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Abstract

This paper addresses the problem of fixed-time stabilization for a class of fuzzy neutral-type inertial neural
networks (FNTINNSs) with time-varying delay. By using a novel fixed-time stability theorem for dynamical
systems, two different feedback control laws are designed to ensure the fixed-time stabilization of FNTINNs
with time-varying delay. The proposed theoretical results can lead to a better upper settling-time estimation
compared to existing results. Finally, three simulation examples are provided to illustrate the validity of
the proposed theoretical results.
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1. Introduction

In 1996, Yang studied fuzzy neural networks (FNNs) in [I], 2] as another type of cellular neural network
model which combines fuzzy logic involving the furry rules with neural networks. Recent studies revealed
that FNNs are a very useful model for image processing problems which are a cornerstone in pattern
recognition [3 [4 Bl [6]. These applications heavily depend on the dynamical behaviors of FNNs, and hence,
it is of importance to gain the knowledge of their dynamics in local and global scales. It is known that in
both biological and artificial neural networks, the delays arise due to information processing latency. The
existence of time delays may lead to oscillation, divergence or instability type of dynamical behavior, which
could be harmful to the stability of dynamical systems. Therefore, the study of neural dynamics taking into
account the delays becomes imperative to construct high-quality NNs. Recently, many analytical results
were obtained for FNNs with various axonal signal transmission delays [7, 8l [9]. The problem of exponential
and almost sure exponential stability for stochastic fuzzy delayed Cohen-Grossberg neural networks was
investigated in [7] where the authors establish that fuzzy systems do have more advantages than non-fuzzy
systems. In [I0], the problem of finite-time synchronization for a class of FNNs with time-varying and
proportional delays has been investigated. Note that several previous works mainly study FNNs with only
first-order derivative, while it is important to introduce an inertial term to obtain the fuzzy inertial model.
In 1997, Wheeler and Schieve were the first one to publish an article [II] about inertial neural networks
(INNS), which are more complex than all kinds of NNs. Since then, many results of INNs have been obtained
by many researchers, see for instance [12] [13].

The stability problem of dynamical systems can be classified into two categories. The first one is the
infinite-time stability such as the asymptotic stability [I4] or the exponential stability [15] where the solutions
of the dynamical system converge to the equilibrium point in a limit way. The other one is the finite-time
stability where the solutions of the dynamical system reach the equilibrium point in finite time [I6][17]. The
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time function which indicates the time for reaching the equilibrium is called the settling-time. The finite-
time stability has a great importance in real-world applications of engineering systems such as robotics,
optimization problems, pattern recognition, and vehicle systems or spacecraft systems [18| [19, 20, 21]. It is
worth noting that finite-time stability of FNTINNs has been investigating in [22].

It has been recognized that the settling-time estimation in finite-time stabilization problems relates
essentially to the initial value of the system. This fact results in disadvantages for real-world applications
because it is difficult or even impossible to obtain in advance the initial conditions in many practical systems
[23]. To overcome this issue, Polyakov has developed the concept of fixed-time stability in [24] where the
settling-time is bounded by a constant and does not depend on the initial conditions. The study of fixed-time
stabilization for a general class of NNs was investigated in [25].

To the best of our knowledge, the stability analysis of neutral-type inertial neural networks with delays
has been investigated in [26] and the finite-time synchronization for various kinds of INNs has been obtained
in [27, 28]. But there is hardly any paper that considered the fixed-time stabilization for FNTINNs with
time-varying delay. Inspired by the aforementioned analysis, this paper aims at investigating the fixed-
time stabilization of FNTINNs with time-varying delays. By using a novel fixed-time stability theorem of
dynamical systems and Lyapunov method, two different control protocols are designed to guarantee the
fixed-time stabilization of FNTINNs with time-varying delay. Also, the proposed theoretical results of this
article present a more accurate upper settling-time estimation compared to known results [23, 29, [30]. The
highlights and the main contributions of this paper are embodied in the following aspects:

e FNTINNs with time-varying delay can be rewritten as first-order differential systems. In the light
of the double layer structure of FNTINNs with time-varying delay, two controllers are proposed for
the fixed-time stabilization depending on whether the activation functions are bounded or not. The
settling-time can be overestimated regardless of the initial conditions of the FNTINNS .

e The fixed-time stabilization of FNTINNs with time-varying delay is considered in this paper. To our
best knowledge, there is no result in the literature considering the fixed-time stabilization for a class
of FNTINNs with time-varying delay, which is vital in both theories and applications and also a very
challenging problem.

e Numerical examples show that the new fixed-time stabilization theorems developed in this paper can
provide a more accurate upper settling-time estimation for NNs compared to many known results in
the literature.

The rest of this article is organized as follows. After some preliminaries given in Section [2] the model
description is presented in Section[3] Then the main theoretical results are derived in Section[d] In Section
numerical simulations are provided to verify the theoretical results. Finally, a conclusion is reached in
Section [6l

2. Preliminaries

In the remainder of the paper, we denote R the set of positive real numbers. Let us recall some results
on finite-time stability and fixed-time stability. Consider the following ordinary differential equation

y() = fl®), () eR” (1)
y(0) = wo
where f is a continuous function such that f(0) = 0.

