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THE ISOPERIMETRIC PROBLEM FOR THE PERIMETER MINUS A
FRACTION OF A NONLOCAL APPROXIMATE PERIMETER IN 2D

BENOIT MERLET AND MARC PEGON

ABSTRACT. We prove that unit area minimizers are disks for an isoperimetric problem in which the
standard perimeter P(F) is replaced by P(E) — vP:-(E), where v € (0,1) and P: is a nonlocal energy
such that P:(F) — P(FE) as ¢ vanishes.

More precisely, we show that in dimension 2, connected minimizers are necessarily convex, provided
that € is small enough. In turn, this implies that minimizers have nearly circular boundaries, that is,
their boundary is a small Lipschitz perturbation of the circle. Then, using a Fuglede-type argument,
we prove that in arbitrary dimension n > 2, the unit ball in R™ is the unique unit-volume minimizer
of the problem among nearly spherical sets. As a consequence, up to translations, the unit disk is the
unique minimizer.

This isoperimetric problem is equivalent to a generalization of the so-called liquid drop model for the
atomic nucleus introduced by Gamow, where the nonlocal repulsive potential is given by a radial
kernel sufficiently integrable kernel. In that formulation our result states that above a critical mass
mg, the disk of area m > myg is the unique minimizer of area m, up to translations.
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1. INTRODUCTION

Given a positive, radial, integrable kernel G : R® — [0, +00) with finite first moment (that is,
|z|G(z) € L'(R™)), we consider the so-called nonlocal perimeter functional Pg (see e.g. [9, 5]) defined
on measurable subsets £ C R™ by

Pg(F) = 2//EX(RR\E) Gz —y)dedy = //"x]R"llE(m) —1p(y)|G(z — y) dzdy. (1.1)

Here 15 denotes the indicator function of E.

For & > 0, we introduce the rescaled kernel G, () = e~ "tV G(e~1z), z € R™. As will be justified later,
the first moment of G is fixed to an explicit dimensional constant (see (H2)) so that Pg_(E) converges
to P(E) as € vanishes. Given v € (0,1) and € > 0, we study the minimization problem

min § P(E) —v Pa.(E) : |E| = |Bi ¢, (Pr.e)

over sets of finite perimeter E in R™, where |E| denotes the volume of E, that is, its Lebesgue measure,
and Bj is the open unit ball of R”.

Let us emphasize the competition between the two terms. The perimeter is an attractive term
minimized by balls under volume constraint. On the contrary, if G is radially decreasing, it is easy to
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see that, due to the negative sign, the nonlocal term is maximized by balls.! This competition makes
the minimization problem nontrivial, even when it comes to existence of minimizers.
Let us introduce the “critical energies”

SGE = P_ PGE :\F:LGE,
and define the energies
Fr.a.(E) = (1 =7)P(E) +7&c.(E) = P(E) =7 Pa.(E). (1.2)

Although the paper mostly deals with the “subcritical case” v < 1, we focus on the critical energies in
Section 3.1, and show that they decrease by convexification. Finally, for any k& € N\ {0}, we denote by

= [ a0k 1 6(a) ds
Rn

the k-th moment of the (k — 1)-th radial derivative of the kernel G, whenever it is well defined.
In the paper, starting from Section 2, we shall always implicitly assume that the kernel G
satisfies the following general assumptions:
(H1) G is nonnegative and radial, that is, there exists a measurable function g : (0, +00) — [0, +00)
such that G(z) = g(|z|) for a.e. z € R™;
(H2) the first moment of G is finite and set to be

1
IL =
¢ I<1,n7

where, for any v € S"~!, the constant K; ,, is defined by
K, :]l lo-v|doer L.
Sn—l

Starting from Section 4, we may explicitly use the extra assumption
(H3) G € W2 (R™\ {0}) and the moments I are finite for k € {2,3,4}.

loc

Note that those assumptions are in particular satisfied by so-called Bessel kernels, that is, fundamental
solutions of the operators (I — kA)%, for a,k > 0 (see e.g. [28, § 3.2] or [18] for their definition and
properties).

We are interested in the asymptotic behavior of (P, ) as ¢ vanishes, especially in the planar case
n = 2, where we prove that the unit disk is the only minimizer, up to translations, provided that ¢ is
small enough. Note however that the intermediate results of Section 3.4 and Section 4 are obtained in
arbitrary dimension, that is, convex minimizers are so-called nearly spherical sets, and the unit ball of
R™ is the unique minimizer among nearly spherical sets whenever ¢ is small enough.

Let us elaborate on the motivation for studying problem (P, ). In fact, it is closely linked with
variations of Gamow’s liquid drop model for the atomic nucleus. Indeed, if in addition we assume that
G is integrable in R™, then we may write

1
3 Pg, (E) = |G|l @m) | E| = // G(z —y)dzdy, (1.3)
EXE

so that, changing variables, we see that F is a minimizer of (P, ) if and only if the set F :==¢ " 'E is a
minimizer of

min {P(F) +/ Glz—y) : |P|= ma}, (1.4)

FxF

where m, := £ "|By| and G := 2G. When n = 3 and G(z) = 8%%, this is Gamow’s liquid drop model
(see [10] for a general overview); note however that in that case, the minimized functional cannot be
rewritten as the difference between the perimeter and a nonlocal perimeter, since G is not integrable
near the origin. As a prototypical model for various physical systems involving the competition between
short-range attractive forces and long-range repulsive ones, generalizations of this model have gained
increasing interest during the past decade, in particular generalizations in higher dimensions, where the
Coulomb potential is replaced with Riesz potentials, that is, G(z) = |#|*~™, a € (0,n). Without being
exhaustive, it was shown that for every Riesz kernel, there exists a critical mass mg > 0 such that, for
every m < my, the ball of volume m is, up to translations, the unique minimizer of the liquid drop

n fact, even if G is not radially decreasing, G “concentrates” near the origin when ¢ is small, heuristically making
(— Pg.) a repulsive term whenever G does not vanish identically.
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model (1.4) (see [20, 21, 19, 6, 13]). Conversely, for a € [n — 2, n), there exists a critical mass m; > 0
such that, for every m > mj, the problem admits no minimizer (see [6, 20, 21, 23, 14]). More general
kernels of Riesz-type were then studied e.g. in [8, 26], where the unit ball is shown to be the unique
minimizer in the small mass regime. The case of general compactly supported kernels has also been
addressed in [29], where the author shows existence of minimizers for all masses.

Between Riesz kernels, which are not integrable at infinity, where (1.4) does not admit minimizers
above a critical mass, and compactly supported kernels, where (1.4) always admits minimizers, it is
natural to wonder what happens with non-compactly supported but reasonably decaying kernels, such
as Bessel kernels. These kernels behave as Riesz potentials near the origin, but decrease exponentially at
infinity. They were suggested in [22] as a replacement for Riesz kernels for modeling diblock copolymers
when long-range interactions are partially screened by fluctuations in the background nuclear fluid
density. The study of the liquid drop model in the large mass regime with kernels satisfying assumptions
(H1) and (H2) (such as Bessel kernels), which is equivalent to the study of (P, ) when ¢ is small, has
been started by the second author in [28]. The existence of minimizers for any v € (0, 1) was established
therein for £ small enough, as well as the convergence of minimizers to the unit ball as € vanishes. It
was conjectured there that the ball is actually the unique minimizer up to translations, for € small
enough.

In this paper, we give a positive answer to this conjecture in dimension n = 2, with the extra
assumption (H3), which is still satisfied by Bessel kernels. The conjecture remains open in higher
dimensions. Note that the kernel G is assumed to be radial but not necessarily radially nonincreasing,
as is often the case. Let us also emphasize that, contrarily to the small mass regime for Riesz-type
potentials, where the nonlocal repulsive term vanishes compared to the attractive perimeter term, here
the nonlocal perimeter term does not vanish but rather localizes to a fraction of the standard perimeter.
Although the small mass regime has been extensively studied, the literature on large mass minimizers
for Gamow-type problem is still sparse, and existence is usually recovered by adding an extra attractive
potential such as in [2, 1, 17].

We shall now state the main result of the paper.

Theorem A (Minimality of the unit disk). Assume n =2 and G satisfies (H1) to (H3). Then there
exists €. = €.(G,7y) > 0, such that, for every e < €., the unit disk is the unique minimizer of (Pyc), up
to translations.

The proof decomposes as follows. First we establish:

Theorem 1 (2D minimizers are convex). Assume n =2 and G satisfies (H1) and (H2). Then there
exists €1 = €1(G, y) > 0 such that, for every 0 < € < €1, (P,.c) admits a minimizer, and every minimizer
is convex, up to a Lebesgue-negligible set.

The existence of minimizers for small ¢ was shown in [28], where the author also proved that they
are necessarily connected whenever ¢ is small enough. The idea for proving the convexity of minimizers
is to study the critical energy on the real line, and show that it decreases by convexification and by
expansion of segments, so that, by a slicing argument, the critical energy of a connected set in dimension
2 decreases after convexification. As a consequence, since the perimeter of a connected set is also
reduced by convexification, so is F .. This slicing argument is specific to the dimension 2, where a
line intersects a connected set if and only if it intersects its convex hull. This fails in higher dimension.

Note that this is not enough to conclude that minimizers are convex. Indeed, although for every
minimizer £ C R? with ¢ small enough, we have F, g_(co(E)) < F, g.(E), where co(E) denotes the
convex hull of E, the volume of co(F) is larger than |B;| if E is not convex. However, using the fact
that a minimizer F is already close to the unit ball by [28] and the convexity of co(E), we prove that,
if £ is not convex, scaling down co(E) to make its volume equal to | B | strictly decreases F, ¢ (E),
which contradicts the minimality.

The convexity of minimizers E. allows us to improve the convergence of JF. towards 0B; as € goes
to 0, from the previously known Hausdorff convergence to Lipschitz convergence. We deduce that
minimizers are nearly spherical sets, whose definition we give just below.

Definition 1 (Nearly spherical sets). For t € (0,3), we say that E is a centered t-nearly spherical

set if
/ zdx =0,
E
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and if there exists u € Lip(S"™') with, |Ju|| poc(gn—1) + || V7 t|| oo (gn-1) < 1 such that
OF = {(1 +tu(z))z : w€ S"fl}.

