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PERIODIC POINTS AND SHADOWING PROPERTY FOR
GENERIC LEBESGUE MEASURE PRESERVING INTERVAL
MAPS

JOZEF BOBOK, JERNEJ CINC, PIOTR, OPROCHA, AND SERGE TROUBETZKOY

ABSTRACT. We show that for the generic continuous maps of the interval and
circle which preserve the Lebesgue measure it holds for each k > 1 that the set
of periodic points of period k is a Cantor set of Hausdorff dimension zero and of
upper box dimension one. Furthermore, building on this result, we show that
there is a dense collection of transitive Lebesgue measure preserving interval
maps whose periodic points have full Lebesgue measure and whose periodic
points of period k£ have positive measure for each £ > 1. Finally, we show
that the generic continuous maps of the interval which preserve the Lebesgue
measure satisfy the shadowing and periodic shadowing property.

1. INTRODUCTION

In what follows let a residual set be a dense Gs set and we call a property
generic if it is satisfied on at least a residual set of the underlying space. The
roots of studying generic properties in dynamical systems can be derived from the
article by Oxtoby and Ulam from 1941 [25] in which they showed that for a finite-
dimensional compact manifold with a non-atomic measure which is positive on open
sets, the set of ergodic measure-preserving homeomorphisms is generic in the strong
topology. Subsequently, Halmos in 1944 [14],[I5] introduced approximation tech-
niques to a purely metric situation: the study of interval maps which are invertible
almost everywhere and preserve the Lebesgue measure and showed that the generic
invertible map is weakly mixing, i.e., has continuous spectrum. Then, Rohlin in
1948 [30] showed that the set of (strongly) mixing measure preserving invertible
maps is of the first category. Two decades later, Katok and Stepin in 1967 [17]
introduced the notation of a speed of approximations. One of the notable appli-
cations of their method is the genericity of ergodicity and weak mixing for certain
classes of interval exchange transformations. One of the most outstanding result
using approximation theory is the Kerckhoff, Masur, Smillie result on the existence
of polygons for which the billiard flow is ergodic [18], as well as its quantitative ver-
sion by Vorobets [35]. Many more details on the history of approximation theory
can be found in the surveys [5], [I1], [34].

In what follows we denote I := [0,1], S! the unit circle and A the Lebesgue
measure on an underlying manifold. Our present study focuses on topological
properties of generic non-invertible maps on the interval resp. circle preserving the
Lebesgue measure Cy (1), resp. Cx(S!). For the rest of the paper we equip the two
spaces with the uniform metric, which makes the spaces complete. The study of
generic properties on C(I) was initiated in [7] and continued recently in [8]. It is
well known that every such map has a dense set of periodic points (see for example
[8]). Furthermore, except for the two exceptional maps id and 1—id, every such map
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has positive metric entropy. Recently, basic topological and measure-theoretical
properties of generic maps from C) () were studied in [8]. We say that an interval
map f is locally eventually onto (leo) if for every open interval J C I there exists a
non-negative integer n so that f™(J) = I. This property is also sometimes referred
in the literature as topological exactness. The Cy(I)-generic function

) is weakly mixing with respect to A [8, Th. 15],
) is leo [8, Th. 9],
(c) satisfies the periodic specification property [8, Cor. 10],
(d) has a knot point at A almost every point [7],
) maps a set of Lebesgue measure zero onto [0, 1] [8, Cor. 22],
) has infinite topological entropy [8, Prop. 26],

) has Hausdorff dimension = lower Box dimension = 1 < upper Box dimension
=2 [31].

It was furthermore shown that the set of mixing maps in Cy(I) is dense [8, Cor.
14] and in analogy to Rohlin’s result [30] that this set is of the first category [8]
Th. 20].

In this paper we delve deeper in the study of properties of generic Lebesgue mea-
sure preserving maps on manifolds of dimension 1. Our choice of C(I) for further
investigation is that they are one-dimensional versions of volume-preserving maps,
or more broadly, conservative dynamical systems. On the other hand, they repre-
sent variety of possible one-dimensional dynamics as highlighted in the following.

Remark. Let f be an interval map. The following conditions are equivalent.

(i) f has a dense set of periodic points, i.e., Per(f) = 1.
(ii) f preserves a nonatomic probability measure p with supp p = 1I.
(iii) There exists a homeomorphism h of I such that ho foh=t e C\(I).

To see the above equivalence it is enough to combine a few facts from the liter-
ature. The starting point is [3], where the dynamics of interval maps with dense
set of periodic points had been described; while this article is purely topological it
easily implies that such maps must have non-atomic invariant measures with full
support. The Poincaré Recurrence Theorem and the fact that in dynamical system
given by an interval map the closures of recurrent points and periodic points coin-
cide [I0] provides connection between maps preserving a probability measure with
full support and dense set of periodic points. Finally, for g a non-atomic proba-
bility measure with full support the map h: I — I defined as h(z) = p([0,z]) is a
homeomorphism of I; moreover, if f preserves u then ho foh™! € C\(I) (see the
proof of Theorem [2] for more detail on this construction). Therefore, the topological
properties that are proven in [§] and later in this paper are generic also for interval
maps preserving measure fi.

A basic tool to understand the dynamics of interval maps is to understand the
structure, dimension and Lebesgue measure of the set of its periodic points. For
what follows let f € C\(I). Since generic maps from Cy(I) are weakly mixing
with respect to A it holds that the Lebesgue measure on the periodic points is 0.
However, it is still natural to ask:

Question A. What is the cardinality, structure and dimension of periodic points
for generic maps in Cy(I)?

Akin et. al. proved in [I Theorems 9.1 and 9.2(a)] that the set of periodic
points of generic homeomorphisms of S! is a Cantor set. In an unpublished sketch,
Guihéneuf showed that the set of periodic points of a generic volume preserving
homeomorphism f of a manifold of dimension at least two (or more generally pre-
serving a good measure in the sense of Oxtoby and Ulam [25]) is a dense set of
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measure zero and for any ¢ > 1 the set of fixed points of f¢ is either empty or a
perfect set [12]. On the other hand, Carvalho et. al. have shown that the upper
box dimension of the set of periodic points is full for generic homeomorphisms on
compact manifolds of dimension at least one [J[}.

In the above context we provide the general answer about the cardinality and
structure of periodic points of period k for f (denoted by Per(f,k)), of fixed points
of f* (denoted by Fix(f, k)) and of the union of all periodic points of f (denoted by
Per(f)) and its respective lower box, upper box and Hausdorff dimensions. Namely,
we prove:

Theorem 1. For a generic map f € Cx(I), for each k > 1:

(1) the set Fix(f, k) is a Cantor set,

(2) the set Per(f, k) is a Cantor set,

(3) the set Fix(f, k) has Hausdorff dimension and lower box dimension zero.
In particular, Per(f, k) has Hausdorff dimension and lower box dimension
zero.

(4) the set Per(f, k) has upper box dimension one. Therefore, Fix(f, k) has
upper boxr dimension one as well.

(5) the Hausdorff dimension of Per(f) is zero.

The proof of the above theorem works also for the generic continuous maps
which by our knowledge is not known in the literature yet. Furthermore, we can
also address the setting of C(S'), however, due to the presence of rotations, we
need to treat degree 1 maps separately (for the related statement of the degree one
case we refer the reader to Theorem [I3)).

Related to the study above, there is an interesting question about the possible
Lebesgue measure on the set of periodic points for maps from Cy(I).

Question B. Does there exist a transitive (or even leo) map in Cx(I) with positive
Lebesgue measure on the set of periodic points?

