', and to continue this process by induction as in
Section 4.4. However, Fy is not necessarily a subspace of F'.

Indeed, let T' be a symmetric tensor defined on RY of order 2k with k € N. As T is symmetric,
there exist vectors v, ..., v? € R? and scalars \j, ..., A\, € R such that T = 3, A\;(v)®?* (see
[CGLMO08], Lemma 4.2.), so

q q
Vh € Rd/, T. h®2k — Z)\i(vi)®2k . h®2k' — Z}\Z<Uz’h>2k
i=1 =1

since z* is a local minimum, we have, identifying F' and R?

For k =2 and T = V2! f(2%)

Ir
VheRY, T-h®% >

Then, we could think it implies that for all 7, A; > 0, and then

T-h®%* =0 = Vi, (v',h) =0

which would give a linear caracterization of {h € R? : T - %% = 0} and in this case, F» would be a
subspace of F'. However this reasoning is not correct in general as we do not have necessarily that for
all i, A\; > 0.

We can build counter-examples as follows. Since 7" is a non-negative symmetric tensor, T can be
seen as a non-negative homogeneous polynomial of degree 2k with d’ variables. A counter-example at
order 2k = 4is T(X,Y, Z) = ((X — Y)(X — Z))?, which is a non-negative polynomial of order 4, but
{T =0} ={X =Y or X = Z}, which is not a vector space.

Another counterexample given in [Mot67]| at order 2k = 6 is the following. We define

T(X,Y,Z) =75+ X'v? + X?v* - 3Xx2Y?7?

By the arithmetic-geometric mean inequality and its equality case, T is non-negative and T'(x,y,z) = 0
if and only if 20 = 2%y? = 2%y*, so that

1 -1 1 1
{I'=0}=R|1J]UR| 1] UR[-1]UR|1
1 1 1 -1

Hence, {T = 0} is not a subspace of R3. In particular 7' cannot be written as >, A;(v*)®?* with \; > 0.
In fact, this problem is linked with the Hilbert’s seventeenth problem that we recall below.

Problem 1 (Hilbert’s seventeeth problem). Let P be a non-negative polynomial with d' variables,
homogeneous of even degree 2k. Find polynomials Py, ..., P, with d' variables, homogeneous of degree

k, such that P =Y "_, P?

Hilbert proved in 1888 [Hil88| that there does not always exist a solution. In general {T" = 0}
is not even a submanifold of RY. Indeed, taking T : h — V2K f(2*) - h®%F we have O,T - h =
2kV2k f(2*) - h®2k~1 s not surjective in h = 0, so the surjectivity condition for {T' = 0} to be a
submanifold is not fulfilled.

12



4.6 Proof of Theorem 7 for p =3

We slightly change our strategy of proof developed in Section 4.4. For k > 2, we define F}, recursively
as
Fi:={h € F_,: Yh' € Fp_1, V*f(z*)- h@ h'®?*~1 = 0}, (19)

instead of {h € Fj,_1 : V?f(2*) - h®?* = 0}. Then, by construction, F}, is a vector subspace of R
Theorem 9. Let f € o/3(x*). Then there exist orthogonal subspaces of R, Ey, Eo and Fy, such that
RY=FE, @ Ey @ F,

and such that for all h € RY,

— @ 2, (1) + 1 Yy, (B) + /O, (R)) — f(a?) (20)
2 SV F) e (N 4 V() by (1) @, ()52 4 V() -, (1)
n %v‘l F(@*) - py, () @ py () + %vf’f(x*) Dy, (W) @ py, (W) + évﬁf (%) - pg, (1),

Moreover, if f € o5 (x*), then this is a solution to the problem (6), with E5 = Fy, « defined in (15),
B adapted to the previous decomposition and g defined in (14).

Remark: The set of 3-tuples (i1,i2,43) such that 4 + 2 + % = 1, are (2,0,0), (1,2,0), (0,4,0),
(1,0,3), (0,2,3), (0,0,6), which gives the terms appearing in (12).

