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ABSTRACT

The aim of this paper is to study by CFD the per-
formance and to characterize the velocity fields in
the wake of an horizontal axis wind turbine. The
design of this wind turbine is far from classical as
it has been designed to work at very low angular
velocity to promote torque. The 8 blades are not
isolated but form a high solidity blade cascade.
The numerical simulation compares well to exper-
imental data regarding the power coefficients. The
analysis of the wake does show that high tangen-
tial velocities, close to the order of magnitude that
was used as a design requirement, are generated
and form a stable rotating wake. This rotating
kinetic energy in the wake may be used to rotate
a second rotor in a counter-rotating arrangment.

INTRODUCTION

Wind energy is one of the most growing source of
renewable energy. This energy resource is world-
wide distributed and has attracted in the past two
decades a lot of research. The technology of large-
scale horizontal-axis wind turbines, that is to say
with rotor diameters of the order of 10 m is nowa-
days a mature technology with very high levels
of performance. The best performances are ob-
tained with three-blades horizontal-axis wind tur-
bines, operating at tip-speed ratios Λ of the order
of 6 to 7 and that are designed with the help of
the “Blade Element / Momentum theory ” [1, 2].
This kind of wind turbines can reach up to 85% of
the maximum power that could be extracted from
a stream tube of cross section equal to the are that
is swept by the rotor —the Betz limit.

The downsizing of wind turbines towards diam-
eters of the order of 100 to 500 mm may be of in-
terest to use them in urban environment, to take
advantage of natural air circulation in buildings
and to power autonomous connected sensors in
the field of IOT [3, 4, 5, 6]. This downsizing is
not straightforward. Foremost, theses machines
operate at lower Reynolds numbers, close to the
boundary layers transition and the aerodynamic
profiles have to be adapted to this [7, 8, 9, 10, 11].
Then, when lowering the mechanical power while
keeping a relatively high angular velocity ω, the
mechanical torque generated by the wind turbine
T may eventually become far too small to cope
with mechanical friction in the bearings. One way
of facing this problem is to lower the angular ve-
locity, that is to design wind turbines with much
smaller tip-speed ratios Λ.

Let us recall some basic concepts about
horizontal-axis wind turbines. For an incoming
wind of air with density ρ flowing at velocity
V∞ and for a rotor of tip radius Rt, the avail-
able power is Pa = 1

2ρV
3
∞πR

2
t . The maximum

amount of mechanical power that could be ex-
tracted from this stream tube is given by the
Betz limit PB = 16

27Pa [2]. The power coefficient
Cp is defined as the ratio of the actual mechani-
cal power P = Tω to the available power is Pa:
Cp = P

Pa
and thus the Betz limit corresponds to

Cp 6 16
27 ' 0.59. The tip-speed ratio is the ratio

of the tip-velocity to the incoming wind velocity:
Λ = Rtω

V∞
. Formally, the Betz limit which is ob-

tained with the axial momentum balance equation
corresponds to rotors of infinite Λ and both axial
and angular momentum balances have to be taken
into account. Among various models, the optimal
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model of “Glauert” gives for instance a maximum
Cp ' 0.54 for Λ = 3 and Cp ' 0.42 for Λ = 1 [12].

Most of the horizontal axis wind turbines with
tip radius in the range 250 6 Rt 6 500 mm are
designed to operate at a tip-speed ratio around
Λ = 3 [3, 8, 10, 11] and have been designed with
the Blade Element / Momentum Theory, using 3
or 4 blades that are considered to work as inde-
pendent lifting profiles. In the present study, a
rotor of tip radius Rt = 150 mm is considered.
The tip-speed ratio is chosen to be Λ = 1. For
such a low value, the blade cascade solidity σ,
which is defined as the ratio of the chord length
to the azimuthal pitch, would become large and
the turbine may have more blades [13]; and as
stated by Sharpe [1]: “Such turbines would have
to be of very high solidity, with a large number of
blades. To complete the design, the blade element
theory would need to be employed, but the only
available blade element data are for isolated, two-
dimensional aerofoils. The mutual interactions be-
tween the closely spaced, probably overlapping,
blades would be large and so the available aerofoil
data would be useless for the purpose of designing
high-solidity turbines”.