Definition 1. [I7] The system is finite-time stable if there exists T > 0 dependent on the initial
conditions such that lim;_ ||y(¢)|| = 0 and ||y(¢)|| = 0 for all ¢ > T. The function T is called the settling-
time.

Definition 2. [3I] The system is fixed-time stable if:
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(1) it is finite-time stable;
(2) the settling-time function T is upper bounded by a constant T™** > 0, i.e., T < T™*,
Definition [2] means that the settling-time function T does not depend on the initial conditions. Next,
we list several existing results for finite-time stability and fixed-time stability of by using Lyapunov

functions.

Lemma 1. [31, Theorem 2.3] If there exists a continuously differentiable, positive-definite, radially un-
bounded function V : R® — RT such that

Viy(t) < —bV(y(t)" — cV(y(1)"

where y € R™ and b, ¢ > 0, 0 < kK < 1 < pu, then the system is fized-time stable and the settling-time
satisfies

T < TV .=

b(A—r) e(u-1)
V is called a Lyapunov function for the system .

Lemma 2. [32, Lemma 3] If there exists a continuously differentiable, positive-definite, radially unbounded
function V : R — Rt such that

Viy(t) < —bV(y(1)" — cV(y(1)"

where y € R™ and b, ¢ > 0, 0 < kK < 1 < pu, then the system is fized-time stable and the settling-time

satisfies
1/b\F+ 1 1
H—kK
T < TP>:=_(- :
- b(c) (b(lﬁ)+6(u1)>

Lemma 3. [32, Lemma 4] Without loss of generality, if K = 1 — ﬁ and p =1+ % with 6 > 1, then the

upper bound of the settling-time function TH®* of the system can be estimated by

0w
Ny

Lemma 4. [32, Theorem 1] If there exists a continuously differentiable, positive-definite, radially unbounded
function V : R™ — Ry such that

max  __
T; =

V(a(t)) < —aV((t) = bV (2(1)" — cV(=(t)"

where y € R™ and a, b, ¢ > 0, 0 < k < 1 and pu > 1, then the system is fized-time stable and the
settling-time satisfies

1 b+ a 1 c+a
T < TP .= log [ —— log [ == ).
R Y g °g< b )*aw—n °g< c )

_|_

We conclude this section with a lemma of inequalities that is useful later in the paper.

Lemma 5. [32] If&,...,6, >0, 0< 6y <1 and 02 > 1, the following inequalities hold

n n 61 n n
T > (zgl) S (&)
=1 =1 =1 =1

3
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3. Model description

Fori=1,---  n, the following FNTINN with time-varying delay is considered:

2,,. . n n
Tlt) 0 B0 1)+ 3 e s 0) + 3 di £y~ 7 (0)
i=1

j=1

#3m [ K- + 3 e filislt - )
=1 J=eo =1

+) g (v (0) + N\ T (v () + )\ aij £(y; (t = 75(1)))
j=1 j=1 j=1

+ \/ Biifiyi(t—m0) + N i £ @t = 750)) + \/ 65 £5 5t — 75(1))

+ Z gij ()i (t) + \/ Sij(t)v;(t) + /\ Ty (t)v;(t) + (1), (2)

where the second derivative is called an inertial term of the system ; yi(t) € R denotes the state of the
it" neuron at time ¢; a; > 0, b; > 0 are constants; cij, dij, e;; and 1;; are connection weights related to the
neurons without delay and with delay respectively; Kj(.) is the delay kernel; g;; denotes the feedforward
template; ouj, Bij, Vij, 0i; and Tj;, S;; are elements of the fuzzy feedback MIN template, fuzzy feedback
MAX template, fuzzy feed-forward MIN template and fuzzy feed-forward MAX template, respectively; A
and \/ denote the fuzzy AND and fuzzy OR operation, respectively; v; is the input of the 4t neuron with
j=1,-++,n; f;(t) denotes the activation function of j*" neuron at time t; 7;(¢) is the time-varying delay of

4t neuron at time t; and I; is the bias on the i** neuron.

Remark 3.1. A and \/ denote the fuzzy AND and fuzzy OR operations, respectively. A template is a
matriz composed of each set of connection parameters in FNNs. The feedback template represent the delay
link parameters of the neurons, while the feed-forward template represent the link parameters of the neurons.
Therefore, the fuzzy feed-forward MAX template and fuzzy feed-forward MIN template refer to the delay link
parameters with the fuzzy OR and fuzzy AND operations, respectively; feedback MAX template and feedback
MIN template refer to the link parameters with the fuzzy OR and fuzzy AND operations, respectively. Unlike
INNs structures investigated in [33,[34),[35], FNTINN has fuzzy logic between its template and input AND/OR
output besides the "sum of product” operation. Meanwhile, many studies have been revealed that FINN is
a useful paradigm for image processing problems, which is a cornerstone in image processing and pattern
recognition. Therefore, it is of great importance to analyze the dynamical behaviors of FNTINN both in
theory and applications [30].