As mentioned already above, generic maps from C)(I) will have Lebesgue mea-
sure 0 since A is weakly mixing. Therefore, the previous question asks about the
complement of generic maps from C)(I) and requires on the first glance contra-
dicting properties. The discrepancy between topological and measure theoretical
aspect of dynamical systems again comes to display and we obtain the following
result. We answer Question [B] and even prove a stronger statement.

Theorem 2. The set of leo maps in Cy\(I) whose periodic points have full Lebesque
measure and whose periodic points of period k have positive measure for each k > 1
is dense in O\(I).

Another motivation for the study in this paper was the following natural ques-
tion.

Question C. Is shadowing property generic in C\(I)?

Shadowing is a classical notion in topological dynamics and it serves as a tool to
determine whether any hypothetical orbit is actually close to some real orbit of a
topological dynamical system; this is of great importance in systems with sensitive
dependence on initial conditions, where small errors may potentially result in a
large divergence of orbits. Pilyugin and Plamenevskaya introduced in [28] a nice
technique to prove that shadowing is generic for homeomorphisms on any smooth
compact manifold without a boundary. This led to several subsequent results that
shadowing is generic in topology of uniform convergence, also in dimension one (see

Lthis statement only appears in the published version of [9].
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[24] 19] for recent results of this type). On the other hand, there are many cases
known, when shadowing is not present in an open set in C* topology (see survey
paper by Pilyugin [27] and [26] 29] for the general overview on the recent progress
related with shadowing).

For continuous maps on manifolds of dimension one, Mizera proved that shad-
owing is indeed a generic property [23]. In the context of volume preserving homeo-
morphisms on manifolds of dimension at least two (with or without boundary), the
question above was solved recently in the affirmative by Guihéneuf and Lefeuvre
[13].

Our last main theorem provides the affirmative answer on Question [Cl

Theorem 3. Shadowing and periodic shadowing are generic properties for maps

from Cx(I).

Let us briefly describe the structure of the paper. In Preliminaries we give general
definitions that we will need in the rest of the paper. In particular, our main tool
throughout the most of the paper will be controlled use of approximation techniques
which we introduce in the end of Section[2l In SectionBlwe turn our attention to the
study of periodic points and prove Theorem [l The proof relies on a precise control
of perturbations introduced in Section[Z which turns out to be particularly delicate.
With some additional work we consequently obtain Theorem 2l We conclude the
section with the study of periodic points for maps from Cy(S') in Subsection 3.1l
In Section F we provide a proof of Theorem Bl Similarly as in [I9] we use covering
relations, however the main obstacle is the preservation of Lebesgue measure which
makes obtaining such coverings a more challenging task. We conclude the paper
with Subsection where we address a notion stronger than shadowing called the
s-limit shadowing (see Definition[I8]) in the contexts of C(I). We prove that s-limit
shadowing is dense in the respective environments. The approach resembles the one
taken in [22], however due to our more restrictive setting our proof requires better
control of perturbations. This result, in particular, implies that limit shadowing is
dense in the respective environments as well.

2. PRELIMINARIES

Let N:={1,2,3,...} and Ny := NU{0}. Let A denote the Lebesgue measure on
the unit interval I := [0, 1]. We denote by C\(I) C C(I) the family of all continuous
Lebesgue measure preserving functions of I being a proper subset of the family of
all continuous interval maps equipped with the uniform metric p:

p(f,g) = sup |f(z) — g(z)|-

A critical point of f is a point x € I such that there exists no neighborhood
of  on which f is strictly monotone. Denote by Crit(f) the set of all critical
points of f. A point z is called periodic of period N, if there exists N € N so
that fV(z) = = and we take the least such N. Let us denote by Z(f) the set of
points from I for which no neighborhood has a constant slope under f. Obviously,
Crit(f) € Z(f). Let PA(I) € C(I) denote the set of piecewise affine functions;
i.e., functions that are affine on every interval of monotonicity and have finitely
many points in the set Z(f). Let PAx(I) C C\(I) denote the set of piecewise affine
functions that preserve Lebesgue measure and PA (o) (1) C PAx(I) such functions
that are additionally locally eventually onto (i.e., the image under sufficiently large
iterations of nonempty open sub-intervals cover I). For some £ > 0 and h € C\(I)
define

B(h,§) :={f € Cx(I) : p(f, h) <&}
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By d(z,y) we denote the Euclidean distance on I between z,y € I. Foraset U € T
and £ > 0 we will also often use, by the abuse of notation,

B(U,¢) :={x eI :d(u,z) <& for some u € U}.

2.1. Window perturbations in Lebesgue preserving setting. In this subsec-
tion we briefly discuss the setting of Lebesgue measure preserving interval maps
and introduce the techniques that we will apply in the rest of the paper. The proof
of the following proposition is standard and we leave it for the reader.

Proposition 4. (Cy\(I),p) is a complete metric space.

Definition 5. We say that continuous maps f, g : [a,b] C I — I are A-equivalent
if for each Borel set A € B,

MFTHA)) = Mg (A)).
For f € C\(I) and [a,b] C I we denote by C(f;[a,b]) the set of all continuous maps
A-equivalent to f|[a,b]. We define
Ci(f3la,b]) := {h € C(f;a,b]) - h(a) = f(a), h(b) = f(b)}.
The following definition is illustrated by Figure [1l

Definition 6. Let [ be from C\(I) and [a,b] C I. For any fixed m € N, let us
define the map h = h{f;[a,b],m): [a,b] = I by (j € {0,...,m —1}):

Flatm(z—2=2)) iz e[l Groe=a] . ..

m m m

ha +z) = f(a+m(UH= — o)) e [dloa GEN0oa] g

Then h(f;la,b],m) € C(f;[a,b]) for each m and h{f;[a,b],m) € Ci(f;[a,b]) for
each m odd.

FIGURE 1. For f € Cx(I) shown on the left, on the right we
show the the regular 3-fold window perturbation of f by h =
h<f7 [aab]a3> € C*(f7 [aab])

For more details on the perturbations from the previous definition we refer the
reader to [§].
Definition 7. For a fized h € C.(f;[a,b]), the map g = g{f,h) € Cx(I) defined by
x) if x € |a, b,
sy [F@ i €l
h(x) if x € [a,b]

will be called the window perturbation of f (by h on [a,b]). In particular, if h =
h{f;[a,b],m), m odd, (resp. h is piecewise affine), we will speak of regular m-fold
(resp. piecewise affine) window perturbation g of f (on [a,b]).
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3. CARDINALITY AND DIMENSION OF PERIODIC POINTS FOR GENERIC LEBESGUE
MEASURE PRESERVING INTERVAL AND CIRCLE MAPS

Since generic maps from C) (I) are weakly mixing (Theorem 15 from [g]) it follows
that the Lebesgue measure of the periodic points of generic maps from Cy(I) is
0. The main result of this section is Theorem [I which describes the structure,
cardinality and dimensions of this set.

Let
Fix(f, k) == {z : f*(z) = z}
Per(f, k) := {z: f¥(x) =2 and fi(z) # = for all 1 <i < k}
k(x) :=k for z € Per(f, k)
and

Per(f) := ] Per(f,k) = | Fix(f, k).
E>1

k>1

Definition 8. A periodic point p € Per(f, k) is called transverse if there exist three
adjacent intervals A = (a1,a2), B = [az,c1],C = (¢1,¢2), with p € B, B possibly
reduced to a point, such that (1) f*(z) =  for all x € B and either (2.a) f*(z) >
for allz € A and f*(x) < z for all z € C or (2.b) f*(x) < z for all z € A and
fE(x) >z forallz € C.

To prove Theorem [I] we will use the following lemma.