Proof. We counsider the subspace
Fi={heR¥: Ty-h*2 =0} ={hecR?: Ty -h=0%},

since Ty > 0. Then, let E; be the orthogonal complement of Fy in R? and consider the vector subspace
of F} defined by
Fy = {hE Fy: Vh € Fy, T4-h®h/®3:()},

Let Es be the orthogonal complement of F5 in Fi. Then we have
RI=FIoF =F0EoF.

For h € R? we expand the left term of (20) using the Taylor formula up to order 6 and the multinomial
formula (2), giving

6
1 koo, g2 is_ . , ,
o <¢ i ¢>t2+4+6 'Th - pp, (M) @ g, ()% @ py, (R)™ + (1),
o i11i2,ive{0, ..k} 1,102,103

i1+io+iz=k

and we prove the convergence stated in (20).

All the terms with coefficient t* where a > 0 are o(1) as t — 0.
Order 2: we have Ty -p,, (h) = 0®! and Topy, (h) = 0®! 5o the only term for k = 2 is %TQ-pE1 (h)®2.

Order 3: > Since z* is a local minimum and 75 - p,, (h)®% = 0, we have T3 “Pr, (h)®3 = 0. Then,
using property Proposition 6, if the factor Pp, (h) does not appear as an argument in 73, then the
corresponding term is zero.

> Let us prove that

T3 py, (h) @y, (B)®* = 0.

Using Theorem 8 with E = Fy, F = E; @ Fy, we have in particular that for all h € R?,
1 1 1
ﬂgpﬁm@+§n4%mwM%m@?+Enq%m@4za (21)
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Then taking h € E1 @ F5 so that h = p, (h) +p,, (h) and with

[T2pp, ()], =0, (22)

we may rewrite (21) as
1 1
5T e, () + 5 T3 py, (h) @ pp, (M)F? > 0.

Now, considering i’ = Ah, we have that for all A € R,
a2 (Lin,. (h)®2+5T pp (h) @p, (W)%2) >0
9 2 pEl 9 3 pE1 sz = Y,

so that necessarily T3 - p,, (h) @ p, (h)®2 = 0.
> Let us prove that
Ty - Pg, (h) ® Pg, (h’) ® Pp, (h) =0.
We use again (21), with p,(h) = p, (k) + py, (h), so that

1 ®4

ST e (NP 4+ 2 T5 (D& (0, (1) + 2y (1) + 575 (pey () 2y (1) >0

But using (22) and that T3 - p, (h) ® pj, (h)®? = 0, we obtain

1 1 1
5T Dy (N STy (1) © piy (W) + T g, (B) @ i, () © i () + 5T i, (W) 2 0.

Now, considering b’ = p,, (h) + py, (h) + Apy, (h), we have that for all A € R,

1 1 1
312 pp, (h)®* + 315 P, (h) ® g, (h)®? + ATy - p,, (h) @ py, (h) @ py, (h) + 274 P, (h)®* >0,

so necessarily T3 - p,, (h) @ p, (h) ® py, (h) = 0.

> The last remaining term for k = 3 is 173 P, (h) @ py, ()2

Order 4: If the factor p,, (h) does not appear and if the factor pFQ(h) appears at least once,
then using (22) the corresponding term is zero. If Pp, (h) appears, the only term with a non-positive
exponent of ¢ is 7} -y, () ® py (W)®3. So the only terms for k = 4 are Ty - py, (h)®* and
%Tll "Pg, (h) ®pp2 (h)®3'

Order 5: > The terms where p,, (h) appears at least once have a coefficient ¢* with a > 0 so are
o(1) when ¢t — 0.
> We have Ty -]9F2(h)®2 =0,T3 pp, (h)®3 =0, Ty "D (h)®* = 0 and since x* is a local minimum,
we have
Ts - pp, (R)®° = 0.

> Let us prove that
T - pp, (h) @ pp, (B)®* = 0.