The initial conditions of the system are given by

dy;(s)

7:@(5), s€[-7,0],i=1,---,n (3)

yi(s) = i(s),

where ¢;(.) and v;(.) are real-valued continuous functions on [, 0] with

T = max { sup 7;(t) ¢ -
1<j<n {t€R+ i )}

Now, the following assumptions are introduced to derive the main results of this paper:

(A1) The activation functions f;(.) with j =1,--- ,n satisfy the following Lipschitz condition: for ¢, £eR,
there exists £; > 0 such that

&~ L@l -,
e—¢ =7
4



(Az) For j =1,---,n, the delay kernels K;(.) : R4 — R, are bump functions satisfying
—+o0

KJ(S)dS =1.
0

(Ag) There exists a positive constant M; such that for j = 1,--- ,n, we have
[£5 ()] < M.

Remark 3.2. Under Assumptions (A1) and (Az), the existence of solutions of the system is ensured
as it is explained in [37].

Let y* be an equilibrium point of the system . By a simple transformation z;(t) = y;(t) — y* € R, we
can shift the equilibrium point to the origin. Then, the system can be rewritten as follows:

d ;’;2(t) = —q dZCzlit) — sz;(t) + ;Ciij(Zj(t)) + ;diij(Zj(t — Tj(t)))

# 2o [ K= B0+ 3 bl - (0)

=+ /\ Oé” Z] t — 7'] + \/ /613 Z] t - T](t)))

+ /\ Vi (% (t — 7;(1))) + \/ i F(25(t — 75(1))) (4)
j=1 j=1
where Fjj(z;) = fj(2; +y*) — f;(y}). The initial conditions of the system are given by
als) = pils) =y =els),
Sl = di(s) -yt =w(s),  se[-m0,i=1,m

For ¢; € R, letting p;(t) = dzéit) +(izi(t) for i =1,---  n, then the system with the control variables can
be rewritten as

C = —Ga) a0+ Qi) .
WD) = (1) + bizit) + > e () + Y digFy(z(t — 7(1))
Jj=1 j=

+Znu [ OIS S ATt

+ /\ aijFy(zi(t — 75 (0)) + \/ Bii Fj (2t — 75(t)))
j=1 j=1

+ /\ Yii Fi(3(t = m(0) + \ 65 F (2t —75(0) + Qi(t),  i=1,...,n

j=1

where @; = a; — ¢, bj = Gia; — b; and Q = (Q1,--+ ,Qy), Q = (Q1,--+ ,Q,) are the control variables and
the initial conditions become

zi(8)
pi(t)

©(s)
Cipls) +0(s), s € [—7,0], i=1,-- . (6)



Definition 3. The system is finite-time stabilizable if under a suitable designed feedback controls Ql(t)
and Q;(t) there exists T dependent on the initial conditions () such that the closed-loop system is finite-time
stable. Moreover, the system is fixed-time stabilizable if:

(1) it is finite-time stabilizable;
(2) the settling-time functional T is upper bounded by a constant T™2* > 0, i.e., T < T™ma*,

Remark 3.3. The stabilization of NNs has been developed to solve problems of classification, prediction,
categorisation, optimization, recognition of forms, associative memory secure communication [12, [30, [38,
39]. In these fields, sometimes it is necessary to complete certain tasks within a finite time or fized time.
Contrary to the finite-time stabilization, the settling-time for fixed-time stabilization is independent on the
initial conditions. In some areas, such as pattern recognition secure communication, the initial values are
mostly hard to be acquired [40], so fized-time stabilization is more accurate and applicable than finite-time
stabilization. Thus, the pre-specified settling-time can be obtained by properly adjust the control parameters.

Lemma 6. [/1] For j =1,--- ,n, let z;, Z; be two states of the system @ and F; : R — R be continuous
functions, then we have

N @i Fi(z) = N\ ai; Fi ()| < ol 1F(z5) — Fy(%))
j=1 j=1 j=1
\ BiiFi(z) =\ BiiFi ()| < D 1Bisl 1Fi(z) — Fi(%)]
j=1 j=1 j=1

4. Main results

In this section, the fixed-time stabilization of FNTINNs with time-varying delay is investigated. By
using the fixed-time stability results in Section [2| two different feedback control laws are designed to ensure
the fixed-time stabilization of FNTINNs, which includes and extends the earlier works.

Theorem 1. Assume that (A1) and (Az) hold and the time-varying delay 7;(t) is known. The system (@)
1s fized-time stabilized under the following feedback control law

Qi(t) = —hazi(t) — hiosign(zi(t))|zi(t)|" — higsign(zi(t))|z ()"

Qi(t) = —mapi(t) — Znizsign(pz(t))\pz(t " — myssign(pi(t))|p: ()" 7)
Z? 1 Mij f_ K(t — s)Fj(z(s))ds — Z?:l dij Fj(z;(t — 7;(1)))
*ZJ Ve Fj(25(t —m5(1) = Nioy aigFj(zi(t — 15(t))) — V=, Bij Fy(2(t — (1))
—Nj=1 7 F (zg(t Tg(t))) \/}Ll i (25 (t — 7;(2)))

where

ha > =G+ +|b‘ Z (8)

n

mi;1 > —a;

hio > 0; hiz>0; myp>0 my3z>0 0<k<I1; w> 1. (10)
6



Taking

Ity . = —Z 4+ q P ] R E
79 Pi2 a; m;1
2 2 2 o

|Cz'j|£j;