Lemma 9. For each k > 1 there is a dense set {g;}i>1 of maps in Cx\(I) such that
gi € PAX(I), Per(gi, k) # 0, and for each i all points in Fix(g;, k) are transverse.

Proof. The set PA(I) is dense in Cy\(I) ([7], see also Proposition 8 in [8]). Each
f € PA(I) (in fact each f € Cy(I)) has a fixed point, so using a 3-fold window
perturbation around the fixed point we can approximate f arbitrarily well by a
map f1 € PA(I) with Per(f1,k) # 0.

Fix f € PA () with Per(f,k) # 0. We claim that by an arbitrarily small
perturbation of f we can construct a map g € PA,(I) such that

(3.1) Per(g, k) # 0 and all points in Fix(g, k) are transverse.

We do this in several steps. The first step is to perturb f to g in such a way that
the points 0 and 1 are not in Fix(g, k); we will treat only the point 0, the arguments
for the point 1 are analogous. If 0 is a fixed point we can make an arbitrarily small
window perturbation as in Figure [2 so that this is no longer the case.

FIGURE 2. Small perturbations of a map f € PA)(I) near 0.

Now consider the case when f7(0) = 0, where j > 1 is the period of the point 0,
and j|k. We assume that a is so small that f¢([0,a])N[0,a] =0 fori =1,2,...,5—1
and choose a so that f7(a) # 0. Let g be the map resulting from a regular 2-fold
window perturbation of f on the interval [0, a] (see Figure[]). Thus ¢g(0) = f(a) and
g1 = f7=1 on the interval [f(0), f(a)], and so ¢7(0) = ¢! o f(a) = f7(a) # 0.

Thus we can choose a dense set of f € PA,(I) with Per(f, k) # 0, and Fix(f, k)N
{0,1} = 0. Fix such a map f. We claim that by an arbitrarily small perturbation
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FIGURE 3. Left: small perturbations of a map f € PA,(I) near 0;
Right: ¢/~! = f7=" on [£(0), f(a)].

of f we can construct a g € PA(I) with Per(g, k) # 0 and Fix(g,k) N {0,1} =0
such that for every ¢ € Crit(g) we have g*(c) & Crit(g) for all 1 <i < k.

Suppose that for some ¢y, co € Crit(f) we have an £ > 1 such that f*(c;) = co
and fi(c1) & Crit(f) for 1 < i < £ —1. We call this orbit a critical connection
of length . Choose c1,co with the minimal such /¢, if there are several choices fix
one of them. We will perturb f to a map g for which this critical connection is
destroyed, so g has one less critical connection of length ¢. Since there are finitely
many critical connections of a given length, a finite number of such perturbations
will remove all of them, and a countable sequence of perturbations will finish the
proof of the claim.

If ¢1 # co it suffices to use a small window perturbation around cs as in Figure
@ if the window perturbation is disjoint from the orbit segment fi(c;) for i €
{0,1,...,£—1} then for the resulting map g we have g*(c1) = ¢z < & and g*(c1) &
Crit(g) = {¢2} U Crit(f) \ {c2} for i = 1,2,...,¢ — 1, thus we have destroyed the
critical connection. Let @ = {fi(c) : 0 <i < £ and ¢ € Crit(f)}\ {c2}. Notice that
g(C2) = f(ca), thus taking the neighborhood for the perturbations sufficiently small
to be disjoint from ) guaranties that we did not create a new critical connections
of length ¢ or shorter.

FIGURE 4. Small perturbations of a map f € PA,(I).

Now consider the case ¢; = ¢a. Suppose that ¢; is a local minimum of f; the
other cases are similar. If £ = 1 then we again move the peak using the window
perturbation as in Figure d to destroy the connection. If £ > 1 then by assumption
the map f*~! in a neighborhood U = (a, b) of the point f(c;) is strictly monotone.
Using a window perturbation around ¢; as in Figure [B] yields a map g € C\(I)
with Per(g, k) # () such that

Crit(g) = {é1} U Crit(f) \ {c1}

The critical set Crit(f) is finite since f is piecewise affine. If this perturbation is
small enough to be disjoint from the set U := Uf;ll {(U) then the resulting map
glU = f|U, and so ¢g*~'|{U = f*'|U. Furthermore, if the perturbation is small
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FIGURE 5. Left: small perturbations of a map f € PA,(I); Right:
-1 -1
g =

enough so that ¢g(¢;) € U then

g togl@)=f"tog@) =f"to fla) =a.
Moreover, we can choose the perturbation so small that these two points are arbi-
trarily close, i.e., g*(¢1) € (¢1 — ¢, ¢1), for any fixed £ > 0.

If £ is small enough then there are no critical points of f in the interval (¢1 —&, ¢1).
Furthermore, since ¢; > ¢y, then if the perturbation and € are small enough it holds
that ¢; is also not in this interval. This procedure possibly creates new critical
connections but of length at least £+ 1; but inductive application of both cases will
eventually get rid of the critical connections of length at most k.

If we choose the interval of perturbation small enough then no new critical con-

nections of length at most k can be created, thus the proof of the claim is fin-
ished. O

Now we have prepared all the tools to give the proof of Theorem [l In what
follows, by dim .., dimp,, and dim g we denote the lower box dimension, the upper
box dimension and the Hausdorff dimension of the underlying sets respectively.

Proof of Theorem [l First note that Bl follows from [3)) since
dimpy (Per(f)) < supdimpy (Fix(f,k)) < supdimp,, (Fix(f, k)) = 0.
k>1 k>1

For the proofs of 1), 2)), B) and @) we fix k € N.

Thus we can choose a countable set {g;};>1 C PAx(I), such that no g; has
slope 1 on any interval, which is dense in Cy(I) with each g; satisfying (B.1]).
The advantage of such g; is that for each point in Fix(g;, k), there is at least one
corresponding periodic point in Fix(g, k) if the perturbed map g if is sufficiently
close to g;.

Consider the shortest length

v; == min{|c — | : ¢, ¢’ € Crit(g;) U{0,1} and ¢ # '}

of the intervals of monotonicity of g;, note that v; > 0 since g; € PA,(I).

Since g; € PA)(I) do not have slope £1 the set Fix(g;, k) is finite, suppose it
consists of ¢; disjoint orbits and the set Per(g;, k) consists of £; < ¢; distinct orbits.
In particular

(3.2) 0; < #Fix(g;, k) < kt; and Per(g;, k) = k.
Choosing one point from each of the orbits in Fix(g;, k) defines the set {z;,; : 1 <
1 <4} CFix(gi, k).

By the definition of g;, the minimal distance

7 = min{|g"(x1:) — | : 0 <m < k(x;;) —1, 1<1<¥;, ce Crit(g;) U{0,1}}
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of the periodic orbits to the set Crit(g;) U {0, 1} is strictly positive.
If k=4; =1let B; := 1, otherwise we consider the minimal distance

1
Bi = 3 min{|z — 2’| : x # 2’ € Fix(g;, k)}.

Let 7; be a positive real number such that the slope of every |(g¥)(x)| < 7; for
every point z where gf is differentiable.

