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LARGE MASS RIGIDITY FOR A LIQUID DROP MODEL IN 2D WITH
KERNELS OF FINITE MOMENTS

BENOIT MERLET AND MARC PEGON

ABSTRACT. Motivated by Gamow’s liquid drop model in the large mass regime, we consider an
isoperimetric problem in which the standard perimeter P(FE) is replaced by P(E) — vP:(F), with
0 <~y <1 and P: a nonlocal energy such that P.(FE) — P(E) as € vanishes. We prove that unit area
minimizers are disks for € > 0 small enough.

More precisely, we first show that in dimension 2, connected minimizers are necessarily convex,
provided that ¢ is small enough. In turn, this implies that minimizers have nearly circular boundaries,
that is, their boundary is a small Lipschitz perturbation of the circle. Then, using a Fuglede-type
argument, we prove that (in arbitrary dimension n > 2) the unit ball in R" is the unique unit-volume
minimizer of the problem among centered nearly spherical sets. As a consequence, up to translations,
the unit disk is the unique minimizer.

This isoperimetric problem is equivalent to a generalization of the liquid drop model for the atomic
nucleus introduced by Gamow, where the nonlocal repulsive potential is given by a radial, sufficiently
integrable kernel. In that formulation, our main result states that if the first moment of the kernel is
smaller than an explicit threshold, there exists a critical mass mg such that for any m > mg, the disk
is the unique minimizer of area m up to translations. This is in sharp contrast with the usual case of
Riesz kernels, where the problem does not admit minimizers above a critical mass.
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1. INTRODUCTION

Given a positive, radial, measurable kernel G : R™ — [0, +00) with finite first moment (that is,
|z|G(z) € L*(R™)), we consider the nonlocal perimeter functional Pg (see e.g. [10, 6]) defined on
measurable sets £ C R™ by

Pe() =2 [ o, Gl vy = I e - 1w(GE - pdeds. ()

Here 15 denotes the indicator function of E.

For & > 0, we introduce the rescaled kernel G.(x) = e~ "tV G(e~1z), z € R™. As will be justified later,
the first moment of G is fixed to an explicit dimensional constant (see (H2)) so that Pg_(E) converges
to P(E) as € vanishes. Given v € (0,1) and € > 0, we study the minimization problem

min § P(E) —v Pa.(E) : |E[=|Bi] ¢, (Pr.e)
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over sets of finite perimeter E in R™, where |E| denotes the volume of E (which we often call its mass),
that is, its Lebesgue measure, and B; is the open unit ball of R".

Let us emphasize the competition between the two terms. The perimeter is an attractive term
minimized by balls under volume constraint. On the contrary, if G is radially decreasing, due to the
negative sign, the nonlocal term is maximized by balls.! This competition makes the minimization
problem nontrivial, even when it comes to existence of minimizers.

Problem (P, ) is closely linked with variations of Gamow’s liquid drop model for the atomic nucleus.
Indeed, if in addition we assume that G is integrable in R", then we may write

E| —// G(z — y)dz dy, (1.2)
ExXE
so that, changing variables, E is a minimizer of (P, ) if and only if the set ' := e~ F is a minimizer of
min {P(F) +/ Gz—y) : |F| = ms}, (1.3)
FxF

where m, := e "|By| and G := 2yG. When n = 3 and G(z) = L L, this is Gamow’s liquid drop model

= 87 [a]

(see [11] for a general overview); note however that in that case, the minimized functional cannot be

1
5 Pa.(B) = [Gell

rewritten as the difference between the perimeter and a nonlocal perimeter, since G is not integrable
at infinity. As a prototypical model for various physical systems involving the competition between
short-range attractive forces and long-range repulsive ones, generalizations of this model have gained
increasing interest during the past decade, in particular generalizations in higher dimensions, where the
Coulomb potential is replaced with Riesz potentials, that is, G(z) = |z|*™", o € (0,n). In particular, it
was shown that for every Riesz kernel, in the small mass regime, the unique minimizer of the liquid
drop model (1.3) is the ball, up to translations (see [23, 24, 22, 7, 14]). Conversely, for a € [n — 2,n),
the problem admits no minimizer above a critical mass (see [7, 23, 24, 26, 15, 17]; see also [16]). More
general kernels of Riesz-type were studied e.g. in [9, 29], where the unit ball is shown to be the unique
minimizer in the small mass regime.

Although the small mass regime has been extensively studied, the literature on large mass minimizers
for Gamow-type problems is still sparse, since existence is rather unexpected in that case, and is usually
only recovered by adding an extra attractive potential, such as in [2, 1, 20], or by adding a density to
the perimeter, as in [3], where the authors show that if the density is a power-law growing sufficiently
fast at infinity, then minimizers always exist, and are balls for large masses. It is worth mentioning
that in the case of general kernels with compact support, the author of [32] shows that minimizers exist
for all masses.

Between Riesz kernels, which are not integrable at infinity, where (1.3) does not admit minimizers
above a critical mass, and compactly supported kernels, where (1.3) always admits minimizers, it is
natural to wonder what happens with non-compactly supported but reasonably decaying kernels, such
as Bessel kernels. These kernels behave as Riesz potentials near the origin, but decrease exponentially at
infinity. They were suggested in [25] as a replacement for Riesz kernels for modeling diblock copolymers
when long-range interactions are partially screened by fluctuations in the background nuclear fluid
density. The study of the liquid drop model in the large mass regime for integrable kernels with finite
first moment (such as Bessel kernels), which is equivalent to the study of (P,..) when ¢ is small, has
been started by the second author in [31]. The existence of minimizers for any v € (0, 1) was established
therein for e small enough, as well as the convergence of minimizers to the unit ball as € vanishes. It
was conjectured there that the ball is actually the unique minimizer up to translations, for ¢ small
enough. In this paper, we give a positive answer to this conjecture in dimension n = 2 under reasonable
assumptions on the first moment of G and the second moment of VG, which are still satisfied by Bessel
kernels. The conjecture remains open in higher dimensions.

Let us introduce the “critical energies”

EGE =P — PGE = ]:1,6‘5;
and define the energies

Fr.6.(E) = (1 =7)P(E) +~€a.(E) = P(E) — v Pa.(E). (1.4)

n fact, even if G is not radially decreasing, G¢ “concentrates” near the origin when ¢ is small, heuristically making
— Pg_) a repulsive term whenever G is not identically equal to 0.
€
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Although the paper mostly deals with the “subcritical case” v < 1, we focus on the critical energies in
Section 3.1, and show that they decrease by convexification. Finally, for any k € N\ {0}, we denote by

1k = / 121041 G () da
Rn

the k-th moment of the (k — 1)-th radial derivative of the kernel G, whenever it is well-defined.
In the paper, starting from Section 2, we shall always implicitly assume that the kernel G
satisfies the following general assumptions:
(H1) G is nonnegative and radial, that is, there exists a measurable function g : (0, +00) — [0, +00)
such that G(z) = g(|z|) for a.e. z € R™;
(H2) the first moment of G is finite and set to be

1
I};:K1 ,

where, for any v € S"!, the constant K ,, is defined by

Kl,n :][ |0' V|d%n_l'
Snfl

Starting from Section 4, we may explicitly use the extra assumption:

(H3) G € W&)Cl (R™\ {0}), I < oo, and ¢'(r) = O(r~("+1) at infinity.

Those assumptions are in particular satisfied by the Bessel kernels B, , that is, fundamental solutions
of the operators (I — kA)%, for k,a > 0 (see e.g. [31, § 3.2] or [21] for their definition and properties).

Even though our main result is in dimension n = 2, where we prove that the unit disk is the only
minimizer up to translations, provided that € is small enough, note that the intermediate results of
Section 3.4 and Section 4 are obtained in arbitrary dimension. That is, convex minimizers are nearly
spherical sets, and the unit ball of R™ is the unique minimizer among nearly spherical sets whenever ¢
is small enough.

Note also that the kernel G is assumed to be radial but not necessarily radially nonincreasing, as is
often the case. Let us emphasize that, contrarily to the small mass regime for Riesz-type potentials,
here the nonlocal perimeter term does not vanish in the limit but rather converges to a fraction of the
standard perimeter.

We shall now state the main result of the paper.

Theorem A (Minimality of the unit disk). Assume n =2 and G satisfies (H1) to (H3). Then there
exists €. = €.(G,7y) > 0, such that, for every e < €., the unit disk is the unique minimizer of (Pyc), up
to translations and Lebesque-negligible sets.

In terms of Gamow’s problem (1.3), this means that if I &< é = 7 and G is in addition integrable,
above a critical mass m, > 0, the unique minimizer of area m > m, is the disk, up to translations. In
the particular case of the Bessel kernels G = B, o with x,a > 0, such a critical mass exists whenever

(e
r(452)
(see [31, Corollary 3.9 & Proposition 3.10]).
The proof of Theorem A decomposes as follows. First we establish:

Theorem 1 (2D minimizers are convex). Assume n =2 and G satisfies (H1) and (H2). Then there
exists e1 = €1(G,7) > 0 such that, for every 0 < € < €1, (P,,c) admits a minimizer, and every minimizer
s convez, up to a Lebesgue-negligible set.