Let h € R4, We have

1 1
11/12 fla™+ t1/4pE2 (h) + tl/ﬁng (h)) — f(x*)] P ITS *Pg, (h) ® P, (h)®* > 0.

Hence, considering b/ = Ah, we have for every A € R,
NTs - py, (h) @ py, ()®! >0,

which yields the desired result.
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Order 2 )
Order 3 2,1,0,0)
Order 4 | (0,4,0,0), (1,1,0,2), (1,0,3,0)

(2,0,0,0

(

) (
Order 5 | (1,0,0,4), (0,2,3,0), (0,3,0,2)

) (

0

(

(

(
Order 6 | (0,1,3,2), (0,2,0,4), (0,0,6,0)
Order 7 (0,1, 3
Order 8

76)7 (07 0? 74)
0,0,0,8)

Table 1: Terms expressed as 4-tuples in the development (23)

> The only remaining term for p =5 is

10
ETS "Pg, (h)®2 ® P, (h)®3'

Order 6: The only term for k = 6 is éTG *Pr, (h)®% ; the other terms have a coefficient ¢ with
a >0, so are o(1) when t — 0. O

Remark : As in Theorem 8 and the remark that follows, the remaining odd cross-terms cannot
be proved to be zero using the same method of proof, and may be actually not zero. For example,
consider:

f: R?2 —R
(z,y) =t + 30+ 2%y,

which satisfies h +— V° f(2*) ‘Dp, (h)®? @ P, (h)®3 £ 0.

4.7 Proof of Theorem 7 for p =14

Theorem 10. Let f € </y(x*). Then there exist orthogonal subspaces of R?, Ey, Ey, E3 and F3 such
that
R? = E1 ® E, @ E3 @ F,

and for all h € RY,

Lﬂﬁ+¢”%ﬁun+H“m%my+ﬂmm%my+ﬁ“mgM)—f@?

8
1 k i i g '
t—0 Z E <i1 - i4> Tk "Pg, (h)® ' ®pE2 (h)® ’ ®pE3 (h)® @ Pry (h)® - (23)
k=2 i17...,l’4€{07~~'7k} ’ '
i tig—k

These terms are summarized as tuples (i1,...,14) in Table 1. Moreover, if f € </} (x*), then this is
a solution to (6), with Ey = F3, « defined in (15), B adapted to the previous decomposition and g
defined in (14).

Proof. As before, we define the subspaces Fy := R? and by induction:
F, = {h elp_q: vh' € Frp 1, Top,-h® h'®3 = 0}
for k =1,2,3. We define Ej as the orthogonal complement of Fj in Fj_1 for £k = 1,2, 3, so that

RY=E, @ Ey @ B3 & Fs.
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Ey Fi
T, =0
E, Fy
TQZO T4=0
T, >0 E3 F3
T6 >0 |1T5=0

Table 2: Illustration of the subspaces

Then we apply a Taylor expansion up to order 8 to the left side of (23) and the multinomial formula
(2), which reads

8
1 k i1 i . 4 . ,
dn X ( M)t Ty, ()57 @y, (1) @ by, (1) @ g ()P 4 0(1).
k=2 """ iy,...i4€{0,....k} ’ ’
i1+-+ig=k
> If % +- 4 14 > 1 then the corresponding term is in o(1) when t — 0.
>If 5+ + Z4 < 1 then the corresponding term diverges when ¢t — 0, so we need to prove that
actually

Ty - pp, (W) @ py (W) @ py, (B)* @ py, (W) = 0. (24)

- If % + %2 + %3 + %4 < 1 but if we also have % + %2 + %3 + %4 < 1, then by applying the property
at the order 6 (Theorem 9) with the 3-tuple (i1, iz, i3 + i4), we get (24). ' ‘ ' ‘

— So we only need to consider 4-tuples such that 9 + 2 + 2 + ¢ <land 3+ %2+ 2 + % > 1.
We can remove all the terms which are null by the definitions of the subspaces Fq, Fo, Ej3, F3. The
remaining terms are:

For k = 4: 22
P, ()** @ pp, (h)