The construction in the proof depends on integers n; > 1 which will be defined in
the proof, for most of the estimates it suffices to have n; = 1, but for the upper box
dimension estimates we will need n; growing sufficiently quickly. We define a new
map h; € PA,(I) by applying a regular 2n; + 1-fold window perturbation of g; of
diameter a; < % min(ﬁ, iy Yi» Bi, (k€;)™%) around each of the points z;; keeping
the map g; unchanged elsewhere, in particular it is unchanged around the other
points in Fix(g;, k). The perturbations are disjoint from one another (perturbation
around x;; and zp ;) by the definition of a;. The bound on a; guarantees that these
maps satisfy the following properties:

i) The collection {h;};>1 is dense in Cy(I) (since the total perturbation size is
bounded by k¢;a; — 0);
ii) Suppose z;,; € Fix(g;, k).
a) The map hfm'i) has exactly 2n; + 1 fixed points in the interval I;; :=
(15 — ai, x1; + ag),
b) The map h¥ has (2n; + 1)¥/#@ui) fixed points in this interval.
¢) The full branches of hf/km‘i) have length a;/(2n; + 1)*/*@.) thus each
subinterval of I; ; of length 2a,/(2n; + 1)k/k@1i) contains at least one full
branch and at most parts of three branches, and thus at least one fixed
point and at most 3 fixed point of h¥.
iii) The total number N, ; of fixed points of h¥ arising from the orbit of z; ; satisfies

Nl,z' = (2711 + 1)k/k(z“)k(1'l,z)

Summing over the points z;; and using 1 < k(x;;) < k yields
£;
max((2n; + 1), (2n; + 1)¥) < #Fix(hi, k) = > Nig < (20 + 1)%kL.
1=1

iv) If a;; € Per(gi, k) (i-e., k(z1;) = k) then the N;; = (2n; + 1)k points are not
only in Fix(h;, k) but also in Per(h;, k); thus #Per(h;, k) > (2n; + 1)kl;;

v) Any interval of length a;/(2n; + 1)¥ covers at most two points of Fix(h;, k)
(since h; restricted to an interval of length a;/(2n; + 1) has at most one critical
point).

Consider §; > 0 and

jENi>j
The set G is a dense Gy set.

@) We claim that if §; > 0 goes to zero sufficiently quickly then Fix(f, k) is a
Cantor set for each f € G. The set Fix(h;, k) is finite, choose ¢; so small that the
balls of radius ¢; around distinct points of Fix(h;, k) are disjoint and such that {; —
0. We can choose §; so small that if f € B(h;,d;) then Fix(f, k) C B(Fix(h;, k), ();
in particular the set Fix(f, k) can not contain an interval whose length is longer
than 2¢;. Fix f € G, thus f € B(h;,,d;;) for some subsequence i;. Since ¢;; — 0
Fix(f, k) can not contain an interval.

By its definition the set Fix(f, k) is closed. Consider the open cover of Fix(h;, k)
by pairwise disjoint intervals of length a;;, by () these intervals contain (2n; +
1)k/k(14) fixed points for some k(z; ;). Fix these covering intervals and choose d;
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sufficiently small so that all fixed points of f* of any f € B(h;,d;) are contained in
the covering intervals and so that there are at least Fix(h;, k) > #(2n; + 1)¢; such
points (). Thus there are no isolated points in Fix(f, k) since for any periodic
point of period k we can find another point from Fix(f, k) arbitrary close. This
completes the proof of ().

To prove ([2) we need to make some adjustments to the above argument. We
again fix f € G, thus f € B(hy;,;;) for some subsequence i;. For the same reasons
as before the set Per(f, k) is closed and can not contain any intervals. We consider
the same open cover as above and impose the same restrictions on d; as above.

We claim that if z; ; € Fix(g;, k) then #Per(h;, k) NI ; > 1. If 2;; € Per(g;, k)
has period k then the (2n;+1) fixed points of h, in the interval I; ; all have period k
and so the claim holds in this case. Suppose now z;; € Fix(g;, k) has period k(z; ;)
(a strict divisor of k), then the corresponding (2n; + 1) points in Fix(h;, k) N I;;

have period k(x;;). If we consider the map hf(ml’i) restricted to I;; then it is a
(2n; + 1)-fold tent map, thus it has periodic orbits of all periods. In particular,
periodic points of hf(zl’i) with period k/k(z; ;) belongs to the set Per(h;, k). The
number of such periodic points is strictly larger than 1, and the claim follows.

We additionally require that d; is sufficiently small so that for any f € B(h;,d;)
not only are all the fixed points of f* contained in the covering intervals but also
that f restricted to the covering interval around x;;; has at least 2 periodic points
of period k.

Thus there are no isolated points in Per(f, k) since for any periodic point of
period k we can find another point from Per(f, k) arbitrary close. This completes
the proof of (2I).

@) Since Per(f, k) C Fix(f,k) it suffices to prove the statement for Fix(f, k).
Remember that the number & > 1 and the sequence ¢; are fixed. We claim that if
d; > 0 goes to zero sufficiently quickly then the lower box dimension of the Fix(f, k)
is zero for any f € G.

To prove the claim fix f € G, thus f € B(h;;,d;;) for some subsequence i;.
Consider the open cover of Fix(h,, k) by intervals of length a;; guaranteed by ().
Fix these covering intervals and choose d;; sufficiently small so that all points of
Fix(f, k) of any f € B(hy,,d;;) are contained in the covering intervals.

Let N(g) denote the number of intervals of length € > 0 needed to cover
Fix(hi;, k). By the choice of d;;, these intervals of length a;; also cover Fix(f, k).
Equation (3.2) combined with (i) implies that ¢;; < N(a;,) < kf;;. Combining
this with the fact that a;; < (kf;;)~% yields

log(N(a,)) _ log(kts,) _ 1

log(1/as,) ~ log(/ar,) = i
and thus the lower box dimension of Fix(f, k) defined as

o log(N(e))
hIan—gélf log(1/¢)

is 0.

@) We begin by calculating the upper box dimension of Fix(f, k). Here we
will need to choose the sequence n; growing sufficiently quickly. Instead of covering
Fix(h;, k) by intervals of length a; we cover it by intervals of length b; := 2a;/(2n; +
1)*. By (fid) each such interval covers at most three points of Fix(h;, k). Thus we
need at least (#Fix(h;, k))/3 such intervals to cover Fix(h;, k); so by (i) we need at
least (2n; + 1)¥/3 such intervals to cover Fix(h;, k). Fix such a covering and choose
d; sufficiently small so that all periodic points of period k of any f € B(h;;,d;;) are
contained in the covering intervals.
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Thus

(3:3) log(N(bi,)) _ log((2ni +1)*/3) _ log((2n: + 1)*) —log(3)

' log(1/bs;) — log(1/b;;) log((2n; + 1)*) — log(2a;)”

The sequence a; has been fixed above, if n; grows sufficiently quickly the last
term in (B3] approaches one. We can not cover Fix(h;, k) by fewer intervals, and
thus we can not cover Fix(f, k) by fewer interval, thus it follows that the upper box
dimension of Fix(f, k) defined as

is 1.

(5) We modify the above proof to calculate the upper box dimension of Per(f, k)
for k > 2. Instead of Fix(h;,k) we consider Per(h;, k). As before, an inter-
val of length b; covers at most three points of this set, thus we need at least
#(Per(hi, k))/3 such intervals to cover it. Let z;,; be a fixed point and I;; the
associated interval, then

#(Per(hi, k) > #(Fix(hi, k)N L) — Y #(Fix(hs, €) N 114)

0|k, 1<e<k
= (2n;+ 1)~ - Z (2n; +1)°
Lk 1<t<k
/2]
> (2ni+ 1) = > 20+ 1)
=1
2n; + 1)1HR/20
27’Li

— @n )R |1 1 41
= i 2”1 (27% + 1)k—1—Lk/2J (277/1 + 1)k .