The existence of minimizers for small € was shown in [31], where the second author also proved
that they are necessarily connected whenever ¢ is small enough. The idea for proving the convexity of
minimizers is to study the critical energy on the real line, and show that it decreases by convexification
and by expansion of segments, so that, by a slicing argument, the critical energy of a connected set in
dimension 2 decreases after convexification. As a consequence, since the perimeter of a connected set
is also reduced by convexification, so is F, g.. This slicing argument is specific to the dimension 2,
where a line intersects a connected set if and only if it intersects its convex hull. This fails in higher
dimension.
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Note that this is not enough to conclude that minimizers are convex. Indeed, although for every
minimizer E. C R? with ¢ small enough, we have F., ¢_(co(E.)) < Fy.¢.(E:), where co(E.) denotes
the convex hull of E., the volume of co(E.) is larger than |By| if E. is not convex. However, using the
fact that a minimizer E. is already close to the unit ball by [31] and the convexity of co(E.), we prove
that, if E. is not convex, scaling down co(E;) to make its volume equal to |B;| strictly decreases the
energy F q., which contradicts the minimality of E..

The convexity of minimizers E. allows us to improve the convergence of 0F. towards 0B; as € goes
to 0, from the previously known Hausdorff convergence to Lipschitz convergence. We deduce that
minimizers are nearly spherical sets, whose definition is given just below.

Definition 1 (Nearly spherical sets). Fort € (0, 1), we say that E C R™ is a centered t-nearly spherical

set if
/ zdx =0,
E

and if there exists u € Lip(S"™1) with |[ul| oo (gn—1y + | V7 ul| Lo (gn—1y < 1 such that
OF = {(1 +tu(z))z : € S"_l}.
In dimension n = 2, we use the terminology “t-nearly circular set” for “t-nearly spherical set”.

Theorem 2 (2D minimizers have nearly circular boundaries; see Proposition 3.11). Assume n = 2
and G satisfies (H1) and (H2). There exist 5 = e2(G,v) > 0 and a function t : (0,e2) — [0, 3)
depending only on G and ~ such that
e t(e) > 0ase—0;
o for every € < g2, any minimizer E of (P ) is, up to a translation and a Lebesgue-negligible
set, a centered t(e)-nearly circular set.

Theorem 2 is a direct consequence of Theorem 1 and the uniform convergence of minimizers already
shown in [31], using the geometric fact that the normal vectors to the boundary of a convex set lying
between two balls B, and Bg, r < 1 < R converge to those of the unit sphere as r, R — 1 (see [30, 18]).

We end the proof by showing that for € and ¢ small enough, any centered t-spherical minimizer
of (P,.) is the unit ball. This last result is not specific to dimension n = 2.

Theorem 3 (Minimality of the unit ball among nearly spherical sets; see Proposition 4.2). Assume
that G satisfies (H1) to (H3). Then there exist t, = t.(n,G,v) >0 and 3 = e3(n, G,~) > 0 such that,
for every t < t., if E is a t-nearly spherical set, then we have

Fre(B1) < Frye(B), V0 <e <es,
and the inequality is strict if E # By (in the sense that they differ by a set positive measure).

The proof relies on a Fuglede-type result [18] for the nonlocal perimeter P¢, of centered nearly
spherical sets F;: more precisely, by a Taylor expansion we control Pg_(F:) — Pg,(B1) from above in
terms of the H!(S"~!) norm of the perturbation u describing FE; (see Lemma 4.1).

Theorem A is then an immediate consequence of Theorems 1 to 3.

Outline of the paper. The structure of the paper follows the strategy of the proof. In Section 2
we recall some useful results from [31] on minimizers of (P,,.) and some facts on nonlocal perimeters.
In Section 3, we show that 2D minimizers are convex and thus nearly circular sets for small e, that
is, Theorem 1 and Theorem 2, where the latter is a consequence of Proposition 3.11. Finally, Section 4
is dedicated to the proof of Theorem 3, which is a consequence of Proposition 4.2.

Notation.

Operations on sets. For any set E C R™, E° := R™ \ E denotes its complement, co(E) its convex hull
(that is, the intersection of all convex sets containing F), and |E| its Lebesgue measure, whenever F is
measurable. We write EAF' for the symmetric difference of £ and F, and E U F for the union of F
and F' whenever they are disjoint.

Hausdorff measures. We denote by #* the k-dimensional Hausdorff measure in R™. When integrating
w.r.t. the measure 7% in a variable x, we use the notation d.Z* instead of the more standard but less
compact dJ#(z).
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Balls and spheres. We denote by B,.(z) the open ball in R™ of radius r centered at z. For brevity, we

write B, when z is the origin. The volume of By is w, = |B1| = 2 ) and the area of the unit

s
r(i+2
sphere S"~1 is #"~1(S"~1) = nw,,, which we also write |[S"~!| for simplicity.

Sets of finite perimeter. We denote by BV(R™) the space of functions with bounded variation in R™.
For any f € BV(R") we let |[Df| be its total variation measure, and set [f]gy®») = [g. |[Df|. For
a set of finite perimeter E in R”, we let 1z € BV(R"™) be its characteristic function (i.e., 1gp(z) =1
if z € F and 0 otherwise), and define its perimeter by P"(E) := [p, |D1g|. When there can be no
confusion, we may drop the superscript and simply write P(E) for the perimeter functional in R™. We
denote by ug = D1 the Gauss—Green measure associated with the set of finite perimeter E, and
by vg(z) the outer unit normal of 9*F at x, where 0*E stands for the reduced boundary of E. We
refer to e.g. [13, Chapter 5] or [27] for further details on functions of bounded variations and sets of
finite perimeter.

2. PRELIMINARIES

From now on we assume that G satisfies (H1) and (H2).

For a general nonnegative radial kernel K with finite first moment, we have the following control
of Pk by the perimeter, as an immediate consequence of [31, Proposition 3.1] and of the second
expression of the nonlocal perimeter given by (1.1).

Proposition 2.1. If K : R" — [0,+00) is a nonnegative radial kernel with finite first moment, for
every set of finite perimeter E in R™, we have

Pk (E) < Ky nIiP(E).
In particular, by (H1) and (H2), we have
Pq.(E) < P(E), Ve > 0.
We also have the following convergence result, which is a consequence of [12] and our choice of I},.
Proposition 2.2. For any set of finite perimeter E in R™, we have
Pe.(E) =% P(E). (2.1)

We will use the following computation obtained in [31, Lemma 3.5], which clarifies the behavior of
the nonlocal perimeter under scaling.

Lemma 2.3. For any set of finite perimeter E C R™, the function t — Pq_(tE) is locally Lipschitz
continuous in (0,+00), and for almost every t, we have
d

3 1pe.tm) = " o, 0E) - 1P (tB)

where Pg_(E) is defined by
Pg (E) := 2/ Ge(z—y)(y — ) - ve(y) d%@”_l dz. (2.2)
EJoE

Let us remark that in [31], G is assumed to be in addition integrable in R™, but Lemma 2.3 can be de-
duced by approximating G with maps Gy, :  — i (|z|)G(z) € L}(R™). Indeed, let x, € C*°(R™,[0,1])
be cutoff functions with y;(r) = 0 for r < £, xx(r) = 1 for r > £, so that I, < I, @ = |z]|Gr(z)
converges to z — |2|G(x) in L*(R™), and notice that

IPa(B) = Pa,(E)| < P(E) [ [all(G =G (@) da,
and
Pa(B) = Pa,(B) <2P(B) [ 1all(G - Gu)(a)] da.

In order to study the minimality of the unit ball among nearly spherical sets, we will use the following
Bourgain-Brezis-Mironescu-type result (see [8]) for approximating the H' seminorm on the sphere by
nonlocal seminorms.
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Lemma 2.4. Let us define the (n — 1)-dimensional approzimation of identity (1c)eso by
n(t) = 2t%¢(t), and n.(t) =e " Upelt),  Vt>0, Ve >0.
When n = 2, we assume in addition that g is such that the family (n:)eso satisfies

sup 7(r) =29, VR € (0,2). (2.3)
re(R,2)

Then for any u € HY(S"™1), we have

. 2
// (U(x) U(y)) 776(|x _ y|)d%ﬂ71 d%nfl < (1 + qn({_:)) / |v7— U|2 d%nfl’
S§n—1x§n—1 S§n—1

|z —yl?

where g, () vanishes as € goes to 0, and depends only on n and G. In addition, for any u € H'(S"1),

. 2
(u(ac) u(y)) 775('-73 _ y|) d%n—l d%n—l e—0 |v-r u|2 djf"_l.
s |z —yP? @ v .

§n—1x§n—1 Yy sn—1

Proof. One easily checks that assumptions (H1) and (H2) ensure that the family (7:)e>0 is a (n — 1)-

dimensional approximation of identity, up to multiplication by the constant K, 1 = =, i.e,,
+00 1 Foo
(i) |S”_2|/ ne(r)r" =2 dr = ; (ii) lim ne(r)r"=2dr =0, ¥ >0.
0 K21 e=0 Js

These properties (together with (2.3) when n = 2) allow us to apply [31, Propositions A.1 & A.4],
which gives the result. O

Remark 2.5. If (H3) stands true, then the condition (2.3) is satisfied, in particular when n = 2. Indeed,
with (H2), (H3) implies that g € W)} (0, 400) and the functions ¢ — t"g(t) and t > t"T1g/(t) are
integrable on (0, +00). In addition, integrating the function (t"*1g(t))’ between r and R, we have the
relation

R"™g(R) —r"Tlg(r) = (n+1) /R t"g(t)dt + /R t" g/ (t) dt.