In dimension n = 2, we use the terminology “t-nearly circular set” for “t-nearly spherical set”.

Theorem 2 (2D minimizers have nearly circular boundaries; see Proposition 3.11). Assume n =2 and
G satisfies (H1) and (H2). There exist €2 = £2(G,~) > 0 and a function t : (0,e2) — [0, 3) depending
only on G and ~y vanishing in 0 such that, for every e < e2, any minimizer E of (P, ) is, up to
translation, a centered t(e)-nearly circular set.

Theorem 2 is a direct consequence of Theorem 1 and the uniform convergence of minimizers already
shown in [28], using the geometric fact that the normal vectors to a convex set lying between two balls
B, and Bg, r < 1 < R converge to those of the unit ball as r, R — 1 (see [27, 15]).

We end the proof by showing that for € and ¢ small enough, any centered ¢-spherical minimizer of
(P4.,e) is the unit ball. This last result is not specific to dimension n = 2.

Theorem 3 (Minimality of the unit ball among nearly spherical sets; see Proposition 4.3). Assume
that G satisfies (H1) to (H3). Then there exist t, = t.(n,G,v) > 0 and 3 = e3(n, G,~) > 0 such that,
for every t < t., if E is a t-nearly spherical set, then we have

Fye(Br) < Frye(E), V0 < e <es,
and the inequality is strict if E # By.

The proof relies on a Fuglede-type result [15] for the nonlocal perimeter P, of nearly spherical sets
E.: more precisely, by a Taylor expansion we control Pg_(E;) — Pg.(B1) from above in terms of the
H'(S"1) norm of the perturbation u describing E; (see Lemma 4.2).

Theorem A is then an immediate consequence of Theorems 1 to 3.

Outline of the paper. The structure of the paper follows the strategy of the proof. In Section 2 we
recall some useful results from [28] on minimizers of (P, ) and some facts on nonlocal perimeters. In
Section 3, we show that 2D minimizers are convex and thus nearly circular sets for small ¢, that is,
Theorem 1 and Theorem 2, where the latter is a consequence of Proposition 3.11. Finally, Section 4 is
dedicated to the proof of Theorem 3, which is a consequence of Proposition 4.3.

Notation.

Operations on sets. For any set E C R™, E° := R™ \ E denotes its complement, co(E) its convex hull
(that is, the intersection of all convex sets containing E), and |F| its Lebesgue measure, whenever E is
measurable. We write E LI F' for the union of two disjoint sets.

Hausdorff measures. We denote by % the k-dimensional Hausdorff measure in R™. When integrating
w.r.t. the measure /% in a variable x, we use the notation d.#* instead of the more standard but less
compact d.*(x).

Balls and spheres. We denote by B,.(z) the open ball in R™ of radius r centered at x. For brevity, we

write B, when z is the origin. The volume of B; is w, = |Bi] and the area of the unit

r(1+3)’
sphere S"~1 is #"~1(S"~1) = nw,,, which we also write [S"~!| for simplicity.

Sets of finite perimeter. We denote by BV(R™) the space of functions with bounded variation in R".
For any f € BV(R™) we let | D f| be its total variation measure, and set [f]gy(®n) == [g. |Df|. For a set
of finite perimeter F in R™, we let 15 € BV(R™) be its characteristic function (i.e., 1g(z) =1ifz € F
and 0 otherwise), and define its perimeter by P"(E) := [p, |D 1p|. When there can be no confusion,
we may drop the superscript and simply write P(E) for the perimeter functional in R™. We denote by
pE = D 1g the Gauss—Green measure associated with the set of finite perimeter E, and by vg(z) the
outer unit normal of 9*F at x, where 0* F stands for the reduced boundary of E. We refer to e.g. [12,
Chapter 5] or [24] for further details on functions of bounded variations and sets of finite perimeter.
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2. PRELIMINARIES

From now on we assume that G satisfies (H1) and (H2).

For a general nonnegative radial kernel K with finite first moment, we have the following control of
P by the perimeter, as an immediate consequence of [28, Proposition 3.1] and of the second expression
of the nonlocal perimeter in (1.1).

Proposition 2.1. If K : R” — [0,4+00) is a nonnegative radial kernel with finite first moment, for
every set of finite perimeter E in R™, we have
Pk (E) < K1, I P(E).
In particular, by (H1) and (H2), we have
Pqe.(E) < P(E), Ve > 0.
We also have the following convergence result, which is a consequence of [11].

Proposition 2.2. For any set of finite perimeter E in R™, we have

e—0

Pe (E) — P(E).

We will use the following computation obtained in [28, Lemma 3.5], which clarifies the behavior of
the nonlocal perimeter under scaling.
Lemma 2.3. For any set of finite perimeter E C R™, the function t — Pg_(tE) is locally Lipschitz
continuous in (0,+00), and for almost every t, we have
d n 1~
— [Pg.(tE)| = — Pg.(tE) — = Pg_(tE

where Pg_(E) is defined by
Pg (E) := 2/ Ge(z—y)(y — ) - ve(y) d%@”_l dz. (2.1)
EJoE

Let us remark that in [28], G is assumed to be in addition integrable in R™, but the proof is already
done by approximation with smooth compactly functions, and it adapts by approximating x — |z|G(x)
with functions z +— |2|Gr(z) in L'(R") s.t. |Gx| < G and noticing that

|Pc(E) = P, (E)| < P(E) IRnlxll(G = G)(x)| da.

In order to study the minimality of the unit ball among nearly spherical sets, we will use the following
Bourgain-Brezis-Mironescu-type result (see [7]) for approximating the H! seminorm on the sphere by
nonlocal seminorms.

Lemma 2.4. Let us define the (n — 1)-dimensional approzimation of identity (1e)eso by
n(t) = 2tg(t), and n(t) == e~ V), Yt >0, Ve > 0.

When n = 2, we assume in addition that g is such that the family (n:)eso satisfies
sup 7(r) =29 o, VR € (0,2). (2.2)
re(R,2)

Then for any u € HY(S"™1), we have
2
u(z) — u(y . _ .
J MO et < (@) [ Vaular
Sn—1xsn—1 lz =yl §n—1
where qy(g) vanishes as € goes to 0, and depends only on n and G. In addition, for any u € H(S" 1),
_ 2
// (U(ZL’) u(2y)) T}s(|1’ . y|) d%nfl d%nfl e—0 / |v‘r u|2 d%nfl'
Sn—1xgn—1 |z =yl sn—1
Proof. One easily checks that assumptions (H1) and (H2) ensure that the family (7.)c>0 is a (n — 1)-

dimensional approximation of identity, up to multiplication by the constant Kz ,,—1 = =, i.e,,
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1 Foo

ey e n—=2 _
Kot (ii) g1_1>r(1) ; Ne(r)r"~*dr =0, Vé>0.

+o0o
0 1872 [

These properties (together with (2.2) when n = 2) allow us to apply [28, Propositions A.1 & A.4],
which gives the result. O

Remark 2.5. If (H3) stands true, then the condition (2.2) is satisfied, in particular when n = 2. Indeed,

T—00

by Remark 4.1 below, we see that (H3) implies that »"*1g(r) — 0, so that
775(7,> — 7”28_(”+1)g(5_17’) — Tl_n(€_17“)_(n+1)g(€_17”)
vanishes uniformly on (R, 2) as e — 0, for every R € (0,2).

Eventually, gathering results from [28, Theorems A and B] (see also Theorem 4.16 therein), we
have existence and convergence results for minimizers of (P, .). We also know that minimizers are
connected for small €. Here connectedness is to be understood in a measure-theoretic sense for sets of
finite perimeter, often referred to as indecomposability, as defined below (see [3]).

Definition 2.6. We say that a set of finite perimeter E is decomposable if there exist two sets of
finite perimeter E; and Ey such that F = Ey U Ea, |Ey| > 0, |E2| > 0 and P(F) = P(E;) + P(E3).
Naturally, we say that a set of finite perimeter is indecomposable if it is not decomposable.

Let us remark that by [3, Theorem 2], the notion of connectedness and indecomposability coincide
whenever E is an open set of finite perimeter such that #"~1(9F) = #" 1(0*E).

Theorem 2.7. There exist ¢g = €o(n, G,v) and a function § = 6(n,G,7) : (0,+00) — (0, 1) vanishing
in 0 such that the following holds. For every 0 < e < €g, (P+,c) admits a minimizer. In addition, any
such minimizer E. is indecomposable, and up to a translation and a Lebesgue-negligible set, it satisfies

31,5(5) CE. C Bl+6(5)- (2.3)

In dimension n = 2, any minimizer E. with 0 < e < gg is Lebesque-equivalent to a connected set which

still satisfies (2.3).

Proof. In [28], the kernel G is assumed to be integrable in R™. However, it is actually only required
for the two following reasons: first, to be able to write (1.3) and obtain the equivalence with the
Gamow-type minimization problem (1.4); second, by this equivalence, to deduce that minimizers of
(P,e) are so-called quasi-minimizers of the perimeter, and thus are (non-uniformly in €) C 1’%-regular
outside a “small” singular set. Here, we do not need the equivalence with (1.4) nor the a priori regularity
of minimizers. In the end, apart from the Cclz partial regularity of minimizers, all the conclusions
of [28, Theorems A and B] follow. More precisely, there exists g = €¢(n, G, ) such that, for any
0 < e < €g, (Py,c) admits a minimizer. In addition, any such minimizer E. is indecomposable and, up
to a translation and Lebesgue-negligible set, it satisfies

Bi_5() € Ee € Biys(e),

where & : (0,+00) — (0, 1) is a function depending only on n, G, and ~ vanishing in 0.