If we additionally suppose that n; > 2 then for any k& > 2 we have

1 1 1 1 1 1 3
"o, ((2ni+ 72t (am, + 1)k) = 173 ((27” TR T 3y 1)k) T
Thus the estimate (33) becomes

log(N(bi;) log(3(2n; +1)%/3)
log(1/bs;)  — log(1/b;;)
log((2n; + 1)*) — log(4)
log((2n; + 1)*) — log(2a;)
and the rest of the proof follows in a similar manner. O

Remark 10. The proof of Theorem[dl can easily be adapted to show that the generic
map in C(I) has the same properties, this does not seem to be known in our setting.
Related results have been proven for homeomorphisms on manifolds of dimension
at least two in [12] (unpublished sketch) and [9].

While positive Lebesgue measure of periodic points can not be realized for er-
godic maps, it turns out it can be visible in many leo Lebesgue measure preserving
maps. To this end let us first introduce some needed definitions.

Let My(I) be the space of invariant Borel probability measures on I equipped
with the Prohorov metric D defined by

o u(A) S u(B(A€) + = and v(A) < u(B(A,e)) + ¢
D(u,v) = inf {E' for any Borel subset A C I
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for p,v € My(I). The following (asymmetric) formula
D(p,v) =inf{e: pu(A) <v(B(A4,¢)) + ¢ for all Borel subsets A C I}

is equivalent to original definition, which means we need to check only one of the
inequalities. It is also well known, that the topology induced by D coincides with
the weak* -topology for measures, in particular (M (I), D) is a compact metric space
(for more details on Prohorov metric and weak*-topology the reader is referred to

[16]).

Lemma 11. Assume that Per(f, k) is a Cantor set. Fiz x € Per(f,k) and € > 0.
Let p, be the unique f-invariant Borel probability measure supported on the orbit of
x € Per(f, k). Then there is a non-atomic measure v supported on Per(f, k) such
that D(u,,v) < €.

Proof. There exists a Cantor set C' C Per(f, k) such that z € C and sets f*(C) are
pairwise disjoint with diam(f*(C)) < e fori =0,...,k—1. Let © be any non-atomic

probability measure on C' and put v = % Zf:_ol Do f'. Clearly v is f-invariant. Note
that v(B(f(x),e)) > v(f'(C)) = 1/k, which yields that D(p,,v) < e. O

Proof of Theorem[d. Using Theorem [ and the results of [8] we can choose a map
f € Cx(I) that is leo, ergodic and Per(f, k) is a Cantor set for each k. By result
of Blokh, every mixing interval map has the periodic specification property [6] (see
also [§], Corollary 10). By a well known result of Sigmund [32] [33], so called CO-
measures, i.e., ergodic measures supported on periodic orbits, are dense in the space
of invariant probability measures for maps with periodic specification property. In
our context it means that Lebesgue measure can be approximated arbitrarily well
by a CO-measure supported on a periodic orbit. As a consequence, Lemma [T
implies that there exists a sequence uj of non-atomic measures supported on a
subset of Per(f) such that limg_ 0o D (g, A) = 0.

Let us fix any € > 0 and without loss of generality assume that D(ug, \) < € for
every k.

Consider the measure

=1
V::Zg_k'ﬂk'
k=1

By definition v is an f-invariant Borel probability measure, so f preserves both
measures A and v. As a combination of non-atomic measures, v is non-atomic, and
since limy_, o0 D(pg, A) = 0, v has full support, i.e., supp v = I.

We define a map h: I — I by h(z) := v([0,x]), since v has full support and is
non-atomic, the map h is a homeomorphism. Note that by the definition of the
metric D we have

v([0,2]) < A([0,z+¢e])+e=a+2¢
and
z—e=M[0,z —¢]) <v([0,2]) + ¢

hence |z — h(x)| < 2e.
For each Borel set A in I we can equivalently write

(3.4) Ah(A)) = v(A) or A(A) = v(h™1(A)).

We claim that g :== ho foh™! € C\(I). Using [3.4) for any Borel set A in I we
have

MA) = v(h™H(A)) = v(f T (h1(A))) = Ah(f T (h1(A)))) = Mg~ (A)).
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Moreover, the maps g and f are topologically conjugated, so the map g is also leo
and h(Per(f)) = Per(g). But by (B.4) again

oo

1
A(Per(g)) = A(h(Per(f))) = v(Per(f)) = 3 o - p(Per(f)) = 1.
k=1
In the above construction, we may take € arbitrarily small, therefore g can be
arbitrarily small perturbation of f.
Now assume that we are given a leo mao f € Cy(I) for which A(Per(f)) = 1.

Consider the measure
oo 1
n= kgl ok Tk

where each 7 is obtained by application of Lemma [1] to a point = € Per(f, k).
Then 7 is no-natomic and n(Per(f, k)) > 0 for every k.

We repeat the above proof (construction of map g) using measures v, :=&;-n+
(1 —&;) - A where the sequence 0 < g; < 1 decreases to 0. The resulting maps {ge, }
satisfy p(ge,, f) — 0, completing the proof. O

3.1. Periodic points for generic circle maps. Let C) 4(S') denote the set of
degree d maps in C,(S'). The proof of Theorem [[l immediately shows:

Theorem 12. Theorem[d] holds for generic maps in C 4(S') for each d € Z.\ {1}.
For C) 1(S!) the situation is more complicated, consider the open set
Cp :={f € Cx1(S") : f has a transverse periodic point of period p}.
In this setting the proof of Theorem [ yields the following result,

Theorem 13. For any f in a dense G subset of 6]0 we have that for each k € N

(1) the set Fix(f, kp) is a Cantor set;

(2) there exists a Cantor set Py, C Per(f, kp);

(3) the sets Py, C Per(f, kp) C Fix(f, kp) have Hausdorff dimension and lower
box dimension zero, while the upper box dimension of these sets is one, and

(4) the Hausdorff dimension of Per(f) is zero.

Remark 14. As in the interval case, the proof of the previous two results can easily
be adapted to show that the generic degree d map in C(S') has the same properties,
again this does not seem to be known in our setting.

To interpret this result we investigate the set Co := C) 1(S?) \ Upzlﬁp. As we
already saw in the proof of Theorem [I] a periodic point can be transformed to a
transverse periodic point by an arbitrarily small perturbation of the map, thus the
set C, consists of maps without periodic points. Using the same argument we
see that U,>1C,, contains an open dense set. Therefore, Cs, is nowhere dense in

Cr1(SY).
Proposition 15. The set C consists of irrational circle rotations.

Proof. Clearly Cy, contains all irrational circle rotations.

We claim that any f € Co must be invertible. For each point z denote by J.
the largest interval containing z such that f"(z) & J, for all n > 0. Suppose that
f(z) = f(y) for some = # y. Then by [2, Theorem 1] we obtain that J, = J,, in
particular both are nondegenerate intervals. By the same result intervals f™(J,)
are pairwise disjoint for all n > 0. The Poincaré recurrence theorem states that
almost every point is recurrent, which is a contradiction since interior of J, consists
of non-recurrent points. The proof is completed. (I
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4. SHADOWING IS GENERIC FOR LEBESGUE MEASURE PRESERVING INTERVAL
AND CIRCLE MAPS

First we recall the definition of shadowing and its related extensions that we
will work with in the rest of the paper. For § > 0, a sequence (x,)nen, C I s
called a d-pseudo orbit of f € C(I) if d(f(xn),Tnt1) < 6 for every n € No. A
periodic §-pseudo orbit is a d-pseudo orbit for which there exists N € Ny such that
TniN = Ip, for all n € Nyg. We say that the sequence (z,)nen, is an asymptotic
pseudo orbit if lim, oo d(f(xy), Tnt1) = 0. If a sequence (zp)nen, is a d-pseudo
orbit and an asymptotic pseudo orbit then we simply say that it is an asymptotic
d-pseudo orbit.