Since t"g(t) and t"T1g'(t) are integrable on (0, +0c0), this implies that 7" T1g(r) has a limit in 0F and
at infinity. By the integrability of t"g(¢) on (0,+00), those limits are necessarily 0. In particular,
" lg(r) 22220, so that

,,76(,,,) _ T2€7(n+1)g(€7lr) _ Tlfn(gfl,r,)f(n+1)g(€fl7ﬁ)
vanishes uniformly on (R, 2) as e — 0, for every R € (0,2).

Eventually, gathering results from [31, Theorems A and B] (see also Theorem 4.16 therein), we
have existence and convergence results for minimizers of (P,.). We also know that minimizers are
connected for small €. Here connectedness is to be understood in a measure-theoretic sense for sets of
finite perimeter, often referred to as indecomposability, as defined below (see [4]).

Definition 2.6. We say that a set of finite perimeter F is decomposable if there exist two sets of
finite perimeter E; and Ej such that F = Ey U Es, |Ey| > 0, |E2| > 0 and P(E) = P(E;) + P(E3).
Naturally, we say that a set of finite perimeter is indecomposable if it is not decomposable.

Let us remark that by [4, Theorem 2], the notion of connectedness and indecomposability coincide
whenever E is an open set of finite perimeter such that #"~1(F) = #""1(0*E).

Theorem 2.7. There exist €g = €9(n,G,7) and a function § = 6(n,G,7) : (0,400) — (0, 1) vanishing
in 07 such that the following holds. For every 0 < e < eq, (Py,c) admits a minimizer. In addition, any
such minimizer E. is indecomposable, and up to a translation and a Lebesque-negligible set, it satisfies

31,5(6) g EE g Bl+5(€)' (24)

In dimension n = 2, any minimizer E. with 0 < € < gg is Lebesgue-equivalent to a connected set which
still satisfies (2.4).
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Proof. In [31], the kernel G is assumed to be integrable in R™. However, it is actually only required
for the two following reasons: first, to be able to write (1.2) and obtain the equivalence with the
Gamow-type minimization problem (1.3); second, by this equivalence, to deduce that minimizers
of (P,,) are so-called quasi-minimizers of the perimeter, and thus are (non-uniformly in €) C 1’%-regular
outside a “small” singular set. Here, we do not need the equivalence with (1.3) nor the a priori
regularity of minimizers. In the end, apart from the clz partial regularity of minimizers, all the
conclusions of [31, Theorems A and B] follow. More precisely, there exists g = €¢(n, G, ) such that,
for any 0 < € < g¢, (P,,c) admits a minimizer. In addition, any such minimizer F. is indecomposable
and, up to a translation and Lebesgue-negligible set, it satisfies

Bi_5c) € E: C Bi4s(e)s

where & : (0,4+00) — (0, 1) is a function depending only on n, G, and 7 vanishing in 0F.

To conclude, there remains to show that in dimension n = 2, E. is equivalent to a connected set
with (2.4), that is, to link the indecomposability of E. with the topological notion of connectedness. It is
not a trivial question, at least without (weak) regularity results on minimizers. However, [4, Theorem 8§]
shows that in dimension 2, E. = Eé\/[ \ O°E. is connected, where Eéw is the measure-theoretic interior

of E., and

1 *
O°E, = {x € R? : limsup A (0" E: 0 By (w)) > 0}.

r—0+ T

Since 1 (OSE. \ 0*E.) = 0 and L2(E.AEM) = 0, we have £2(E.AE.) = 0, and since Bi_s5¢) C
Eo‘é\/[ - Bl+5(s) and 8SE€ - §1+5(5) \Bl—6(5)7 Eg satisfies (24) O
Remark 2.8. In higher dimensions n > 3, one could show as well that any minimizer of (P, ) is
equivalent to a connected set for small ¢, without assuming that G € L'(R"). Indeed, proceeding
e.g. as in [28, Lemma 5.6], it is possible to obtain uniform (w.r.t. €) density estimates for minimizers,
and with those to deduce that any minimizer is equivalent to an open set E. such 0F. = spt yu.. The
indecomposability of E. then implies connectedness by [4].

3. MINIMIZERS ARE NEARLY CIRCULAR SETS IN DIMENSION 2

3.1. Decrease of the critical energy by convexification. We can recover the nonlocal perimeter
of a measurable set £ C R™ by integrating the 1-dimensional nonlocal perimeter of all 1-dimensional
slices of E in a given direction, and averaging over all the directions.

Proposition 3.1. For any measurable set E C R" ™1, we have

/S" 1 /{g}i (// X (R\Ey,,)
Pl Eg d n—1 d n—1
2wn—1 /Sn—l (/{U}L Ps( 7y) % > % )

Esy = {s €ER : y+soe E}, (3.1)

Pg. (E)

|s — t|ge(|s — t]) ds dt) d%‘;"‘l dsrt

where

Wn_1 18 the volume of the unit ball in R”_l, and P1 is the 1-dimensional nonlocal perimeter in R
associated with the kernel p. defined by p-(r) = wy,— 1|r|” Yge(Ir]) for r € R\ {0}, that is,

D [0 =150l - s
RxR
Proof. By the change of variable y = x 4+ ro with fixed x and Fubini’s theorem, we have
E):Q// G(z —y)dzdy
ExE*°
—+oo
:2/ / / 1ge(z +7ro)r" g (r)dedrdoe}
S§n—1 0 E
1
= / // 1ge(z +70) po(r) de dr di2},
Wn—1 Jsn—-1 JRJE

for every measurable set J C R.
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where we have used the definition of p. for the last equality. Then, for o fixed, let us make the change
of variable x = y + so, where y = 7,1 (7) is the orthogonal projection of x on {o}+. This yields

1
Pg (E) = 5/ / / / 1g(so +y)Llge((s+ 7)o +y)pe(r)ds drd%@”‘l doaer1,
sn-1 o1t JRJR

Finally, using Fubini’s theorem and making the change of variable t = s + r, where s is fixed, we obtain,
by definition of E, , and P})E,

1
P (E) = / / / / (s —t)dsdtdsg) " d)
Wnp—1 Jgn—1 {O.}L ]R\E

/ / %n ldjipn 1
2wn 1 Jsn—1 {O.}L

This concludes the proof. O

Remark 3.2. Recall that by [31, Lemma 3.13], Ky ,, = (il

e so that, by (H2), the kernel p. satisfies

t)

> an_ll 2wn_1 1
tlpe(t) dt = 2w, t"g.(t) dt = G — =1=—".
Joet =2 [ ot an = SEkE = g By <1<

)

Hence by Proposition 2.1, we have
1 _ 1
for every measurable set £ C R.

Similarly, as a straightforward consequence of [5, Theorem 3.103], for any set of finite perimeter
E CR" ! E,, is a one-dimensional set of finite perimeter for #"~!-a.e. ¢ and y, and we have

P(E / / oy) AN A
20.)” 1 Jsn—-1 J{o}+

where P1(E, ) = #°(JE,,) is the standard perimeter in dimension 1. Hence, we have the following
representation of the critical energy &g, .

Corollary 3.3. For any set ofﬁm'te perimeter . C R™, we have

E / / %n ld%n 1
2wn 1 Jsn—1 J{o}+

where ) = P — P1 _, and E,, is given by (3.1).

Ea.(

We give a simple expression of the one-dimensional critical energy. of a segment (a,b) C R.

Lemma 3.4. For every a,b € R such that a < b, we have

a +oo
! ((a,b)) = 4/7 /b pe(s —t)dsdt. (3.2)

In particular €} ((a,b)) decreases as the interval grows. In addition,
1y — el _ el _ ol _
£, (0) =&, (R) =&, ((b,+0)) =&, ((=00,a)) = 0. (3-3)

Proof. By a change of variable and Fubini’s theorem, for any a € R, we have

P;E((—oqa)):2/_;/(1+Oopg(t—s)dsdt:2/0+Oop(t) (/Otds> dt :2/0+Ootp(t)dt:1.

Similarly, P} ((b,40c)) = 1, and since P'((—00,a)) = Pl((b +00)) =1, (3.3) follows. Next,
2= P'((a,)) = P'((~00,a)) + P'((b, +0)

+oo +oo (3.4)
= / / (s —t) dsdt+2/ / (s —t)dsdt,

for every a,b € R such that a < b. We also have

a b +oo b
= 2/ / pe(s—1) dsdt+2/ / pe(s —t)dsdt. (3.5)
—oo Ja b a

Subtracting (3.5) from (3.4), we obtain (3.2). The identities (3.3) are obvious. O
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For a general set of finite perimeter in R, we have the following expression of the critical energy.

Lemma 3.5. For any set E C R which is a finite disjoint union of open intervals, let {Ci}ie{l,.‘.,N}
be the connected components of E€. Then we have

N

g (my=2 Y // pels —t)dsdt + 3 €L (C), (3.6)
1<i,j<N M CixCj i=1
izt

where, for the intervals Cj, Spli (C;) is given by Lemma 8.4.

Let us point out that E° may have up to two unbounded connected components, and their critical
energy is 0 by Lemma 3.4. As a consequence of Lemmas 3.4 and 3.5, the 1D critical energy decreases
by convexification and the energy of a nonempty open segment is a decreasing function of its length.

Corollary 3.6. Let E C J C R with J an interval and £ (E) > 0, then £} (J) < &} (E).