We thus propose a different design method for a
rotor with Rt = 150 mm, Λ = 1 and 8 blades, that
is based on the Euler’s turbomachinery theorem.
The aim of this paper is to numerically assess the
performance of this wind turbine, and to give in-
sight into the wake velocity and pressure fields,
with the underlying idea of getting strong rotat-
ing component in the wake that could be used to
rotate a second rotor in a counter-rotating arrang-
ment for a future work [14, 15, 16, 17].

DESIGN OF THE TURBINE

The design is based on the Euler’s turbomachin-
ery theorem, i.e. on the angular momentum bal-
ance, and on the classical axial momentum bal-
ance accross an actuator disk. The problem will
be considered as axisymmetric. If one considers
an annular streamtube between radii r and r+ dr
through which a mass flow-rate dṁ circulates, and
if index 1 refers to upstream of the rotor and 2
downstream of it, the angular momentum balance
reads:

dṁ (rCθ,2 − rCθ,1) = dT

where dT is the elementary torque that is applied
on the fluid, and Cθ is the tangential velocity
in a Galilean reference frame. Multiplying this
equation with the angular velocity of the rotor ω
would give the elementary mechanical power that
is transfered to the shaft. In the classical axial mo-
mentum theory, with uniform axial velocities and
equal and uniform far upstream and downstream
pressures, one introduces the axial induction fac-
tor a which accounts for the velocity defect in the
wake of the active disk in such a way that the
velocity accross the disk is (1 − a)V∞. Then the
total power that is extracted from the fluid reads
in dimensionless form

Cp,w = 4a (1− a)2

The maximum, i.e. the Betz limit, is obtained
for a = 1/3. If, we make the asumption that the
process is isentropic, that the discharging flow is
uniform and that Cθ,1 = 0, then, one should have,

with Rh the hub radius and H = Rh
Rt

the hub ratio:

∫ Rt

Rh

dṁω (rCθ,2) = 4a (1− a)2
1

2
ρV 3
∞πR

2
t

∫ Rt

Rh

r2Cθ,2dr = a (1− a)V 2
∞R

2
t

1

ω

~C1

~U

~W1

~C2Cz2

Cθ2 ~U

~W2

Figure 1: Blade cascade and velocity triangle at mean
radius r = Rh+Rt

2 . The rotation plane is horizontal.
Index 1 refers to upstream, 2 to downstream of the
blade cascade. ~U is the solid body peripheral velocity,
~W the relative velocity in the rotor’s reference frame
and ~C = ~U + ~W the absolute velocity. At this peculiar
radius, the blade cascade solidity is σ = 0.99

2
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Figure 2: CAD of the horizontal axis wind turbine,
based on blade cascade design

If one assumes a uniform outlet tangential velocity
Cθ,2 = cte, it should be such that:

Cθ,2
V∞

=
3a (1− a)

Λ (1−H3)

The main idea is to force the fluid to follow
this kinematics by constraining it in a blade cas-
cade arrangment. At each radius, a blade cas-
cade consisting of circular lines which are tangent
to the relative velocity ~W1 at leading edge and
~W2 at trailing edge is drawn (see Fig. 1). The
lines are then thickened with NACA0010 profiles.
The chord length of this line c is determined by a
choice of the local blade cascade solidity σ. With
Z blades, the local solidity is defined by:

σ =
Zc

2πr

According to usual axial turbines, the solidity
should be of the order of 1 to ensure the required
flow deviation with acceptable losses [18]. The
final design of the turbine has been done with
Rt = 150 mm, Rh = 45 mm, V∞ = 10 m.s−1,
Λ = 1 —i.e. ω = 66.7 rad.s−1— a = 1/3, Z = 8
blades and a linear variation of the local solidity
from hub to tip between σh = 1.65 and σt = 0.70.
With these parameters, the expected values of the
discharging and tangential velocities in the near
wake of the wind turbine are expected to be, re-
spectively, Cz,2 = 0.67V∞ and Cθ,2 = 0.68V∞.
The resulting turbine is displayed in Fig. 2.