Definition 16. We say that a map f € C(I) has the:

e shadowing property if for every € > 0 there exists 6 > 0 satisfying the
following condition: given a d-pseudo orbit y := (yn)nen, we can find a
corresponding point x € I which e-traces y, i.e.,

d(f™(z),yn) < e for every n € Ny.

e periodic shadowing property if for every e > 0 there exists § > 0 satisfying
the following condition: given a periodic §-pseudo orbit 'y ‘= (Yn)nen, we
can find a corresponding periodic point x € I, which e-tracesy.

e limit shadowing if for every sequence (zp)nen, C I so that

d(f(xn), nt1) — 0 when n — 0o
there exists p € I such that
d(f™(p),zn) = 0 as n — oo.

e s-limit shadowing if for every e > 0 there exists § > 0 so that
(1) for every d-pseudo orbit y := (Yn)nen, we can find a corresponding
point x € I which e-tracesy,
(2) for every asymptotic 6-pseudo orbit y := (yn)nen, of f, there isx € T
which e-traces y and

nhﬂn;o d(yn, f*(x)) = 0.

The notions of shadowing and periodic shadowing are classical but let us com-
ment less classical notions of limit and s-limit shadowing. While limit shadowing
seems completely different than shadowing, it was proved in [20] that transitive
maps with limit shadowing also have shadowing property. In general it can happen
that for an asymptotic pseudo orbit which is also a d-pseudo orbit, the point which
e-traces it and the point which traces it in the limit are different [4]. This shows
that possessing a common point for such a tracing is a stronger property than the
shadowing and limit shadowing properties together and this property introduced
in [21] is called the s-limit shadowing.

Observation 17. S-limit shadowing implies both classical and limit shadowing.

4.1. Proof of genericity of shadowing. The main step in the proof of genericity
of the shadowing property in the context of maps from C) (1) is the following lemma.

€

Lemma 18. For every € > 0 and every map f € Cx(I) there are 6 < 5 and
F € C\(I) such that:
(1) F is piecewise affine and p(f,F) < 5,
(2) if g € Cx(I) and p(F,g) < § then every d-pseudo orbit x := {z;};~, for g
is e-traced by a point z € I. Furthermore, if X is a periodic sequence, then
z can be chosen to be a periodic point.



PERIODIC POINTS AND SHADOWING PROPERTY FOR C(I) 15

Proof. Step 1. Partition. First, let 0 < v < /2 be such that, if |a — b] < 7 then
[f(a) = f(b)] <e/2.

Let us assume that f is piecewise affine with the absolute value of the slope at
least 4 on every piece of monotonicity. Indeed, we can assume that f is piecewise
affine due to Proposition 8 from [§]. Furthermore, we can also assume that the
absolute value of the slope of f is at least 4 on every piece of monotonicity by
using regular window perturbations from Definition [ and thus we can approximate
arbitrarily well any piecewise affine map from C) () by a piecewise affine map from
C(I) having absolute value of the slope at least 4 on every piece of monotonicity.
We set v to be smaller than the length of the shortest piece of monotonicity of
f. Since f preserves the Lebesgue measure it must have non-zero slope on every
interval of monotonicity. Thus we can assume we have a partition 0 = ap < a1 <
... < ap < ap41 = 1 such that:

(i) ajy1 —a; <7y fori=0,...,n,
(ii) if f(a;) & {0,1} then f(a;) # a; for every j.

(iii) if f(a;) & {0,1} then a; € f(Crit(f)).

Step 2. Perturbation. By the definition of the partition, there is § > 0 such
that for each j =0,...,n we have

{i: f(laj: aja]) N (@i, aipa) # 0} = {i - B(f(laj, a;11]),36) N (ai, aivr) # 0}
We may also assume that § is sufficiently small, so that if f([a;, aj+1])N]ai, a;iy1] # 0
then

(4.1) f(laj aj4a]) O laia;i + 28] or  f([la;,aj41]) D [aiy1 — 26, aia].

Now, repeating the construction behind Proposition 8 of [§] we construct a map
F by replacing each f|[a;,a;41] by its regular m-fold window perturbation (see
Definition [7 and Figure [l), with odd m and large enough to satisfy 1/m < §. This

way I is still piecewise affine and its minimal slope is larger than the maximal slope
of f and such that
(42) F(lai,ai +6]) = F(lai+1 = 6, ai11]) = F([ai, aita]) = f([as, aiv1]).
Since C\(I) is invariant under window perturbations we conclude F' € Cy(I).
Step 3. e-shadowing. For some 2 € I in what follows denote dist(x,J) :=
inf{d(z,y) : y € J C I}. Also, for an interval J C I let diam(J) := sup{d(x,y) :
z,y € J}. Take any g € Cx(I) such that p(F,g) < § and let x := {z;},°, be a
d-pseudo orbit for g. We claim that there is a sequence of intervals J; such that
(1) diam J; <+ and if ¢ > 0 then J; C g(J;-1),
(2) dist(a;, J;) < 7,
(3) for every i there is p such that F'(J;) = F([ap, ap+1]) and z; € [ap, apt1].

Take p > 0 such that [ap,ap+1] @0 and put Jy = [ap,aps1]. Then conditions
[D—@) are satisfied for i = 0.
Next assume that for ¢ = 0,...,m there are intervals J; such that conditions (II)—

@) are satisfied. We will show how to construct J,,+1. Denote F(J,,) =: [a,b]. By
@) and the definition of F', namely (@I and ([#2), there are nonnegative integers
i,7, 7 — 1> 2 such that

[a%+l - 25) aﬁ',l + 26] C [a, b] C [a%’ a/j]

Furthermore, if a; # 0 then a > a; + 26 and if b; <1 then b < a; — 26. From this
it follows that B([a,b],2d) C [a;, a;]. Since p(F,g) < 4 it holds

(4.3) [a;,, —d,a;_1 +6] C g(Jm) C [az, a5]

and
g(xm) € B(F(zm),d) C B([a,b],d)
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and therefore
Tm+1 € B([a,b],28) C [az, as].

%]
Then there is ¢ < ¢ < j such that z,,,1 € [aq, ag+1] and if we put L := [aq, aq + 0]
and R := [ag+1 — 0, ag4+1] then by [@3) it follows L C g(Jy,) or R C g(Jn). Now,
we put J,,+1 = L or J,,,4+1 = R depending on the situation, obtaining that J,,+1 C
g9(Jm). Additionally, dist(zm+1, Jmt+1) < 7 since both L and R are contained in
[aq, aq+1] and by the definition of F' it follows from (2] that

F(Jmi1) = F(L) = F(R) = F([ag, ags1])-

This finishes the inductive construction.
By (@) there is a point z € I such that z € ();2, ¢ "(J;). Then ¢'(z) € J; for
every ¢ > 0 and so by (1) and (2)) we obtain that

d(g'(2), z;) < diam J; + dist(2;, J;) < 2y < e.

We have just proved that the pseudo orbit x is e-traced by the point z.

To finish the proof, let us assume that additionally x is periodic. Then we
will modify sequence J; in the following way. Let N be the period of x. Since
there are finitely many choices of interval J;, there are nonnegative integers k < s
such that Jiny = Jsn. Define a sequence of interval (L;)$2, C I by the formula
Li = Jit kN (mod (s—k)N)- Condition (I)) implies that there is z € ;2 ¢~ *(L;). Since
sequence L; is periodic, in particular since L(s_z)n is covered by gC—RIN(Lg), we
may select z being a periodic point. But z; = Zjmod N) = TitkN(mod (s—k)N)» SO
@) implies that z is e-tracing x.