To conclude, there remains to show that in dimension n = 2, E. is equivalent to a connected set with
(2.3), that is, to link the indecomposability of E. with the topological notion of connectedness. It is not
a trivial question, at least without (weak) regularity results on minimizers. However, [3, Theorem §]
shows that in dimension 2, E. = Eé‘/[ \ 0°E. is connected, where Eé” is the measure-theoretic interior

of E., and

1 *
O°E. = {:c € R? : limsup A (0" B 0 Br(w)) > 0}.

r—0+ r
Since 1 (OSE. \ 0*E.) = 0 and L2(E.AEM) = 0, we have |E.AE.| = 0, and since Bi_s5¢) C EM C
Bl+6(s) and BSEE - §1+5(5) \Bl_(;(g), E‘8 satisfies (23) (]

Remark 2.8. In higher dimensions n > 3, one could show as well that any minimizer of (P.) is
equivalent to a connected set for small ¢, without assuming that G € L'(R™). Indeed, proceeding
e.g. as in [25, Lemma 5.6], it is possible to obtain uniform (w.r.t. €) density estimates for minimizers,
and with those to deduce that any minimizer is equivalent to an open set E. such OF. = spt pu.. The
indecomposability of E. then implies connectedness by [3].
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3. MINIMIZERS ARE NEARLY CIRCULAR SETS IN DIMENSION 2

3.1. Decrease of the critical energy by convexification. We can recover the nonlocal perimeter
of a measurable set £ C R™ by integrating the 1-dimensional nonlocal perimeter of all 1-dimensional
sections of F in a given direction, and averaging over all the directions.

Proposition 3.1. For any measurable set E C R" ™1, we have

/S" 1 /@pan(o))L <ﬂa yX(R\E; )
= P, (Eqy)dst) " | da ",
2wn—1 /Snfl <~/(span(z7))L Y Y

E,y = {s ER : y+soe E}, (3.1)

Pe (E) |s—t|ga(|s—t|)dsdt> d%‘;"_l dser—t

where

Wn_1 is the volume of the unit ball in R* ™1, and P})E is the 1-dimensional nonlocal perimeter in R
associated with the kernel p. defined by pe(r) == wn_1|r[""Lg.(|r]) for L -a.e. r € R, that is,

_ //RXRHJ(S) —1(6)|pe(s — t) dsdt,

for every measurable set J C R.

Proof. By the change of variable y = x + ro with fixed x and Fubini’s theorem, we have

(E) = 2// Gz —y)dzdy
ExE°
—+o0
:2/ / /lEc(ac+TU)T"_1g€(r)dxdrd%f,1
sn=1Jo E
_ 1 / // 1pe(x + 7o) po(r) de dr d7
Wn—1 Jsn-1 JRJE

where we have used the definition of p. for the last equality. Then, for o fixed, let us make the change
of variable x = y + so, where y = T(span(0))+ () is the orthogonal projection of z on (span(o))*t. This
yields

1
P (E) = 5/3 / o //RlE(SU+y)lEc((s+r)0—i—y)pg(r)dsdrd%"_ldjﬁ”_l.
n—1J (span(o

Finally, using Fubini’s theorem and making the change of variable ¢ = s+ 7, where s is fixed, we obtain,
by definition of E, , and P},E,

1
PaE)= 5 [ S S, S, e~ Oty 0
Wn—1 Jsn-1 (span(o))+ R\E,,y

1
= P! (B, ,)dx" "t dar—t.
2Wn—1 /Sn—l ~/(span(a'))i pE( ,y) Y

This concludes the proof. O
Remark 3.2. Recall that by [28, Lemma 3.13], K; ,, = fr((n) Iy so that, by (H2), the kernel p. satisfies
o0 2wn_1fé; 2wn—1 1
t|pe(t) dt = 2w, t"g:(t) dt = = =1=—=—.
Lo at =20,y [ g ar = Zaie = L2 21 =

Hence by Proposition 2.1, we have
1 _ 1
&, (E)=PE)-P, (E)=0

for every measurable set & C R.
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Similarly, as a straightforward consequence of [4, Theorem 3.103], for any set of finite perimeter
E CR" ' E,, is a one-dimensional set of finite perimeter for #" !-a.e. o and y, and we have

1
P(E) = / / P (Eqy) dot) " d !,
2wn—1 Jgr-1 J(span(o)) -

where PY(E, ) = #°(0E,,) is the standard perimeter in dimension 1. Hence we have the following
representation of the critical energy &;..

Corollary 3.3. For any set ofﬁm'te perimeter B C R™, we have

%n ld%n 1
: 2w7l 1 /S" 1 x/span(a))L p€ )

where ) = P — P1 _, and E,, is given by (3.1).

Ea.(

For a segment (a,b) C R, we have the following simple expression of the one-dimensional critical
energy.

Lemma 3.4. For every a,b € R such that a < b, we have

a +oo
! ((a,b)) = 4[ /b pe(s —t)dsdt. (3.2)

In particular Epli (a,b) decreases as the interval grows. In addition,
1 _ el _
&p. ((b,+00)) = £, ((—00,a)) = 0. (3.3)

Proof. By a change of variable and Fubini’s theorem, for any a € R, we have

Ppli((—oqa)):2/_;/(1+mp5(t—s)dsdt:2/0+Dop(t) (/Otds> dt :2/0+Octp(t)dt:1.

Similarly, P} ((b,+00)) = 1, and since P'((—00,a)) = P'((b,+00)) = 1, (3.3) follows. Next,
2= P'((a,b)) = P'((~00,a)) + P ((b, +0))

/ / (s —t) dsdt+2/ / (s —t)dsdt,

for every a,b € R such that a < b. We also have

a b “+o0 b
= 2/ / pe(s—1) dsdt+2/ / pe(s —t)dsdt. (3.5)
—oo Ja b a

Subtracting (3.5) from (3.4), we obtain (3.2). O
For a general set of finite perimeter in R, we have the following expression of the critical energy.

Lemma 3.5. For any set E C R which is the finite disjoint union of open intervals, let {Ci}ieqi,... N1
be the connected components of E€. Then we have

g (m=2 Y //CXC pels —t)dsdt + 3 €L (C), (3.6)

1<, j<KN & CixC i=1
i)

where, for the intervals C;, 8;5 (C) is given by Lemma 3.4.

Let us point out that E° may have up to two unbounded connected components, and their critical
energy is 0 by Lemma 3.4. As a consequence of Lemmas 3.4 and 3.5, the 1D critical energy decreases
by convexification and by increase of length.

Corollary 3.6. Let E C .J C R with J an interval and £'(E) > 0, then £} (J) < &) (E).

Proof. Let E C R with Z1(E) > 0, and let J be an interval containing E. Let ¢/ < a <b <V €
R U {#oc} such that co(E) = (a,b) and J = (a',V'). If / = —c0 or b/ = 400, )} (J) =0 < &) (E)
by Lemma 3.4 and Remark 3.2, so the result holds true. If E does not have finite perimeter, then
S;E (E) = 400, and the result holds true as well. Thus, let us assume that E is a bounded set of finite
perimeter. In particular, up to a negligible set, E is the disjoint union of k£ open intervals with k£ > 1
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since Z1(E) > 0. In addition, since E is bounded, E¢ has two unbounded components C; = (—o0, a)
and Ci41 = (b, +00) (up to renumbering). By Lemmas 3.4 and 3.5, we have

& (E) ;4/ pe(s —t)dsdt = &) ((a,b)) = €} (J).
Cl ><Ck+1

O
Proof of Lemma 3.5. Let
k
E = |_| (ai, bl),
i=1
with —oo < a3 < b <...<ag < b, < 400, so that, setting by := —oo and a1 = +00, the connected

components of E¢ are given by
Ci = (bi, ait1), Vie {0,...,k}.

Beware that Cy and Cj, are either empty or unbounded. If a; = —o0, Cy = ), and if by, = +00, Cj, = 0,
in which cases it is an abuse to consider them connected components of E°, but they do not contribute
to the terms in (3.6). Omitting the integrand p.(s — t) ds dt for the sake of readability, let us write

k k
Pl (E)=2 // = 2// +2// : (3.7)
Pe ; E JC; ; C; {tEE:t>ai+1} C; {teEt<b1}

with the convention {t < —oo} = {t > +oo} = 0. By (3.4), we have

PY(E) :é <2 /; /:OO +2/_b; /bm> (3.8)

Note that this holds even if a; = —o0 or b, = +00. Let us define

@iq1 +o0o
Ri::2/ / _2/ / . vie{o.. .k},
—0 ait1 C, J{teE : t>a;4+1}
Li::2/ / 72// . Vie{o,... k).
—oo Jb; C; J{te E : t<b;}

Notice that Ry = Lo = 0. We observe that by definition of L;, R; and (3.7), (3.8),

K
E.(B)=) (Li+Ry). (3.9)
i=0

a;i1 +oo b; +o00 +o00
—00 @it1 —oo Jajq1 CiJaiqr

for i € {0,...,k}, using Lemma 3.4 we have

b; “+o0 “+00 1
R, =2 / / +/ / —2/ / :2/ / +=&1(Cy). (3.10)
. 2 Pe
—oco Ja;41 Ci Jajqr C; J{teE : t>a;4+1} C; J{te Ec : t>a;41}

and similarly,
1
L; :2/ / +§€;E(CZ-). (3.11)
Ci J{te€ E° : t<b;}

The two previous equations hold even if Cy, Cj, are empty or unbounded. Inserting (3.10) and (3.11)

into (3.9) yields
k k
&, (B) =2 / / +/ / +3 & (c;
pg( ) ;( C;, JEcN{t>ai+1} C; JEcN{t<b;} ; 6( )
k k
:222/0 /C +> 6 (Cy),
i/C =0

i=0 j#i

which concludes the proof. O

and similarly

Writing
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We easily deduce from Lemma 3.5 and the slicing decomposition of the critical energy stated in
Corollary 3.3 that in dimension n = 2, the critical energy of a connected set decreases by convexification.

Proposition 3.7. If E C R? is a bounded, connected set of finite perimeter, then
Ea.(co(E)) < &, (E), Ve > 0.

Proof. First, recall that a bounded convex set is a set of finite perimeter, since it is Lebesgue-equivalent
to an open set with Lipschitz boundary, thus co(F) is a set of finite perimeter. Then, by Corollary 3.3
we have

1 1
folcoB) =5 [ [ EhBapaeart, wd eaoom) =g [ [ e Fndrase

where

B,y = {SGR : taJ‘JrSJGE}, and  Fy,; = {SGR : tO’L+SCT€CO(E)}.

