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Vorticity-velocity-pressure formulation

for the Stokes problem
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Résumé

Nous présentons une nouvelle formulation variationnelle du probleme de Stokes
de la mécanique des fluides qui permet de prendre en compte des conditions aux
limites tres générales sur la vitesse, le tourbillon tangentiel ou la pression. Nous
montrons que dans un cas particulier de conditions aux limites, cette formulation
conduit a un probleme mathématiquement bien posé.

Abstract

We present a new variational formulation of Stokes problem of fluid mechan-
ics that allows to take into account very general boundary conditions for velocity,
tangential vorticity or pressure. This formulation conducts to a well posed math-
ematical problem in a family of particular cases.
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1)  PHYSICAL AND NUMERICAL MOTIVATION.

e Let Q be a bounded connected domain of IRY (N = 2 or 3) with a regular
boundary 0€2 = I'. The Stokes problem modelizes the stationary equilibrium of
an incompressible viscous fluid when the velocity u is sufficiently small in order to
neglect the nonlinear terms (see e.g. Landau-Lifschitz [LL53]). From a mathemat-
ical point of view, this problem is the first step in order to consider the nonlinear
Navier-Stokes equations of incompressible fluids, as proposed e.g. by Lions [Li69],
Temam [Te77] or Girault-Raviart [GR86]. The Stokes problem can be classically
written with primal formulation involving velocity u and pressure p :

(1.1) —vAu+Vp = f in
(1.2) divu = 0 in
(1.3) u = 0 on I'

where v > 0 is the kinematic viscosity and f the datum of external forces.

e Our motivation comes from the numerical simulations in computational fluid
dynamics. The Marker And Cell (MAC) method proposed by Harlow and Welch
[HW65] (see also the C-grid of Arakawa [Ar66]) contains staggered grids relative
to velocity and pressure and is still very popular when used in industrial computer
softwares as Flow3d of Harper, Hirt and Sicilian [HHS83] or Phoenics developed
by Patankar and Spalding [PS72]. This discretization is founded on the use of
a cartesian mesh (Figure 1): velocity is defined with the help of fluxes on the
faces of the mesh and pressure is supposed to be constant in each cell. We try
to generalize these degrees of freedom to arbitrary meshes that respect the usual
topological constraints associated with finite elements (see e.g. Ciarlet [Ci78]) and
in particular to triangles (Figure 2) or tetrahedra. Some years ago, Nicolaides
[Ni89] has proposed a new interpretation of the MAC-Cgrid method with the help
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of dual finite volumes for triangular meshes. An analysis of the MAC scheme as

a numerical quadrature for finite elements has also been proposed by Girault and
Lopez [GL96].
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Figure 2. Degrees of freedom on a triangular mesh.
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e From the point of view of numerical analysis, this MAC-Cgrid discretization
can be seen as the search of an approximation of velocity field conforming in the
H(div, Q) Sobolev space with the help of the Raviart-Thomas [RT77] (and Nédélec
[Né80] when N=3) finite element of degree one. On the other hand the approx-
imation of pressure field in space L?() is associated with discontinuous finite
elements of degree zero. But this vision, also adopted by Nicolaides, is a varia-
tional crime for the Stokes problem (1.1)-(1.3), where velocity classically belongs
to finite dimensional linear spaces that are included to the Sobolev space H!(Q)
(see e.g. Adams [AdT75]). Note also a completely different approach proposed by
Ern, Guermond and Quartapelle [EGQ99] for Stokes problem with vorticity and
velocity vector fields in IR® and associated with a philosophy of classical conform-
ing continuous linear finite elements.

e In this paper we recall the variational formulation that we have previously pro-
posed ([Du92], [Du95]) involving the three fields of vorticity, velocity and pressure.
A particularity of this formulation is that boundary conditions can be considered
in a very general way ; previous work of Beghe, Conca, Murat and Pironneau
[BCMP87] and Girault [Gi88] appears as particular cases of what we obtain and
finally boundary condition (1.3) can in our sense be seen as a mixed Dirichlet-
Neumann boudary condition. We develop an abstract approach that makes in
evidence the technical inf-sup hypotheses which are sufficient to satisfy in or-
der to prove that with this triple formulation, the Stokes problem conducts to a
mathematically well posed problem with continuous dependence on the solution
from data. These conditions are completely nontrivial for a general tridimensional
domain €2 that is bounded, connected, non simply connected and with a non-
connected boundary. For proving it, we have been conducted to develop a new
general representation theorem for vector fields that generalizes previous results
summarized in Bendali, Dominguez and Gallic [BDG85].

2) VORTICITY-VELOCITY-PRESSURE FORMULATION

e The basic idea of our formulation is the same that the one used in stream-
function-vorticity formulation (Glowinski [G173], Ciarlet-Raviart [CR74], Girault
[Gi76] in IR?, Nédélec [Né82], Amara-Barucq-Duloué [ABD99] in IR?) : a solenoidal
vector field u (satisfying divu = 0) can a priori be represented as the curl of some
stream function ¢ : v = curlvy. For the complete generality of the approach, we
have here chosen to do not represent the solenoidal velocity field u with a stream
function 1 for multiple reasons: first any representation of the type u = curly
precludes flows with sinks and sources (Foias-Temam [FT78]|) and moreover this
representation is in the numerical practice restricted to two-dimensional domains
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even if, following the idea intoduced in [Né82], Roux [Ro84] has done first tenta-
tives in three-dimensional domains with Nédélec’s vectorial finite elements [NéS0]
conforming in space H (curl, ).

e Recall that if ¢;;; is the notation for the complete antisymmetric tensor of
order 3, (€;x is equal to 1 if (4, j, k) is a direct permutation of (1, 2, 3), €k
equal to —1 if the permutation is even and €;;; is null in the other cases), we have

div v Z g”ﬂ v € H(div, Q)
Lj
urlap ZZe”ka i=1,2,3, pcH(cul,Q), QcR
1=1k=1 Ty
0 0
curlp = ail — ({;;2 , @€ H(curl, ), QcIR?.
2 1

With Duvaut-Lions [DL72], Hilbert spaces H(div,{2) and H(curl, ) are defined
by

(2.1) H(div,Q) = {v e (L*Q)Y, divee L*Q)}
(22)  H(ewl,Q) = {pe (L), culpe (L2(Q)* )
and the associated norms will be denoted by || e || . and || e || and are
iv, Q2 curl,
defined from the L? norm | e H by the relations
_ 2 2
23 vl o = (; g 12+l divo 2 )"

N
1
— 2 2
ey el g = @m 2+ > lewly), |2 )

e In the two-dimensional case, variables w or ¢ are scalar valued functions and
belong to Sobolev space H!(€2). This space can also be considered in H (curl, ')
for some three-dimensional domain €2’ such that © N (IR? x {0}) C €, with
w = (0,0,w3) and ¢ = (0,0,p3). The adaptation of these results in the two-
dimensional case is classical and we refer to Girault-Raviart [GR86] or our work
with Salaiin and Salmon [DSS97]. In the following, all notations and formulae are
supposed to be correct when 2 is a three-dimensional domain.

e We introduce vorticity :
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(2.5) w = curlu in Q

where w € IR?V~3 and we re-write equation (1.1) under the form

(2.6) veurlw + Vp = f in Q.

We multiply equation (2.5) (respectively equation (1.1), equation (1.2)) by some
test vector function ¢ in space H(curl, ) (respectively v in space H(div, ),
q in space L?(Q))), we integrate by parts and we denote by (e,e) (respectively

< e,e >) the L? scalar product of functions in domain  (respectively on the
boundary I'). Then we obtain :

(2.7) w € H(cur,Q), w € H(div,Q), p € L*Q)

(2.8) (w, ) — (u,curly) = <nxXu,p>, YV € H(curl, Q)
(2.9) vicurlw,v) — (p,dive) = (f,v)— <p,ven>, Vve H(div,Q)
(2.10) (divu, q) = 0, Vqe L3(Q).

° We must give a mathematical sense to the boundary terms <nxwu, ¢ > and

<p,ven>. We first prove a for surfacic traces of H(div,€2) and H (curl, 2) func-
tions (see also Bernardi [Be89], Levillain [Le91] and Amrouche et al [ABDG98]).

Definition 1. Scalar and vectorial functions on the boundary.

