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Abstract. We consider the bidimensional Stokes problem for incompressible fluids in stream function-
vorticity. For this problem, the classical finite elements method of degree one converges as
O(v/h7) intheL?-norm of the vorticity. We propose to use harmonic functions to approach
the vorticity along the boundary. Discrete harmonics are functions that are used in practice
to derive a new numerical method. We obtain with this numerical scheme an error of order
O(hi¢), e > 0, for theL?-norm of the vorticity and present a first numerical tes2000
Académie des sciences/Editions scientifiques et médicales Elsevier SAS

Harmoniques discretes pour le probleme de Stokes

Résumé. On considére le probleme de Stokes bidimensionnel pour les fluides incompressibles en
formulation fonction courant-tourbillon. La méthode des éléments finis classiques de degré
un donne une convergence tres lente pour le tourbillon avec de nombreuses oscillations.
Nous proposons d'utiliser des fonctions harmoniques pour approcher le tourbillon au bord
du domaine et les harmoniques discrétes sont les fonctions utilisées en pratique pour
construire une nouvelle méthode numérique. Nous obtenons avec ce schéma numérique
une erreur en moyenne quadratique sur le tourbillon d’ordre arbitrairement proche de un
par rapport au pas du maillage et nous présentons un premier test numeériqgaeo0
Académie des sciences/Editions scientifiques et médicales Elsevier SAS

Version francaise abrégée

La formulation variationnelle du probléme de Stokes en fonction courant-tourbillon [3] consiste
chercherw dansM(Q) = {¢ € L3(Q); Ap € H1(Q)} ety dansH}(Q) satisfaisant le probléeme (1).
Comme la norméd.? est équivalente a la norme dans I'espadesur () = {p € M(Q); Ay =0}, les
résultats classiques sur les problémes mixtes permettent de montrer que ce probleme est bien posé [3].
le schéma par éléments finis de degré un (proposé dans [7]), les estimations d’erreur ne sont pas optirr
(voir [6]).

La méthode numérique développée ici consiste a discrétiser directement les deux espaces interve
dans la décomposition suivante d&2) : M(Q) = H}(Q2) & H(2). Nous proposons une formulation
variationnelle discréte qui consiste a cherctigre Hj ;- etwr € Hy™ = H{ 7 @ Hr o satisfaisant le

Note présentée par Olivier RRONNEAU .
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systeme (3), ot} o7 est'espace des fonctions continues Qunulles sur le bord, polynomiales de degré
un dans chaque trlangle Hir - défini en (2) est un espace de fonctions harmoniques a trace polynomial
de degré un sur la frontiere. La méthode proposée est une discrétisation naturelle du probleme précé
puisqueH;OO est un sous-espace #&(€2). On obtient les résultats suivants d’existence, d’unicité et de
convergence.

PROPOSITION 1 (Existence et unicité d’une solution discréteBif € (L?(Q2))?, le probléme de Stokes
discret en formulation fonction courant-tourbill@8) a une unique solutiofr,wr) € Hy - x H#“’ qui
dépend continment de la donnée

THEOREME 1 (Convergence). Si le maillage7 appartient a une famille réguliére de triangulations et
si (¢,w) € (H2(Q2) NHE(2)) x H3(Q), il existe une constanté > 0 indépendante d& telle que I'unique

solution (v, wr) ( Q)

Le probléme est ensuite d’approcher numériquement I'espaeg,, composé de fonctions harmo-
niques. On utilise pour cela des éléments finis définis sur la famille de sous-mailfages; d’'un maillage
donné7 et définie ainsi: (iJ7o = 7, (ii) 7x+1 C 7} est obtenu a partir d&, en divisant chaque triangle en
guatre triangles homothétiques. On nh&% I'espace des fonctions continues $urpolynomiales de de-
grél dans chaque triangle d& et H0 T, = H1 NHY(Q). Lespace des (fonctions) harmoniques discrétes
‘Hr 1 est défini de la fagon suivante : d’'une part Ies valeurs au bora@é{ ;, définissent une fonction
linéaire par morceaux sur le maillage initi&] = 7 et d’autre part les valeurs aux noeuds internes d’'une
harmonique discréte sont obtenues par résolution d’un probléme de Laplace discret dans]li%@pace
(Vip, VE) =0 pour touté € HY 0.7, - L'espacetr ;. est de dimension finie égale au nombre de sommets du
maillage initial7 sur la frontierd. La formulatlon harmonique discrétisée du probléeme de Stokes consist:
alors a trouver)r j, € HO Ty WT ) € HT = H}) + @ Hr 1 solutions du probléeme (4). Le théoréme sui-
vant traduit le fait que I'utilisation des harmoniques discrétes entraine la stabilité du schéma discret si o
suffisamment découpé le maillage initial.