For k = 5: 2222
by, (W2 @ p, (1),

For k = 6: &%

Pi, (WP @ py, (h)‘g’3
First, we note that

t11/12 t23/24

5 Iu- Pg, (h) ® Dp, (h)®37 1y Pg, (h) ® Pg, (h) ® Pr, (h)®27 Ty - Pg, (h) ®

$11/12

T5 'pE2 (h)®2®pF3 (h)®37 TTS 'pE2 (h)®2 ®pE3 (h) ®pF3 (h)®27

123/24

T5 'pE2 (h)®2 ®

5 Lo Pp, (h> ® Py (h)®57 t11/12 Tt - Pg, (h) ®pE3 (h) ® Ppy (h)®47 t23/24 5T - Dg, (h) &

Fla* +2pg (h) +tpy () +t'/5p, (h) + tl/spp3 (h)) — f(z*)

£21/24
1 1
®3 ®2 ®3 ®5
2 T () @y ()5 4 Ty, (0 © pyy () + 51T g, () @y, (1) 20

Then, considering b’ = Ap, (h) + py, (1) + py, (h) + Py, (h), we have that for all A € R,

A 1
*T4 : pE1 (h) 02y pF3 (h)®3 + ET5 : pE2 (h)®2 & pF3 (h)®3 +

6 T6 pE2 (h) ®pF3 (h)®5 2 Oa

51

so necessarily
Ty py, (h) ® P, (R)®3 = 0.

Then, considering h' = p,, (h) + Apg, (h) for A € R, we get successively that the two other terms are
null.

Likewise, we prove successively that the terms in ¢'2/12 are null, and then that the terms in ¢23/24
are null. This yields the convergence stated in (23). O
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4.8 Counter-example and proof of Theorem 7 with p > 5 under the hypothesis
(16)

Algorithm 1 may fail to yield such expansion of f for orders no lower than 10 if the hypothesis (16) is
not fulfilled. Indeed for p > 5, there exist p-tuples (i1, ...,1,) such that % 4+ ;—’;} < 1and i, ...,
ip are all even. Such tuples do not appear at orders 8 and lower, but they do appear at orders 10 and
higher, for example (0,2,0,0,4) for K = 6. In such a case, we cannot use the positiveness argument to
prove that the corresponding term Tj - p,, (R ® .. ® P, (h)®% is zero, and in fact, it may be not
Zero.

Let us give a counter example. Consider

I RZ —R
(z,y) —a' +y0+ a2yl
Then f € @(0) and we have E; = {0}, B2 =R - (1,0), E3 = {0}, £y = {0}, F4 =R - (0,1). But

Lo 14 a0y 1 9/10
P )_t<t+t+t )

goes to +oo when t — 0.

Now, let us give the proof of Theorem 7 for p > 5. In this proof, we assume that the
subspaces E1, ..., I, given in Algorithm 1 satisfy the hypothesis (16).

Proof. We develop (11), which reads:

2p ) .

1 Z k yogip ; ;

Zil ( - >t21+ "o 1Tk'pE1(h>®“®"'®pEp(h)®lp+0(1) =5

i e T0 ) Uyeenslp
i14Fip=k

The terms such that % 4+ 4 ;—; < 1 may diverge when ¢t — 0, so let us prove that they are in fact
null. Let

o = inf

k . .
++l hHZE Z <’1,1 Z>Tkal(h)®“®®pEp(h)®lp7_é0
k=2 i,...,ipe{0,....k} L
i1 teetip=k

and assume by contradiction that o < 1. Then we have for all h € R%:

2p1

—a k % %
res om0 () 0 e e, % | 20,

t—0 !
k=2 ’i17...,1;p€{07...,k’}
i1+ Fip=k
L1+ +1p_

by the local minimum property. Then, considering h' = Aip, (h) + -+ Appy, (h), we have, for all
heR*and A\, ..., \g € R,