Proof. Let E C R with Z*(E) > 0, and let J be an interval containing E. Let ' < a < b <
V' € R U {400} such that co(E) = (a,b) and J = (a/,b'). If a’ = —00 or b’ = 400, £, (J) =0 <
5,}6 (F) by Lemma 3.4 and Remark 3.2, so the result holds true. If E' does not have finite perimeter,
then 5,,}5 (E) = 400, and the result holds true as well. Thus, let us assume that E is a bounded set of
finite perimeter. In particular, up to a negligible set, F is the disjoint union of k open intervals with & > 1
since Z1(E) > 0. In addition, since E is bounded, E has two unbounded components C; = (—o0, a)
and Cj41 = (b, +00) (up to renumbering). By Lemmas 3.4 and 3.5, we have

£ () > 4/ pe(s — t)dsdt = £ ((a,0)) > €] (J).
Ch XC}C+1

O
Proof of Lemma 3.5. Let
k
E = |_| (aivbi)7
i=1
with —oo < a1 < by < ... <ag <bp < 400, so that, setting by := —oo and ax41 = 400, the connected

components of £° are given by
Ci = (bi, aiv1), vi € {0,...,k}.

Beware that Cy and Cj, are either empty or unbounded. If a; = —oo, Cy = ), and if by, = +o0, Cj, = 0,
in which cases it is an abuse to consider them connected components of E¢, but they do not contribute
to the terms in (3.6). Omitting the integrand p.(s — t) dsdt for the sake of readability, let us write

k k
P! (E)=2 // = 2// +2// , (3.7)
pe ; E JC; ; C; {tGE:t>ai+1} C; {tGE:t<bi}

with the convention {t < —oo} = {t > +oc} = 0. By (3.4), we have

PY(E) :é <2 /_; /:OO +2 /_; /bm) (3.8)

Note that this holds even if a; = —oo or by, = +00. Let us define

@iq1 +oo
Ri::2/ / _2// . Vie{0,... .k},
—oo aiq1 C, J{teE : t>a;y1}
Li::2/ / —2// . Vi {o,... k).
—co Jb; C; J{te E : t<b;}

Notice that Ry = Ly = 0. We observe that by definition of L;, R; and (3.7), (3.8),
k

&, (E) = Z (Li + Ri). (3.9)

=0

and similarly
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a;i1 +o00 b; +o00 +o00
—o0 ait1 —oo Jaj41 CiJajqr

for i € {0,...,k}, using Lemma 3.4 we have

R; =2 / / +/ / —2/ / :2/ / +2£,.(Cy). (3.10)
—oo Jaj41 Ci Jait C, J{teE : t>a;41} C; J{te E° : t>a;4+1} 2

and similarly,

Writing

1
L; :2/ / +§€;E(Ci). (3.11)
C; J{te E° : t<b;}

The two previous equations hold even if Cy, C}, are empty or unbounded. Inserting (3.10) and (3.11)

into (3.9) yields
. k
gL (B)=2 // +// e
pE( ) ;< Ci JECN{t>aiy1} Ci JE°N{t<b;} ; A
k k
=Y ), v
i J =0

i=0 j#£i

which concludes the proof. O

We easily deduce from Lemma 3.5 and the slicing decomposition of the critical energy stated in
Corollary 3.3 that in dimension n = 2, the critical energy of a connected set decreases by convexification.

Proposition 3.7. If E C R? is a bounded, connected set of finite perimeter, then
Ea.(co(E)) < &, (E), Ve > 0.

Proof. First, recall that a bounded convex set is a set of finite perimeter, since it is Lebesgue-equivalent
to an open set with Lipschitz boundary, thus co(F) is a set of finite perimeter. Then, by Corollary 3.3
we have

Ea.(E) = i/gl/Ré’pls(Egyt)dtd%’j}, and &g, (co(E)) = E/SSl/RS;E(FJ,t)dtd%H (3.12)

where

E,i:= {S€R : taJ‘JrSJGE}, and  Fy,; = {SGR : tO’L+SUGCO(E)}.

Since E is connected, for every o € S! and t € R, the slice F,,; is empty if and only if E,; is empty
(this is the argument which is valid in dimension 2 only). In addition, since £ and co(E) are bounded
sets of finite perimeter in R?, for #'-a.e. o € S' and L'-a.e. t € R, E,; and F,; are bounded sets of
finite perimeter in R, and for every nonempty slice, F,,; is an interval s.t. E,; C Fy,, (since F,; is a
slice of a convex set). Hence, by Lemmas 3.4 and 3.5, for /#1-a.e. o € S! and Z'-a.e. t € R, there
holds

&y (Foy) <& (Eqy).
In view of (3.12), this concludes the proof. O

3.2. Convexity of minimizers in 2D. In this part, we shall use for the sake of brevity the abbrevia-
tions F, . := Fy . and & = &g, .

Consider a connected minimizer E. C R? of (P,.). Recall that F,. = (1 — )P + ~&., thus
by Proposition 3.7, F, - (co(E;)) < Fy-(E:). However, if E, is not convex, |co(E.)| > |E;|, so co(E:)
is not a valid competitor for (P, ). Recalling that By_s.) € E. C By4s() for small ¢, we have

Bi_s5(c) € co(E:) € Biyse)s
and defining ¢, == %, we see that t.co(E;) is a valid competitor with (14 46(e))™* <t < 1. Let
us show that F, c(t-co(E.)) < Fy.(co(E.)). This follows from the following result, which we prove
further below.
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Lemma 3.8. There erists £, = 21(G,~y) > 0 such that the following holds. If E C R? is a convex set
such that
Bi_5(c) € E C Biyse)s
with 0 < € < 1, and where § is the function given by Theorem 2.7, then
]:'y,E(tE) <-7'—'y,s(E)v vt e (%,1)~

As a consequence, we obtain that minimizers of (P,.) are necessarily convex for small ¢ in
dimension n = 2, that is Theorem 1:

Proof of Theorem 1. Let E. C R? be a minimizer of (P, .) with 0 < & < g1 < gy, where £9(G,7) is
given by Theorem 2.7. Thus, up to a Lebesgue-negligible set and a translation, F. is connected and
satisfies

Bi_s5() € E- C co(E:) € Biyse)-
By contradiction, let us assume that E. is not convex, so that |co(E.)| > |B1|. We have [t.co(E.)| = | B1]

: — | B
with t. = \CO(éE)I

enough. If in addition e; < &(G,~), where g; is given by Lemma 3.8, we find &, c(t-co(E;)) <
Ey.e(co(E;)). Now, since E. is connected, there holds &, c(co(E.)) < &, -(E:) by Corollary 3.6, hence
&y e(teco(EL)) < &, (E:). This contradicts the minimality of E., whence E. is convex. O

satisfying £ < (1+6()) ™! <t <1, provided that 1 = £1(G,7) is chosen small

3.3. Proof of Lemma 3.8. In order to prove that F,.(co(E.)) (strictly) decreases by scaling
down co(E.) by t. for small &, we need to estimate the term Pg_(t.co(E.)) appearing when ap-
plying Lemma 2.3. While it is not so difficult to see that for a fixed set £ with C'' boundary, ]NDGE (E)
converges to P(E) as ¢ vanishes, here we do not have uniform regularity estimates on minimizers
of (P,.)% However, we can make use of the convexity of co(E.) and the fact that it lies between two
balls whose radii are close to 1 to prove the following.

Lemma 3.9. For any a € (0, 1), there exist positive constants r = r(«) and €2 = £2(G, vy, ) such that
the following holds. If E C R? is a convex set such that

Bi_s5) € E C Biys(e)s

with 0 < & < g, and where the function § is given by Theorem 2.7, then we have

{y € B.(z) : |i : z| vp(z) = a} CE, for #*-a.e. x € OE. (3.13)

Proof. We proceed in two steps.

Step 1. We show that the normal vector vg(x) converges uniformly for 5#'-a.e. x € OF to v, (x) as €
vanishes, in the sense that

xT

)
<2 ﬁ, for #'-a.e. x € OE. (3.14)
1+4(e)
The simple geometric argument is well-known (see e.g. [30, 18]), but we state it here for the reader’s
convenience. Let 6. € (0,7) be the angular diameter of the ball B,_;(.) from any point € 0B145),
that is, 6. is the non-oriented angle between the two lines passing by =z € 9B;,5.) and tangent

to B1_s(s)- Then we have sin (%5) = }128 Let x € OF, and let o € (0, 5) be the non-oriented angle
between x and some tangent line to E at x. Since E' is convex and B;_;) C E, the tangent cone to £

at x cannot intersect B_s(.), and since |z| < 1+ 6(¢), we find

: . (95)1—6(5)
sinp Z2sin| — | ——=—=

VE((E>

||

2 ) 146
By convexity of E, for ##1-a.e. x € OF, there is a unique tangent line to E at x, and writing
2
x 46(¢e)
vig(z) — | =2(1 —sin = —
p(e) = 1| =201 = sin(e)) = s

2The lack of uniform regularity estimates for minimizers of (P,-) as € goes to 0 is the main obstacle for proving that
the unit ball is, up to translations, the unique minimizer for € small enough. With sufficient regularity, the arguments
of Section 4 would yield the result.
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FIGURE 1. The situation in Step 2 of the proof of Lemma 3.9. The red-dashed area is C(z, ).

we deduce (3.14).