THEOREME 2 (Stabilité des harmoniques discréteslPodr tout maillage régulief7 , il existe K (7)) €
N, tel que:

Vk > K(T), Vo € Hr i, 2 || Apll-10-

THEOREME 3 (Convergence). ke probleme4) a une unique solutiofwr x,wr k) € H}LT X H#k.
Si (1, w) € (H2(Q) NH(Q)) x H2(Q) est solution du probléme continu, on a

Vo, 0<0 <1, 3C(0) >0, VT réguliere 3K (7), Vk > K(T),

- @)

Enfin, les résultats obtenus sur un cas test proposé par Bercovier et Engelman [2] montrent que
difficulté numérique consiste a contréler les oscillations du tourbillon discret sur la frontiére. La figure
présente les oscillations initiales [7] qui disparaissent au fur et a mesure que le hideaaffinement
augmente. Sur trois maillages différents (notés A, B, C dans le tableau 1), nous constatons que la va
K (7T) =4 conduiten pratique & un calcul stable. Avec ce choiXd#&), la fonction courant et le tourbillon
convergent (courbe en figure 2) avec un ordre en accord avec le théoreme 3 (et méme meilleur!).

1. Introduction

Let Q be an open bounded domain BFf, convex with boundary” assumed to be polygonal. Let
alsof be a field of given forces, belonging (@.%(92))?, whose standard inner product is denoted by
(e, ). The well-posed weak formulation [3] of the stationary and homogeneous Stokes problem needs |
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introduction of the classical functional spatg((2) (defined in, e.g., [6]), its dual—1(Q) ({s,e)_11
shall denote the duality product betweHn!(Q2) andH}(€2)) and the spacal(2) defined by:M(Q2) =
{p € L2(Q); Ap € H1(Q)}. Let us remark with [3] that spackl(2) is a Hilbert space for the norm

llellar = \/||go||§7Q +[|[Ag|?, ;, and thatH'(2) is contained inMI(2) with continuous imbedding. We

introduce the left kernel(£2) of the bilinear form(A.,«)_1 1 : H(Q) = {¢ € M(Q), Ap =0}. Itis
classical that there exists a trace operator fi@(f2) into H~'/2(T") (denoted byy like the trace operator
from H'(£2)). Moreover, we recall the decompositioki(2) = H}(Q) & H (). This decomposition is
established by splitting € M(€) into two partsM(£2) > ¢ +— (%, 2) € H () x H(L2). The component
¢V is the unique variational solution i} (2) of the Dirichlet problemAy° = A in Q, v¢° =0 onT and
0™ = ¢ — Y is a harmonic function.

The variational formulation of the Stokes problem in stream function-vorticity consists in finding
H}(Q) andw in M(€2) such that

{(w,w (A, ) 11 =0, Ve M(Q), "

(—Aw, &) 11 = (f,rot&), VEeH(Q).

As the L?-norm is equivalent to thé/-norm onH((2), classical results on mixed problems show that
problem (1) is well posed [3]. Error estimates derived for the linear finite element scheme used
approximate (1) are not optimal. ¥ denotes the maximum diameter of the elements of a triangulation,
the bound is inth/2 for the L2-norm of the vorticity [6]. It is possible to stabilize the numerical scheme
by adding jumps at interfaces and prove convergence [1], but the numerical method, developed furtt
consists in a direct discretization of the above-mentioned decompositidii(ef.