Proof of Theorem[3. Fix {ey,}nen, where ¢, > 0 and &,, — 0 as n — oco. Let us
also fix a dense collection of maps {fx}reny C Cr(I). Define the set

Ay, :={f € C\(I) : 36 > 0 so that every d-pseudo orbit is ,-traced}.

Let us fix k,n € N. By Lemma [I§ it holds that for every f € Cy(I) and for all
integers s > 1/e, there exist Fy s € C\(I) and & s > 0 so that p(Fks, fr) < 1/s
and B(Fy s,&k,s) C Ayp. Define

Qn = U U B(Fk,sagk,s) C An

s>$ k=1

Observe that since fj is in the closure of @, for all k¥ € N it follows that @, is
dense in Cy(I). Also B(Fy.s,&k,s) is an open set and thus @, is open in Cy(I) as
well. Now, taking the intersection of the collection {Q,}nen we thus get a dense
Gs set @ C Cy(I). Clearly, if f € @ then for every € > 0 there is 6 > 0 so that
every d-pseudo orbit is e-traced by some trajectory of f and if d-pseudo orbit is
periodic then such trajectory of f can be required to be periodic as well. (I

4.2. S-limit shadowing for Lebesgue measure preserving interval and cir-
cle maps. In this subsection we address the level of occurrence of the strongest of
the above presented notions related with shadowing.

Let us put LS\(I) := {f € Cx(I): f has the s-limit shadowing property}.

Proposition 19. The set LS\(I) is dense in Cx(I).

Proof. Choose € > 0. Let go € PAy(1e0)(I). We will show how to perturb go to
obtain a map g € Cx\(I) close to go - it will be specified later - which has the limit
shadowing property. We will proceed analogously as in the proof of Lemma [I8
In that proof for a given € > 0 a perturbation of f defining F' assumes a special
finite partition P and related positive parameters -, d, m. We will call the whole
procedure (such a map F) (e, P,~, d, m)-perturbation of f.



PERIODIC POINTS AND SHADOWING PROPERTY FOR C(I) 17

Fix a decreasing sequence (&y,)n>1 of positive numbers such that

(4.4) e1<e and &, =0, n — oo.
Step 1. We put f = go and consider
F = ¢ as (1, P1,71, 01, m1) — perturbation of f.

We assume that go| P, is monotone for each P! € P;. From Lemmal[I8 (1) it follows
that p(go, 1) < €1/2 and Lemma [I8 (2) implies that for each g € B(g1, 1) (hence
also for g; itself) every di-pseudo orbit is ei-traced. In addition we can require
0 < 6/2.

Step 2. We put f = g1 and consider

F = g5 as (g2, P2, ¥2, d2, m2) — perturbation of f.

We assume that g1|P? is monotone for each P? € Po. Moreover, we choose Py to
be a refinement of Py, i.e., each element of P; is a union of some elements of Ps.
We consider 2 and §2 so small that

B(gl; 61) D) 3(92; 62)7

Lemma [I§ implies that for each g € B(ga,02) (hence also for go itself) every da-
pseudo orbit is es-traced.
Step n. We put f = g,—1 and consider

F =g, as (en, Pn,Vn, On, My }) — perturbation of f.

We assume that g,—1|P/" is monotone for each P/* € P,, and choose P,, to be a
refinement of P,,_;. We consider v, and d,, so small that

(45) B(gnf1,5nf1) D) B(gnvén);

Lemma [I§(2) implies that for each g € B(gn,d,) (hence also for g, itself) every
dn-pseudo orbit is &,-traced.

The proof of Lemma [I§ shows that for a fixed map g € B(gn,0,), for every
dn-pseudo orbit (z;);>0, if ; € [a;’(i),ag(i)ﬂ] € P, for each i > 0, there exists a
sequence of intervals

(4.6) Ji* € {laguy aguy + 6nl, lagy 11 — Ons agrysal}
such that
(4.7) 9(Jity) D J}"

and a point z € (i, ¢ *(JI") satisfies
(4.8) l9'(2) — @il <en

for each 7 > 0.
By our construction, the convergence of the sequence (gy, )r >0 is uniform in C(I)
hence lim,—, 0 gn = G € Cx(I). Moreover, since by (&3,

G € () B(gn, n),

and by the previous the map G has the shadowing property, i.e., for every ¢ > 0
there is & > 0 such that every d-pseudo orbit is e-traced.

Let us show that the map G has the s-limit shadowing property. Due to the
definition of s-limit shadowing let us assume that a sequence (z;);>0 is satisfying

|G(2:) — zit1]| — 0, i — oo
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Obviously there is an increasing sequence (¢(n)),>1 of nonnegative integers (w.l.o.g.
we assume that (1) = 0, i.e., (x;);>0 is an asymptotic d;-pseudo orbit) such that

|G(.Tl) — .Ti+1| < (Sn, 1> E(n),

i.e., each sequence (z;);>¢(n) is a dp-pseudo orbit. Now we repeatedly use the
procedure describe after the equation ([@H]) and containing the equations (.6l)-
@8). By that procedure, for each n € N we can find sequences (J]);>¢n) (to
simplify our notation on the nth level we index J from ¢(n)) such that for each

(4.9) z € ﬂ G JM) G'™(2) e, — traces (%3)i>en) for G.
i=£(n)

But by (£2) and (1] of Step 3 in the proof of Lemmallg we have G(J}") = g, (J")
for each n and ¢ and the sequence (P,),>1 is nested, so by ([@I]) of Step 3 in the
proof of Lemma [I8 ([£.8) and [@1) for each n we get

(4.10) G(Jiing1y-1) 2 Je"(:il).

If we define a new sequence (K;);>o of subintervals of I by
K, =J" ¢n)<i<tin+1)-1,
then by (£I0) the intersection

K= ﬁ G™U(K;)
=0

is nonempty. It follows from ([&3) and [@4) that for each z € K, |G*(2) — x;] — 0,
1 — oo. If asymptotic pseudo orbit was d-pseudo orbit at start, then the choice of
intervals J} in the first step ensures e-tracing.

In order to finish the proof let us recall that we have chosen e; < € and §; < £/2
hence

p(90,G) < p(g0,91) +p(91,G) <e/2+¢e/2=¢.

Since the set PA (o) (/) is dense in Cy(I), the conclusion of our theorem follows.
O

ACKNOWLEDGEMENTS

J. Bobok was supported by the European Regional Development Fund, project
No. CZ 02.1.01/0.0/0.0/16.019/0000778. J. Cin¢ was supported by the FWF
Schrédinger Fellowship stand-alone project J 4276-N35. P. Oprocha was supported
by National Science Centre, Poland (NCN), grant no. 2019/35/B/ST1/02239.

REFERENCES

[1] E. Akin, M. Hurley, J. A. Kennedy, Dynamics of topologically generic homeomorphisms,
Mem. Amer. Math. Soc., 2003, 164, no. 783.

[2] J. Auslander, Y. Katznelson, Continuous maps of the circle without periodic points, Israel
J. Math. 32(4) (1979), 375-381.

[3] M. Barge, J. Martin Dense periodicity on the interval, Proc. Amer. Math. Soc. 94(4) (1985),
731-735.

[4] A. Barwell, C. Good, P. Oprocha, Shadowing and expansivity in sub-spaces, Fund. Math.
219 (2012), 223-243.

[5] S. Bezuglyi, J. Kwiatkowski, K. Medynets, Approzimation in ergodic theory, Borel, and
Cantor dynamics, Algebraic and topological dynamics, Contemp. Math., 385, Amer. Math.
Soc., Providence, RI (2005), 39-64.