Step 2. Let a € (0,1), and let (), E2(G, v, @) to be fixed later. Then let E C R? be as in the statement
of the lemma, with 0 < € < 5. As a consequence of Step 1, we may assume that for any ¢ small enough
depending only on G, v and «, we have

oY (VE(x) - x) ’ < g, for #'-a.e. x € OF, and for every y € R,
|z —yl || 2
so that proving (3.13) amounts to showing that for r(«) and 22(G, vy, a) small enough,
T—y T _ «
y € B.(x) : ~>}§E, Vo € OF. 3.15
rem@ : gh > (349)

We assume that r € (0,1) and then that &, = 25(G,7,7) € (0,%) is such that §(¢) < 1 whenever
0 < e < &. Let z = |z[(cost,sintp) € OF with ¢ € [0,27). Since x € Biis¢) \ Bi_s(), the
set 0B, (x) N By_s( is made of exactly two points A and B. Let us denote by ¢(z,r) € (0,7) the
angle between the segments [Az] and [Bz]. Then let us introduce the circular sector C(z,r) of B,(x)

delimited by A and B (see Figure 1), that is

C(z,r) = {zs(cos(0+¢),sin(9+¢)) c0<s<r |0 < 90(58,7’)}

2
~frem o e (257}

We claim that for €, small enough, sin (@) > /1 — r2. The situation is as in Figure 1, where we
introduce the lengths h and e. We have

(3.16)

h2 4 ¢2 2
(Jo| — )2+ h* = (1-6()*

which gives, after computation,

1 1 2

2_ .2 2 2 2 2 2
Kt =7 [1 TP (r +2(|z]* = (1 =6(2))?) + T—2(|x| —(1-14(e))?) )} .
Recalling that 1 — §(¢) < |z| < 1+ 6(¢) and r < 3, this implies
4 2
N 21+“9+<“9> > 12 (1-12),
4(1+4(e)) r r

provided g = 25(G, v, r) is chosen small enough. Thus, the angle ¢(r, x) satisfies

sin(so(g’x)> :ﬁ>\/1—r2,

r
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which proves the claim. Choosing r = r(«) and g3(G,~, r) small enough, we deduce cos (@) < 9.

By convexity of E and the fact that B,_5.) € E, we have C(x,r) C E, hence (3.15) holds, in view
of (3.16). This concludes the proof. O

Then we can estimate ﬁga (E) when E C R? is a convex set lying between the disks Bi_5e)
and Bis(), for any & small enough.

Lemma 3.10. For any 7 > 0, there exists €3 = £3(G,~,7) > 0 such that the following holds. If E C R?
is a convex set such that

By 5y C€ E C Biyse)s
with 0 < & < Z3, where the & function is the one from Theorem 2.7, then we have

(1 —7)P(E) < Pg.(E) < P(E),
where ]SGE (E) is defined by (2.2).

Proof. Let E be as in the statement of the lemma, with 0 < & < 3(G,~,7), where g3 is to be fixed
later. Recall that since E is a bounded convex set, it is a set of finite perimeter and its topological
boundary is #'-equivalent to 0* E. We proceed in two steps.

Step 1. Upper bound. First, note that by convexity of E, we have
(x —y) -ve(x) >0, for s -a.e. x € OF, and every y € E,
and, defining for J#1-a.e. x € OF,

H, := {y ER™ : (z—vy) vplx)> 0},
it holds
o<z [ Gla=pla=y) vel@) artiay

Then, by a change of variable and the coarea formula, we find

Pa.(E) < 2/ / Ge(2)(z vp(z)) dzdst)
OE J{z€R? : zvg(x) >0}

+oo
=2 / / g (t)t? / o-vp(r)dsat | dtde)
OE JO {oc €St : ovg(x) >0}

[ [ awe ([l velan ) aras:

+oo
= KLQ/ |Sl|/ g-(t)t? dtdst} = ILK, 2, P(E) = P(E),
oF 0

where we also used the definition of K o for the third equality, and (H2) for the last one.
Step 2. Lower bound. Let us first recall that by assumption (H2),

+o0 +oo
P(E) :4/ / t2g.(t)dt dort = 2/ / tzgs(t)/ (o-e)dsr dtd#t, (3.17)
OFE JO OFE JO {oc€St : 5e>0}

for all e € S'. Let a € (0,1) to be chosen later, and 6y := arcsin(a). Then let r = r(a) > 0
and Z3(G, v, a) given by Lemma 3.9. Assume that 3 < 5. Let us write

Pe. (E) =2/ / Gl —y) (z — y) - vis(z) dy A}
OE JEN{|lz—y|<r}

w2 f Gelx —v) (x —y) - ve(e) dedt* = B (B) + BY(E).
OB JEN {|z—y| > 1} : :
Since € < €5, by Lemma 3.9, we have

B (E) > 2 / / Gl — )z — y) - vi(z) dy A}
‘ oB J{ye B, (2)

() >al

+oo
= 2/ / ge(t)tz/ o -vp(r)dst dtdae) .
OFE JO {c€S! : agovp(z)<1}
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We compute

arccos «
/ o-vp(z)ds! = 2/ cosdf = 2sin(arccosa) = 1 — 2.
{ceSt : a<ovp(z)<1} 0

Together with (3.17), this leads do
PY(E) > V1-a?P(E
Choosing « small enough, depending only on 7, we then find
PY(E) > (1 - g) P(E).
Since a = (), we have r = (1), and g2 = 22(G,~, 7). Now with r fixed, up to choosing g3 < £ even

smaller if needed, there holds

) < PE) [ JalGule)do=P(E) [ jalGla)de < TP(E),
BC C
T r/e
since the first moment of G is finite. Hence, from our choice of r» and €3, we obtain
Pg.(E) > (1 —7)P(E),
which concludes the proof. O

We are now in position to prove Lemma 3.8.

Proof of Lemma 3.8. Let 7 > 0 to be chosen later. Recall that by Lemma 2.3, for almost every ¢, we

have
d

dt
where PG is defined by (2.2). Changing variables, we deduce

lﬁG tE) 72#‘//% )y — =) ve(y)
= 2/E/6E G(tfls)(icfy)(y*x).VE(y)d%ﬂyl dx = ﬁGt—IE(E)'

Let 7 > 0 such that v(1 +7) < 1, and let ¢ < &3(G,~,7)/2, where &5 is given by Lemma 3.10.
By Lemma 3.10, we have

[P6.(tE)] = 2 P, (tB) ~ 1 o, (tB), (3.18)

1~
ZPGE (tE) > (1—1)P(E).
With (3.18) and Proposition 2.1, this leads to

[P, (tE)) < 2 PUE) — (1L~ 7)P(E) = (14 7)P(E).

Hence, for every t € (%, 1), by our choice of 7, it follows

FoelB) = Fy tB) = (L= 0P(B) = [ 5 (Pa.E)ds > (L= HP(B)[1 = 5(1+7)] >0,
This proves the lemma. O

3.4. Convex minimizers are nearly spherical sets. In arbitrary dimension, it is classical to
improve Hausdorff convergence of the boundary of minimizers to Lipschitz convergence once convexity
is established. Here, we show that convex minimizers of (P,,) are centered t(¢)-nearly spherical sets
(see Definition 1), up to a translation, where the function ¢ vanishes in 0F.

Proposition 3.11 (Convex minimizers are nearly spherical sets). There exists 4 = 4(n,G,7y) > 0
such that the following holds. If E. C R™ is a convex minimizer of (P.) with 0 < € < &4, then, up to
a translation, we have

OFE. = {(1 +uc(z))xr : x € S"_l}

/ rdx =0,
E.

and
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with ue € Lip(S"™1), [Jue|| oo gn-1) < C'6(€) and ||V uc| poogn—1y < C"§(e)z, where § = 6(n, G,7) is
the function of Theorem 2.7 vanishing in 0%, and C’,C"” > 0 only depends on n.

Proof. In the proof, we write ||-|| o for ||-|| Lo (sn-1). Let E. be a convex minimizer (P, ) with 0 < e < &y,
where g4 is to be fixed later. If €4 < g9, where ¢ is given by Theorem 2.7, up to a translation and a
negligible set, E lies between the balls Bi_s.) and By4s(). By convexity, this implies that the set E.
itself (without the addition or the subtraction of a negligible set) satisfies, up to a translation,

Bi_s(c) € E. € Biys(e)-

1
Setting y. := —W/ x dz, we have
1l JE,

/ xd$:y5|E€|+/ xdx:y6|B1\—|—/ xdz =0.
Ye+Ee E E

€ €

—/ xdx:—/ mdx+/ xdx:/ rdx
E. Biys(e) Biyse)\Ee Biyse)\Ee

< (L4 8E@DIBryse) \ Bl < (148() [(148()" ~ (1 - 8()"] IB1] < C(m)de)

Notice that

thus

/ czdz
E.

provided that g4 is small enough depending only on n, G and . Hence, up to translating F. by y., we
may assume that it satisfies

Bi_cr5e) € E: € Biycrs(e), (3.19)
with C’ .= C(n) + 1 and is centered, that is,

/ rdx = 0.
E.

By convexity of E., for every x € S"7!, there is a unique point of intersection p.(x) = t.(z)z
of {tz : t> 0} and JE., and by (3.19), |p-(z) — z| < C'é(g). The map p. : S*~! — JE. is obviously
onto, so that, setting u.(z) = t-(x) — 1, we have

8E€:{(1+u5(:ﬂ))x : xeS"fl},

and |uc|lso < C’'6(g). In addition, the fact that E. is convex implies u. € Lip(S"~!). Moreover,
for any x € S"~!, the distance between the normal vector of dF. (which exists for #"~!-almost
every x € OF.) at p.(z) and the vector z (which is the normal vector of S*=1 at z) is controlled
by ||pe — Id|jco = ||tte|loo, in view of Step 1 of the proof of Lemma 3.9 (or simply by [30, Corollary 1}),
which gives a control of ||V, uc|lec by ||¢]|co. More precisely, by [18, Inequality (xx)], we have

1+ [Jue oo

\V4 <2
1V telloo < Qmu&

)wmasdwa%

where we used the inequality ||u.|| < C’6(e) < & for the last inequality, provided that g4(n,G,7) is
chosen small, and defined C" := 64/C’. This concludes the proof. O

Observe that Theorem 2 is an immediate corollary of Theorem 1 and Proposition 3.11.