Figure 3: Typical mesh, geometric parameters and
boundary conditions. Rt is the tip radius of the turbine,
Rp the radius of the surrounding pipe, Lu the upstream
length, Ld the downstream length

NUMERICAL SETUP

The commercial Computational Fluid Dynamics
code StarCCM+ 15.02 has been used to study
the flow around the wind turbine. One eight of
the wind turbine is simulated with periodic side
boundary conditions. The simulations are steady,
with a fluid of constant density and the SIMPLE
pressure-velocity coupling algorithm is used. The
flow is solved in a rotating reference frame. The
turbulence is modeled with the k − ω-SST RANS
model. The mesh is polyhedral with prismatic lay-
ers close to the surface. The mesh parameters are
discussed in the following, and are such that, on
the one hand the dimensionless wall distance y+

are close to 3 and on the other hand the mesh

3
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is fine enough to capture the tip vortices in the
wake. The quantity that is monitored is the power
coefficient of the wind turbine. It is compared to
experimental results obtained in the LIFSE wind
tunel where the torque and angular velocity on
a 3D printed wind turbine have been measured
with a rotating torquemeter. In the experiment,
the wind turbine is coupled to a Maxon DC motor
used as a generator and loaded with a rheostat in
order to explore the whole Cp vs. Λ characteristic
curve. The torquemeter and the motor are hidden
in a cylindrical pipe of diameter 42 mm and lenght
600 mm which has been modeled in the simula-
tions as a no-slip wall, which is steady in the lab-
oratory reference frame. In this paragraph, all the
simulations are performed at Λ = 1 for which the
experimental power coefficient is Cp,exp(1) ' 0.31.

For such an external flow, the definition of the
domain surrounding the wind turbine and of ade-
quate boundary conditions is quite arbitrary. Very
large domains are often used in the available lit-
terature [19, 8, 9]. We thus first present a para-
metric study on the influence of the domain size
and boundary conditions (see Fig. 3).

The inlet boundary condition consists of a uni-
form velocity field. The outlet boundary condition
to a uniform pressure field. The upper boundary
is a cylinder of radius Rp and is a wall bound-
ary condition. For this boundary, a comparison
between slip and no-slip condition has been done
and the slip conditions has been chosen as it is
found to improve the estimation of the power co-
efficient by about 2%. The length of the domain
downstream of the turbine Ld has been varied in
the range 4 to 8Rt, the radius Rp in the range 3
to 8Rt and the upstream lenght of the domain Lu
from 2 to 9Rt.

The results are plotted in Fig; 4. All the nu-
merical results overestimate the experimental Cp.
The effect of Ld is not reported as it has very lt-
tle influence on the results in the explored range.
A size of Ld = 8Rt has been chosen. Surpris-
ingly enough, the size of the upstream domain has
a great influence. The convergence seems to be
reached for Lu > 5Rt. Concerning the surround-
ing pipe radius Rp, a value of Rp > 6Rt seems suf-
ficient. Thus, the final configuration is Ld = 8Rt,
Lu = 7Rt and Rp = 8Rt.

A grid convergence test has been performed
with this geometrical parameters. The base size
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Figure 4: Effects of the domain dimensions on the
power coefficient. Up: variation of Rp at constant
Lu = 3Rt and Ld = 8Rt, bottom: variation of Lu at
constant Rp = 6Rt and Ld = 8Rt. Black squares (�)
stand for the numerical resultswith constant meshing
parameters, the blue dot (•) is the final configuration
with a refined mesh, the solid blue line is Cp,exp(1) and
the red cross (×) corresponds to the common configu-
ration between the two plots
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Figure 5: Grid convergence test on the final domain
configuration with Ld = 8Rt, Lu = 7Rt and Rp = 8Rt

of the mesh has been varied between 40 mm and
25 mm and the mesh has been locally refined in a
cylinder domain of radius 2Rt with a size ranging
from 6 mm to 1.25 mm. A prismatic layer with
8 geometrically spaced layers representing 10% of

4
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the local base size has been added around the wind
turbine. The results are plotted in Fig. 5. The
mesh that is considered in the following section
contains 5.8 millions cells and corresponds to a
base size of 30 mm, refined to 2.25 mm within
r 6 2Rt and 8 geometrically spaced layers cover-
ing 3 mm.