2p

1 i i k i i
Zg > )\11...)\p”<i Z_>Tk'pE1(h)®1®~-®pEp(h)®PZO. (25)
k=2 """ i1, ipe{0,... k} Lyeeeotp

i1+ tip=Fk
51 ip _
G4t E=a
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Now, we fix h € R? such that the polynomial in (25) in the variables A1, ..., ), is not identically
zero, and we consider kp .y its highest homogeneous degree, so that we have

> PV ¥ (Z maxi )Tkmax g, (M) @ @py, (h)%" > 0.
i1yeerip€{0,... Bmax } Lyeeeotp
'Ll++1p:k‘max
Fotg=a
If kmax is odd, this yields a contradiction, taking A\ = --- = A\, =1 A — Fo00. If kyax is even, we

consider the index [; such that ¢;, =: a; is maximal and the coefficients in the above sum with 4;, = a;
are not all zero. Then fixing all the )\; for [ # [; and taking \;, — oo, we have

i 7 max ®1 R
3 All...)\pff’(i oo ) Do P, (A)Z @ - ® g, (R)F? 2 0.
i1, ip€{0,....kmax } b P
i1.+"'+ip?kmax
%_,.{....F%:a

1 =a1

Thus, if a; is odd, this yields a contradiction. If a; is even, we carry on this process by induction :

knowing I, ..., I, we choose the index [, such that l,41 ¢ {l1,...,[,}, the corresponding term
, : Ko . .
S (N T 0 005 0, ()
R

Z‘l,---vipE{Op--vkmax}
7;1+"'+ip:kmax
i ip _
St E=a

i11=a1,~~,ilr+1=ar+1
is not identically null and such that ;. ,, =: ar41 is maximal. Necessarily, a,41 is even. In the end we
will find a non-zero term whose exponents i, are all even which contradicts assumption (16). O
4.9 Proofs of the uniform convergence and of the non-constant property

In this section we prove the additional properties claimed in Theorem 7 : the uniform convergence
with respect to h on every compact set and the fact that the function ¢ is not constant in any of its
variables hy, ..., hqg.

Proof. First, let us prove that the convergence is uniform with respect to h on every compact set. Let
e > 0 and let R > 0. By the Taylor formula at order 2p, there exists § > 0 such that for ||h]| < J,

2p
— E 1 E k ‘ |
f(l‘ +h) f(a: ) E ( . >7k-pE1(h)®11 ®®p p(h)(g)zp < ||h||2 .
k=2 ’ 21++Zp_k 7‘17 . e ,Zp

Now, let us consider t — 0 and h € R? with ||h|| < R. Then we have:

5\ /()
Vt < max | 1, <R> [Py, (R) + -+ £/ CPp . (h)]] <,

so that

Qpl

%[f(x*+t1/2pE1(h)+~-+t1/(2”>pEp(h))—f(x*)}—Zg > (Zlkh)

k=2 ii4-tip=Fk

gy ip i i <
gzttt 1Tk "Pg, (h)® 1@ ®pEp (h)® Pl < ;Htl/szl () + -+ tl/(Qp)pEp (h)HQP'
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We proved or assumed that the terms such that & + -+ + ;—i’) < 1 are zero. We denote by g1(h) the

sum in the last equation with the terms such that % 4+ -+ %’7 = 1 and by ga2(h) the sum with the

terms such that % +---+ ;—‘; > 1. We also define a as the smallest exponent of ¢ appearing in ga(h):
. il ip . . . . il ‘p
a::mln{2+--~+2p Dy tp €40,.00,2p), i+ 40y < 2p, 2+--~+>1} > 1.

So that:
1
\twa¢wmxm+m+ﬂm%@w»—ﬂﬂﬂ—mwﬂ (26)
o 5
<t ga(h)] + <I[#2py, (B) + -+ 8 Pp (R[]

We remark that h — go(h) is a polynomial function so is bounded on every compact set. We also have:

5(t1/(2p))2

€ P
S8, () - 2 OPpy ()| < 11l = e ] .

So (26) converges to 0 as t — 0, uniformly with respect to h on every compact set.