2

1 bl <
pi1:<i_§+hi1_ 5 —Z:I
=

. . . . . . rtl
a = 2m1n{lr<nil£1n {pil},lgliléln {pm}}, bmln{lgliléln{hig},lglililn {mi2}}2 2
. . . pt1 1—p
c = mln{1r<ni1i1n{h7;3},1r<nil£1n{mi3}}2 z 2

the settling-time T satisfies

b+a c+

rempn = s () ¢ e (1) ()

o

ProOOF. With the feedback control law , the closed-loop system — leads to the following delay-free
system

% —Gizi(t) + pi(t) — hirzi(t) — hiasign(zi(t))|z:(t)|" — higsign(zi(t))|zi(t)[*

r = —Ebipi<t) + I;lZl(t) + Z;—lzl Ciij (Zj (t)) (12)
—mpi(t) — mazsign(pi(t))|pi ()" — mazsign(pi(t))|pi ()"

Let us choose the following Lyapunov function candidate:
I I,
LOREEED SELORE S A0} (13)
i=1 i=1

By using Assumption (A1), we have that the time derivative of along the trajectories of the system
satisfies

d‘;iit) < z; [=GizZ(t) + pi(t)zi(t) — hir2F (t) — hao| (0" = hag|zi (1) |*]

?

+> { — aip; (t) + il ()P (0)] + D leizl512; (1) 1pi (2)]

i=1

j=1

—map; (t) — maa|pi (£)|* — mi3p1-(t)|"+1] : (14)

Since, we have 2zy < x? +y? for all z, y € R*, it follows that

Bl < B2+ 27 (15)

and

S Y lesttlzl@l < X3 lez2m ¢ 303 Ll

<
i=1 j=1 i=1 j=1 i=1 j=1
il , o — leiil,
< ;; Tfizi (ﬂ‘FE; ngpi (). (16)



From —, we obtain

v ()
dt

<
<
where
and
Then, it yields
dV (t)
dt

n 2 2
> {Cﬂ?(t) M piT(t) * ZlT(t) = ha 2} () = hialz (O] — hiSZi(t)u+1:|
=1

3 [-astor (B 20)

Cj 1 - Cij K
+Z I iz} () + Z | 2”@??@) — map; (t) — maa|pi(t)[*F - mz‘3|Pi(t)“+1}

n

Z[ Gi+ *—h11+ lb | +Z leid } 3(t)—zn:hi2|zi(t)|~+1
p -
_th‘% () +Z [ B
—Zmzzm (Bl — Zmzﬂp (1)1

§—puz +Z —piap3(t thz\zz [+t

—Zhingi(t)\““memlp () - Zm13|pz () (17)
=1 =1

=1

|Cw |

4 - mu} pi(t)

1 | & |cji]
7 - TS hi - - 2 ez 0
pit Gi— 5 +hi— 5 Z 5>
Jj=1
1 b; ¢
pia = —§+az+mz1—u E | j|€ > 0.

— min {p;1} Z 22(t) — minn {pia} pr(t)

<
tsisn 1<i<
_ 11<111£ {hi2} Z |z (¢ ‘n+1 12113 {his} Z |2 (t ‘,qul
T, el ; PO~ i {mia) Z )
<

. . . 2 2
~nin{ min {pa}, i (o) | (Z 20+ 3 <t>>
— min {1I§nzl£n {hi2}, 1I§nii£n {miQ}} (Z |z: ()"t + Z |pi(t |K+1>
— mi i ) i . M+1 pt1
min {121& {his}, R {mw}} (Z |z ()T + Z Ipi(t)] ) . (18)

i=1
8



Since we have 0 < k < 1, it follows from Lemma [5] that

n . n i1
Z|Z |“+1+le O = Y (EFHm) T+ )
=1 i=1
K3 o 7 o
n 2 n 2
> (Sa0) (o)
i=1 i=1
KF1
n n 2
> (Sewesio)
i=1 i=1
On the other hand, we have p > 1 then it follows from Lemma [f] that
1 1 SRR R 3
Z P +Z|P I = (D) T+ ()
i=1 i=1 i=1
RSt w1
1 n 2 n 2
> (o) (o)
i=1 i=1
ntl
1—p  1—p n n 2
> 2% (S0 + 3400
i=1 i=1
From (18)-(20), we have
dV(t
% < 2min{1m1n {pir}, mln {ng} Vit
—min{1r<mn {hi2}, HllIl {ng} 2V
. 1op . ptt
—mln{1r<n1n {hia}, 1r<m£1 {mia} 272 = Ve (t)

IN

_min{lrgniign{hig}, mm {mi2} p 22

pro
fo
fos
~2uin { win {pa) mm{mﬁ}V
fo
|

min{lgnn {hi2}, HllIl {ng} a2 VI (t).

Let
o = 2win{ iy (o). min {po) |
b = min {1r§nz‘i£n {hia}, 1r§nii£n {mig}} 255
¢ = min {énlléln {his}, 1r§nii£n {mi3}} on 2"
from we obtain
T < av v T m - v o).