4. MINIMALITY OF THE UNIT BALL AMONG NEARLY SPHERICAL SETS

This section is devoted to the proof of the minimality of the unit ball of R™ among t-nearly spherical
sets, for small ¢ and e.
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4.1. A Fuglede-type result for the nonlocal perimeter. The minimality of the unit ball among
nearly spherical sets relies on a bound (in our case, an upper bound) on the quantity Pg,_ (E;) — Pq,(B1)
for a centered t-nearly spherical set F; with 0E; = {(1 + tu(z)) : = € S""'}, in terms of the L? norms
of w and V, u on the sphere. In the case of the local perimeter, this kind of control is well-known and
is originally due to B. Fuglede (see [18, Theorem 1.2]), who proved

t? P(E;) — P(By) 3
0 (”uHQL?(S”*l) + ||VTU||%2(STH)) < —PB) < g”VTUHQLQ(Snﬂ)v

provided that t is small enough, depending only on n. One can find a more precise lower bound
in [19, Proof of Theorem 3.1, eq. (3.8)]. Similar results were obtained for so-called fractional perimeters
P, as well as for Riesz potentials in [14] (see Theorems 2.1 and 8.1 therein), where the quantities are
bounded in terms of the L? norm and fractional Sobolev seminorms on the sphere. OQur computations
are inspired by the ones in [14], however, due to the general form of the kernel G, they are more involved
and quite tricky at times.

In addition, when e vanishes, the quadratic terms from the Taylor expansion of Pg_(E:) — Pq_(B1)
compensate exactly those of P(B;1) — P(E}), so that the constant v must be smaller than 1, and the
expansion needs to be pushed to the third order to be able to conclude. Let us point out that similarly
to fractional perimeters, fractional Sobolev-type seminorms associated with the kernel G, (and its
derivatives) naturally appear in the expansion. However, those converge to the H! seminorm as e
vanishes, which is the quantity we need to compare them to (when expanding the local perimeter): that
is why we chose to control Pg_(E;) — Pg_(Bi) directly in terms of the H' seminorm of u on S*~1.

Lemma 4.1. Assume that G satisfies (H1), (H2) and (H3). There exist positive constants €5 = g5(n, G)
and tg = to(n) such that the following holds. If E; is a centered t-nearly spherical set with 0 < t < to,
then for any 0 < € < €5, we have

t2
P (E;) < Pg,(B1) + ) ((1 + C’q,,(e))||VTu||2L2(Sn,1) —(n— I)HUHQL?(SH*l))

\ , , (4.1)
+C8 (V- wllfagns) + [ull3z@nr))

where C = C(n,G), ¢, is given by Lemma 2.4, and g,(¢) — 0 as e — 0.

Proof. In the proof, unless stated otherwise, C' denotes a positive constant depending only on n and
possibly changing from line to line. For the sake of brevity we write B for the open unit ball in R™, 0B
for the unit sphere S*~', and ||||sc for ||-[| Lo (gn-1). Let 0 < & < &5, where &5 = £5(n, G) is to be fixed
later.

Let tg = to(n) < % to be fixed later, and let E; be a centered t-nearly spherical set such that
OE; = {(1+ tu(x))z : z €S" '} with 0 <t < to. We proceed in 3 steps.

Step 1. We rewrite Pg_(E;) in a more convenient form, introducing two terms that we will control
from above in the next steps. Using polar coordinates, we have

1+tuw
L(E}) *2// / / G-(rz — py)r"tp" " tdrdpdst~ 1d%”1
O0Bx0B 1+tu(y

By symmetry of G, we see that

1+tu(x)
L(Ey) // / / G(rz — py)r"Lp"Ldrdp
O0Bx0B 1+tu(y)
1+tu(y)
/ / Go(rx — py)r" 1" tdrdp | doe? d%’;"il.
1+tu(x)

Using the identity

LL Ll
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and the symmetry of G yet again, we find

1+tu(x) 1+tu(;v)
(Ey) = // / / Ge(rz — py)r"Lp"tdrdpds"~ 1d<%”" !
OBx0B J 1+tu(y) 1+tu(y)

1+tu(x)
+2// / / G.(rx — py)r"tp"tdrdpd"~ 1d%ﬁ" L
OBx0B 1+tu(x)

Changing variables, we deduce
P,

_tz// / / (1+ta)" (1 + )" ' Ge(z — y + t(az — by)) dadbdsz~ dt) !
OBx0B (y)

1+tu (z) (42)
—|—2// / / G.(rz — py)r" tp" tdrdpds 1dj‘f” !
OBx0B 1+tu(x)
20e(t) + e (1)
This concludes Step 1.
Step 2. Estimation of ¢.(t). Note that by Lemma 2.4 and Remark 2.5, we have
- — u(y))Cele — ) AT A
6B><BB
_ 2
OBx0B |z —y
< (1+Can(@) IV ull2(gn-1)-
Then let us write,
u(x) u(z)
// / / L+ ta)" (1 + )" 'Ge(z — y + t(azx — by))
9Bx8B )
— Gz - y)) dadbdsz " dr
= // / 1+ ta)" (1 +tb)"~ 1) Ge(z —y) dadbdsz* "t dot) " (4.4)
OBx0B (y) Ju(y) '

+//¢93xa3 /u(: /u(y) (1+ta)”*1(1+tb)”*1<G€(x—y+t(ax—by)) —Gg(x_y))

dadbd.sz ' At

On one hand, since ||uljc < 1, on the domain of integration we have

[(14ta)" " (1 +tb)" " — 1] < Ct|jul| < Ct

u(y) U(y
C’t// / / xf )dadbdjf” 1djf” !
OBx0B

=t ule) = uw)*Gule - ) ot oty

B () —u@)® it
fc*t//aBXaB—nEa yl) dAn=t dgrt,

|z —yl?

Thus

where 7. is defined as in Lemma 2.4 so that g.(r) = nng). In view of Lemma 2.4 and Remark 2.5 again,

it follows

1) < Ct1+,0)) [ (97l a2 < O, ulffaonsy (45)

for any e small enough (depending only on n and G).
Let us now bound the term I5(t). Integrating on a line (recall that g is absolutely continuous in (0, +00)
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by (H3)), and using the inequality (1 + ta)” (1 + tb)*~! < 22(*=D for any 0 < |a|, |b| < ||ules < 1,
since t < tg < 1, we find

u(y) ru(y)
<Ct /// / /lVG (x —y + st(ax — by)) - (ax — by)| dsdadbd.s"~ 1d%ﬂn 1 (46)
(x)

Observe that in (4.6), if the term (x — y) inside VG, were not perturbed by st(ax — by), using the
inequality
laz —by* = (a = b)* +ablz —y[> < (1 + |V, %) |z — y* <2Jz —yf? (4.7)

on the domain of integration, we would have
t) < Ct // (u(z) — u(y))?|VGe(a — y)llz — y|ds d" " dot ",
OBx0B

which we could estimate in terms of |V, u||%2(sn,1) by applying directly Lemma 2.4 with ¢t — t|g’(¢)|
in place of g. Here, to deal with this perturbation, we apply the technical Lemma A.2, by showing that
the right-hand side of (4.6) is bounded by a term of the form

C’t/ // / / ke(|Pstn(z,y, 1, p)\)drdpd%nﬂ d%n,ld&
OBx0B

urul@,y 1) = (z =) + st (ru@) + (1= )z = (pu(y) + (1= pula))y]  (48)

is a small perturbation of (z —y), and k. is a kernel defined further below. Let us remark that, since G
is radial, we have VG (x) = gg(\x|)‘%, thus

where

(a+b) |z — 2 2
y|? + stlax — by
VG (2 — t(az — by)) - (ax — by) = g.(|z — t(az — b : 4.9
(o =yt staz = b)) - (a = by) = o = -+ st(a = by) ) = U 4
Then notice that, on the domain of integration, we have
|z —y + st(ax — by)|* = s*t*(a — b)? + (1 + sta)(1 + stb)|z — y|*
> (14 sta)(1 + stb)|z — y\z — sztz(u(x) - u(y))2 (4.10)
9 2 1 2 2 1 2
> p—yl2— — 2> |z —
> o~y — IV ullle — P > gla— ol
since t < to < . By (4.7), (4.10), and the fact that ¢ < o < &, on the domain of integration we deduce
b 1
OO oy stlaw — by <o~y + Lo~ of? <Al — y + st{az — by
Hence, with (4.9), it follows
VG (x —y + st(ax — by)) - (ax — by)| < Cke(|Jx — y + st(ax — by)|), (4.11)

where we have set k(r) := r|¢’(r)| and k.(r) :== e~ DE(e~1r) for all » > 0 and & > 0. For z,y € OB
fixed, making the changes of variables a = u(y) + r(u(z) — u(y)), and b = u(z) + p(u(y) — u(z)) in (4.6)
yields, with (4.8) and (4.11),

Ct/ // / / ke (|®stu(, y, ) P)|)d?"dpd%"*1 d{%znfl ds.
0Bx0B

By (H3), I} = I% < o0 and k(r) = O(r~(+1) at infinity, so the family (k.).¢ satisfies the assumptions
of Lemma A.2. Thus choosing ¢y < t;(n) and &5 < g, where ¢;(n) and g¢(n, G) are given by Lemma A.2,
we have