Let T'y, I's be a partition of boundary I' :

(2.11) I =T,Uly with Th'Nly =0

and 7 be the trace operator from H'(2) onto H'/?(T) or from (H'(f))
onto (H1/2(F))N (see Lions-Magenes [LM68]). We denote by Hééz(I’l) and

TH ééQ(Fl) the following spaces of scalar and tangential vector functions that are
null on the component I's of the boundary :

(212)  H'(Th) ={7€ €€ H'(Q), 7§ = 0onTy)
(2.13) TH(l){)Z(I‘l) ={nxypxn, pc(HQ), yoxn =0onTy}

where n is the normal external to the boundary 0f).

N

Proposition 1. Trace theorem for functions of H(div,2) and H(curl, Q).

There exists two continuous mappings e and ~x satisfying the following condi-
tions

(2.14) ~e : H(div,Q) — (Hé{f(Fl))’, Yev = ven when v is regular
(2.15) X : H(curl, Q) — (TH362(F1))’, YX p= @ x n when ¢ is regular
where (H %)62(I’1))’ (respectively (TH é{f(I’l))’ ) is the linear space of continuous

linear forms acting on H %)62 (T'y) (respectively on TH ééZ(Fl) ).
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Proof of Proposition 1.

o Let v € H(div,Q) and £ € D(Q) be a regular field null on I's. We define
~vev acting on £ by the relation

(2.16) < vyou, & > = (v,V&) + (divy,§)

and we have the following continuity property :

2.17 < veu,& >| < 2 |w :
@I l<qvE>l < 2 vl o lEl

By Green formula we have clearly vev = wen when v is regular. On the other
hand, < ~ev,¢ > depends only on surfacic values v¢ of function £ since the
right hand side of relation (2.16) is null when £ belongs to space D(2). So we
deduce
[ <yov, &> < 2 o] inf <l o

le,Q CeHl(Q)’ r}/C:/yg 179

Using lifting theorem of J.L. Lions (see [LMG68]), we have

inf < C
e Vg S O

for some constant C' independent on £&. We deduce that < ~vewv,n > is in fact

defined for n € H ééZ(Fl) and from previous relations we have the estimate

2.18 < vyev,m >| < C | v
1y < Tl < Ol ol

The first step (2.14) of the proposition is established.

e The proof is analogous for surfacic traces in H(curl,€2). Let ¢ be given in
H(curl, ) and € € D(Q)V be a regular vector field such that € xn =0 on TI's.
We set

(219) < x@.&> = (pcurlf) — (curly,§)
and we have by Cauchy-Schwarz inequality

2.20 <Axp, &> < 2 .
) <vxee>l < 2lel o el o

The Green formula for regular vector fields in IR?
(2.21) (p, carl§) = (curlp, + <pxn, &>

shows that Yx ¢ = ¢ xn when ¢ is regular. Therefore < vx ¢, & > depends

only on tangential surfacic values nx&xn of vector field £ since < yx ¢, > =0

if ¢ is a vector field such that £ x n is null on 92. We deduce

[<xp. &> < 2 e inf ISl o -
- Ce (@)Y, (=t 1O
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Using again the Lions lifting theorem, we get

inf ¢l < C I+
ce@@N, = LY 1/2.T
where C is a constant independent of ¢. By density of traces of D(Q)V in
TH 562@‘1), the previous inequalities remain valid for ¢ € H(curl,) and n €
THééz(Fl). We deduce

2.22 <Aaxe,mxnxn>| < C nxnxn :
22) < Txpmxnxa>l < O el o Inxneonl

Then X ¢ is a continuously linear form acting on TH ééz(Fl) . This establishes
the second part (2.15) of Proposition 1. O

e We give now a mathematical sense to the boundary terms < p,ven > and
<nxu,p>. We suppose for a while that ven is null on some part I',, of the
boundary and that ¢ x n is also null on an other subset I'y of the boundary i.e.

(2.23)  Fev = 0  in (Hy (D))’

(2.24)  yxe=0 i (TH (T))" .

It is completely natural to introduce the complements I', and I'; of I',, and I'y
respectively :

(2.25) I =T,uUl, with [,,nT,=0

(2.26) I =TyUTl; with TyNT; =0 .

Consider now two fields IIp and o¢ in H })éQ(Fp) and TH ééQ(Ft) respectively.
The boundary conditions

(2.27) P = Iy in space Hééz(Fp)
(2.28) nXuxn = 0y inspace THBéZ(Ft)
can be written on the form

(2.29) <p,ven> = <Ilp,yev>

CUTHG M) (Hy' (1)
(230) <nXxXu,p> =<0p, ¥YX QO>TH%){)2(Ft> ’ (TH%){)Q(FI:)),

and the boundary conditions (2.27)-(2.28) are included in the variational formula-
tion. For this reason, we will speak in the following of two independent Neumann
boundary conditions on pressure and tangential velocity. In a similar way, two
independent Dirichlet boundary conditions for tangential component of vorticity
and normal component of velocity naturally appears :
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(2.31) uen =gg onl,,
(2.32) wxn =60 only
where go and 6y are a priori given in spaces (H ééz(Fm))’ and (TH é{f(Fg))/

respectively.

e If we restrict to homogeneous Dirichlet boundary conditions, we can introduce
appropriate Sobolev spaces :

B w € H(curl,Q), @ xn = 0on Iy,

(2.33) W = { i.e. yxX¢ = 01in (TH:(L){)2(F9)>I

(2.34) X = {ve H(div,Q), ven = 0on Ty, i.e.Jov = 0in (Hy (T,))'}
B L*(Q) if meas (I'y)) # 0

239 ¥ = { {00 1 =0y it 2 0.

We can re-write the Stokes problem (2.7)-(2.10) with non-homogeneous Neumann
boundary conditions (2.27)-(2.28) and homogeneous Dirichlet boundary conditions
(2.31)-(2.32) (with go = 0 and 6y = 0) under the following variational form :

(2.36) we W, ue X, pey

(237)  (w,) — (u,curlp) = <op, VX P>, VoeW
(2.38) vicurlw,v) — (p,dive) = (f,v)— <llp,yev>, VvelX
(2.39) (divu,q) = 0, VgeY.

3) AN ABSTRACT RESULT

e In the previous section, we have shown that with the vorticity-velocity-pressure
formulation, the Stokes problem takes the form (2.36)-(2.39). This formulation is
a "triple mixed” variational formulation and classical results of Babuska [Ba71] or
Brezzi [Br74] can not be applied in a straightforward manner. For this reason we
have first developed [Du91] a general approach that makes in evidence appropri-
ate inf-sup hypotheses in order to ensure that the Stokes problem is well posed.
We present in this section a generalization of this result. Following a remark of
Raviart [Ra91], it seems possible to reduce this approach to classical ones with an
appropriate choice of product spaces but with a different set of hypotheses.

Theorem 1. Triple mixed variational formulation.
Let Y and Z be two real Hilbert spaces equipped with their scalar product (e, o)Y
and (e,e) ; the associated norm is repectively denoted by | o ||Y and || e HZ ;

31D (@9, = (@9, =lalE, q€Y
(3.2) (z,z)Z = (z,2) =] = H2Z : z€Z.
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o Let W CZ and X C Z be two subspaces of Z that are moreover equipped
with a structure of Hilbert space associated to scalar products (e, o)W and (e, o)X

and to norms || e HW and || e HX satisfying

2 pu—
(3-3) H¢H2W = (po), = (@9, YoeW
BH el = o), > @), YeeX.
e We suppose that there exists two continuous mappings R : W — Z and

D : X — Y ; for each kernel kerR and kerD we define two different orthogonal

spaces (ker R)* , (ker R)”, (ker D)+ , (ker D)", and the orthogonal of the range
(Im R)“ by the following relations

(3.5) (ker R)* = {p W, (ap,w)W = 0, YVw € ker R}
(3.6) (ker R)” = {z € Z, (z,w)Z =0, VwekerR}
(3.7)  (kerD)* = {veX, (v,2), =0, VzeckerD}
(3.8) (ker D) = {z € Z, (z,az)Z =0, VexekerD}
(3.9) (ImR)” = {z€ Z, (z,Rgo)Z =0,VoeW}.

e We make the following hypotheses :
(3.10) (ker D)7 C (Im R)"

(g, Dv)
(3.11) da > 0, inf sup Y > a
geY, q#0 yex,v0 lal, vl
(v, Re)
(3.12) 3b >0, inf sup Z > b

vekerD,v#0 ngVV,go#OHUHXHSOHW -
3.13) dd >0, Ve €kerR, (go,go)Z > d || ngiV :
e Then for each 0 = (A, u,v) € W x X’ x Y’ the problem

(3.14) wew, ue X, pey

(3.15) (w,), + (wRp) = <Xe> VoeW
(3.16) (Rw,v)Z + (p,Dv)Y = <pv> VevelX
(3.17) (Du,q)Y = <v,q> VqgevY

has a unique solution (w(o), u(o), p(c)) € W x X xY which continuously depends
on datum o :
10 >0, Voe W' x X' x Y,

(3.18) { [w@) I, + lul) Iy + Ip@) I, < Clal .
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e We first introduce canonical injections ¢ : W — Z and j : X — Z
(3.19) Wap = ip=peZ
(3.20) Xov = juv=veZ

that are continuous according to inequalities in (3.3) and (3.4). Second, Riesz
isomorphisms k:Z — Z' and [:Y — Y’ are defined according to

(3.21) Z3z = kz=(Z3w — <kz,w> = (z,w), €R) €Z
A z

322) Y3qwm lg=(Y>y I—><lq,w>ylyz (w,y)yeIR) cY’

and are isometries from Z onto Z’ and from Y onto Y’ respectively. Moreover,
we introduce dual operators D’ : Y/ — X’ and R’ : Z/ — W’ of D and R
respectively by the classical relations

(3.23) <D'¢ x> =< ( Dz > VieY andz e X

(3.24) <R'n,o> :<77,Rg0>Z:Z, VneZ and p € W.