Now let us assume that f € @77 (z*) ; we prove that the function g defined in (10) is not constant in
any of its variables in the sense of (7). Let B € Og(R) adapted to the decomposition R? = E1@- - -® E,.
We have:

t—0

L@t B ) — 1] oh).

Let i € {1,...,p} and k such that v; := B -e; € Ey. Let us assume by contradiction that g does
not depend on the i*" coordinate. Considering the expression of ¢ in (10) and setting all the variables

outside Ej to 0, we have:
Vh € Ep, X € R Ty, - (h + ;) ®%

is constant. Then applying (2), we have:
Vh € Ey, To - v; ® h®2k71 =0.

Moreover, for h € Fj_1, let us write h = h/ + h" where b/ € E;, and h” € F}, so that

T2k v, ® h®2k71 — TQk - B h/®2k71 — O,
where we used that -

Vh®) € By, Top- W' ® (h<3>) —0
following (19), and Proposition 6. Considering the definition of Fj as the orthogonal complement of
F}, which is defined in (19), the last equation contradicts that v; € E}. O]

4.10 Non coercive case

The function g we obtain in Algorithm 1 is a non-negative polynomial function which is constant in
none of its variables. However, this does not always guarantee that e=9 € L'(R%), or even that g is
coercive. Indeed, g can be null on an unbounded continuous polynomial curve, while the polynomial
degree of the minimum z* of f is higher than the degree of g in these variables. For example, let us
consider

f: R? >R (27)
(z,y) = (z —y*)* +2°.
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Then f € @(0) and using Algorithm 1, we get
g(z,y) = (z = y*)%,
which does not satisfy e=9 € L'(R%). In fact this case is highly degenerate, as, with
fe(a,y) = flz,y) +eay® = a® +y' = (2 = )ay? +2°,

we have that g.(x,y) = 2% + y* — (2 — €)xy? satisfies e 95 € L'(R?) for every ¢ € (0,4) and that z* is
not the global minimum of f. for every ¢ € (—00,0) U (4, 00).

We now prove that instead of assuming e=9 € L'(R%), we can only assume that g is coercive, which
is justified in the following proposition. More specific conditions for g to be coercive can be found in
[BS15] and [BS19].

Proposition 3. Let g : R? — R be the polynomial function obtained from Algorithm 1. If g is coercive,
then e9 € L' (RY).

Proof. Let
Ak = Span (ei 1€ {dlm(El) + .-+ dlm(Ek,ﬁ + 1, .. ,dlm(El) + -+ dlm(Ek)})

for k € {1,...,p}. By construction of g, note that for all ¢ € [0, +00),

g (f: t/%p, (h)> = tg(h).

k=1

Since g is coercive, there exists R > 1 such that for every h with ||h|| > R, g(h) > 1. Then, for every

h € R?, we have:
P P 1/2k
_ _ [|A]] 1ok P
h)=g (ZpAk (h)> =9 <Z R1/2k Pay R TREE
k=1 k=1
12l [~ 12k D
— R .
R\ Pa (B

Then, for ||h|| > R,

1/2k P RV 2 ) )

R ) lpa, (W) > =Bl = RIIAl| > B > R,

( HhHl/Q’“ ,; e P [1Al]

so that g(h) > @ which in turn implies e79 € L' (R9). -

We now deal with the simplest configuration where the function g is not coercive, as described in
(28), by dealing with the case where f is given by (27), which is an archetype of such configuration.
However, dealing with the general case is more complicated and to give a general formula for the rate
of convergence of the measure m; in this case is not our current objective.

Proposition 4. Let the function f be given by (27). Then, if (X;,Y;) ~ Cre~ @9/t dzdy, we have:

X, Y2-X, e eV’
<tl/6’ iz ) o O o Lezodedy,

where C' = (fooo %dw’)_l.