According to Lemma [4f the system is fixed-time stable and the settling-time satisfies .

9
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Remark 4.1. On the one hand, the class of FNTINN with mized delays have more complex dynamic behav-
iors compared with traditional NNs [20, (28, [12, [45]. On the other hand, it is delicate to design a Lyapunov
functional satisfying the derivative condition for fized-time stabilization of time-delay systems [32]. In our
article, the stabilization of FNTINN with mized delays is investigated which renders the results more general
compared with the above-mentioned ones.

Remark 4.2. Given that o > 0, log(1 + o) < o, we have

T (Tt) T <+> ST

1t implies that TP < TH**. Consequently, the upper settling-time obtained in Theoremm is much smaller
than the upper settling-time obtained in [{4, [45, [46].

Corollary 1. Assume that (A1) and (Az) hold and the conditions (§)-(10) are satisfied. Then the sys-
tem @ 1s fized-time stabilizable under the feedback control law (@ Moreover, the settling-time T satisfies

2 2

=T =i "o (23)
where
b = min {1r§nii£1n {hi2}, 1r§niié1n {mig}} 2%1; ¢ = min {1r§nz'i£n {his}, 1I§nz‘i£n {mig}} o'
PrRoOOF. From , we have
PO < v bV E O -V
< —bVE () —cVE (1) (24)
Then the result directly follows from Lemma O

Corollary 2. Assume that (A1) and (Az2) hold and the conditions (8)-(10) are satisfied. Then the sys-
tem (@ 18 fized-time stabilizable under the feedback control law (@ Moreover, the settling-time T satisfies

) ()

1
TST'I;I&X:(

ProOOF. From , we have

dv(t)
dt

IA
|
IS
—~
~
~—
|
IS
N
—~
~
~—
I
9}
N
—~
~
~

< bVTE () —c VT (). (26)
Then the result directly follows from Lemma O

In Theorem |1} by designing a special fixed-time controller, we achieved the fixed-time stabilization of the
system . However, Q; in is a delay dependent feedback control, which is not suitable for real-world
applications. Thus, we seek to obtain a fixed-time controller that is more suitable in practice and able to
stabilize in fixed-time the FNTINNs . To this end, we need to impose the boundedness of our activation
functions and we have the following result:

Theorem 2. Assume that (A1)-(As) hold and the conditions (§)-(10) are satisfied. Let

@ > 2 MG (Idij| + [nij| + less| + lais| + 1Bij| + [is| + 1651) (27)
j=1

10



then the system (@) is fized-time stabilizable under the feedback control law
Q1) —hi1zi(t) — hizsign(z;(t))|zi (0)|" — hizsign(z;(t))]2()["
Qi(t) —mi1pi(t) — mazsign(p;(t))|pi(1)[" — masign(pi () |pi(1)[* — wsign(pi(t)), i=1,...,n

and the settling-time is bounded from above by TF**.

PROOF. Let us choose the following Lyapunov function candidate:

= AR (29)
i=1 i=1

The time derivative of along the trajectories of the system satisfies

T = Y a4y pp 2

dt 2 AW g T L dt
= [ — Giz] (t) + pi(t)zi(t) — hir 2] () — haa|z:(£)|"T — hm%@)““}
i=1
3 | - a0 + bt +Zcu +Zd”F (4t = ()it
=1

+ 277” / K(t — s)Fj(z;(s))dsp;(t) + Z ei; F(2;(t —7;(t)))p:(t)
+ /\ o Fy(z(t — )+ \/ Bi; Fj 7;(1)))pi(t)
+ /\ i F (25 (¢ = 7(1)))pi(t) + \/ 6ij F(2(t — 75(1)))pi(t)

j=1

a2 (t) — maalpi ()5 — maslp () wm«(t)]

< Zl [ t) +pi(t)zi(t) — hilz?(t) - hi2‘zi(t)‘m+1 _ hiszi(t)‘”‘l}
2 [‘_”pz( )b +Z i 165125 0) |+Z|dzg|lF 25t~ O] pi (1)

+Z|nu|/ K(t = ) |Fj(25(s))|ds|pi(t) |+Z|%HF (25 (t =) (8)]

Jj=1 j=1

+ /\ i Fj(zj(t — ()| lps (V)] + \/ Bij Fj(zi(t — 7)) Ipi(t)]
+ /\ Yig F. )| pi(t) \/ 5(2( =7 (0)))| Ips (1))
g (t) — maalps () — maslp (O - w|pi<t>] . (30)
From (Az) and (As), we have
Z \ﬁijl[ K(t = 8)|Fj(z;(s)lds|ps(t)] < ZQIW\MJ‘ Ipi(t)|.
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From Lemma [6] and (Ag), we have

/i\laiij(zj(t -7nM)| < 2: |evij| | Fj(z(t —75(8)))] < Ei:l %) cvi; | M
\Zﬁiij<zj<t n)| < Z il IFy 5t — 7, (0)] < ilmmwﬂj,
/i\lviij(zj(t —m®)] < z: yis [F (%5 (t = 75(8))] < Ei:l 2,5 |M;
\i/ it —m®)] < 22 1055 1 Fj(25(t — (1)) < i:lzwijmj.
Then it leads to
- Z [C"Z? &)+ ﬁz@ * ng) = hinz (8) = haalza ()" = hi3|zi<t)|“+1]

i=1

+§; [_ 320 + o (p?2(t) N 232(0)