I(t) < CH|V7 ull 72 gn 1y,

for a constant C' depending on n and G. Combining this with (4.3) to (4.5), we deduce

?<(t) < (L4 Can(@NIIVr ullfz@nsy + Ct (lulfan-sy + Vs ullfans)) (4.12)

for some C' = C(n, G), which concludes this step.
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Step 3. Estimation of ¥.(t). By Fubini’s theorem, we have

1+tu(x)
—2/ / / rmlpnT 1( Ge(rz — py) d%”1> drdpds; . (4.13)
)z 1+tu(x) oB

Notice that for any rotation R € SO(n), |rx — p(R™'y)| = |r(Rz) — y|, so that, for any o € 9B, making
the change of variable ¢ = R~y with R a rotation mapping = to o, by symmetry of G, we find

| Getra-pyary = [ Gl sty
OB oB

Hence, the above integral does not depend on = € 0B, and by averaging over 0B, we obtain

| Getra-pary = i | Gt - gyt asg
oB P(B) OBx0B

Inserting this into (4.13) and using Fubini’s theorem once again yields

1+tu(x)
Pelt) = 5 / // / / 16, (ro — py) dr dpd A AL | dognt
1+tu(x)

/¢9B < //;;Hm(m) X B¢
1

=—— [ Pg.(B nt
P(B) /BB Gs( 1+tu(1:))dj£r

Then, by Proposition 2.1, we deduce

1 n—1 n—1
Ye(t) < P(B) /BB P(Biytu(z)) = /9B (1 +tu(z))” dog (4.14)

Ge(y—2)dy dz) dort

14tu(z)

Since t < to < § and [|u[| < 1, we have

2
(1+tu(z)" P <1+ (n— Dtu(x) + (n —1)(n — 2)%u(:c)2 + Ctlu(z)?,

thus, by (A.1) of Lemma A.1, from (4.14) it follows

We(t) < /33(1 + tu(a)) A

2

< P(B) + % (n—=1)(n—2)—(n-1)%) /aB u?dm /8B|u\3d<%”"_1 (4.15)

t2 e
:p(B)—(n—1)5||u||§2(gn,l)+t3/ fuf® den1,
oB

This concludes Step 3.

Conclusion. Eventually, gathering (4.2), (4.12) and (4.15), we find

t2
Pg.(Et) < Pg.(B) + 5 ((1 +Cqy()) V7 ullZ2(gn-1y — (n = 1)||U\|%2(swl))

+ 08 (V7 ul3an1y + lull3a@nr))
for some C = C(n, @), provided tg = to(n) is chosen small enough, which concludes the proof. O

4.2. Minimality of the unit ball. In order to take advantage of Lemma 4.1, one should have that
for a centered t-nearly spherical set E; such that OE; = {(1 +tu(z))x : x € S”fl}, the quantity

(1 + Can(@) V- ulfz@n-1) — (0 = Dllul G2

from (4.1) controls Hu||§{1(sn,1) for small ¢ and €. This is the purpose of Lemma A.1 in appendix.

With Lemma 4.1 and Fuglede’s result for the local perimeter, we deduce a lower bound for F, ¢_(E:)—
F5.6.(B1)-
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Proposition 4.2. Assume that G satisfies (H1) to (H3). Then there exist positive constants t. and €3
depending only on n, G and 7y such that the following holds. If Ey is a centered t-nearly spherical set
such that OB, = {(1 + tu(z))z : x € S"7'} with 0 <t < t,, then for every 0 < e < €3, we have

2

t
Fr6.(Be) = Fra.(B1) > 151 =) (V5 ey + [l ) -

Proof. Assume 0 < € < €3, and 0 < t < t,, where ¢, = t,(n) and e3 = e5(n, G, ) will be fixed later. If
E, is a centered t-nearly spherical set and ¢, < t; as well, where t; = t;(n) is given by Lemma A.1, we
have in particular

197 uls gy + NulBagnosy <4 (19 ulagosy = (0= DlfullBagnry) . (416)

Then, by [19, Proof of Theorem 3.1, eq. (3.8)] (which gives a more precise lower bound of P(E;) — P(B)
than [18, Theorem 1.2]) and (4.16), up to choosing ¢, even smaller but depending only on n, we have

t2
P(E) > P(B) + 5 (IIV ullfagnsy = (0 = Dlulagn-s)) = C (IV7 ullfz gy + [ullFzenr))

for some positive constant C' = C'(n). Then, assuming that t. < to(n) as well, and € < g5(n, G), where
to and €5 are given by Lemma 4.1, we find

Fyc.(Et) = Fye.(By)
t2
> S| =D(IVr uldaery = (0= Dlullfagnny) = Ca@IVrulfaen)]  (@17)

2
- Clt?’ (HV-,— u||%2(5n71) + Hu”%Z(S’nfl))?
for some positive constant C’ = C’(n, G), with ¢, (¢) — 0 as ¢ — 0. From (4.16) and (4.17), it follows

1/t
Fra.(B) = Fra. (B0 > 1 (5 (1-2) = C0(0) = (€4 ) (19wl + b))
Eventually, choosing €3, t. small enough depending only on n, G and v, forany 0 < ¢ < ez and 0 < t < t,,

we have )

t
Fr6(B) = Fra.(B1) > 151 =) (IVr ullfa@nsy + lulfaenr) )

which proves the result. O

An immediate consequence of Proposition 4.2 is that the unit ball is the only minimizer, up to
translations, of (P,.), among t-nearly spherical sets whenever ¢t < t,(n,G,~v) and ¢ < e3(n,G,7),
that is, Theorem 3. In dimension n = 2, by Theorems 2 and 3, setting e, := min(eq, e3), we readily
obtain Theorem A.

APPENDIX A. ADDITIONAL COMPUTATIONS FOR SECTION 4

In the following lemma, we establish some general inequalities on functions u : S*~! — R describing
centered nearly-spherical sets. For this, we need to recall a few basic facts and notation on spherical
harmonics. For k > 0, we denote by Sy the subspace of spherical harmonics of degree k (i.e., restrictions
to S*~! of polynomials of degree k in R™), which is a finite-dimensional vector space of degree d(k). Let
(Y{)ieq1,....d(k)y be an orthonormal basis of Sy, for the standard scalar product of L*(S"~!). When there
can be no confusion, we write Y, for a generic vector of the basis of Sg. It is well-known that the family
(Y,j);ee{Nl“”’d(k)} is a Hilbert basis of L?(S*~1) which diagonalizes the Laplace-Beltrami operator on the
sphere, and the eigenvalue associated with Y} is Iy, :== I, = k(k+n—2), foralli € {1,...,d(k)}. We recall
that d(0) = 1, d(1) = n, and that the Y; may be chosen colinear to z ~— z;, for example Y{ = |By|~2z;
foralli e {1,...,n}.

Lemma A.1. There exist t; = t1(n) > 0 and C = C(n) > 0 such that the following holds. If E; is a
centered t-nearly spherical set such that 0B, = {(1 4+ tu(z))z : z € S"™'} with 0 <t < t1, then we
have

2
’t/ ud%"71+(n—1)t—/ w? dm!
§n—1 2 Jgn—

<0t3/ lul® d™t, (A1)
S§n—1

and . 1
§||VTU||2L2(SH) —(n— 1)||U||%2(SH) > 5”“”%2(8"*1)’ (A.2)
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Proof. Since |Ey| = |B|, we have
n|Ey| :/ (1+ tu(z))" dn=! :/ Ld#"t = n|B|.
oB aB

Thus, writing

(1 + tu(z))" — (1 + ntu(z) + - 1)t2u(x)2) -y (Z) (),

k=3

we deduce (A.1), choosing e.g. t; = 1 and C depending only on n. There remains to show (A.2). We
decompose u in spherical harmonics

+oo d(k)
w=>Y > aj(u) Yy, (A.3)
k=0 i=1
so that
tood(k) Food(k)
HU||2L2(Sn—1) = Z Z aZ(u)Q, IV~ U||2L2(Sn—1) = Z Z Ik GZ(U)Z
k=0 i=1 k=1 i=1

Recall that d(0) = 1, Y{! is constant, d(1) = n, and that Y} is colinear to = +— ;. Since [y =n — 1
and [ > 2n for k > 2, it follows

1
§||Vru||2L2(Sn—1) — (n=Dull72gn)

n A4)
(n+1) ; (
> ulZagee sy~ 2 (DD a(w)? ) — - e
i=1
On one hand,
1
1 _ n—1
ao(u> = W - ud% 5
so that by (A.1), we have
ab ()] < gl oty < e (A.5)
ag(U)| X |Sn_1| u L2(sn—1) 2\/m u L2(Sn—1)5 .

up to choosing ¢; = t;(n) small enough, and using ¢ < ¢; and ||u||pn-1) < 1. On the other hand, the
barycenter condition
/ zxdxr =0
E;

gives
/ 21+ tu(@)" A" =0, Vie{l,...,n}.
Sn—1
Using the binomial formula again and Y7 (z) = |Bl|_%xi, we obtain, for i € {1,...,n},
al(u) = ydsar—t = ( > / au(z)k dsert
! \/lBl sn—1 1/|B1 Z gn—1
Next, using [|u]| e (gn-1) < 1, Cauchy-Schwarz inequality, and n|B;| = [S"!|, we get

n

2
|az(u)| < ;tQHUHLQ(Sn—l).
Whence, choosing ¢; even smaller, but still depending only on n, we may assume
. 1
2 2

> ai(w? < gl (4.6)

i=1
Gathering (A.4) to (A.6), we find

IV ulie@n-ny = (0 = DlullZe@n-1) > ||u||Lz sn-1);

which proves (A.2) and concludes the proof. O
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We establish a technical lemma to control terms of the form

// / / ke (1@t (2,y, 7, p)|) drdpdo "t dot
S§n—1x§n—1

by the H'(S"~1) norm of u, where ®,(x,y,r,p) is a small perturbation of (z — y), and k. are suitable
rescalings of a nonnegative kernel.