2. Harmonic discretization of the Stokes problem

We introduce a mesfi that belongs to a regular family of triangulations in the sense of [4]. ThE set
denotes the space of continuous functions definef,gmolynomial of degreé in each triangle ofl” and
H{ 7 = H} NHy(Q). We define the spadé; = {X continuous orT’, linear on each edge of the boundary
mesh7Z NT'} of all traces of functions if%-. Then dimension of 7 is equal to the number of vertices of
7 on the boundary'. We introduce the spack¥ ., of harmonic functions whose trace dnbelongs to
discrete spacEr:

Hroo={peH (Q), INETT, v =X, Ap=0inH'(Q)}. 2)

SpaceH 7 is finite-dimensional andim H7 o = dimI'7. We set:Hl;00 = H}LT @ Hr . Dimension
of Hy> is the same aH}- but near the boundary, we use harmonic functions instead of piecewise linea
continuous functions. Values of the harmonic functions decrease very quickly. Nevertheless, suppor
spread over the entire domain. The splittipg= ©° + > proposed in the introduction remains valid for
functions inH;"O. Indeed, asp € H;"O, vy € T'r, thenp® € Hr . By constructiony? = ¢ — *
belongs to spacHj ;.

We propose a natural discrete variational formulation of problem (1). SH:I%@% is a subset oM ()
and is contained if*(2), so the following algebra hold$Ap, &) 1 1 = (Vy, VE) wheny € Hlf"’o and
e H})’T. The discrete problem consists in finding € H})’T andwr € Hlf"’o such that:

. 0) — (Vor, Vo) = 0, Vo e H:™,
{(wT ©) = (VYr,Ve) peH7y @)

(vav Vf) = (fa rot 5)7 V& € Hé,T
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PROPOSITION 1 (Existence and uniqueness of a discrete solutiof)f < (L2(£2))?2, problem(3) has a
unique solutiony)7,wr) € H}JI X H%OO which depends continuously on the daturdC' > 0 independent
onT, |wrlar + [Virllo.e < Cllfflo.q-

Although’H 7  is generated by a finite number of harmonic functions, we proceed as usual for studyin
finite element discretization. We first denote By : H'(I') — I'r the Lagrange interpolation operator
associated with mesf on the boundary. We define the interpolation operatpr: H(2) N H*(Q) —
Hr oo By 60> = ¢, where¢ € HY(Q) is the solution of the Dirichlet problenA¢ = 0 in Q and
7¢ =TI (79?) on T. We consider also the usual Lagrange interpolation operator associated with me:
T in the domair(, denoted bylT : H2(Q2) — HY-. The interpolation operatd?s® is now defined by the
relations:

P M(Q)NHA(Q) =H?(Q) 3 0 =" + 0= +— PPo =T1}¢" + 65 ¢ € Hy 7 & Hr oo = HE>.

We have ge€[5]) the following estimates for every € H2(02) N M(Q2): [|¢° — T || ar < C hr || 2,0
and||¢? — 69> m < C hr|¢ll2.0 Which lead to the:

THEOREM 1 (Convergence result).let (¢,w) be the solution of the Stokes probléh). We suppose
that it satisfies the following hypothesis of regularity € (H?(Q) N H(Q2)), w € H(2). Consider
(Y7 ,wr) € H})’T X H#OO the solution of probleng3) associated with mesh. If 7 belongs to a regular
family of triangulations, there exists a const@nt> 0 independent od” such that

o =zl + v = vrllie < O(||w” =70, + [l = 6F W, + ([ = T7¢]], o)

<Chr(wllz 0+ 1¥]l20)-

3. Discrete harmonics

We focus now on the fact that discrete spate ., is composed of rigorously harmonic functions and
has to be numerically approached. We use in the following finite elements on sub-grids defined from a giv
mesh7 . The family of grids7; (k € N) is defined recursively as follows: (#y = 7 and (i) 7x4+1 C 7%,
is obtained fronZ;, by dividing each triangle into four homothetic ones. We der}b}g the space of all
continuous functions of2, polynomial of degred in each triangle of; andH} ;. = H}, N H(2). We
defineH 7 ;. the space of discrete harmonic functions By, = {<p € HlTk, IxNelr, yp=AonT,
(Vp,VE) =0,VE € H&Tk}. Internal values of a discrete harmonic are obtained by solving a discrete
Laplace equation in spadééjk while trace on the boundafj, N T" is a piecewise linear function on the
initial mesh7, = 7. Note that discrete spaéér ( is the one used initially by Glowinski and Pironneau [7].
SpaceH 1 i, is finite-dimensional, andim H7 ;, = dim I'7 is equal to the number of vertices dnIf we
refine enough the initial mesh, discrete harmonics lead to a stable numerical scheme.