Ll o —~ leisl, o 2 K1
+ ]; T&Zl (t) + ; ngpi (t) — M p; (t) - miz\pi (t)|

Z2Mj(|dij+|m-j|+eij+|aij|+61j|+|wj|+5ij|) — @ | |pi(t)] — mas|pi (£)[# ]
j=1

By using , we deduce that

av(t - 1 bil |~ leji - -
e ;'ei]z?@)—thlzi(t)w*l—th—slzz—uw“

dt i=1 2 j=1
" T Bi - Cij
+Z[z‘ai+2|+2|ﬂj—mﬂ}pz Zma\pz I~ Zmzs\p e
i=1 j=1

At this stage, we notice that the delays have been removed from the calculus. So, the proof can be continued
as for a delay-free system. We have

v (t)

— < —min{lmln {pin}, 1I<111£1 {ng}} (Zz?(t)-l—;p?(t))

A

< _—mi : . : . Ii+1 n+1
< mm{1@3“{1112},1@3”{%2}}(Dz ) +Z\p ) )
n
— mi 1 . i . . pt1 . pt1
wmin {mn ha . min {ng}} (Z () 4 Z pa(0) )
<

—2min {12%1 {pia}, min. {piz}} V(t)

12



r+1

—min {1I<nzlgn {hi2}, i {mig}} 272 Vz (b)

© ptl

— min {1I§nzl£n {his}, 1I§nil£n {mi}e2n 2 V2 (1)

< —aV)-bVE () —cVE @)
According to Lemma [4] the system (f]) is fixed-time stable and the settling-time satisfies (11]). O

Remark 4.3. The delay-dependent controller @ with fuzzy terms relies not only on the current state but
also on its past state and its derivative. When the past state and its derivative cannot be measured, we must
design the delay-free controller (@

Remark 4.4. The controller considered in Theorem|[3is a discontinuous one, while in some cases continuity
is necessary. Under these circumstances, we can approximate the term sign(p;(t)) by (&)

o where € is a
small positive constant.

Y&
pi(t)+&2

Corollary 3. Assume that (A1)-(Ag) hold and suppose that there exists @ > 1 such that Kk = 1 — % and
w=14+ %. If the conditions (|&)- and are satisfied, then the system (@ is fized-time stabilized under
the feedback control law (@ Moreover, the settling-time T satisfies

0
T < T = .
-8 Vvbe
PRrRoOOF. We have
dV (t " 1
WO o vy b V) - v

dt
< V() -V (1)

Sincemzlf%,u:1+%,wehave“T“:lf%and”T‘Hzlfi. It follows that

%it) < —bVITE () —c Vit ().

From Lemma we deduce that the system is fixed-time stable and the settling-time satisfies

0w

T < TP = N

O

Remark 4.5. In Theorem[3, k and p are only required to satisfy 0 < k < 1 and p > 1, while in Corollary[3,
Kk and p must be taken as k =1 — é and p =1+ % with @ > 1. Therefore, Theorem@ has some advantages
over Corollary[3 for practical applications.

5. Numerical simulations

In this section, we present two numerical examples to illustrate the feasibility and the effectiveness of
our main results.
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Example 1. Consider the following FNTINNs with time-varying delay:

dt?

dy;(t)

=—a; di _bz z +chjf] y] +Zdljfj y] ( )))

+§;MKQMF$MW®W+E¥MMN—MM)

+) g (v (t) + N\ T (v (1) + )\ i £(yi (t = 75(2)))
Jj=1 j=1

Jj=1

+ \/ Biifiyi(t —m50) + N i £5 @5t = 750)) + \/ 65 £5 5t — 75(1))

j=1 j=1 j=1
+) gi (v t) + \/ S ;) + N Tis(t)v;(t) + Lit), (31)
j=1 j=1 j=1

where the parameters of the system are given as follows: n = 2, for ¢,j = 1,2, a; = 5; b; = 7, g;;(t) =
Sig(t) = Ty (1) = v; (1) = 1, 75() = K58 1 (1) = (1) = —4, fy(w) = §(x +sin(x)) and K;(s) = exp(—s).