Proof. First, let us consider the normalizing constant C;. We have :

00 ) 00
ot :/ 6_<acfyz’t>2+w6 ddy — 2t3/4/ e_t%e/ e~ W2 gy
R2 0

—0o0

30 [ et [T e e [ e [T e
=t e v® / dy dz =t / e * / ——du dx
/oo VUt —0 —t=13z \/t1/3u + x

—X
_ .0

~ t7/12/006w/00 e du da

t=0 0 \/5 —00 ’
where the convergence is obtained by dominated convergence and where we performed the change of
variables 2/ = t~1/%2 and u = t~'/2(y? — x). Then we consider, for a; < by and ag < by,

X Y2 - X

P <t1/6 € [al,bl], W S [az,bg]> .

Performing the same changes of variables and using the above equivalent of Cy completes the proof. [

More generally, if the function g is not coercive and if we can write, up to a change of basis,

g(h1, ..., ha) = Q1(h1, h2)? + Qa(hs, ha)? + - - -+ Qr(har—1, har)* + G(hars1, - - -, ha), (28)

where the @); are polynomials with two variables null on an unbounded curve (for example, Q;(x,y) =
(x —1?), Qi(z,y) = (2 — y3), Qi(x,y) = 2%y?), and where ¢ is a non-negative coercive polynomial,
then

(a1 (X1, (X0)2:8) syt (Xi)2r—1, (Xi)ar 1), (tai+1 o t;) (B (X)arsns - (Xt)d)>)

m b1 (1‘1, ZL‘Q) L. br($2r71, $27~)C€_g(xzr+1""’xd)dl'l c d$2rd$2r+1 s d:Ud,

where C' is a normalization constant, B ¢ O4-2-—1(R) is an orthogonal transformation and for all
E=1,....,r, ar : R? x (0,+00) — R? and by, is a density on R2. Such a; and by can be obtained
by applying the same method as in Proposition 4. Algorithm 1 yields the first change of variable for
this method, given by the exponents («;) (in the proof of Proposition 4, the first change of variable
is t71/22 and t*1/4y) and thus seems to be the first step of a more general procedure in this case.
However, we do not give a general formula as the general case is cumbersome. Moreover, we do not
give a method where the non coercive polynomials @); depend on more than two variables, like

Q(:‘Uayv Z) = (3: - y2)2 + (:E - 22)2'

The method sketched in Proposition 4 cannot be direclty applied to this case.

5 Proofs of Theorem 4 and Theorem 6 using Theorem 7

5.1 Single well case

We now prove Theorem 4.

Proof. Using Theorem 7, we have for all h € R%:

SFB (1 m) — glh).

To simplify the notations, assume that there is no need of a change of basis i.e. B = I;. We want to
apply Theorem 3 to the function f. However the condition

. f(tThy,..,t%hy)
sup e ¢ dhy ...dhg < o0
R4 0<t<1
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is not necessarily true. Instead, let € > 0 and we apply Theorem 3 to f, where fis defined as:

= | f(h) ifheB0,0)
f(h) _{ [|h]|?  else,

and where § > 0 will be fixed later. Then f satisfies the hypotheses of Theorem 3. The only dif-
ficult point to prove is the last condition of Theorem 3. If ¢ € (0,1] and h € R are such that
(t**hy, ..., t%hg) ¢ B(0,0), then

Pt h, s taha) ([, R P
t - t > |[nlf?

because for all 4, a; < 3. If t and h are such that (t*1hy,...,t%hg) € B(0,6), then choosing § such
that for all (t*1 Ay, ..., 1% hy) € B(0,8),

F(t1 Ry, ... t%hy)
t

—MMSa

which is possible because of the uniform convergence on every compact set (see Section 4.9), we derive

that
f(t* hy, ... t%hy)

; > g(h) —e.
Hence - .
F(t%*1hq,..., tYdh
/ sup e‘ltddhl...dhd</ e—IIhIIthJrea/ o9 g,
Re 0<t<1 Rd R

Since g is coercive, using Proposition 3 we have e9 € L!'(R?) and it follows from Theorem 3 that if