THEOREM 2 (Stability of discrete harmonics).Fer any mesh7Z belonging to a regular family of
triangulations, there exist& (7) € N, such that

Vk>K(T), VoeHr i, |eloo=][A¢l-1,0-

For every regular mesh and every integek > 0, we seIH;k = H})’T@Hﬁk. The discretized harmonic
formulation of the Stokes problem consists now in finding € H, 7, wr » € HY* such that:

(L")T,kvg@) - (Vlﬁ’]jk,VﬁP) =0, v(p € H%ik’
(Vwr k, V&) = (f,rotf), VEeH] .

(4)
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PROPOSITION 2 (Solution of the discretized harmonic formulation of the Stokes probleifife-
problem(4) has a unique solutiofr x,wr k) € Hj 7 x HLF.If £ € (L2(Q))2, if 7 belongs to a family
of regular meshes and if > K (7), with K(7") defined in Theorerg, the solution depends continuously
on the datunf.

With classical arguments founded on uniform stability and interpolation theory, taking into accour
difficulties due to the fact that piecewise linear boundary functions-n(“chinese hat”) belong only
to the spacél®/2—¢(T"), (¢ > 0), we have proved [5] the:

THEOREM 3 (Convergence result).l (¢, w) € (H?(Q) N H(2)) x H2(Q) is the solution of prob-
lem(1) we have

V0, 0<0<1,3C(H) >0, VT regular, 3K (7T), Yk > K(T),
lw—wr skl + 1Y = Y7 illie <CRE (w20 + 1¥]2.0)-
4. Numerical results

Numerical experiments have been performed on a unit square with an analytical test proposed
Bercovier and Engelman [2]. As the integ&i(7) a priori depends on the meskegTheorem 2), we
have worked with different unstructured meshes (A, B, C) [5]. The uncoupled algorithm is the following:

findwg € Hy 7 such tha( Vwg, V) = (f,rot €), V¢ € Hj 7,
find w%k € Hrt , such that(w?’k,x) = —(wg—, X), Vx € Ht 1, %)

find 7 x € Hj 7 such tha{ Vipr i, VE) = (w§ +w? ., €), VE € H 1.

(> —©Without refinement
28.0 < After 2 refinements '
o After 4 refinements CP
24.0 Interpolated exact solution I i

20.0

16.0

12.0

Figure 1. — Value of the vorticity on the boundary (meth
Figure 1. — Valeur du tourbillon sur le borfmaillage A).
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Table 1. — Extremum of the vorticity aftérrefinements ' = number of discrete harmonics).
Tableau 1. — Extremum du tourbillon aprésaffinement N = nombre d’harmoniques discredes

Mesh N k=0 1 2 3 4 Reference
A : 482 elements 56  26.52 20.37 17.34 16.37 16.10 16.00
B : 1562 elements 100 27.08 20.78 17.41 16.34 16.05 16.00
C: 3188 elements 144 31.77 22.94 18.20 16.60 16.15 16.00
107"

€

2

g m

5107

@ ..

2 e

§ - @—@ Vorticity — regression coefficient = 1.83 e

B— Stream function — regression coefficient = 1.96

b

—_
o

107" 10

Mesh size

Figure 2. — Convergence order afterefinements.
Figure 2. — Ordre de convergence aprésaffinements.

Notice that;) andw® are discretized on the initial mesh and not on the refined orig,. The step (5) is

the most expensive because we have to calculate all the discrete harmonics on the refined meshes.
the original scheme [7], the vorticity presents oscillations on the boundary. Figure 1 shows that the
oscillations decrease when the lekebdf the sub-gridZ;, increases. Table 1 gives extrema of the vorticity
obtained aftef) (corresponding to the non-stabilized schemg)2, 3 and4 refinements of each mesh
(the reference value i$16.00). Notice that thel times refined”-mesh is composed @f16128 elements.
Finally, we obtain better results than expected: alng@@t2-) for the L2-norm of the vorticity and of the
stream functiongeeFigure 2)!
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