For ¢; = 0.3, letting p;(¢) =

variables as

with

dzi (t)
dt
dt

~—

dz: (t) + (izi(t) then the system can be expressed by adding the control

_ —0.321()-1-101()"‘@()

2
= —4.7p;(t) — 5.59z;(t +Zcz]fj (25(1) + > dij fi (2 (t = 75(1)))

j=1
+an/ K(t—s)fi(z(s ds+Ze”f] 2i(t —7;(1))) (32)
+ /\ Oz”fj Z] Jr \/ /B’L]fj Zj (t)))

+A&me—nw>+V&m¢m—nm»+@m

Jj=1 Jj=1

c=@)= (o5 5) o p=w=(45 15 )
n= () = <0?9 ::23> ’ E(e’:j)<:(1):2 0é6>’
o=)= (L o5 ) - == (03 55 )
== (5 01) o r=ea=(07 %)
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In this case f; satisfies (Aq) with ¢; = 1. Now, we choose the parameters of the controller as follows

hi = 6.78>—c1+;+|l;1|+j§2:1|0;1|61—4.53;

hoy = 6>§2+;+|b22|+§;|c;2|€23.65;
1 el RS el

my = 3.5>—a1+§+7+; Sl =0.5;
1 el s ey

Moy = 3.5>—a2+§+7+; Sl =0.5;

hi2 = hae =mia = maz =19 > 0;

his = haz =mi3 = maz = 2.639 > 0;

and 0 < k = 0.7 < 1; p = 1.3 > 1. Finally, all the conditions of Theorem [I] are satisfied, and
hence, the system is fixed-time stabilized and the settling-time is given by TF** = 2.3596. Taking
21(0) = —0.3, p1(0) = 0.4, 23(0) = 0.3, p2(0) = —0.4, the state trajectories of the system under the
controller are depicted in Figure

0.4 L T I I I I
|— (0 —p ) — 20 —p 0
0.3
0.2
S04
A
g 0
g I
c -0.1
s T‘:ax max ax
\N'-L -02 8 -’-:?nax
-0.3
-04
-0.5 I I I i 1 1 1 ] I .
0 05 1 1.5 2 25 3 35 4 45 5
Time (t)

Figure 1: State trajectories of the system (32) under the controller (7]
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Example 2. Consider the following FNTINNs with time-varying delay:

dzgiz(t) - aidyﬁz,f — bii( +Z%fa v (t +Zdufg yi(t = 75(t)))
+Zn” / K(t - 5)f; (s >>ds+§eijfj<yj<t (6)
+ Zgij(t)vj(t) + [\nj(t)vj(t) + _/n\laijfj(yj(t 75(1)))
+ \/lﬂz]fj y; (t )+ /\ i £ (0 (¢ ) + \/15,ij 3t — 73(1))
+igij<t>vj<t> + _\i/lsij@)vj(t) + /_\ Ty (), (1) + Li(0), (33)

where the parameters of the system are given as follows: n = 2, for i,j = 1,2, a; = 2; b; = 0.5, g;;(t) =

Sij(t) = Tij(t) = vi(t) =1, 73() = 1, i(t) = (1) =

—4, f;(.) = tanh(.), K(s) = exp(—s),

0.5 0.5 —-0.15 0.13
C = (cij) = < _0.2 —0.25 > , D=(dij) = ( -0.3 —0.1 >
02 025 —0.15 0.13
E = (eij) = ( 02 —01 > , N = (nij) = < —03 -0.1 >
(i) = (Bij) = ( :82 82 ) > () = (0) = ( :8461 82 ) '

In this case f; satisfies (A1) and (As) with ¢; =

s)ds = 1. Now, we choose (; = (2 =1

=land [[°K
and the parameters of the controller as follovvb

by |
hu = 05>—G+; +‘1 +Z‘Cﬂ|£ —0.1;

_ ‘b2| ¢

hyy = 05> §+ + = +Z B2y, = 0.125;
1 by |c1] .
mi1 = 3.5>—a1+§+7+276j:0.25,
L, bl | o Jea]

. _ 2 2, _ )
mo1 = 3.5>*a2+§+7+2763— 0025,
hio = h22=m12=m22:2.0169>0;
hiz = h23=m13:m23:1.9503>0;

@ = 23>2% My (di| + il + leis| + g + 18] + [ + 1655]) = 22.66

=1

and 0 < k = 0.5 < 1; pu = 1.5 > 1. Finally, all the conditions of Theorem [2| are satisfied, and
hence, the system is fixed-time stabilized and the settling-time is given by TF** = 2.0033. Taking
21(0) = 0.3, p1(0) = —0.1, 25(0) = —0.3, p2(0) = 0.1, the state trajectories of the system under the
controller are depicted in Figure
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Figure 2: The state trajectories of the system under the controller

Example 3. Consider the following FNTINNs with time-varying delay:

d 3;2(t) = —q dy(zit(t) _ biyi(t) + Jz:; Ciij (yj (t)) + Z diij (yj (t -7 (t)))

j=1

2 2 2
+3 givi+ N\ Tivs + N\ i Fi(y;(t = 75(1)))
=1 j=1 j=1

2 2
+\/ BiiF(y(t — 7)) + \/ Sijvs + L (34)
j=1 j=1
where the parameters of system are given as follows: n =2, for 4, j =1,2, a; = 2.5, b, =5, 7;(.) = %,

Ii = — E?:l GijVj — /\?:1 T%j’Uj — \/5:1 Sij’l)j, F]() = tanh(.). In this case Fj satisfies (Al) and (A3) with

¢; =M, = 1. For ¢; = 0.5, letting p;(t) = dzd"—it) + (;zi(t) then the system can be expressed by adding
the control variables as

ﬁ% = —05(t) +pi(0) + Qi()
pc}t = —2pi(t) —4z(t) + Zj:l cijFj(z(t))