/
b
/
)

The scalar products in (3.15)-(3.17) can be rewritten in term of previous operators ;
we have :

(3.25) (w, ) :<i’kiw,go>W,W , YweW, VpoeW
(3.26) (u, Rgp)Z =< R'kju,p >W,/W ,VueX,VpeW
(327)  (Rww) =< jkRw,v >X/7X , YweW, VoeX
(3.28) (p,DU)Y =< Dlp,v> /X’ , VpeY, VveX
(3.29) (Du,q)y =< IDu,q >Y,’Y : Vue X, VgevY
kerR C W W' € (ker R)

& ,

S

1 k 1

v—  —¥» ) —
/ ™
kerD € X X' C (kerD)
X—y —» Y —» X
D | D'

Figure 3. Relations between Hilbert spaces
for abstract version of Stokes problem.
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Proposition 2. A classical result.

A global map of all the relations evocated above is proposed on Figure 3. The
proof of Theorem 1 is based on a classical result derived by Girault and Raviart
(see e.g. [GR86]) that we recall.

Let T and M be two Hilbert spaces and T'x M > (t,u) +— b(t,u) € R be a
continuous bilinear form acting on the product space T x M. We define left kernel
V' of bilinear form b(e,e) and its polar space V° by the relations

(3.30) V. = {teT, b(t,u) =0, Vue M}
(3.31) V° = {QET’,<9,7§>T/T: 0, VieV}

and linear operators B : T'— M’ and B° : M — T according to
(332) T>t — Bt=(M>3up — <Btp> = b(t,n) € R) € M’
(333) M>pu — Bop=(T>t |—><B°,uj,t>’T/T = b(t,y) €R) €T,

e The following three conditions are equivalent

(3.34) I8 >0, inf sup bt ) > B
WeM, p#0 e t20 It ITrl,

(3.35)  B° e Isom (M, V°)

(3.36) B € Isom (V*©,M')

where V+ is the orthogonal of kernel V' in Hilbert space T.

Proposition 3. Interpretation of hypotheses (3.10)-(3.12).

Under the hypotheses (3.10), (3.11) and (3.12) of Theorem 1, we have the following
isomorphisms

(3.37) 1D € Isom ((ker D)*",Y”)

(3.38) D'l € Isom (Y, (ker D)°)

(3.39)  j'kR € Isom ((ker R)™, (ker D)")

(3.40)  R'kj € Isom (ker D, (ker R)°)

where (ker D)° C Y’ and (ker R)° C W’ are polar spaces of kernels kerD and
kerR respectively.

Proof of Proposition 3.

e We traduct first the result given by Proposition 1 with the notations proposed
for hypothesis (3.11). Due to relations (3.28) and (3.29), we have

(341) M =Y, T=X, B=ID, B°=D1 and V = kerD
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due to the fact that [ is an isomorphism. Then (3.36) implies (3.37) and (3.35)
implies (3.38).

e The same mechanism occurs for second inf-sup hypothesis (3.12). We have
(342) M =%keeD, T =W, B =jkR, B° =Rkj

due to relations (3.26) and (3.27). The evaluation of kernel V' can be explicited
in this particular case as follows :

(3.43) V = {peW, YvekerD, (U,Rgo)Z =0}

and if ¢ belongs to V', then Ry belongs to (ker D) introduced in (3.8). Ac-
cording to hypothesis (3.10) the space (ker D)" is included in (Im R)" . Then
(3.44) Ry € (ImR) N (ImR)".

Moreover, we have the following classical inclusion :

(ImR) N (ImR)" C ath (ImR) N (ath (Im R))~

where ath denotes the adherence relatively to topology in space Z. Then R
is null. In consequence,

(3.45) V = kerR
and (3.39) and (3.40) are respectively consequences of (3.36) and (3.35). O

Proof of Theorem 1.

e We introduce operator A : W x X xY — W’/ x X’ x Y’ by the following
matrix of operators :

ki Rkj 0
(346) A= [jkR 0 D
0 ID 0

and equations (3.15)-(3.17) can be explicited in the product space W’ x X’ x Y’
as follows

. VRtw + u =

(3.47) ki R'kj A
(3.48) jJ'kRw + D'lp = pu
(3.49) [Du =v

where (w,u,p) € W x X xY is the unknown and o = (A, u,v) € W x X' x Y’
is the datum of the problem.

e We first prove now that A is an injective operator. Consider in consequence
the particular case A = 0 € W/, u = 0 € X',v = 0 € Y/ as right hand sides
of equations (3.47)-(3.49). We first take as a test function v € ker D inside
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equation (3.48) with 4 = 0. Then < D'lIp,v >= (p, D’U)Y = 0 and equation
(3.48) implies that j’kRw =0 in (ker D)’. Taken into account the isomorphism
(3.39), we deduce that w € ker R and

(3.50)  Rw = 0.

We report this last property inside equation (3.48). Then isomorphism (3.38)
shows that p = 0 in Y.

We test equation (3.47) against ¢ € ker R. Then < R'kju,p >= (u, Rgo)Z

is null and the particular choice ¢ = w (which is allowed due to relation (3.50))
states that < i'kiw,w >= | w sz = 0. So w = 0.

Now equation (3.49) and isomorphism (3.37) show clearly that u € ker D.
Moreover R'kju = 0 due to equation (3.47) considered with A = 0. The iso-
morphism (3.40) shows that w = 0. The operator A is injective.

e We establish now that A is a surjective operator. We first look to equation
(3.48). The right hand side is equal to p € X’ C (ker D)’. Then when we apply the
left hand side for v € ker D, we have clearly < D'lp,v >= (p, DU)Y = 0. Then

p — D'lp belongs to (ker D) and does not depend on p € Y. Consequently, the

isomorphism (3.39) shows the existence of w; € (ker R)* independent of p € Y
such that

(3.51) J'kRwiy = p— D'kp  in(ker D).

We remark that for each wo € ker R, the research of vorticity w under the form
(3.52) w = wi +ws, wi € (ker R)*, wy € ker R

satisfies j’kRw = j’kRw;. Then modulo this (unknown) choice of wy € ker R,
the equation (3.48) can now be written under the form

(3.53) Dlip = up— j'/kRw = €.

The right hand side does not depend on ws then is completely known and is null
on subspace ker D by construction of wq i.e. & € (ker D)°. The isomorphism
(3.38) says that there exists some (unique) p € Y such that equation (3.53) is
satisfied. At this step of the proof, equation (3.48) has been entirely solved ;
unknowns p € Y and w; € (ker R)* are fixed and the other component wo of
representation (3.53) remains completely free.

The equation (3.49) and the isomorphism (3.37) give a (unique) u; lying in
(ker D)+ such that [Du; = v and as previously, we remark that a decomposi-
tion of vector field v under the form

(3.54) u = u; + us, up € (ker D)L ,ug € ker D
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is always solution of equation (3.49).

We report the decompositions (3.52) and (3.54) in equation (3.47) that be-
comes
(3.55) i'kiwy + Rkjus = XN — i'kiwy — Rkju; = ¢

and ¢ € W' C (ker R) is completely known. When we test equation (3.55)
over ¢ € ker R, then the second term of left hand side < R'kjus, >W, W
= (uz,Rgo)Z is null. Then for each choice of us € ker D, linear form 7 =
¢ — R'kjus remains equal to ¢ in dual space (ker R)" and equation (3.55) takes
the particular form

wy € kerR,
(3.56) { (wg,go)Z =<, >, Vi ekerR.