Since E is connected, for every o € S' and ¢ € R, the slice F,, ; is empty if and only F, ; is empty: this
is the argument which is valid in dimension 2 only. In addition, since F and co(E) are bounded sets of
finite perimeter in R2, for #'-a.e. 0 € S! and £ -a.e. t € R, E,; and F,; are bounded sets of finite
perimeter in R, and for every nonempty slice, F,; is an interval s.t. E,; C F,+, since F; . is a slice of
the convex hull of E. Hence, by Lemmas 3.4 and 3.5, for s#'-a.e. ¢ € S! and Z'-a.e. t € R, there
holds

&y (Fot) <& (Egy).

The formula of Corollary 3.3 concludes the proof. (|

3.2. Convexity of minimizers in 2D. In this part, we shall use for the sake of brevity the abbrevia-
tions F, . := Fy ¢ and & = &g, .

Consider a connected minimizer E. C R? of (Py,c). Recall that F, . = (1 — )P + ~&., thus by
Proposition 3.7, F, c(co(E;)) < F, -(E:). However, if E. is not convex, |[co(E:)| > |E:|, so co(E;) is
not a valid competitor for (P, o). Recalling that By_s) C E. C Byys() for small ¢, we have

Bi_s5(c) € co(E:) € Biyse)s

and defining ¢, = %, we see that t.co(E.) is a valid competitor with (1+4(¢))™! < t. < 1. Let

us show that F, (t-co(E;)) < Fy.(co(E.)). This follows from the following result, which we prove
further below.

Lemma 3.8. There exists 2, = 21(G,7) > 0 such that the following holds. If E C R? is a convexr set
such that

Bi_5() € E C Biyse)s
with 0 < & < 1 and where § is the function given by Theorem 2.7, then
Fr(tE) < Fye(E),  Vte(3,1).

As a consequence, we obtain that minimizers of (P, ) are necessarily convex for small € in dimension
n = 2, that is Theorem 1:

Proof of Theorem 1. Let E. C R? be a minimizer of (P, .) with 0 < ¢ < &1 < g9, where £9(G,7) is
given by Theorem 2.7. Thus, up to a Lebesgue-negligible set and a translation, F. is connected and
satisfies
Bi_s5) € E: Cco(E:) € Biys(e)-

By contradiction, let us assume that E. is not convex, so that |co(E.)| > |B1|. We have |t.co(E.)| = | B1]
with t. == ‘C(l)f(%la)l satisfying % < (1+6(e))7! < t. <1, provided that e = £1(G, ~) is chosen small
enough. If in addition €1 < &(G,~), where &; is given by Lemma 3.8, we find &, .(t.co(E;)) <
&, (co(E;)). Now, since E. is connected, there holds &, .(co(E;)) < &, -(E;) by Corollary 3.6, hence
&y (teco(E;)) < &4.(E;). This contradicts the minimality of E., whence E. is convex. O
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3.3. Proof of Lemma 3.8. In order to prove that F, .(co(E.)) (strictly) decreases by scaling down
co(E.) by t. for small €, we need to estimate the term ]BGE (t-co(E;)) appearing when applying
Lemma 2.3. While it is not so difficult to see that for a fixed set E with C'! boundary, }NDGE (E) converges
to P(E) as e vanishes, here we do not have uniform regularity estimates on minimizers of (P, )%
However, we can make use of the convexity of co(E.) and the fact that it lies between two balls whose
radii are close to 1 to prove the following.

Lemma 3.9. For any a € (0,1), there exist positive constants r = r(a) and €3 = €2(G, vy, o) such that
the following holds. If E C R? 4s a convex set such that

Bi_5(c) € E C Biys),

with 0 < & < &9, where the function § is given by Theorem 2.7, then we have

{y € By(z) : ﬁ ‘vg(z) > a} CE, for #'-a.e. x € OF. (3.12)

Proof. We proceed in two steps.

Step 1. We show that the normal vector vg converges uniformly for s#'-a.e. © € OF to vp, as €
vanishes, in the sense that

d(e)

T
S/
1+ 4(e)

vg(x) for #*-a.e. x € OF. (3.13)

||

The simple geometric argument is well known (see e.g. [27, 15]), but we state it here for the reader’s
convenience. Let 0. € (0,7) be the angular diameter of the ball B,_s.) from any point 2 € 0B (),
that is, 0. is the non-oriented angle between the two lines passing by = € 0B and tangent to

0B1_5(;)- Then we have 6. = 2arcsin (1;28) Let € OF, and let ¢ € (0, %) be the non-oriented
angle between x and a tangent line to £ at x. Since F is convex and Bj_s.) C E, the tangent cone to

E at x cannot intersect By_s(.), and since |z| < 14 d(¢), we find

<&_ . (1—=14(g)
p < 5 = arcsin 17000

By convexity of E, for #'-a.e. x € OF, there is a unique tangent line to E at z, and writing
2

= 2(1 — sin(p)),

VE((L‘) :C

el
we deduce (3.13).
Step 2. Let a € (0,1), and let r(a), E2(G, v, @) to be fixed later. Then let E C R? be as in the statement

of the lemma, with 0 < ¢ < 5. As a consequence of Step 1, proving (3.12) amounts to showing that for
r(a) and &5(G, 7, a) small enough,
T«

r—y
B : C— =
{ye @) Ty w2 2

} CE, VzecdE. (3.14)

We assume that 7 € (0, 3) and then that g2 = £(G,v,7) € (0,%) is such that §(¢) < 1 whenever
0 < e < &. Let 2z = |z|(cost),siny) € OF with ¢ € [0,27). Since x € Biis¢) \ Bi—s(), the set
0B, (x) N Bi_5() is made of exactly two points A and B. Let us denote by ¢(z,r) € (0,7) the angle
between the segments [Az] and [Bz]. Then let us introduce the circular sector C(x, r) of B, () delimited

by A and B (see Figure 1), that is

C(xz,r) = {x—s(cos(9+w),sin(9+¢)) c0<s<r |0 < @(x,r)}

2
Z{yeBr(x) : é:Z' % 2608(@@;?‘))}.

2The lack of uniform regularity estimates for minimizers of (P,-) as € goes to 0 is the main obstacle for proving that
the unit ball is, up to translations, the unique minimizer for € small enough. With sufficient regularity, the arguments of
Section 4 would yield the result.

(3.15)
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-

FIGURE 1. The situation in Step 2 of the proof of Lemma 3.9. The red-dashed area is C(z, ).

We claim that for £, small enough, ¢(z,7) > 2arcsin /1 — r2. The situation is as in Figure 1, where
we introduce the lengths h and e. We have

B2 + 2 — 2
{ (J2] = )2 +h? = (1-06()"

which gives, after computation,

h? =2 [1

<T2 + 2(‘x|2 - (1 - 5(5))2) + T%(|$|2 _ (1 _ 5(6))2)2>:| .

Al
Recalling that 1 — §(¢) < |z| < 1+ 6(¢) and r < 3, this implies
4 45 45(2)\*
h?>r?— ! 5 |1+ (2€)+< (2€)> 27“2(177“2)7
4(144(e)) r r

provided g2 = &9(G, v, 1) is chosen small enough. Thus, the angle ¢(r, z) satisfies
sin <90<?“x>> s A
2 T

which proves the claim. Choosing r = r(a) and g2(G,~, r) small enough, we deduce cos (@) < g

By convexity of E and the fact that B,_;) C E, we have C(z,7) C E, hence (3.14) holds, in view of
(3.15). This concludes the proof. O

Then we can estimate ﬁgi (E) when E is a convex set lying between the disks By_s5() and By,
for small .

Lemma 3.10. For any 7 > 0, there exists €3 = £3(G,v,7) > 0 such that the following holds. If E C R?
s a convex set such that
Bi_5() € E C Biyse)s

with 0 < & < 3, where the § function is the one from Theorem 2.7, then we have
(1—-7)P(E) < Pq.(E) < P(E),
where ISGE (E) is defined by (2.1).

Proof. Let E be as in the statement of the lemma, with 0 < e < 5(G,~,7), where g3 is to be fixed
later. Recall that since E is a bounded convex set, it is a set of finite perimeter and its topological
boundary is #!-equivalent to 9* E. We proceed in two steps.

Step 1. We show that ﬁGE (E) < P(E). First, note that by convexity of FE, we have
(x —y) ve(z) =0, for s -ae. v € OF, Yy € E,
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and, defining for J#1-a.e. x € OF,
H, = {y ER™ : (x—y) ve(x)> O},
it holds
o)< [ [ Gla-u)o-y) v ! ay.
oE JH,

Then, by a change of variable and the coarea formula, we find

Pg.(E) < 2/ / Ge(2)(z vp(y)) dzdsz)
OFE J{z€R? : zvg(z) >0}

+oo
= 2/ / ge (t)t? / o-vp(x)dst | dtdse)
OFE JO {c €St : ocovg(z) >0}

=[] er ([l velar ) arae:

+oo
= Km/ |Sl|/ g-()? dtdst} = 15K, 2 P(E) = P(E),
oF 0

where we also used the definition of K;j o for the third equality, and (H2) for the last one.

Step 2. Conclusion. Let o € (0,1) to be chosen later, and 6, := arcsin(«). Then let r = r(a) > 0 and
22(G,v,a) given by Lemma 3.9. Assume that £5 < 5. Let us write

P (B) =2 / / Gl —y) (x — y) - vis(z) dy A}
OE JEN{|z—y|<r}

- 2/ / Ge(r —y) (z —y) - vp(z)dzda = PG (E) + P (B).
0B JEN{|lz—y| >} : :
Since € < g9, by Lemma 3.9, we have

CHCELY | Gulr ) ) - vla) Ayt
OF {yEB,,.(J:) u-VE(a:)Zoz}

Cole—yl

+oo
= 2/ / ga(t)tQ/ o - vp(r)dst dtde)
OFE JO {c €St : a<ovp(x)<1}

“+o0 200
> P(E) -2 /8 ) /O (D)2 /0 (cos(0), sin(0)) - vis(x) dO dt dA

Here we used the fact that, by assumption (H2),

+oo
P(E) :2/ / thE(t)/ (o0-e)dst dtd#t,  YeeSh
OFE JO {oceS! : gre>0}
We bound the remaining term by using |(cos(#),sin(f)) - vg(z)] < 1 and (H2) again. We get

. 1
PY(E) > (1 - 216%) P(E) = (1 _ 2% > P(E).
e T Kiom

Choosing « (and thus 6y) small enough, depending only on 7, we then find

PY(E) > (1 - g) P(E).