+ 35y dig Fy(2(t — (1)) + [\?:1 o B (2 (t = 75(t)))
+ Vi BigFi(z(t — 75(1))) + Qi()

with

-0.2 —0.15 -0.6 —06
C=(cij) = < —01 —-04 > , D=(dy) = ( 0.1 -0.03 ) ’
—0.8 —0.1 -05 —05
= () = ( -0.2 —0.1 ) o B=0By) = ( 0.6 —0.2 )
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Now, choosing the parameters of the controller as follows

- 2
L b e
hiy = 5>—C+5+— L0y = 2.15;
11 > C1+2+ 2 +jz=; 5 ;
L |bo |ejo|
h = 5> — — 4+ = =y = 2.275
21 > =G+ o+ +; 5 ;
2
mi = 5> —ay 4+ 4 Z@e =0.8
2 2 : 2 ’
j=1
Lol | Jea]

_ P 2 25 _
Moy = 5z—a2+§+7+]27@ 0.75:;
his = h22=m12:m22:2.0169>0;
his = hog = mi3 = mo3z = 1.9503 > 0;

w = 1946; 0<k=05<1; p=15>1;

all the conditions of Theorem [2| are verified, and hence, the system is fixed-time stabilized and the
settling-time is given by TP®* = 1.3449. Taking z1(0) = —0.5, p1(0) = —0.7, 22(0) = 0.9, p2(0) = 0.5, the
state trajectories of the system under the controller are depicted in Figure

08 — ) —p) — ) —p )

0.4

,i=1,2

021

(t) and pl(t) i
)

) o

T T
—>
—>

N ax ax
LA S
-04 Tmax
7
-0.6
-08 ! ! ! ! !
0 0.5 1 1.5 2 25
Time (1)

Figure 3: The state trajectories of the system (35| under the controller (28]

Remark 5.1. Fvery upper bound estimate of the settling-time is obtained by Lyapunov-based theoretical
analysis. Due to the conservativeness of some inequalities involved in this technique, the upper bound esti-
mates of the settling-time obtained with the theoretical results may be much larger than the real settling-time
as illustrated in the numerical simulations, see Figures [l and[3 As shown in Ezamples[1] and [3 with the
same controller parameters, TE** is shorter than Tg**, T7**, and Tg**. This is summed up in Table |Z|
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Settling-time | TP Tgax | Twax Tg*
Example 1 2.3596 | 3.6133 | 3.6024 | 2.8293
Example 3 1.3449 | 2.2047 | 2.1994 | 1.7274

Table 1: Comparisons between T, TF#*, THaX, and Tg**.

Remark 5.2. In both Ezamples[l] and[3 if we choose some larger values for hi1, hai, mi1, ma1 and keep
the other controller parameters unchanged, then the obtained TE'** can be shorter but T§'**, T7** and Tg§?**
remains unchanged.

Remark 5.3. The fuzzy neural networks are investigated in [7, (29, [{7]. These models are first order differ-
ential equations without neutral terms and distributed time-varying delays. While, in this paper, a class of
fuzzy neutral-type inertial neural networks is studied with mized time-varying delay. Furthermore, numerical
examples show that the new fixed-time stability theorem considered in this paper can provide a more accurate
upper settling-time estimation for NNs compared to previous studies.

Remark 5.4. In [13], some fized-time synchronization results about inertial memristor based NNs with
discrete delay are obtained. Compared with [13], our results provide a lower upper settling-time estimation.
In addition, the fuzzy term was not taken account in [13]. Finally, the time delays in [13] are discrete, while
they are time-varying in our article.

Remark 5.5. The stabilization of NNs has been developed to solve problems of classification, prediction,
categorization, optimization, pattern recognition, and secure communication [12, (538, [39,[78]. In these appli-
cation fields, sometimes it is necessary to complete certain tasks within a finite time or fized time. Contrary
to the finite-time stabilization, the settling-time obtained with fized-time stabilization is independent on the
initial conditions. In some areas, such as pattern recognition or secure communication, the initial values are
usually hard to be acquired [{0]. In this case, fixed-time stabilization is more accurate and applicable than
finite-time stabilization.

6. Conclusion

The problem of fixed-time stabilization for a class of fuzzy neutral-type inertial neural networks (FNTINNSs)
was investigated. By using the new fixed-time stability theorems for dynamical systems, two different feed-
back control laws were designed to ensure the fixed-time stabilization of FNTINNs, which include and extend
some earlier works. On the one hand, our results extend the results given in [12] [44] (45, 46] where fuzzy
inertial terms are not taken into account. On the other hand, a tighter upper bound estimate of the settling-
time is derived. Finally, the effectiveness of our proposed approach has been illustrated in simulation with
three examples. In recent decades, stochastic differential equations have been widely considered by many
researchers since they can be applied to various fields such as science and engineering. It is known that
one important problem of stochastic differential equations is the stability analysis [43] [49, 50, 51]. In future
works, we would like to extend our results to stochastic neural networks and more general neutral-type of
delayed stochastic inertial neural networks, such as high-order neutral-type of delayed stochastic inertial
neural networks models, high-order Hopfield bidirectional associative memory neural networks [52], Clifford
inertial neural networks models [53] [54].
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