The hypothesis (3.13) show that the Z-scalar product is d-elliptic on subspace
ker R. Lax-Milgram lemma [LM54] allows to conclude that equation (3.56) admits
a (unique) solution wo € ker R. We report this information inside equation (3.55)
that can now be written as

(357) R/ijQ = C— i,k’iWQ

and (( — i'kiws) € (ker R)° by construction of variable wy. Then isomorphism
(3.40) shows that a (unique) wuy € ker D is solution of problem (3.57). This step
achieves the proof of surjectivity of operator A.

e The proof of Theorem 1 is a direct consequence of the fact that operator A
is one to one and of Banach isomorphism theorem. N

4) (GENERAL REPRESENTATION OF VECTOR FIELDS.

e Let Q be a connected bounded domain of R (N = 2 or 3) with a smooth
boundary 0€). We suppose that 9 is of class at least C? in order to manage
continuous curvatures on 0f2, see e.g. Choquet-Bruhat [Ch68]. We suppose that
d€) is decomposed into a partition composed by two subsets I', and I, such that

41 0 =L UL, I[N =0

and we suppose moreover that the intersection

(4.2) T=InT,

is a finite set of points if N = 2 or a regular curve pictured on the boundary
o0 if N = 3. We denote by H(Q2; T,) the subspace of Sobolev space H'(f2)

composed by scalar functions whose trace is null on I', or with a null integral if
meas (I'}) = 0 :
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€eH'(Q),7¢ =0onl} ifmeas(l}) >0

4. Hi(Q;T)) = ¢ ’ 1 1

(43) o4 1) {{CEHl(Q),(C,l):O} if meas (I'}) = 0

and Hj(Q; T, T,) is by definition the subspace of (H'(Q2))"N composed by vector
fields that are tangent on I’ and parallel to the normal direction n on T, :

(44) Hy(Q:;T,,T,) = {pe (H(Q)Y,Jop=0 on I, yxp=0on I, }.

Proposition 4. Density.

Let C%(Q) be the space of regular scalar functions two times continuously deriv-
able on the adherence of domain Q. Then C*(Q) N Hj(Q; T)) is dense in space

Hi(Q;T)) and (Cz(ﬁ))N N Hy(2; T, , T,) is dense in space Hj(Q; T, T,).

Proof of Proposition 4.

e The first result is clear if meas(I}) = 0. If it is not the case, let ¢ €
H{(Q; T)) be a scalar function orthogonal to space C*(Q) N Hy(Q2; I,) for the

H' scalar product, i.e.
‘ (v, ) + (VY, Vo) =0, Veel*(Q) N Hy(Q;T)).

If we restrict to functions ¢ that belong to space D(2), we deduce from second
line of (4.5) that

(4.6) Y — Ay = 0 in the sense of distributions

and function At belongs to space L?(€). Then we multiply relation (4.6) by an
arbitrary function ¢ € H(Q; I',) and after integrating by parts, we deduce :

oY
Consider now a given boundary function p € H (1)62(F2). Then the function g
defined by extension of p to I’} by nullity, i.e.

0 onl

~ 1

(4.8) peo= { pon I
belongs to space H'/ 2(I') and by classical density result (see Lions-Magenes
[LM68]) there exists a sequence uz € D(I,) such that gy is converging towards

1 in space H %)(/)2(F2) and moreover ux belongs to space D(T) :

(49) e eDE,), m — pin Hy'(T,), pr e D).

Consider moreover the solution (i of the Dirichlet Laplace problem
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—AC =0 inQ
4.10 g
(4.10) { Y = p onl'.

By successive application of regularity theorems [ADN59] and Sobolev embedding
injections [Ad75], function ¢, belongs to space C*(Q2) N Hj(2; I,) and can be
used in both relations (4.5) and (4.7). We obtain by difference

oYy __ 0
(4.11) < o Mk > =< o, g > =0;
On T o T HGAT,))  Hep' ()
0
moreover, 8_w is a continuous linear form acting on space H 362@2) and pp is
n
0
converging to p in this space and p is arbitrary. Then a—w is null on T, :
n
oY

(4.12) 0 in space (H(l)éz(I‘z)),

on

and due to (4.7), function 1 is solution of the following variational problem :
(4.13) {@bGH&(Q;Fl)
(v,¢) + (Vv,V¢) =0, V(eHi(Q;I,)

then is identically equal to zero, that establishes first point of Proposition 4.

e Second result of Proposition 4 concerns vector fields. In analogy with pre-
vious case, consider a vector valued function v in space Hj(Q; I, F2) and

H'—orthogonal to vector space (Cz(ﬁ))N N H}(Q; r,L,) :

Y€ Hy(Q; Ty, 1)
(4.14) o~ \N )

(v, @) + (VY,Ve) = 0, Ve (C3(Q)) N Hy(Q;T,,T,).
First taking ¢ € (D(Q))N, we have 1) — Ay = 0 in the sense of distributions and

in consequence Ay € (LZ(Q))N. For an arbitrary vector field ¢ € Hj(Q; I, I,),
we integrate (—Av, () by parts and obtain as in first step :

0
(@15) (0, 0) + (Yo, VO~ <90 30> =0, Vee HyQT,,T,).

0
The boundary term < 8_¢ , v¢ > is decomposed with the help of tangential and
n

normal components of vector fields :

oY 0 —
<—,7C>:<—(w><n),'y><§’> +
(4.16) on on (THu'(Iy)) TH o' (T)
+ < (¢°n) ) %C > 1/2

on (HYA(T,), HYA(T,)
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Consider in consequence & € TH (1)62 (I'}) and p € H é(/)Q(Ié). By density of space of

regular functions in Sobolev spaces with exponent 1/2, there exists two sequences
§k € (D(Fl))N and pp € D(I,) converging towards £ and p in spaces TH(I)(/)2(F )

1
and H (1)62 (I,) respectively and with notation "tilda” defined by the relation

4.17) € = {g 331%

for tangent vector field ¢ and by (4.8) for scalar field u, we have moreover é;; €
(D))" and 7, € D(T) :

N . ~
(4.18) Ge(Dm)) . &—&inTHE(T), & e (D))
pp €DT,),  px — pin Hy'(T,),  fr € D(T).
Then we solve the following two auxiliary pure Dirichlet problems for Laplace
equation :

N

—A)\k = 9 in )

(4'19) { ’Y>\kz = §k on .
(4.20) —Axr =0 in{
' YXk = prgn onl

and the solution A of (4.19) and xj of (4.20) belong to the space (Cz(ﬁ))Nﬂ
NHY(Q; ', , I,) thanks to regularity of solution of Laplace equation on a domain
with a smooth boundary. We consider the first choice {( = A inside relations
(4.14) and (4.15) and we make the difference between the two equations. It comes :

0
(wxn)7€k> 1/2

(4.21) < = /
on (THGAT,)) , THE(T,)

=0, VkelN
: : : 0 :
and due to the first line of (4.18) and the fact that & is arbitrary, o (¢ X n) is
n

null on I}, We proceed in an analogous way with ¢ = x and we get using the
same argument :

0
(4.22) < — (Yon), pp > =0, VkelN.
on (H'(T,)) s Hep' (T)
Second line of (4.18) and the fact that p is arbitrary, we deduce that 5’2 (w on)
n

is null on I,. Due to (4.16), the boundary term in (4.15) is null and we get :
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Hy(Q; T, T
(@b,g)—l—(V@b,VC) :07 VCEHO(Q;Flarz)'
Then vector field 1 is null and Proposition 4 is established. 1

Proposition 5. Peetre-Tartar lemma.
Let Ey, E1, E5 be three Banach spaces, Ay : By — FEy and Ay : By — Es
be two linear continuous mappings such that Ay is compact and such that

(424)  3C>0,Vvek, |v], < o(n Aroll, + | AQUHE2).

Then we have the following two properties :
(4.25) ker A; is finite dimensional, Im A, is closed

) i < .
(426) 1Cy) >0, V’UGE(), wel}r{lérAl H v+ w HEO < Oy H A v HEl

e Proposition 5 is classical (see [Pe61], [Ta76]) and this result is necessary for
the establishment of Proposition 6.

Proposition 6. An equivalent norm on space Hg(f; L, L)

Under the previous general hypotheses done on domain (2, there exists some con-
stant C' > 0 such that

1/2
< 2 - 2 2 )
(4.27) lel g < C(lel?, + Ndivel? + [eule|?
Voe Hy(Q; T, T,).