[6] A. M. Blokh, Decomposition of dynamical systems on an interval, (Russian) Uspekhi Mat.
Nauk 38 (1983), 179-180.

[7] J. Bobok, On non-differentiable measure-preserving functions, Real Analysis Exchange
16(1) (1991), 119-129.



PERIODIC POINTS AND SHADOWING PROPERTY FOR C(I) 19

[8] J. Bobok, S. Troubetzkoy, Typical properties of interval maps preserving the Lebesgue mea-

sure, Nonlinearity, 33 (2020), 6461-6501.

M. Carvalho, F.B. Rodrigues and P. Varandas Generic homeomorphisms have full metric

mean dimension, to appear in Ergod. Theory Dyn. Syst., arXiv:1910.07376, (2020).

[10] E. M. Coven, G. A. Hedlund, P = R for maps of the interval, Proc. Amer. Math. Soc. 79
(1980), 316-318.

[11] J.R. Choksi, V.S. Prasad, Approzimation and Baire category theorems in ergodic theory,
Measure theory and its applications (Sherbrooke, Que., 1982), 94-113, Lecture Notes in
Math., 1033, Springer, Berlin, 1983.

[12] P.-A. Guihéneuf Ensemble des points périodiques d’un homéomorphisme conservatif
générique https://webusers.imj-prg.fr/~pierre-antoine.guiheneuf/Fichiers/PerGeneHom.pdf

[13] P.-A. Guihéneuf, T. Lefeuvre, On the genericity of the shadowing property for conservative
homeomorphisms, Proc. Am. Math. Soc. 146 (2018), 4225-4237.

[14] P. R. Halmos, In general a measure preserving transformation is mizing, Ann. of Math.
45(2), (1944), 786-792.

[15] P.R. Halmos, Approzimation theories for measure-preserving transformations, Trans. Amer.
Math. Soc. 55 (1944), 1-18.

[16] P. J. Huber, Robust statistics. Wiley Series in Probability and Mathematical Statistics. John
Wiley & Sons, Inc., New York, 1981.

[17] A. Katok, A. Stepin, Approzimations in ergodic theory, Uspehi Mat. Nauk 22 (1967), 81—
106.

[18] S. Kerckhoff, H. Masur, Howard; J. Smillie, Ergodicity of billiard flows and quadratic dif-
ferentials, Ann. of Math. (2) 124(2) (1986), 293-311.

[19] P. Koscielniak, M. Mazur, P. Oprocha, L. Kubica, Shadowing is Generic on Various One-
Dimensional Continua with a Special Geometric Structure, J. Geom. Anal. 30(2) (2020),
1836-1864.

[20] Kulczycki, M. Kwietniak, D. Oprocha, P. On almost specification and average shadowing
properties, Fund. Math. 224(3) (2014), 241-278.

[21] K. Lee, K. Sakai, Various shadowing properties and their equivalence, Discrete Contin. Dyn.
Syst. 13(2) (2005) 533-540.

[22] Mazur, M. Oprocha, P. S-limit shadowing is C°-dense, J. Math. Anal. Appl. 408(2) (2013),
465-475.

[23] 1. Mizera, Generic properties of one-dimensional dynamical systems, Ergodic theory and
related topics, III (Guistrow, 1990), Lecture Notes in Math. 1514 (1992), Springer, Berlin,
163-173.

[24] J. Meddaugh, On genericity of shadowing in one-dimensional continua, Fund. Math., to
appear, arXiv:1810.02262 (2018).

[25] J. Oxtoby, S. Ulam, Measure-preserving homeomorphisms and metric transitivity, Ann.
Math. 42 (1941), 874-920.

[26] S. Yu. Pilyugin, Shadowing in Dynamical Systems. Springer-Verlag, Berlin, 1999.

[27] S. Yu. Pilyugin, Theory of pseudo-orbit shadowing in dynamical systems, Differ. Equ. 47(13)
(2011), 1929-1938.

[28] S. Yu. Pilyugin, O.B. Plamenevskaya, Shadowing is generic, Topology Appl. 97(3) (1999),
253-266.

[29] S. Yu. Pilyugin, K. Sakai, Shadowing and Hyperbolicity. Lecture Notes in Math., Springer,
2017.

[30] V. Rohlin, A “general” measure-preserving transformation is not mizing, Doklady Akad.
Nauk SSSR (N.S.) 60 (1948), 349-351.

[31] J. Schmeling, R. Winkler, Typical dimension of the graph of certain functions, Monatsh.
Math. 119 (1995), 303--320.

[32] K. Sigmund, Generic properties of invariant measures for Aziom A diffeomorphisms, Invent.
Math. 11 (1970), 99-1009.

[33] K. Sigmund On dynamical systems with the specification property, Trans. Amer. Math. Soc.
190 (1974), 285-299.

[34] S. Troubetzkoy, Approzimation and billiards, Dynamical systems and Diophantine approx-
imation, 173-185, Sémin. Congr., 19, Soc. Math. France, Paris, 2009.

[35] Ya. B. Vorobets, Ergodicity of billiards in polygons, Mat. Sb. 188(3) (1997), 65-112; trans-
lation in Sb. Math. 188(3) (1997), 389-434.

[9


https://webusers.imj-prg.fr/~pierre-antoine.guiheneuf/Fichiers/PerGeneHom.pdf

20 JOZEF BOBOK, JERNEJ CINC, PIOTR OPROCHA, AND SERGE TROUBETZKOY

(J. Bobok) DEPARTMENT OF MATHEMATICS OF FCE, CZECH TECHNICAL UNIVERSITY IN PRAGUE,
THAKUROVA 7, 166 29 PRAGUE 6, CZECH REPUBLIC
Email address: jozef.bobok@cvut.cz

(J. Ciné) Facurry oOF MATHEMATICS, UNIVERSITY OF VIENNA, OSKAR-MORGENSTERN-PLATZ
1, A-1090 VIENNA, AUSTRIA. — AND — CENTRE OF EXCELLENCE IT4INNOVATIONS - INSTITUTE FOR
RESEARCH AND APPLICATIONS OF FuUzzy MODELING, UNIVERSITY OF OSTRAVA, 30. DUBNA 22,
701 03 OsTRAVA 1, CZECH REPUBLIC

Email address: jernej.cinc@osu.cz

(P. Oprocha) AGH UNIVERSITY OF SCIENCE AND TECHNOLOGY, FACULTY OF APPLIED MATH-
EMATICS, AL. MICKIEWICZA 30, 30-059 KRAKOW, POLAND. — AND — CENTRE OF EXCELLENCE
IT4INNOVATIONS - INSTITUTE FOR RESEARCH AND APPLICATIONS OF Fuzzy MODELING, UNIVER-
SITY OF OSTRAVA, 30. DUBNA 22, 701 03 OsTRAVA 1, CZECH REPUBLIC

Email address: oprocha@agh.edu.pl

(S. Troubetzkoy) AIX MARSEILLE UNIV, CNRS, CENTRALE MARSEILLE, 12M, MARSEILLE,
FRANCE POSTAL ADDRESS: 12M, LuMINy, CASE 907, F-13288 MARSEILLE CEDEX 9, FRANCE
Email address: serge.troubetzkoy@univ-amu.fr



	1. Introduction
	2. Preliminaries
	2.1. Window perturbations in Lebesgue preserving setting

	3. Cardinality and dimension of periodic points for generic Lebesgue measure preserving interval and circle maps
	3.1. Periodic points for generic circle maps

	4. Shadowing is generic for Lebesgue measure preserving interval and circle maps
	4.1. Proof of genericity of shadowing
	4.2. S-limit shadowing for Lebesgue measure preserving interval and circle maps

	Acknowledgements
	References