X, has density 7(z) := Cye=/@)/t then

(Qa)l,..., (Xt)d) i)X ast — 0,

tal tad

where X has density proportional to e=9(*),
Now, let us prove that if X; has density proportional to e /(*)/t then we also have

<(Xt)1 (Xt)d

o gee ey ey

>£>X as t — 0. (29)
Let ¢ : R* — R be continuous with compact support. Then

(Xi)1 (Xe)a\ (Xo)1 (X1)a
SD ‘[/‘041 AR tad SO tal PR tad

€T x f(zq,-..,xg) ~ flz1,enns )
:/d(p(tall’ d) <Ct€_ lt g —Cte_ltd> dl’l...d.ivd = Il"'IQ,
R

.,tad

E

where I is the integral on the set B(0,9) and I on B(0,d)¢. We have then:

2] < [[l|oo (m(B(0,6)%) + 7(B(0,6))) — 0,

where we used Proposition 1. On the other hand, we have f = fon B(0,4), so that

il

=~ _f@)
B2 lellelCe= Gl | e o < ol |1 -
B(0,6) t
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And we have: o

Ci feff(tZ)dx fB(o,é) eff(tZ)da: + fB(o,a)ﬂe t dx

By Proposition 1, we have when ¢ — 0

/ e . dr =o / e a2 dx

B(0,6)¢ B(0,6)

/ e e dr =o / e e dr |,
B(0,6)¢ B(0,6)

so that Cy/Cy — 1, so I} — 0, which then implies (29). O

5.2 Multiple well case

We now prove Theorem 6.

Proof. The first point is a direct application of Theorem 5. For the second point, we remark that X
has a density proportional to e~ fi(®)/t where

f(z)if x € B(xy,9)
400 else.

fi(z) = {

We then consider ﬁ as in Section 5.1:

~ { f,(l’) if x € B(.TZ,(S)

filz) = l|z]]? else.

and still as in Section 5.1, we apply Theorem 3 to f; and then prove that random variables with
densities proportional to e fi(®)/t and e=fi(@)/t respectively have the same limit in law. O

6 Infinitely flat minimum

In this section, we deal with an example of infinitely flat global minimum, where we cannot use a
Taylor expansion.

Proposition 5. Let f : R? — R such that

1

Vz € B(0,1), f(z)=e =

and

Vz ¢ B(0,1), f(z) >a

for some a > 0. Furthermore, assume that f is coercive and e~/ € LY(RY). Then, if X; has density
Tt,

1
log!/2 <t> X, Lo X ast—0,

where X ~ U(B(0,1)).
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Proof. Noting thatf‘

ll[>1 e T@/tder — 0 as t — 0 by dominated convergence, we have

-1

1

1
B x 1 x -1
Cy ~ / e Mgy ) = log#? () / 3
=0\ JB(0,1) 13 B(0,1/Tog(1/1))

=2, Vol(B(0,1))

where the convergence of the integral is obtained by dominated convergence. Then we have, for
~l1<a;<b<land Y .a?<1, Y ,b?<1:

d . 1__ d
1 H C (b:) 71 [T, (b — a;)
1/2 — . : : — 715 —tl=l 1l=1\" ™)
P <10g (t) t € i:1[aza bz]) logd/Q (%) /(ai) e dx —>t—>0 VO](B 0, 1)) .
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A Properties of tensors

Proposition 6. Let T}, be a symmetric tensor of order k in R?. Let E be a subspace of R%. Assume

that

VheE, Ty -h® =0.

Then we have

Vhi,...,hg € B, T, - h1 ®---® hr =0.

Proof. Using (2), we have for hy, ..., hy € Eand Ay, ..., A\ € R,
Tk-(/\lhl—i--'-—l-)\khk)@k: Z < ,>/\le.../\Z“Tk-h?“@“-@h%%—0,
, , Plyennsig
i1t Fip=k
which is an identically null polynomial in the variables A1, ..., Ag, so every coefficient is null, in
particular

Vhi,...,.hgy € E, T, -h1 ® -+ - ® hy = 0.
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