Proof of Proposition 6.

e Let (¢, 1) be a pair of regular vector fields on domain 2. We first develop
the following integral

(4.28) (—Ap, ) = /Q(curl (curlp) — V(div) ¢, ¢) dy

by integrating by parts each of the three terms of second order. It comes

(Vo, V) = (ewlp, curly) + (dive, dive)+ < 2 >

(4.29)
+ <Cur1<,p,¢><n>F — <divg0,¢.n>F :

e Following precise geometric work done by Bendali [Be84], it is possible to
majorate the boundary terms of relation (4.29) when we set moreover ) = ¢ and
in the two particular cases when wen = 0 or ¢ xn = 0. If ¢ belongs to space
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(C2(ﬁ))N N Hy(Q; T, , T,), we get in the first case the existence of a constant C
independent of ¢ such that
<c | lePm
r

0
/ [(—80,90) + (curlgp,gpxn)} dy
0 on 1
\ Ve (CQ(Q))N such that pen = 0 onI .
In second case there exists an other constant also named C' in order to satisfy

( dp . ,
L, n r

2
\ Ve (CQ(Q))N such that ¢ xn =0 onT,.

By summation of relations (4.30) and (4.31) inside (4.29), we obtain the estimate

(4.30) 4

(4.31) 4

Vol? < |ldivel? 1o |2 C 2 d
| 90”0,9 < | 1V90||0’Q+||Cur<p||0,9+ m!s@\ v

Ve (C2(Q) NHYQ;T,, T,)
and by density established at Proposition 4, relation (4.32) holds in space
H}(Q; I, , I,,) if we replace inside the integral on the boundary 9 in the right

hand side of (4.32), the value ¢ by the trace vy € (Hl/z(F))N.

(4.32)

e Definition of the H! norm and relation (4.32) show that condition (4.24) of
Proposition 5 can be used with the following particular data :

EO = H(:)l(Qv Fl ) FQ)

(433) By = (@) x (L) x (22(@) "
E = (12(D))
(4.34) {ﬁ;z - (7:’; ,.divgo, curl )

The injection (Hl/Q(F))N >SEr— € € (LQ(F))N is compact (see e.g. Lions-
Magenes [LM68]) then the mapping As is a compact operator and Peetre-Tartar
lemma can be applied. First consequence (relation (4.25)) gives no particular
information because, following (4.33), we have clearly ker A; = {0}. On the
contrary, taking into account the previous point, relation (4.27) infers

(4.35) {300 > 0, vgpeHg(Q;rl,rz),
. < :
e, < Co (||<p||0,Q + ||011V<p||07Q - ||cur190||0’9)

and after elementary algebraic details, relation (4.35) is equivalent to relation
(4.27), that establishes the Proposition. O
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Proposition 7. Second equivalent norm on space H}(Q; r,L,).

Under the same hypotheses concerning domain €2, the subspace M (; r,, L)
of H}(; I, , I,,) obtained by annulation of div and curl operators, i.e.

(436) Ml(Q;Fl,F2) = {@E(Hl(Q))N,di\f@:0,cur190:O,
4.36
ypen = 0 on I, fygoxn:Ooan}

is of finite dimension. If H; - denotes the orthogonal projector onto space
12
MY (Q; T, , T,) relatively to the L*(Q)" scalar product, there exists a constant
C > 0 such that
1/2
1 2 - 2 2
lel o< o(Im el +ldvel? +eule]? )

(4.37) Il
Voe Hy(Q; T, T,).

Proof of Proposition 7.
e We apply again Peetre-Tartar lemma, this time with the particular choice
(Ey = Hy(Q;T,,T,) with the equivalent norm

1/2
— 2 : 2 2
= (lel®> + + || curl )
Tl (H IS¢+ IHdiveell) o+ [Fewle [T

(4.38) ) ot
By = (L*(Q)) x (L*()
| B> = (L2(@)"

(4.39) { i;g z S(pd-ivgo, curl )

Due to Rellich theorem and the fact that the domain 2 is bounded, the injection
(H 1(9))N < (LQ(Q))N is compact, then by composition it is also the case for
operator A;. We observe also that initial estimate (4.24) in Proposition 5 is exactly
the one (4.27) established at Proposition 6. Finally we remark that ker A; =
M(Q; [, I,,) and the first point of Proposition 7 is established.

e We decompose an arbitrary vector field ¢ € Hg(£; [, , I,) under the form
of two orthogonal fields in L2(Q)% :
(440) o =T o+ (p-T o)

oI oI
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and taking into account (4.27) and (4.36), we have

(
inf Qw-uﬁ L lldivie—O 2 +
10). 0,0 0,0
CeM(Q,Fl,FQ) /
1/2
(141) o= 2,) -
= (le-1 g2+ Jdivel?, + fomp]? )"

L L, 0,9 0,0 0,0 ’

Then we have :

loll <1 el +le-T o]

L 1,Q L 1,9
<clm el +
13 8 0,2

1/2
1t 2 : 2 Lo |12 )
+C (v ol + dive |2+ feurp|?

1"1,1"2
< oM ol +C in (Hw—OV n
ply - 08 (e MY(Q;T,,T,) 0,82
1/2
. . 2 o 2
+ || div (¢ — () HO’Q + || curl (¢ — () HO,Q) due to (4.41)

1 .
<ol el + CCo(ldivell,, + lleurde ] )

due to relation (4.26) in Peetre-Tartar lemma and relation (4.37) is established. [

e  We define space M%(Q; T, T,) of vector fields ¢ lying in space L?*(Q)",
whose div and curl are identically null and, due to Proposition 1, such that the

normal trace Yoy is null in dual space (H ééZ(Fl)N )" and tangential trace VX P

is identically null in dual space (TH 3)62 (T,))" :

MO(Q;T,,T,) = {gp e (L2()Y, divg =0, curlp = 0,

Fop = 0 in (HGG(T)N)', xp = 0 in (THGET,))' }.

(4.42)

We observe the inclusion

(4.43) MY (Q;T,,T,) ¢ M°(Q;TI,,L,).
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Proposition 8. Closed partition.

Let © be a connected bounded domain of IRV (N = 2 or 3) and (I}, T},) be a
partition of its boundary I' satisfying general hypotheses done at the beginning of
section 4. Then space M°(Q2; T, , T,) defined in (4.42) is closed in L?(2)" and

we denote by Hl(i . the orthogonal projector (LZ(Q))N — M°(Q; T, , T,).
1o

Proof of Proposition 8.

o Let (gok )k CIN be a sequence lying in space M°(Q; I, , I,) and converging in

space L?(2)N to some function ¢ € (LQ(Q))N. Then sequences (div gpk)k N
c
and (curl 0, )k: N are converging in the sense of distributions towards div ¢

S
and curly respectively. We deduce from nullity of previous sequences that we

have necessarily divey =0 and curlp =0 and (gok) is converging towards

kelN
¢ in space H(div, Q) N H(curl, Q).

e The normal and tangential traces 7o and Xy are continuously defined
H(div, Q) — (Hééz(f’ )V)" and H(curl, Q) — (TH%)(/f(F ))" respectively and

1 2
sequences (7Yyep and (yX are identically equal to zero due
( k)k e N ( (p’“)kz e IN

to the hypothesis ¢ € M O(Q; T, T,). Then there are converging to zero in

their respective Hilbert spaces and Jep = 0, vx¢ = 0 because ((pk)k N is
c

converging towards ¢ in space H(div, Q) N H(curl, ). Thus we have established

that o € M%(Q; I, , I,) and Proposition 8 is proven. O

e In the case where the boundary 0f) is sufficiently regular (or convex, see
Amrouche at al [ABDG98]), we know that spaces M%(2;0,T') and M1 (Q;0,
') on one hand, M°(Q; I',@) and M*(Q; T',®) on the other hand, are exactly
equal (see e.g. Foias-Temam [FT78], Bendali [Be84|, Amrouche at al. [ABDG98]).
More precisely, dimension of space M%(Q2;0, ') is exactly equal to the number
of connected components of the boundary, minus one, and space M°(Q2; ', Q)
parameterizes the second cohomology group of the open set {2 related to the
number of holes in the domain. The main difficulty of our generalization is that
the mixed boundary condition proposed in (4.42), i.e. formally pen = 0 on I}
and ¢ X n = 0 on I, is the possible presence of bidimensional singularities if
n =2 (see Grisvard [Gr85]) or tridimensionnal if n =3 (see Dauge [Da88]).
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Theorem 2. Representation of vector fields.