Lemma A.2. Let k : (0,400) — [0,+00) be a measurable function such that k(r) < Cor~ ™1 on
(Ro, +00) for some positive constants Cy, Ry, and

I} = |z|k(|z]) dx < +o0.
R"L
Let us define the rescaling k.(r) = e~ "tVk(e1r), r, € > 0. For v € Lip(S"™'), we define a
map P, : (S”_1)2 x (0,1)2 by
@ (2 yrp) = (o ) + [(o(@) + (L P)o)e — (o) + (1 ppo(@))]. (A

Then there exist positive constants t1 = t1(n), Co = Co(n,Cy,I}) and ¢ = g6(n, Ry) such that the
Jollowing holds. For any u € Lip(S™~") with ||u]| oo (gn-1) < 1, V7 ul poogn-1y < 1, and any t € (0,1),

we have
// / / e (B2, g, 7, p)]) dr dpdn =L d =1
Sn lXSn 1 (A.8)

<To (/ \V7u|2djf”‘1+/ |u|2d%”‘1>.
§n—1 Sn—1

Proof. Let t; > 0 to be chosen later. In the proof, we assume that 0 < t < ;. We work in local
coordinates, proceeding in two steps.

Step 1. Let us denote by D,.(z) the open ball of radius r centered at x in R™*~!. We first show that for
any u € Lip(Dz) such that |[@]|pe(p,) + ||Vl o (p,) < M, we have

|/ / / k(1®(2,y,m, ) drdpdady < © [ [VEPds, Vr,pe (0,1), (A9)
D2 D2 D2

for all € > 0, provided ¢ < t;, and t; is chosen small enough depending only on n and M, and
C = C(n,I}). Here, by a slight abuse of notation, ®, denotes the map from (R"’1)2 x (0,1)? whose
expression is given by (A.7). For v € Lip(D3), let us define the map F, : (R"‘1)2 x (0,1)% by

Ey(x,y,r,p) = (rv(z) + (1 = r)u(y)))z — (pv(y) + (1 — p)v(z))y,

so that ®,(z,y,r,p) =2 —y+ Ey(x,y,r, p). Due to the L* bound on @ and Vu, we easily see that
the maps E,~ converge uniformly to 0 on (D3)* x (0,1)? as ¢ vanishes. In fact, we have

E X , T, NS 2 ﬂ oo + Vﬂ oo Xr —
’ ( Y P)’ ( || HL (D2) H ||L (Dz))| Z/| Va,y € Da, Vr, p € (0,1). (A.10)

< 2ME |z — y]
In particular, choosing t; < 737 M,
[z —y
— <@y (w,y,mp)| < 2|2 —y[, Va,y € Dy, Vr,p € (0,1). (A.11)

Integrating on lines, using Cauchy-Schwarz inequality and Fubini’s theorem, we have

/Dz /D/ / k(| (2,97, o)) dr dpda dy

(A.12)
< / / / / V(e + s(y — 2) Pz — yPke(1@ (2, 9,7 p)]) de dy ds dr dp.
0 0 0 Ds J Do
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Now let us focus on the integral on Dy x Ds, fixing s € (0, %) and 7, p € (0,1). By (A.11), our choice
of t1, and the fact that 0 < ¢ < ¢y, it follows

A)Aﬁvmx+4y—xm%w—m%amﬂuwmmmdmm

(A.13)
<t [V sy - )Pl PR (@ o)) dedy,
Dy J Dy
We wish to make the change of variables
Vs os@y) = (2(x,y,m,p), (1= s)z + sy) = (2',9/).
First, let us remark that W ~ pos is an injection whenever #; < ﬁ. Indeed,
g — Uy — E~ _E~
qjt;rps(xl,yl) = \Ijt;;Tps(an?ﬁ) g " "2 v y2+ tu(wz’y2) tu(xl’yl)
(L= s)(@1 — x2) = s(y2 — y1)

(A.14)

21 — w3 = 5 [E(22,y2) — Ex(21,51)]
(L= s)(z1 — x2) = s(y2 —91)-

We compute
E(22,y2) — Ez(w1,91)
= t[(rlw2) + (1 = )ii(ya)) w2 — (rier) + (1= r)ii(y)) o |
— ] (pit(y2) + (1 = p)i(w2))y2 — (pii(yn) + (1 = pii(1) )i
= t] (rii(e2) + (1 = r)ii(y)) (w2 = @1) + (r(iiea) = (1) + (1= 1)(@l) - A(y2)))a1]
— [ (piily2) + (1 = p)iw2)) (v2 = 1) + (p(ii(y2) — Uyn)) + (1 = p) (ii(w2) = (1)) .
thus, using the inequality |[i]| L (p,) + ||Vl L (py) < M and the fact that 1,51 € Dy, we find

|Ez(22,y2) — Bz (z1,51)| <t ([[tll~(p,) + 21Vl (D)) (|22 — 21| + [y2 — 31])

COME (o=l —wil). )
If (1 —s)(z1 —x2) = s(y2 — y1), (A.15) implies
s|E~(22,12) — E (w1, 51)| < 2Mi|wg — a1,
and plugging this into (A.14), we see that \I/tg,ms is injective if t; < ﬁ. Then, a simple computation

gives

I R (s (AR e

where I,, denotes the identity matrix in R"™, and for almost every z,y € Da,

Aw,y) = Lo+ [ (ri@) + (1= r)ia(y) T + (7o — (1 = p)y) @ Vii(x)|
and

B(z,y) = I + t[ (piily) + (1 = p)i@)) I + (py — (1 = 1)) @ V() .
Since det DU ~ =det(sA+ (1 — s)B) and

sA(w,y) + (1= 8)B(e,y) = L+ t[ I + s(ra — (1= p)y) @ Vii(x) + (1 = )((1 = 1)z = py) @ Vaily)]

we see that, choosing t; even smaller if needed, depending only on n and M, we have

1
|det DU ~  (z,y)| = =.

tu,rp,s 2
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Hence, making the change of variables (2,y’) = ¥~ , J(7,y) in (A.13) yields
/ Vi(z + s(y — )1z — y*ke (19 5z, y, 7, p)|) dz dy
Do J Do
<s Vi)l PR da! dy (A.16)
t:,7‘,p,s(D2><D2)

<s( [ wawea) ([ k1) ).

where we used the fact that ¥ ~ . (D2 x Dy) € Dg x D, for the last inequality, in view of (A.11).

Plugging (A.16) into (A.12) and making the change of variable t' = t/e gives (A.9), by the assumptions

on k, which concludes this step.

Step 2. We split the domain of integration in the left-hand side of (A.8) in {z,y € S"™! : |z —y| > I}

and {x, yesStl i |z —y| < i} We first treat the contribution of distant pairs (z,y). Choosing #;

small enough depending only on n, we have

|z —y|
2 )

so that, by the squared triangle inequality and by symmetry,

// / / ke (|®eu(,y, 7, p)]) dr dp dt " At !

|‘I)tu($7il/77"7 P)| 2 € Sn_l, VT,p S (07 1),

s 1 xS§™— 1
{lz—yl>1}
1 1
g 2/ |u(l‘)2< / / / ks(‘¢tu(w7yara p)‘) dr dpd%nl) d‘%‘?nnil (A]'?)
Sn—1 0 0
gn—1

{la—yl>1}

< 2|S"_1| (/ |u|2d%"_1> (sup kg(r)> )
Sn—1 r>é

Then, choosing g =
(A.17) implies

8R , and using that k(r) < Cor~ (1 for all r € (R, +00), for any 0 < & < Zg,

// / / ke(|eu (@, y, 7, p)|) dr dpd.t =t doty
0 0

S 1 XSn7

{le—y/>1) (A.18)

<C |u|? d™t,
Sn—l

for some C = C(n, Cy).

There remains to estimate the integral over the domain M = {m, yesStl |z —y|< i} For this,
we cover M by a finite number N(n) of M; = ST~ (z;) x S '(x;), where for each i € {1,..., N},
x; € S" 1, and Si_l(xi) denotes the hemisphere with center x;. Using the stereographic projection
II; with respect to —x;, we map S"_l(m,) to Dy C R"~!. By the changes of variables & = II;(x),
¢ = IL;(y), setting @; == uoII; ', we have ||ul||Loo(D2) + V|| L (py) < C(n) since [|ul[ foo(gn-1y < 1
and ||V ul| poo(gn-1y < 1. Applymg Step 1 with @ = u;, for any € > 0, we obtain

// // ke (| g (2, y, 7, p)]) dr dpdstn =t At~

<cf /0/0@@)—% )21y (€, G, p)]) dr dpd d¢
<C V|2 de < C v, ul? e,
/Dz| u;|” dw /Si‘l(zi) ul

whenever ¢ < #;, where t; = ;(n) and C = C(n, I}). Summing these estimates over i € {1,..., N(n)}
and using (A.18), we conclude the proof. O
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