Since a = a(7), we have r = r(7), and g2 = g3(G, 7y, 7). Now that with r now fixed, up to choosing
€3 < &9 even smaller if needed, there holds

[PE(B)| < P(E) [ |2]G.(2) dz = P(E) / [21G(x) dz < S P(EB),
BC BC
T r/e
since the first moment of G is finite. Hence, from our choice of r and €3, we obtain
Pg,(E) > (1 - 7)P(E),
which concludes the proof. O

We are now in position to prove Lemma 3.8.
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Proof of Lemma 3.8. Let 7 > 0 to be chosen later. Recall that by Lemma 2.3, for almost every ¢, we

have d 5 )

where Pg, is defined by (2.1). Changing variables, we have
1~
iPe.0E) =2 [ | Gttt - )y - 2) - ve)
EJoE

= 2/ G —y)y—2) ve(y) d%”yl dz = ﬁGt—IE(E)'
EJoE

Let 7 > 0 such that v(1 4+ 7) < 1, and let ¢ < g3(G,~,7)/2, where &3 is given by Lemma 3.10. By
Lemma 3.10, we have
1~
;PGE (tE)=2 (1—-71)P(E).
With Proposition 2.1, this leads to
d
— [Pa. (tE)] <
& [Pa.(tB)]
Hence, for every t € (1,1), it follows

P(tE) — (1 — 1)P(E) = (1 + 1) P(E).

SR~

ds

This proves the lemma. O

1
Foo(B) = FyotB) = (1 - )P(E) -4 / L Pe (sB)ds > (1 - )P(E)[1 —A(1 +7)] > 0.

3.4. Convex minimizers are nearly spherical sets. In arbitrary dimension, it is classical to
improve Hausdorff convergence of the boundary of minimizers to Lipschitz convergence once convexity
is established. Here, we show that convex minimizers of (P,,.) are centered t(¢)-nearly spherical sets
(see Definition 1), up to a translation, where the function ¢ vanishes in 0F.

Proposition 3.11 (Convex minimizers are nearly spherical sets). There exists €4 = £4(n,G,7y) > 0
such that the following holds. If E. C R™ is a convex minimizer of (Py..) with 0 < e < €4, then, up to
a translation, we have

OFE. = {(1 +us(z))xr : x € S"il}

/ rdx =0,
E.

with ue € Lip(S™™1), |Juc|| oo (gn—1y) < () and ||V uc| poogn-1) < 145(¢)2, where 6 = 6(n, G,~) is the
function of Theorem 2.7 vanishing in 0.

and

Proof. In the proof, we write |||[oo for [|-[| e (gn-1). Let E. be a minimizer (P, .) with 0 < ¢ < &4,
where g4 is to be fixed later. If 4 < g9, where g is given by Theorem 2.7, up to a translation and a
negligible set, E. lies between the balls By_5() and By 5. By convexity, this implies that the set E.
itself (without the addition or the subtraction of a negligible set) satisfies, up to a translation,
Bi_5(:) C E- € Biys(e)-
1
|B1] JE.

/ xdx:y5|Es|+/ xdx:y5|Bl\+/ rxdx =0.
Yye+E. E. E.
—/ mdx:—/ xdx+/ xdxz/ rdx
E. Biys(e) Biyse)\Ee Biyse)\Ee
/ rdz
E.

provided that g4 is small enough depending only on n, G and . Hence, up to translating F. by y., we
may assume that it satisfies

Setting y. := r dx, we have

Notice that

thus

< (146(2)[Bits(e) \ Ee| < 24(¢)

B _350) € Ec C B143s(e)s (3.16)
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/ rdx = 0.
E.

By convexity of E., for every x € S"~!, there is a unique point of intersection p.(r) = t.(z)x of
{tz : t >0} and OF., and by (3.16), |p-(x) — x| < 36(¢). The map p. : S"~! — JE. is obviously onto,
so that, setting u.(x) = t.(z) — 1, we have

8E€:{(1+u5(:ﬂ))x : xéS"fl},

and is centered, that is,

and [|u;||s < 36(g). In addition, the fact that E. is convex implies u. € Lip(S"~1). Moreover, for any
x € S"~ 1 the distance between the normal vector of OFE. (which exists for #"~1-almost every z € OE.)
at p-(x) and the vector z (which is the normal vector of S*~1 at z) is controlled by ||pe —Id|so = ||tic |00,
in view of Step 1 of the proof of Lemma 3.9 (or simply by [27, Corollary 1]), which gives a control of
IV+ tel|loo bY ||#]|oo. More precisely, by [15, Inequality (xx)], we have

1+ ||tue oo 1 1
V2 e oe < 2 (1_HU) el < 145()

where we used the inequality [|u.|| < &(¢) < § for the last inequality. This concludes the proof. [

Observe that Theorem 2 is an immediate corollary of Theorem 1 and Proposition 3.11.

4. MINIMALITY OF THE UNIT BALL AMONG NEARLY SPHERICAL SETS

This section is devoted to the proof of the minimality of the unit ball of R™ among t-nearly spherical
sets, for small ¢ and e. First, let us point out some consequences of the extra assumption (H3).

Remark 4.1. Note that with (H2), (H3) is equivalent to saying that g € W' (0, +-00) and the functions
|dig

s M = (2
G

(t"*1g(t))’ between r and R, we have the relation

R R
R" " g(R) —r"g(r) = (n + 1)/ t"g(t)dt +/ t" g/ (t) dt.

Since t"g(t) and t"*1g/(¢) are integrable on (0, +0c0), this implies that t"T1g(¢) has a limit in 0T and at
infinity. By the integrability of t"g(t) on (0, +00), those limits are necessarily 0. Hence, letting r — 0
and R — oo in the previous relation yields

+o00 Foo
/ t" g (t)dt = —(n + 1)/ t"g(t) dt.
0 0

Proceeding similarly for (t"*2¢'(t))’, we also find

+oo +oo “+o0
/ 207 (1) dt = —(n + 2) / PG () dt = (n 4+ 1)(n + 2) / £ g(t) dt.
0 0 0

4.1. A Fuglede-type result for the nonlocal perimeter. The minimality of the unit ball among
nearly spherical sets relies on a bound (in our case, an upper bound) on the quantity Pg, (E:) — Pg.(B1)
for a centered t-nearly spherical set By with E, = {(1 + tu(z)) : « € S*"'}, in terms of the L? norms
of u and V., u on the sphere. In the case of the local perimeter, this kind of control is well known and
is originally due to B. Fuglede (see [15, Theorem 1.2]), who proved

t? P(Ey) — P(B1)

3
2 2 2
0 <||U||L2(Sn—1) + ||VTU||L2(SvH)> < T PB) < BHVTUHLQ(S”*]V

provided that ¢ is small enough, depending only on n. One can find a more precise lower bound in
[16, Proof of Theorem 3.1, eq. (3.8)]. Similar results were obtained for so-called fractional perimeters
P, as well as for Riesz potentials in [13] (see Theorems 2.1 and 8.1 therein), where the quantities are
bounded in terms of the L? norm and fractional Sobolev seminorms on the sphere. Qur computations
are inspired by the ones in [13], however, due to the general form of the kernel G, they are more involved
and quite tricky at times.

In addition, when ¢ vanishes, the quadratic terms from the Taylor expansion of Pg_(E;) — Pq_(B1)
compensate exactly those of P(B1) — P(E}), so that the constant v must be smaller than 1, and the

, are integrable on (0, +00), for ¢ € {0,1,2,3}. In addition, integrating the function
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expansion needs to be pushed to the third order to be able to conclude. Let us point out that similarly
to fractional perimeters, fractional Sobolev-type seminorms associated with the kernel G, (and its
derivatives) naturally appear in the expansion. However, those converge to the H! seminorm as e
vanishes, which is the quantity we need to compare them to (when expanding the local perimeter): that
is why we chose to control Pg_(E;) — Pg_(Bi) directly in terms of the H' seminorm of u on S*~1.

Lemma 4.2. Assume that G satisfies (H1), (H2) and (H3). There exist positive constants €5 = g5(n, G)
and tg = to(n) such that the following holds. If E; is a centered t-nearly spherical set with 0 < t < to,
then for any 0 < € < €5, we have

Pe.(E) < Po.(B1) + = (14 Cay()) IV ulBagons) — (0 = 1) = ec(e)) ulBan-s))

(4.1)
+ 8 (9wl sy + NulZa@nr))

where C' = C(n,G), qy is given by Lemma 2.4, q,(c) = 0 as € | 0, and eq : (0,400) — [0,400) is a
function vanishing in 0% depending only on n and G.

Proof. In the proof, unless stated otherwise, C' denotes a positive constant depending only on n and
possibly changing from line to line. For the sake of brevity we write B for the open unit ball in R™, 0B
for the unit sphere S*~', and ||||sc for ||-[| pee(gn-1). Let 0 < & < &5, where &5 = £5(n, G) is to be fixed
later.

Let tg = to(n) < % to be fixed later, and let E; be a centered t-nearly spherical set such that
OE; = {(1 + tu(x))z : € S" '} with 0 <t < to. We proceed in 3 steps.

Step 1. We rewrite P, (E¢) in a more convenient form, introducing two terms that we will bound from
above in the next steps. Using polar coordinates, we have

14+tu(x)
L(E}) —2// / / G-(rz — py)r"*p " tdrdpds"~ 1d%"1
OBx0B 1+tu(y)

By symmetry of G, we see that

1+tu x
L(E}) // (/ / G.(rz— py)r"tp"~tdrdp
O0Bx0B 1+tu(y
1+tu(y)
/ / G-(rz — py)r"*p"tdrdp | d" ldif" L
1+tu(x)

Using the identity

VAT AT T VAT VA

and the symmetry of G yet again, we find

1+tu(z) pldtu(x)
PGE(Et):// / / Ge(rz — py)r" ' p"~tdrdpds) " dot) "
OBx0B J1+tu(y) 1+tu(y)

1+tu(x)
+2// / / G.(rz — py)r"tp"tdrdpds~ 1dj‘f” L
OBx0B 1+tu(x)

A straightforward computation leads to the identity

(4.2)

|7"£L’*py|2:(’)"*p)2+T'p|ZL'*y|2, vxayesnilv VT',[)>0.