Let © be a connected bounded domain of IRV (N = 2 or 3) and (I}, T},) be a
partition of its boundary I' satisfying general hypotheses done at the beginning
of section 4. Let u € L?(2) be a vector field. Then there exists two potentials
¢ and 1 satisfying the condition

p € H(Q; 1))
Ve Ho(Q; Ty, 1),
uniquely and continuously defined if we impose the supplementary following con-
ditions to vector potential ¥ when n =3 :
(4.45) divy) = 0inQ, II! ¢ = 0,
Tply

(446)  3C>0, ol < Cllul,g. 191,< Clul,,

and chosen in such a way that u admits the following orthogonal decomposition
in space L?(Q)V :
(4.47) w = Vo +curly +11°  w .

F27F1

(4.44)

e In order to simplify the notations, we introduce the space H (9 ; r,L,)

of vector fields lying in space Hj(Q; T, T,) and satisfying moreover the two
conditions (4.45) :

Hy (5T, T,) = {pe (H'(@)", Jop =0 on Ty,

N r i — g — }
X =0 on I, divp =0, 1“1,11;0 0

(4.48)

Proof of Theorem 2.

e  We first remark that conditions (4.44) and (4.45) have been chosen in order
to assume that decomposition (4.47) is orthogonal in space L2?(Q)N. If we use
generically letter ~ for traces, we first have

(Vp, curly) = < ~yp, vy (curlypen) >
Hp (L), (HOA(T,))
= < 7p, div, (yx1p) >
H (L), (Hgy (L))

due to the classical relation curlpen = div, (gp X n) valid for regular fields (see
e.g. [Du90]) and easily extended by duality. We observe now that yxv = 0 in
TH,(T,) if ¢ € H(Q; T, , T,) then div, (yx%) is null in space (H gy’ (T,))
(see Abboud-Starling [AS91] or Terrasse [Te93] concerning the fact that if vector
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field ¢ belongs to space H(curl, Q), tangent field ¢ x n belongs to TH~'/?(T")
and moreover scalar boundary field divy. (¢ x n) belongs to space H ~1/2(T")) and
we have

(4.49) (Vp, curly) = 0.

Note also that relation (4.47) can also be obtained by integrating by parts on the
other side. We have

(Ve, curly) = <~(Vp) xn, v > L/ L/

(THp'(T,)) , THp' ()

= < yx(Vg), n x v xn > Lo Lo =0

(TH' (L)) THep' (T)

because tangential gradient of ¢ is identically null on T} and tangential compo-

nent of vector 1 is null on I,,. Global coherence between spaces in duality show

that formal way of making the calculus is justified.

e We have in an analogous way

(Vo,II°  u) = <~p, Yo (HO

ul >
L0 I,r > H},{f(rz),(Hg{f(PQ))’

and e = 0 in dual space (H(1)62(F2))’ if €€ M°(Q;T,,T,). Then we deduce
(4.50) (Vo, Hg u) = 0.

21
Finally we have

(curlw,ﬂo u) = —<’YA;<¢>’Y(HO u>> 1/2 1/2
F2,F1 I127111 THO{) (F1)7 (THOé (Fl))/

and we decompose the trace of vector £ € M°(Q; [, I}) into tangential and
normal components :

(4.51) Ve = nx (yx€) + (YE)n,
the first one is null on I'| if & € MO(Q; I[,,I,) because vx& = 0 in space

(TH (1)62(F1))’ and the second one is normal to the boundary. Then we have

(4.52) (curlyy, I w) = 0.
FQ’ 1

e Taking into account orthogonality relations (4.49) and (4.50) developed at the
previous point and representation (4.47), scalar potential ¢ is necessarily solution
of the following variational problem
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¢€H1(Q3F1)
(4.53) {(Vgo,VC) = (u,V¢), VYCeHYQ;T,).

Definition (4.3) of space H'(2; T) and Rellich theorem show classically that the
H' semi-norm is elliptic on space H'(Q;T)) :

(451)  Fa>0, VCeH(T), VO >alCl?

Then Lax-Milgram theorem [LMb54] shows the existence and uniqueness of scalar
potential ¢ satisfying (4.53), and in consequence the first parts of conditions (4.44)
and (4.46).

e In an analogous way, Proposition 7 and in particular relation (4.37) show that
the bilinear form (Hl(ﬂ))2N_3 X (1171((2))2]\7_3 > (p, n) — (curly, curly) €
R is elliptic on space H{y(Q; T, T,)

(455)  3B>0. Ve Hip(@:T, L), [enly|? > 8C|° .

)

Independently, orthogonal decomposition (4.47), orthogonalities (4.49) and (4.52)
and gauge conditions (4.45) show that vector potential v is necessarily solution
of the problem

@D € H%)O(Q7 Fl ) FQ)
(curlep, curly) = (u, curln), Vne Hy(Q;L,,L,).
Due to ellipticity (4.55) and Lax-Milgram theorem, vector potential 1 is uniquely

defined by problem (4.56) and continuously depends on datum u. Then inequalities
(4.46) are completely established.

(4.56)

e We have now to characterize the residual vector field ¢ defined by the relation
(4.57) £ = u— Vo — curly
that clearly belongs to space L?(Q2)", admits a divergence and a curl equal to
zero and is such that the right hand sides of relation (4.52) and (4.56) associated
to this field are equal to zero :

(€,V¢) =0, V(e Hy(Q;I)

(€, curly) = 0, Vne Hy(QT,, L),
Let g € Hé{)z(g) be an arbitrary scalar field and ¢ € Hg(Q2; I'}) be the varia-
tional solution of the problem

(4.58)

A = 0 in Q
(4.59) ¢ =20 onl
¢ =g onl.
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After integrating by parts the expression (div¢, (), first relation in (4.58) shows
that
(4.60) < yeE, g > =0
1/2 1/2
(Hoé (FQ))/7 Hoé (FQ)
i.e. in a common way of speaking, {en = 0 on L.

e In an analogous way, let p € TH %)62(I‘1) be a given tangential vector field and
ne€THp(Q; I, , I,) be the variational solution of the problem

( —An =0 inQ
divn = 0 on 0N
nxnxn = p onl

(4.61) < nXn =0 onl,
IT 0
N P o8 g

that can also be written under the form

{ UGH%m(Q; F17F2>

4.62 —
(4.62) (curln, curlp) = — < p, yxXp >, chGH(l)O(Q;Fl,F2).

Relation (4.58), interpretation (4.61) of variational formulation (4.62) and Green
formula (curl{, n) = (£, curly)+ <n x &, n> show that

(4.63) <AxXE, > " ” =0
(THOO (Fl ))/7 THOO (Fl)
which means that {xn = 0 on I'|. We have established that § € MO(Q; L,I).

Moreover, taking into account (4.57), we have, due to orthogonality relations (4.50)
and (4.52),

(4.64) (u—¢,0) =0, VoeM'(Q;T,,1)).

In consequence, the relation & = H(ll - u is completely established and Theorem 2
21
is proven. |

5) A FIRST EXISTENCE AND UNIQUENESS RESULT.

e We prove in this section that the abstract result that mathematically modelizes
the Stokes problem under vorticity-velocity-pressure formulation can effectively be
used. The letter  still represents a connected bounded domain of IR? or IR? with
a smooth boundary I' = 9 which is, as in relations (2.25) and (2.26), supposed
to have been partitionated in two ways, ([}, , I},) on one hand and (T, T}) on
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the other hand. We suppose in this section that we have the particular condition
that I, = I}, and I, = L,.

(5.1) o =1I,uUL,, I,,nL, =0

m p

(5.2) I, =1, and I, =T

0 m t p-

e We suppose moreover the following technical hypothesis, which is quite strong
and would be precized in a geometrical point of view in the future.

Hypothesis 1. No special functions between I, and I,.

(5.3) M%(Q; T, ,T,) = {0} .

e We introduce also the three Hilbert spaces W, X and Y for vorticity, velocity
and pressure respectively defined at relations (2.33) to (2.35), i.e.

¢ € H(curl, ), ¢ xn = 0on Ty,
i.e. Yxp = 0in (TH(Tg))’
i.e.yev = 0 in (Hé{f(F )"}

(54) W =

m?

B L*() if meas (I,) # 0
(5.6) ¥V = { {qe L*(), (¢, 1) =0} if meas (I},) = 0

and datum ( according to :

o 1/2 1/2 2
57) {C(HO, 0, f) € HY (L) x THE(T,) x (L*(Q))"

T R B

m

(5.5) X = {veH(div,Q), ven = 0on T

e We can set and prove the following theorem with homogeneous Dirichlet
boundary conditions and nonhomogeneous Neumann boundary conditions when
formulated with help of the three fields of vorticity, velocity and pressure.