RESULTS AND DISCUSSIONS
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Figure 6: Power coefficient Cp as a function of tip-
speed ratio Λ. The black crosses (×) represent the ex-
perimental data and the blue dots (•) the results ob-
tained with the CFD

The power coefficient Cp for 8 values of Λ in
the range 0.25 6 Λ 6 2 have been measured in
the simulation and are reported in Fig; 6. They
are compared to experimental results. The numer-
ical results are in fairly good agreement with the
experiment on the whole range of Λ. The maxi-
mum efficiency is obtained at Λ = 1 which sup-
ports a first validation of the design method. The
numerical result at Λ = 1 is Cp,num ' 0.324 and
overestimates the experimental one by 4%.

The pressure field obtained numerically at Λ =
1 in the plane θ = 0 that contains the leading
edge of the blade is displayed in Fig. 7; the ab-
solute tangential and axial velocity fields are dis-
played respectively in Fig. 8 and Fig. 9. The dy-
namic pressure in the incoming flow is 600 Pa. The
lowest pressure that is observed on the blades is
of the order of −60 Pa. One can first notice a
high pressure field upstream of the wind turbine
in the shape of a bubble that extends up to 5Rt
for p > 4 Pa, which may explain why an upstream

Figure 7: Static pressure field for Λ = 1, with ρ =
1.2 kg.m−3 and V∞ = 10 m.s−1. Mesh of 5.8 millions
cells with Ld = 8Rt, Lu = 7Rt and Rp = 8Rt. The
black lines are iso-contours of static pressure at −2, 0
and +2 Pa

5
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Figure 8: Absolute tangential velocity field Cθ for Λ =
1, with ρ = 1.2 kg.m−3 and V∞ = 10 m.s−1. Mesh
of 5.8 millions cells with Ld = 8Rt, Lu = 7Rt and
Rp = 8Rt. The black line is an iso-contour of Cθ = 0

length of Lu > 7Rt is necessary to reach conver-
gence (see lower part of Fig. 4). Then, one can
notice the presence of a vortex street in the wake,
with a distance between the vortices of the order
of 0.58Rtip. The position of these vortices reveals

Figure 9: Absolute axial velocity field Cz for Λ = 1,
with ρ = 1.2 kg.m−3 and V∞ = 10 m.s−1. Mesh of
5.8 millions cells with Ld = 8Rt, Lu = 7Rt and Rp =
8Rt. The black line is an iso-contour of Cz = 0

6
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the wake behind the turbine, which is diverging
with an angle of about 3.5o.
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Figure 10: Radial profiles of, respectively, the
azimuthally-averaged tangential velocity 〈Cθ〉 (r) (×)
and the azimuthally-averaged axial velocity 〈Cz〉 (r)
(•), at z = 2/3Rt. Orange lines represent the blade
hub and tip radii

The most noticeable feature in this wake is the
presence of high tangential velocities, as expected.
It is of the order of 0.6V∞ and the axial velocity
in the wake is of the same order of magnitude.
The swirl number is thus of the order of the unity
and, contrary to the numerical results presented
in the chapter 6 of Ref. [12] for a Joukowsky ro-
tor of similar size at Λ = 1, there is no noticeable
large recirculation bubble nor vortex breakdown
in our case, which is consistent with preliminary
flow visualizations in the wind tunnel. Profiles
of azimuthally-averaged velocity fields have been
extracted and are plotted in Fig. 10, at an ax-
ial position corresponding to 2Rt/3 downstream
of the blades’ leading edges. The axial velocity
in the wake is not uniform as stated in the de-
sign method though it is of the expected order
of magnitude and corresponds to an average axial
induction factor of 0.34. The tangential velocity
profile is not uniform; it decreases almost linearly
from hub to tip. It is of the expected order of mag-
nitude and large enough to get used to entrain a
second rotor.

CONCLUSION

A wind-turbine of small-scale and operating at a
small tip-speed ratio Λ = 1 has been designed with
an innovative design method. It has been tested

experimentally in a wind tunnel and presents good
performances. A numerical study has been made
and shows that a stable and highly rotating wake
is obtained, which could be used to entrain a sec-
ond counter-rotating rotor that will be adapted to
this flow field and that will be designed in a future
work.
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