Defining

fe(lz —yl,r,p) == """ Go(ra — py) = """ g, ((( p)? + rplz —y| )5)
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using identity (4.2) and changmg variables, we find

(EY) —tz// / / fe(Jz —y|, 1 +ta, 1 +tb) dadbd" ! d%@”_l
oBx0B Ju(y)

+2//8]3X(,,]3/ /+OO 1+ tu(z))? f- (Jo — yl, (1 + tu(@))r, (1 + tu(z))p) drdpdst = dt) !

- ) + ws
(4.3)
This concludes Step 1.
Step 2. Estimation of ¢.(t). Note that by Lemma 2.4 and Remark 2.5, we have
- )Gl —y) A Ay
BB><8B
_ 2
OB x0B |z —y

< (14 Cay () IV ullf2gn-1y-
Then, let us write,

ee(t)

u(x)
// / / L+ta)" (1 +th)" 'Ge(x — y + t(azx — by))
OBxdB (v)

— Gz - y)) dadbdsa=" dr

u(a) u(z)
- // / / 1+ ta)" (1 +tb)" I)Ga(x—y) dadbd =t dor! (4.5)
OB x0B (y) 1

" //BBXE)B /uuj) /u<y> (14 ta)" (14 0)" (G~ y + tlax —by)) — Celw —))

dadbdsz ' At
= Il(t) + Ig(t)
On one hand, since ||ul/c < 1, we have on the domain of integration,

[(14ta)" (1 +tb)" ' — 1] < Ct[|ull < Ot

t) < Ct // / / Ge(z —y) dadbds " dot) !
dBxdB J (u(z),u(y))  (u(z),u(y))

_ wlz) —u 2 T — n—1 n—1
*Ct//mw( (2) — u(y))2Cel — y) A" A

_ 2
_ Ct// (U(LL') — U‘(Qy)) 775(|CU o y‘) d%n—l CL%pyn—l7
dBx9dB |z —y

where 7. is defined as in Lemma 2.4 so that g.(r) = ";T(;’). In view of Lemma 2.4 and Remark 2.5, it
follows

Thus

L) <C’t(1+qn(5))/ IV uf2 doent
OB

< Ct||V» u||2L2(gn71)7

for any & small enough (depending only on n and G).

Let us now bound the term I5(¢). Integrating on a line (recall that g is absolutely continuous in (0, +00)
by (H3)), and using the inequality (1 + ta)"~1(1+tb)"~ < 2 for any 0 < a,b < ||ulle < 1, provided
that to = to(n) is chosen small enough, we find

Qt//
OBx0B

(4.6)

/ / / |VG.(x —y + st(ax — by)) - (ax — by)|ds da db| d#" d%"_l.
u(y) July)
(4.7)
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Observe that in (4.7), if the term (x — y) inside VG, were not perturbed by st(ax — by), we would have
B <t [|  (u@) - u@)?V6.(a - plle - yldsdor T d
OBx0B

which we could estimate in terms of ||V, u||2L2(Sn_1) by applying directly Lemma 2.4 with the kernel

x +— |VG.(z)||z|?. Here, to deal with this perturbation, we apply the technical Lemma A.2, by showing
that the right-hand side of (4.7) is bounded by a term of the form

1 1 1
ct / // / / (u(x) — u() kD (Bara(,y, 7, p)]) dr dpda dy ds,
0 O0Bx0B JO 0

where

uta(w,y,7,p) = (@ = y) + st | (rule) + (L= )u(y))z = (pu(y) + (1= pu(@)y]  (48)

is a small perturbation of (z — y), and kzél) is a kernel defined further below. Let us remark that, since
G is radial, we have VG.(z) = g;(|x|)|;ﬁ—|, thus

—(a;b) |z — y|? + st|ax — by|?

VG (x — t(ax — by)) - (az — by) = g.(Jz — t(ax — b 4.9
(z —y+stlax — by)) - (ax — by) = g.(|lx — y + st(az — by)]) = — g+ st(az — by (4.9)
Then notice that, on the domain of integration, we have
|z —y + st(ax — by)|* = s*t*(a — b)? + (1 + sta)(1 + stb)|z — y|?

> (14 sta)(1 + stb)|z — y\Q — 32t2(u(aﬁ) — u(y))2 (4.10)

9 2 1 2 2 1 2

Z —|r— - 1a T - Z —|xT— ;

S =yl IV ulle —yP > eyl

provided tg < 5. By (4.10), and the inequality |az — by|? < 2|z — y|* on the domain of integration, for
to small enough depending only on n, we have

b
wm —y|* + stlax — by|* < 8|z —y + st(ax — by)|>.

Hence, with (4.9), it follows
|VG.(z —y + st(az — by)) - (ax — by)| < C kY (| — y + st(az — by)|), (4.11)
where we have set k(M) (r) := r|¢’(r)| and kél)(r) = e~ (tDEW (e=1p) for all » > 0 and € > 0. Making

the changes of variables a = u(x) + r(u(y) — u(z)), and b = u(y) + p(u(x) — u(y)) in (4.7) yield, with
(4.8) and (4.11),

L(t) < Ct / 1 //a o / 1 / () — u())2hD (@ (5.7, )]) dr dpel dy s,

It is easy to see that by (H3) and Remark 4.1, the family (k§1))€>0 satisfies the assumptions of
Lemma A.2. Thus choosing tg < t1(n) and €5 < &g, where t1(n) and Zg(n, G) are given by Lemma A.2,
we have

I(t) < CH|V7 ull72gn 1y, (4.12)
for a constant C' depending on n and G. Combining (4.12) with (4.4) to (4.6), we deduce

?<(t) < (L4 Can(@NIIVr ullfz@nsy + Ct (lulfanos) + Vs ullfagns)) (4.13)

for some C' = C(n, G), which concludes this step.
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Step 3. Estimation of 1. (t). We have

1 “+ o0
Y (t) =2 //c?BxaB/ /1 (14 tu(x))"r" ' p" G (1 + tu(z)) (rz — py)) drdpdst " d])

“+oo
=2 // / / (1 + tu(2))*"r" 1 p" G (rx — py) drdpds ! d%”fl
OBx0B

i Qf/wxw /01 /1%0(1 + tu(z)) > " " Ge (1 + tu(a)) (re — py)

— Ge(rz — py)| drdpdsz d%@"‘l

(4.14)
Notice that

1 +oo
2/ // r"_lp"_lG,g(mc—py)drdpdt%@”_1
aBJo J1
ol -t
— T T Ge(re — py) drdpd T = ————=
B) Jlopxan Jo )1 : Y P(B)

does not depend on = € 0B, by symmetry of G, hence

PGE(B) 2n n—1
S /{;B(l%-tu(x)) A,

I3(t) =

By a Taylor expansion, this gives

Pqg_ (B

Pe.(B) (2nt/ ud A"+ n(2n — 1)t2/ u?dsm!
P(B) oB oB

+Ct? |u|3d%"1> .
OB

I3(t) < Pg.(B) +
(4.15)

Whence, recalling that Pg_ (B) < P(B), (4.15) gives
I5(t) < Pa. (B) + n22 a2 gn s, + Ct3/ luf® den1, (4.16)
As for I(t), integrating on a line and splitting it into two parts, we write
+oo
= Qt// / / / (1 + tu(z))* r"p" VG (1 + stu(z))(rz — py))
OBx0B
(re — py)dsdrdpdse d%’;"‘l

+oo
=2t // / / 1 + tu( ))2nrn71p”*1VGs(r;L' — py)) . (’I":L' _ py) dr dpd%’nfl d%n71

Lo //8 o / / o / (1 + b)) " [ VG (14 stu(@))(rz — py)

— VG, (rz — py)] - (rz — py)dsdrdpdse Aot !
=t I5(t) + 1o ().
(4.17)
Using the symmetry of the kernel z — VG(z) - z, we find

Is(t) = PB) (t /8 . u(2)(1+ tu(z))®™ djf;‘1>
<2 //E)BXE)B /01 /;oo "L IVG, (re — py) - (rz — py) drdpdan ! d%“)
= % (t /aB u(z)(1+ tu(z))*” d%"1> (2 //Bch VG.(z—y) (z—y)dz dy) .

(4.18)
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Noticing that divy((z — y)G:(z — y)) = —nGe(x — y) — VGe(z — y) - (x — y) and integrating by parts
on B¢, we have

2| VG- (e =y drdy =~ (nPe.(B) + Pe.(B).
Bx B¢
where ]BGE (B) is defined by (2.1). On the one hand, by Proposition 2.2, Pg_(B) converges to P(B) as
€ V3Lr1i~shes7 and on the other hand, as mentioned in the beginning of Section 3.2, it is not difficult to see
that Pg.(B) also converges to P(B) (the situation is similar but much simpler than in the proof of
Lemma 3.10). Thus,
2 g) =2 // VGe(z—y) - (x—y)dedy+ (n+ 1)P(B) =0 0. (4.19)
Bx B¢
Expanding (1 + tu(z))?" and using the Taylor expansion (A.1) from Lemma A.1, we find
t/ u(2)(1 4 tu(2))?" dse 1t > t/ wds#" ¢ 2nt2/
oB aB oB

-1
> (20 - P fullaun - 08 [ pupase
2 oB
3 1 .
=2 <n2+ ) Hu||2L2(Sn_1) - Ct3/ lu|® dm 1.
OB
Hence, gathering (4.18) to (4.20) yields

(1)
1
@)[ﬁ<&H‘>nw3®%g—cﬁ/‘mP¢%nﬂ
2 oB

P(B)
1
< -2 (2(3n +1)(n+1)— Ceg)(e)) Hu||2L2(Sn71) +Ct? /aB\u|3 doamt,

provided that €5 = &5(n, G) is chosen small enough.
Then for I(t), recalling that VG.(x) - © = ¢.(|z|)|z| and that g. is absolutely continuous by (H3),
integrating on a line, we obtain

_2t2//83><83/ /+Oo/ / su(@)?(1+ tu(x))* "~ p" g (1 + pstu(x)) (rz — py))

lre — py|* dpdsdrdpdsz—! dt%”ynfl

u? dornt — C’t3/ lu|® st
OB

(4.20)

Li#)<—|(n+1)—

(4.21)

(4.22)

= I7(t) + Is(t),

where
+oo
pma [ e e e e~ ol
OBx0B
dpdsdrdpds) " dx) !
and

1 ptoo pl pl
t):= 22 // / / / / su(x)2(1 + tu(x))znrnflpnflhx - py|2
oBx9B Jo J1 o Jo

{g;’((l + pstu(z)(rz — py)) — g2 (ro — py)} dpdsdrdpdsn—! dt%‘;”_l.