Theorem 3. A particular Stokes problem.

Let Q be a connected bounded domain satisfying hypotheses recalled in the begin-
ning of this section, a partition (I},,, [},) of its boundary 99 satisfying relation
(5.1) and a second partition of the boundary (I, T}) chosen according to (5.2).
We suppose moreover that the pair (T, , Fp) satisfies Hypothesis 1. We consider
datum ( defined at relation (5.7). The Stokes problem under vorticity-velocity-
pressure formulation
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(w —curlu = 0 in
curlw + Vp = f in €
divu 0 in
(5.8) { uen =0 onl,,
wXn 0 onl
P = IIp onI
( nXuXn = 0pg on Fp
admits the following variational formulation
(5.9) wewWw, ue X, peyY
(5.10)  (w,9) — (u,curly) = <o0p, Vx>, VoeW
(5.11) (curlw,v) — (p,dive) = (f,v)— <Ilg,yev>, VveX
(5.12) (divu,q) = 0, VgeVY.

Problem (5.9)-(5.12) admits a unique solution (w(¢), u(¢), p(¢)) € W x X x Y
that continuously depends on datum (¢ defined in (5.7) :

(5.13) 3C>0, [[w@Il, + 1w, + eI, <l

I, I, I,

Proof of Theorem 3.

e Taking into account all the work done in Section 2 to obtain variational formu-
lation (2.36)-(2.39) here written under the form (5.9)-(5.12), we just have to apply
Theorem 1, i.e. verify that the four hypotheses (3.10)-(3.13) of this abstract result
are true. The letters W, X and Y represent relatively to Theorem 1 the objects
with the names introduced in (5.4)-(5.6). We set also Z = L?(Q)Y, Dv = divw
for all v € X, Rp = —curly for all ¢ € W. Then it is clear from definitions
(2.3) and (2.4) of H(div, Q) and H(curl, 2) norms that properties (3.1) and
(3.2) hold.

e We establish now the equality
(5.14) kerD = ImR
that clearly implies relation (3.10). We first have the inclusion Im R C ker D.
If p€ W, wehave o xn = 0 on I, =T, i.e. Yxp = 0 in (TH%){f(Fm))’
and in consequence (curly)en = divF (¢ xn) = 0on I,,. Then first inclusion
ImR C ker D is established.

On the other hand and according to Theorem 2, let v € L?(Q2)" be decom-
posed under the form
(5.15) v = Vp + curly + ¢
with scalar potential p, vector potential v and special vector field { chosen
according to :
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p € Hy(Q;T,)

¢ e M°(Q;T,,,L,) .
From relation (4.53), we know that scalar potential p is solution of the following
problem :

(5.17) { p e H (T,

(Vp,Vu) = (v,Vu), VuecHY(Q; L,).
But we have also the fact that u € H*(Q; [,) implies naturally that the trace
~vu belongs to space H (1){)2(F ). In consequence, due to definition (5.5) of space

m
X and if moreover v € ker D, we have :

(v, Vu) = —(dive, p) + < yev, yu > o o =0.

(He’ (T))' Hop' (L)
Then left hand side of (5.17) is identically null and p is identically equal to zero.
In consequence v belongs to Im R because relation (5.3) of Hypothesis 1 implies

¢ =0.

e We consider now second hypothesis (3.11) of Theorem 1 :

di
(5.18) da > 0, inf sup (g, dive) > a.

1EYVa#£0 e xowaro Tl Mol =

For doing this, we consider the following auxiliary variational problem :

(5.19) {”EHl(Q;FM

(Vn,Vu) = —(¢,p), VpeH (Q;T,).
and even if meas (I',) = 0, problem (5.19) has a unique solution in space
HY(92; T,)) satisfying the continuity relatively to datum ¢ :
6200 lnl,, < Clal,,

where C' > 0 only depends on domain {2 and on sub-boundary I’ . We set
(5.21) v = Vg
and this field satisfies relation
(5.22) dive = Anp = ¢ c L*(Q)
then v belongs to space H(div, £2). Moreover taking into account variational
formulation (5.19), we deduce

on

(523)  Jw =0 =0 in (HiZ ()
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We deduce from (5.22) and (5.23) that vector field v belongs to space X. We have
also, due to inequality (5.20) and characterization (5.22),

) 2
2 2 2 2 2 2 (QaleU)
v <|n + | q < (1+C q = (1+C (—)
101 @ SI I g + Il o < (Ol = (€ (G

that establishes inf-sup condition (5.18) with the particular choice for constant « :
1

NiEech

e Second inf-sup condition (3.12) is written with the following form :

(5.24)  a =

(v, curl p)

(5.25) 30 > 0, inf sup > b.
vekerD,v#0 pew, o0 lvl el

We take here into account the fact that ker D = Im R (relation (5.14)). Then
if v €kerD is given, there exists ¢ € Hyy(Q;T,,T,,) = Hpo(Q; T, , T)) such
that

(5.26) v = curlp.

Moreover, due to (4.46), there exists some constant C; which is only a function
of 2 and I, such that

G2 el < Glvl,, -
We deduce from (5.26) and (5.27) the following set of inequalities :

v, curl p)

(
< < 4 || v = (C
1ol g < 10l < Cllvl,, = O

— (v, curl )

ol
iv,

0,0
which establishes (5.25) with

1

c

e The last hypothesis (3.13) of Theorem 1, i.e.

(5.28) 3d >0, VockerR, (p,0)>d|¢ ||3V

(5.28) b =

is straightforward to deduce from algebraic relation (2.4) that defines the norm in
space H (curl, 2). Then Theorem 3 is established. O

6) CONCLUSION AND ACKNOWLEDGMENTS.

e We have proposed in this work a new formulation of the Stokes problem
for mechanics of incompressible fluids. The key-point of this formulation is to
consider a velocity field that belongs to Hilbert space H(div,$2) of vector fields.



32 FraNgo1s DuBoIs

We have explored the natural choice for vorticity, ¢.e. the hypothesis that vorticity
belongs to space H (curl, ) and this Hilbert space coincidates with Sobolev space
H'(©2) when domain Q is included in IR?. We have developed an abstract result
for triple-mixed formulation, a new theorem for the representation of squarely
integrable vector fields and have finally obtained a positive result that states that
the Stokes problem is well posed in a particular case of boundary conditions. In the
general case, vorticity does not belong to space H(curl,{2) (see Bernardi, Girault
and Maday [BGM92]| for two-dimensional domains) and we propose in [DSS01] a
weaker form of our vorticity-velocity-pressure formulation.

e The author thanks Toufic Abboud, Mohamed Amara, Claude Bardos, Abder-
rahmane Bendali, Christine Bernardi, Carlos Conca, Monique Dauge, Marie Farge,
Vivette Girault, Jean Giroire, Jean-Francois Maitre, Sylvie Mas-Gallic, Mohand
Moussaoui, Jean-Claude Nédélec, Arnaud Poitou, Pierre-Arnaud Raviart and last
but not least Michel Salaiin and Stéphanie Salmon, for stimulating discussions and
helpfull comments on first drafts of this article.

7) REFERENCES.

[ABD99] M. Amara, H. Barucq and M. Duloue. Une formulation mixte conver-
gente pour les équations de Stokes tridimensionnelles, C.R. Acad. Sci. Paris,

t. 328, Série 1, p. 935-938, 1999.

[ABDG98] C. Amrouche, C. Bernardi, M. Dauge, V. Girault. Vector Poten-
tials in Three-Dimensional Nonsmooth Domains, Mathematical Methods in
the Applied Sciences, vol. 21, n° 9, p. 823-864, 1998.

[ADN59] S. Agmon, A. Douglis and L. Nirenberg. Estimates near the boundary
for solutions of elliptic partial differential equations satisfying general bound-
ary conditions I, Comm. Pure and Appl. Math., vol. 12, p. 623-727, 1959 ;
II, Comm. Pure and Appl. Math., vol. 17, p. 35-92, 1964.

[ADN59] R. Adams. Sobolev spaces, Academic Press, New York, 1975,

[Ar66] A. Arakawa. Computational Design for Long-Term Numerical Integra-
tion of the Equations of Fluid Motion, J. of Computational Physics, vol. 1,
p. 119-143, 1966.

[AS91] T. Abboud, F. Starling. Diffraction d’ondes électromagnétiques par un
écran mince, Internal Report n® 246, Centre de Mathématiques Appliquées de
[’Ecole Polytechnique, Palaiseau, France, june 1991.