Now, by symmetry, similarly to I5(t), we have

17(75):13(1]3)(7;2 [ oweraraepran=) (2 [ el -sPasar). @)

Setting k() (r) == g(r) — r¢'(r) for r € (0,+00), and then defining the kernels K (z) := k) (|z|) for
z € R™\ {0} and the rescalings KE(Q) = e~ (MHTD K@) (=) ¢ > 0, notice that

2// <|x—y|>|x—y\2dxdyxz// D(e ) (o —y)dedy.
BXBC Bx B¢
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Note that by (H3), K (2) has finite first moment. However, unlike G, it is not necessarily nonnegative.
Still, integrating by parts on B¢ as we did before for I5(t), we find

2// g;’(|x—y|)|x—y\2dxdy:nPK@)(B)—I—JBK(z)(B). (4.24)
Bx B¢ < c

It is easy to see that we may split K (?) and KE(Q)) into their negative and positive parts K(?) = K+ 4
K@~ with K®~ = max(—K®,0) and K@+ = max(K®,0), so that P, = P e+ —P
Then applying Proposition 2.2 to each nonnegative term, we find

KE(Q)— .

Py (B) = P s (B) =Py (B) =% Ko (Thos = T ) PUB) = Ko P(B) [ JalK)(a) .

Similarly, we have

P, (B) =% KMP(B)/ 2| K@ (2) da.
€ Rn

Hence, recalling (4.24), and using that, in view of Remark 4.1,

Feo n+ 2
/ 2| K®) (z) da = |S"‘1|/ tg(t) = "1y (t) dt = (n+ 2) 1§ =
R™ 0 1n
it follows
€(G2)(E) = 2// g"(lz — y))|z — yl> dzdy — (n+ 1)(n + 2)P(B) ==% 0. (4.25)
Bx B¢
Inserting inequality (A.1) from Lemma A.1 and (4.25) into (4.23) then yields
I.(t) < 1 62)(5) 201,112 o 3 pn—1 4
10 <5 (D2 + G ) Pl + 00 [ a2

Eventually, we turn to Is(¢). By (H3), ¢/ is absolutely continuous on (0, +00), so that, integrating on
lines and using (1 + tu(z))?" < 2, we find

1 +oo 1 1 1
ry<ce [[ L [ @t (0 st = )i ol
X 1

dgdpdsdrdpds " dg)

1 1 1
<0t3(83|u|3d%"-1) / / / // 10 (1 + apst)(@ — v)) ||z — yf dzdy | dgdpds |,
0 0 0

Bx B¢
(4.27)
where we used the symmetry of (z,y) — |g/ (x — y + pst(rz — py))||rz — py|*> and Fubini’s theorem
for the last inequality. Notice that, for any ¢,p, s € (0,1), t € (0,t9),

/ lg2 (1 + gpst)(z — y))||z — y[* dzdy < 2 / 197" (1 + gqpst)(z — ))[|(1 + gpst)(z — y)|* dz dy
Bx B¢ Bx B¢

=P B
K((flqpst)s( ),

(4.28)
up to choosing to(n) small enough, where we have set k) (r) := r3|g"”(r)|, Vr > 0, defined the kernel

K®) = EG)(|z]), Vo € R™\ {0}, and the rescalings K® = e~ (DK (e~1.). Note that I =14 < o0
by (H3), so that, by Proposition 2.1, we have PK((lsqupst)a(B) < K; ,I4P(B). Hence, from (4.27)
and (4.28), we obtain
(1) < CFul s, (4.29)
where the constant C' here depends on n and G. Gathering (4.22), (4.26) and (4.29), we find
2

t
Is(t) < 5 (0 + D +2) + Ce (@) fullfegnr) + CF° /8 Jufdent,
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where C' = C(n,G), and thus, with (4.17) and (4.21), setting eq = C (eg) + eg)),

t2 :
L) < 5 (n+1)(n+2)—Bn+1)(n+1)+ Cec(e)) Hu||2L2(Sn_1) + Ct3/ lul® Azt
oB
t2

2
In turn, combining this estimate with (4.14) and (4.16), we deduce

— L (“2n2 —nt 14 Ceale)) ullagnn + cﬁ/ fuf® doen1,
OB

t2
Ye(t) < Pa.(B) + 5 (2n* —2n® —n+1+eg(e)) ||u||%2(§n,1) + C’t3/ lul® dsem—t
OB
p (4.30)
= Pg.(B)—(n—1~ eG(E))EHUH%Z(Sm) + Ct?’/ |ul® do™
oB

where C' depends only on n and G, which concludes this step. Eventually, gathering (4.3), (4.13) from
Step 2 and (4.30), we deduce

t2
P, (E) < Pe.(B) + 5 ((1 + Cqy() V7 ullf2gn-1y — (0= 1) —eq(e)) ||uHi2(Sn71)> .
+ C (Ve la gy + [ul3z@nr))
for some C' = C(n,G), provided tg = to(n) is chosen small enough, which concludes the proof. 0

4.2. Minimality of the unit ball. In order to take advantage of Lemma 4.2, one should have that
for a centered t-nearly spherical set Ey such that E; = {(1 + tu(z))z : = € S""'}, the quantity

(14 Can())IVr ullfz@n-r) = ((n = 1) — ec(e)) [ul 21

from (4.1) controls Hu||%,1<§n,1) for small ¢ and €. This is the purpose of Lemma A.1 in appendix.

With Lemma 4.2 and Fuglede’s result for the local perimeter, we deduce a lower bound for F, ¢_(E:)—
‘7:77G5 (Bl ) *

Proposition 4.3. Assume that G satisfies (H1) to (H3). Then there exist positive constants t. and €3
depending only on n, G and 7y such that the following holds. If E; is a centered t-nearly spherical set
such that 0B, = {(1 +tu(z))z : x € S" '} with 0 <t <, then for every 0 < e < €3, we have

2

t
Fr6.(B) = Fra.(B1) 2 151 =) (V5 ey + [l ) -

Proof. Assume 0 < € < €3, and 0 < t < t,, where ¢, = t.(n) and €3 = £3(n, G, ) will be fixed later. If
E; is a centered t-nearly spherical set and t, < t; as well, where t; = ¢1(n) is given by Lemma A.1, we
have in particular

||VTU||%2(S7H) + ||U||%2(Snfl) <4 (HVT u“%ﬂ(S"*l) —(n— I)HUHQH(SWU) : (4.32)

Then, by [16, Proof of Theorem 3.1, eq. (3.8)] (which gives a more precise lower bound of P(F;) — P(B)
than [15, Theorem 1.2]) and (4.32), up to choosing ¢, even smaller but depending only on n, we have

t2
P(E) > P(B) + 5 (IIV- ullfagn-ry = (0 = Dlulagn-s)) = C (IV5 ullfzgnny + [ulZaenr))
Then, assuming that t. < to(n) as well, and & < g5(n, G), where ty and 5 are given by Lemma 4.2, we
find
Fr6.(Er) = Fr6.(Br)
t2
> S [@=D(IVr ule@rny = (0= DlullFaen-ry ) = Cas@IIVr ullfanry = ec @l
= P (IVr ulfans) + lullfaen )
(4.33)
with eg(e), ¢,(¢) = 0 as e | 0. From (4.32) and (4.33), it follows

1 /¢t?
Fr6.(E) = Fra.(B1) > (2«1 =) = Cay(e) = Cea(e)) — Ct?’) (V7 ullz @y + lulz@nn ) -
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Eventually, choosing €3, t, small enough, for 0 < e < e3, 0 <t < t,, we have
2

t
Fric(B) = Fra (B1) 2 721 =) (19 wllFansy + lullfa@nn )

which proves the result. O

An immediate consequence of Proposition 4.3 is that the unit ball is the only minimizer, up to
translations, of (P,.), among t-nearly spherical sets whenever t < t.(n,G,v) and € < e3(n, G, ), that
is, Theorem 3. In dimension n = 2, by Theorems 2 and 3, setting e, := min(ez, 3), we readily obtain
Theorem A.

APPENDIX A. ADDITIONAL COMPUTATIONS FOR SECTION 4

In the following lemma, we establish some general inequalities on functions v : S*~! — R describing
centered nearly-spherical sets. For this, we need to recall a few basic facts and notation on spherical
harmonics. For k > 0, we denote by S the subspace of spherical harmonics of degree k (i.e., restrictions
to S"~1 of polynomials of degree k in R™), which is a finite-dimensional vector space of degree d(k).
Let (Yy)ie(1,....a(k)} be an orthonormal basis of Sy, for the standard scalar product of L?(S"~!). When
there can be no confusion, we write Y}, for a generic vector of the basis of S. It is well known that the
family (Yé)ii%""’d(k)} is a Hilbert basis of L?(S"~!) which diagonalizes the Laplace-Beltrami operator
on the sphere, and the eigenvalue associated with Y} is ly ==l = k(k +n —2), for all i € {1,...,d(k)}.
We recall that d(0) = 1, d(1) = n, and that the Y] may be chosen colinear to x + x;, for example
Yi=|Bi| %z, i€ {l,...,n}

Lemma A.l. There exist t1 = t1(n) > 0 and C = C(n) > 0 such that the following holds. If Ey; is a
centered t-nearly spherical set such that 0B, = {(1+ tu(z))z : x € S"™'} with 0 <t < t, then we
have

t2
’t/ wdA" 4 (0 — 1)—/ w?d#" 1 < C’t3/ lul® d™t, (A.1)
§n—1 2 §n—1 §n—1
and 1 1
§||VTU||%2(S"*1) —(n- 1)||U||i2(5n71) 2 5”“”%2(8"*1)' (A.2)

Proof. Since |E;| = |B|, we have

n|E| = /aB(l + tu(z))" dom ! :/ 1ds#"! = n|B|.