[Ba71] 1. Babuska. Error-Bounds for Finite Element Method, Numerische Math-
ematik, vol. 16, p. 322-333, 1971.



VORTICITY-VELOCITY-PRESSURE FORMULATION FOR THE STOKES PROBLEM 33

[BCMP87] C. Begue, C. Conca, F. Murat and O. Pironneau. C.R. Acad. Sci-
ences Paris , vol. 304, Serie 1, p. 23-28, 1987.

[BDGS85] A. Bendali, J.M. Dominguez and S.Gallic. A Variational Approach for
the Vector Potential Formulation of the Stokes and Navier-Stokes Problems
arising in Three Dimensional Domains, J. Math. Anal. Appl., vol. 107,
p. 537-560, 1985.

[BGM92] C. Bernardi, V. Girault, Y. Maday. Mixed spectral element approx-
imation of the Navier-Stokes equations in a stream function and vorticity
formulation, IMA Journal Numer. Anal., vol. 12, p. 565-608, 1992.

[Be84]  A. Bendali. Approximation par éléments finis de surface de problemes de
diffraction des ondes électromagnétiques, These d’Etat, Université Paris 6,
janvier 1984.

[Be89]  C. Bernardi. Optimal finite element interpolation on curved domains,
SIAM J. Numer Anal., vol. 26, p. 1212-1240, 1989.

[Br74] F. Brezzi. On the Existence, Uniqueness and Approximation of Saddle
Point Problems arising from Lagrange Multiplyiers, RAIRO, R2, p. 129-151,
1974.

[Ch68] Y. Choquet-Bruhat. Géométrie différentielle et systémes extérieurs,
Dunod, Paris, 1968.

[Ci78]  P.G. Ciarlet. The Finite Element Method for Elliptic Problems, North
Holland, Amsterdam, 1978.

[CR74] P.G. Ciarlet and P.A. Raviart. A mixed finite element method for the
biharmonic equation, in Mathematical Aspects of Finite Elements in Partial
Differential Equations (C. de Boor Editor), Academic Press, p. 125-145, 1974.

[DL72]  G. Duvaut and J.L. Lions. Les inéquations en mécanique et en physique,
Dunod, Paris, 1972.

[Da88] M. Dauge. FElliptic Boundary Value Problems on Corner Domains, Lec-
ture Notes in Mathematics n® 1341, Springer Verlag, 1988.

[DSS97]  F. Dubois, M. Salaiin, S. Salmon. Aspects numériques de la formulation
tourbillon-vitesse-pression, Congrés National d’Analyse Numérique, mai 1997.

[DSS01]  F. Dubois, M. Salaiin, S. Salmon. Vorticity-velocity-pressure and vor-
ticity stream function formulations for the Stokes problem, Internal report,
Institut Aéro-Technique, 2001.

[Du90] F. Dubois. Discrete Vector Potential Representation of a Divergence-
Free Vector Field in Three-Dimensional Domains : Numerical Analysis of a
Model Problem, SIAM J. of Numerical Analysis, vol. 27, n°® 5, p.1103-1141,
1990.



34 FrRANGOIS DUBOIS

[Du9l] F. Dubois. Une formulation tourbillon-vitesse-pression pour le proble-
me de Stokes, Internal report Aerospatiale Espace € Defense, ST /S n° 206,
october 1991.

[Du92] F. Dubois. Une formulation tourbillon-vitesse-pression pour le probléeme
de Stokes, C.R. Acad. Sci. Paris, t. 314, Série 1, p. 277-280, 1992.

[Du95]  F. Dubois. A vorticity-velocity-pressure formulation for the Stokes prob-
lem, Ninth International Conference on Finite Elements in Fluids, Venice
(Italy), october 1995.

[EGQ99] A. Ern, J.L. Guermond, L. Quartapelle. Vorticity-Velocity Formu-
lations of the Stokes Problem in 3D, Mathematical Methods in the Applied
Sciences, 1999.

[FT78] C. Foias and R. Temam. Remarques sur les équations de Navier-Stokes
stationnaires et les phénomenes successifs de bifurcation, Ann. Scuola Nor-
male Sup. Pisa, Sci, vol. 5, n° 1, p. 29-63, 1978.

[Gi76] V. Girault. A Combined Finite Element and Marker and Cell Method for
Solving Navier-Stokes Equations, Numerische Mathematik, vol. 26, n°® 183,
p- 39-59, 1976.

[Gi88] V. Girault. Incompressible Finite Element Methods for Navier-Stokes
Equations with Nonstandard Boundary Conditions in IR3, Mathematics of
Computation, vol. 51, n°® 183, p. 55-74, 1988.

[GI73] R. Glowinski. Approximations externes par éléments finis de Lagrange
d’ordre un et deux du probleme de Dirichlet pour 'opérateur biharmonique
et méthode itérative de résolution des problemes approchés, in Topics in Nu-
merical Analysis (J. Miller Editor), Academic Press, p. 123-171, 1973.

[GL96] V. Girault and H. Lopez. Finite element error estimates for the MAC
scheme, IMA Journal Numer. Anal., vol. 16, p. 347-379, 1996.

[Gr85]  P. Grisvard. FElliptic problems in Nonsmooth Domains, Pitman, 1985.

[GR86] V. Girault and P.A. Raviart. Finite Element Methods for Navier Stokes
Equations. Theory and Applications, Springer Verlag, 1986.

[HW65]  F. Harlow and J. Welch. Numerical Calculation of Time-Dependent
Viscous Incompressible Flow of Fluid with Free Surface, Physics of Fluids,
vol. 8, p. 2182-2189, 1965.

[HHS83] R.P. Harper, C.W. Hirt and J.M. Sicilian. Flow2d : a computer pro-
gram for transient, two-dimensional flow analysis, Flow Science Inc., Report
FSI-83-00-01, 1983.



VORTICITY-VELOCITY-PRESSURE FORMULATION FOR THE STOKES PROBLEM 35

[Le91] V. Levillain. Couplage éléments finis-équations intégrales pour la résolu-
tion des équations de Maxwell en milieu hétérogene, Thesis, FEcole Polytech-
nique, Palaiseau, 1991.

[Li69]  J.L. Lions. Quelques méthodes de résolution des problémes aux limites non
linéaires, Dunod, Paris, 1969.

[LL53] L. Landau, E. Lifchitz. Fluid Mechanics, Nauka, Moscow, 1953.

[LM54]  P. Lax, N. Milgram. Parabolic equations, in Contributions to the The-
ory of Partial Differential Fquations, Annals of Mathematical Studies, n° 33,
Princeton, p. 167-190, 1954.

[LM68] J.L. Lions and E. Magenes. Probléemes auz limites non homogenes et
applications, Dunod, Paris, 1968.

[Né80]  J.C. Nédélec. Mixed Finite Elements in IR?, Numerische Mathematik,
vol. 35, p. 315-341, 1980.

[Né82]  J.C. Nédélec. Eléments finis mixtes incompressibles pour 1’équation de
Stokes dans IR®, Numerische Mathematik, vol. 39, p. 97-112, 1982.

[Ni89]  R.A. Nicolaides. Flow discretization by complementary volume schemes,
AITAA Paper n® 89-1978, 1989.

[PS72]  S.W. Patankar and D.B. Spalding. A Calculation Procedure for Heat,
Mass and Momentum Transfer in Three-Dimensional Parabolic Flows, Int. J.
Heat Mass Transfer, vol. 15, p. 1787-1806, 1972.

[Pe61]  J. Peetre. An Other Approach to Elliptic Boundary Value Problems,
Comm. Pure and Appl. Math., vol. 14, p. 711-731, 1961.

[Ra91] P.A. Raviart. Personal communication, 1991.

[RT77] P.A. Raviart and J.M. Thomas. A Mixed Finite Element Method for 2nd
Order Elliptic Problems, in Lectures Notes in Mathematics, vol. 306 (Dold-
Eckmann Editors), Springer Verlag, p. 292-315, 1977.

[Ro84] F.X. Roux. Seminar, Paris 6 University, march 1984.

[Ta76] L. Tartar. Nonlinear Partial Differential Equations Using Compactness
Method, in Technical Summary Report n° 1584, University of Wisconsin,
Madison, 1976.

[Te77] R. Temam. Theory and Numerical Analysis of the Navier Stokes Equa-
tions, North Holland, Amsterdam, 1977.

[Te93] 1. Terrasse. Résolution mathématique et numérique des équations de
Maxwell instationnaires par une méthode de potentiels retardés, Thesis, Ecole
Polytechnique, Palaiseau, january 1993.