B
Thus, writing

(1 + tu(z))" — (1 + ntu(z) + (”gl)t?u(x)?) = zn: (Z) thu(z)k,

k=3
we deduce (A.1), choosing e.g. t; =1 and C depending only on n. There remains to show (A.2). We
decompose u in spherical harmonics

400 d(k) ) )
uw=>Y Y aj(u)Yy, (A.3)
k=0 i=1
so that
+oo d(k) ) +oo d(k) )
HU||2L2(SH) = Z Z ai(“)% IV~ u||2L2(S"*1) = Z Z 7 az(u)?
k=0 i=1 k=1 i=1

Recall that d(0) = 1, Y} is constant, d(1) = n, and that Y is colinear to z + z;. Since l; = n — 1 and
l, = 2n for k > 2, it follows

1
§||Vru||%2(sm) —(n— 1)||UH%2(SH)
(n+1)
> [[ulfaenry = 5

1 .
ag(u) = 1] Jors udA"

n (A.4)
' aa<u>2>—(n—1>aé<u>2.

(3

On one hand,
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so that by (A.1), we have

2t 1
|a(1)(u)| < WHUH%Z(S"—U < WHUHL?(SWW (A.5)

up to choosing ¢; = t;(n) small enough, and using ¢ < ¢; and ||u||zn-1) < 1. On the other hand, the
barycenter condition
/ xdr =0
By

gives
/ 21+ tu(@) A" =0, Vie{l,...n}.
§n—1
Using the binomial formula again and Y} (z) = |B1|*%x¢, we obtain, for i € {1,...,n},
al(u) = / rou(r)d" "t = < > / au(z)k dser 1
! V |Bl Sn—1 ' 14/ |Bl Z §n—1
Next, using ||| e (gn-1) < 1, Cauchy-Schwarz inequality, and n|B;| = [S"!|, we get

2",
|CL1(’U,)| < ;t HU||L2(S7L—1).

Whence, choosing t; even smaller, but still depending only on n, we may assume

n

. 1
i 2 2
; aj(u)” < m”uﬂﬂ(wl)- (A.6)
Gathering (A.4) to (A.6), we find
1 1
§||VTU||2L2(Sn—1) (n— 1)||“||L2(S” 1y 2 ||U||L2 Sn=1y)s
which proves (A.2) and concludes the proof. O

We establish a technical lemma to control terms of the form

// / / ke(|@ru(,y, 7, p)) dr dp st~ At
Sn—1xsn—1

by the H'(S"~1) norm of u, where ®;,(x,y,r,p) is a small perturbation of (z — y), and k. are suitable
rescalings of a nonnegative kernel.

Lemma A.2. Let k : (0, +00) — [0,400) be a measurable function such that k(r) = O(r~("+t1) qat

infinity and
—+oo
/ rk(r)dr < co.
0

Let us define the rescaling k.(r) == e~ "tVk(e=1r), r, € > 0. For v € Lip(S*™1), we define a map
®, 1 (S"71) x (0,1)2 by

@ue,y7,0) = (0 = 9) + [(ro@) + (1= o)z — (o) + (1= po@))y]. (A7)

Then there exist positive constants t; = t1(n), Co = Co(n, k) and ¢ = éG(n k) such that the following
holds. For any u € Lip(S"1) with ||ul| e gn-1) <1, [|[V7u| poogn-1y < 1, and any t € (0,1), we have

// / / ko (|®p (2, y, 7, p)|) dr dpds 1 djfyn71
§n—1x§n—1 (AS)

gco(/ \vTuFd%”*w/ |u|2d%ﬂ"1>.
Sn,fl Sn—l

Proof. Let t1 > 0 to be chosen later, and let 0 < t < #;. We work in local coordinates, proceeding in
two steps.



THE ISOPERIMETRIC PROBLEM FOR THE PERIMETER MINUS A NONLOCAL PERIMETER 25

Step 1. Let us denote by D,.(x) the open ball of radius r in R"~1. We first show that for any @ € Lip(D-)
s.t. ||l (p,) < M, we have

/ / / / k(|9 (2.7 p)) drdpdady < C [ VP de, Vr.pe (0,1), (A9)
Do J Do

Do
for all ¢ > 0, provided t < 1, and t; is chosen small depending only on M, and C = C(n, k). Here,
by a slight abuse of notation, ®, denotes the map from (R"‘1)2 x (0,1)? whose expression is given
by (A.7). Due to the W1* bound on u, we easily see that the maps ®;, are Lipschitz continuous
and converge uniformly to the map ®(z,y,r, p) = x —y on D3 x (0,1)? as t vanishes. In fact, up to
choosing ¢; = 1 (M) small enough, we have

|(I)tu($ayar7 p) - (.23 - y)' < ) Vx,y S D2a vrap € (07 1)a (AlO)

> =

and

ly2 — 1

1 . Va,y1,y2 € Do, Vr,p € (0,1).  (A.11)

|eu (@, 91,7, p) = Peu(,y2,7,p) — (y2 — 21)| <
In particular, for any y € Do, and r,p € (0,1) fixed, ¥} rp i Y= ®~(x,y,7,p) is bi-Lipschitz, and
similarly, for any = € Do, r,p € (0,1), so is \I/yrp :x = @ ~(x,y,7,p). Integrating on lines, using
Cauchy-Schwarz inequality and Fubini’s theorem, we have

/D/D// k(19 (2,5, 7. )] dr dp da dy
</0 /0 /0 /D2 /DQ|V5($C+S(9—$))|2|:E—y2k5(|<1>t;;(a:,y,r,p)|)dxdydsdrdp.

Now let us focus on the integral on Dy x Do, fixing s € (0, 3) and r,p € (0,1). Recall that [z — y|? <
C|® ~(x,y,r,p)|* for a universal constant C' by (A.10), that the map W2, is bi-Lipschitz, injective
and by (A.11), its Jacobian determinant is universally bounded from below. Thus making the change
of variable z = ® ~(z,y,r,p) = V3 . (y) (for z fixed), we find

z,T,p

(A.12)

[ [ 9ot sty = a0 - bl . o)) e dy
Do J Do
<C ( |Vﬂ(w+8(y—$))2@tg(%ymp)2/€s(|‘1’tg($»ymp)|)dy)dx
Do Do

gc/ (/ Vai(z +s((7,.,) 7" (Z)z))|2|z|2k€(|z|)dz> da,
D ITP(DQ)

for some universal constant C. By (A.10), D1) € Ds (), so that by Fubini’s theorem, we obtain

’I‘T(
P

/ V(e + s(y — )2l — yPke(1® (2, g7, p)]) derdy
Do J Do
u 2 -1 —x 2 x| |22 z|)dz
<], </Dm{x;zewgmw@}'v“(“s((‘y“’”) &) ==l )' PN (ag)

2
=C / ‘Vu (z—s(¥l,, (x)—|—a:))‘ dz | |2)%k.(]2]) dz
Dy Dan (-1, (Do)

where we used the fact that ® ~(z,y,r,p) = —®~(y,z,p,7) for the last equality, which implies
w2, (y) =%, ,.(z). By (A. 11) and the relation between W) and W2 we see that

s Va € Ds.

=~ =

(DL, )" + gt ) ()] <
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Since s € (0,1), we deduce that the Jacobian determinant of ¢ : z +— z — s((VL  )7!(z) + 2)) is

z,p,r

universally bounded from below. Making the change of variable y = ¢(x) in (A.13), it follows

/D [ [9a -+ sty = )Pl ~ yPhe (@ r, o)) oy

< C( D2|Vﬂ(a:)|2da:> (/Rn1|z|2kg(|3|)dz> .

We observe that the last factor is independent of € and finite by assumption. Indeed:

+oo
/ 122k (|2]) dz = |SH|/ o
]Rn—l 0

Gathering (A.12) and (A.14) yields (A.9), which concludes this step.

Step 2. We split the domain of integration in the left-hand side of (A.8) in {z,y € S"7! : |z —y[ > 1}

and {z,y € S" : |z —y| < }. We first treat the contribution of distant pairs (z,y). Choosing

small enough depending only on n, we have

[z —y
2 b

(A.14)

Dy (2,9, 7, p)| = Vz,y € S", ¥r,p € (0,1),

so that,

/ /01 /Ol(u(z) — w(y))?ke (| (2, y, 7, p)|) dr dp L dAm

Sn—l XSn—l

{Jz—y|>1}
1 1
<C |u<x>2< / / / kg(@w(m,y,r,pmdrdpd%;,"1) AN (A1)
Snfl
g 0 0
{lo—y|>1}
<C (/ |u|2d<%”"1> (sup ke(r)> <C lul? Aot
gn-1 r>1 sn-1

for some C = C(n,k), provided that €5 = g5(n, k) is chosen small, where we used the fact that
k(t) = O(t~(*tV) at infinity for the last inequality. There remains to bound the integral over
the domain M := {z,y € S"™' : |z —y| < 1}. For this, we cover M by a finite number N(n) of
M; = Si‘l(xi) X Si_l(xi), where for each i € {1,...,N}, x; € S"! and Sr_ﬁ_l(aji) denotes the
hemisphere with center x;. Using the stereographic projection II; with respect to —z;, we map S’}:l(xi)
to Dy C R""1. By the change of variables ¢ = II;(z), ¢ = II;(y), setting 4; == u o Hi_l, we have
|l wroe(pyy < C(n) since |[u|poogn-1y < 1 and ||V; ul goe(gn-1y < 1. Applying Step 1 with u = u;,
we obtain

//Mi _/01 /Ol(u(:c) —u())?k(|Peul@, y, 7, p)|) dr dpdst " dot) !

1 1
< . | @ =m0k € o) drdpdac

<C [ |VuPdz<C V., ul|?d™ 1,
Do Siil(xl)
whenever ¢ < t1, where ¢; = #1(n) and C = C(n, k). Summing these estimates over 7 € {1,...,N(n)}
and (A.15) conclude the proof. O
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