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Use of Piezoelectric Shear Response in Adaptive Sandwich
Shells of Revolution – Part 1: Theoretical Formulation

A. BENJEDDOU, V. GORGE AND R. OHAYON*

Structural Mechanics and Coupled Systems Laboratory, Conservatoire National des Arts et Métiers,

2 rue Conté, 75003 Paris, France.

ABSTRACT: This work, in two parts, proposes a theoretical formulation (Part 1) and its
finite element implementation (Part 2) for an adaptive sandwich shell of revolution that uses
the transverse shear response of a piezoelectric core sandwiched between two elastic faces. For
this, the former is assumed initially poled along the meridian but subjected to electric
potentials on its fully electroded inner and outer surfaces. The model assumes the first-order
shear deformation theory for each layer and enforces the displacement continuity conditions
at the core to faces interfaces. Besides, the sandwich theory retains the shell transverse
deflection together with the mean and relative tangential displacements and bending rotations
of the elastic faces as mechanical independent variables. These are augmented by the electric
potential in the piezoelectric core, in order to effectively consider the electromechanical
coupling. Implementation and validation of the theoretical formulation developed in this part
are presented in Part 2 of the paper.

INTRODUCTION

A
PPLICATION of a voltage difference on covering

electrodes perpendicular to the initial poling direc-

tion of an embedded piezoelectric material induces

transverse shear strains that bend the host structure.

Conversely, bending of the latter induces a difference of

potentials on the same electrodes due to the transverse

shear deformation of the embedded piezoelectric

material. This defines the so-called piezoelectric shear

actuation/sensing mechanism, in opposition to the con-

ventional extension actuation/sensing one obtained

for an applied electric field parallel to the initial

polarization, both generally through-thickness.

The shear response of the piezoceramics was used in

ultrasonic transducers applications since the early sixties

(Bradley and Bergman, 1963). It was theoretically

studied since the mid-seventies for the axisymmetric

behavior of hollow cylinders (Adelman and Stavsky,

1975). Extension was then made to single-layer shells of

revolution at the end of that decade (Boriseiko et al.,

1979) and to arbitrary shells (Rogacheva, 1981; Parton

and Senik, 1984) at the early eighties. Several electro-

acoustic devices have then been developed using the

shear response of piezoceramics such as, torsional

vibrators (Aoyagi et al., 1977), piezoelectric motors

(Glazounov et al., 1999, 2000), and torsional actuators

(Glazounov et al., 1998, 2000; Centalanza and Smith,

2000).

Although well known by the acoustics and materials

communities, the shear response of piezoceramics was

used in smart structure applications only by the mid-

nineties. Hence, Sun and Zhang (1995) have presented

a preliminary static evaluation for adaptive sandwich

beams using a commercial finite element analysis code,

followed by a theoretical static formulation and analysis

(Zhang and Sun, 1996), recently extended to adaptive

sandwich plates (Zhang and Sun, 1999). Two models

were then proposed by Benjeddou et al. (1997, 1999a)

using either the core (Benjeddou et al., 1997) or faces

(Benjeddo et al., 1999a) mean and relative displacements

as independent variables. Comparison of both extension

and shear actuation mechanisms (Benjeddou et al.,

2000) using both models (Benjeddou et al., 1999b) has

shown that the model using faces displacements has

better convergence characteristics. The corresponding

model (Benjeddou et al., 1999a) has then been retained

for active vibration control of sandwich beams

(Trindade et al., 1999). Analytical models and exact

solution for beams with extension and shear actuators

have been also presented recently (Aldraihem and

Khdeir, 2000) using first and higher-order beam theories

and state space solution technique. It was found that

unlike extension actuator, the shear one can generate

deflection of clamped-clamped beams.

Recent literature review (Saravanos and Heyliger,

1999) and survey (Benjeddou, 2000a) indicate that

the piezoelectric shear actuation mechanism was not
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investigated for smart shells. However, theoretical

formulations and analyses have been recently presented

for both arbitrary (Benjeddou, 2000b) and axisymmetric

(Benjeddou, 2000c) adaptive sandwich shells. In both

formulations the electric potential in the in-plane

polarized and fully electroded piezoelectric core sand-

wiched between elastic faces has been considered

uniform and through-thickness linear. Corresponding

numerical formulations and analyses are thus still to be

made. Therefore, it is the aim of this work to present, in

two parts, the theoretical (Part 1) and finite element

(Part 2) formulations of an adaptive sandwich shell of

revolution that uses the transverse shear mode of

piezoelectric materials.

In the following, a first-order shear deformation

theory is presented for axisymmetric adaptive sandwich

shells. It is based on displacement continuities at the

piezoelectric core inner and outer interfaces. The mean

and relative face displacements, introduced in

(Benjeddou and Hamdi, 1996), are augmented by the

mean and relative face rotations and used as indepen-

dent mechanical variables. The piezoelectric core is

assumed polarized along the shell meridian and fully

electroded on its inner and outer surfaces. The electric

potential inside the piezoelectric core is assumed linear

through its thickness and retained as an independent

electric variable in order to consider effectively the

piezoelectric coupling. An extended d’Alembert or

virtual works principle is used to derive the variational

formulation of the piezoelectric adaptive sandwich shell

of revolution.

MODEL ASSUMPTIONS

Lets consider the adaptive sandwich shell of revolu-

tion, represented by its meridian section in Figure 1. It is

composed of a piezoelectric core sandwiched between

elastic faces. Its theoretical formulation is based on the

following assumptions:

1. Mechanical and electric quantities are sufficiently

small so that linear theories of elasticity and piezo-

electricity apply.

2. Elastic and piezoelectric materials are considered

orthotropic with axes of material symmetry coincid-

ing with the sandwich shell main curvatures.

3. The total thickness of the adaptive sandwich shell is

very small compared with the smallest radius of

curvature.

4. The normal stresses in the thickness direction are

considered small compared with the other stresses

and can be neglected.

5. The transverse displacement of all layers is assumed

through-thickness constant.

6. All layers of the sandwich shell are supposed

perfectly bonded.

7. All layers can resist membrane, bending and

transverse shear stresses.

8. Translation, rotary and their coupling inertia effects

are taken into account.

9. The piezoelectric core is supposed polarized along

its meridian, fully electroded on its inner and outer

surfaces but unelectroded on its edges.

10. The electric potential inside the piezoelectric core

is assumed through-thickness linear.

SANDWICH SHELL DISPLACEMENTS AND

STRAINS

According to above 5th and 7th assumptions, the

mechanical displacements in each layer are considered

through thickness linear; that is, for the kth layer

ukðs,�,zÞ ¼ ukðs,�Þ þ ðz� zkÞ�
kðs,�Þ

vkðs,�,zÞ ¼ vkðs,�Þ þ ðz� zkÞ�
k
� ðs,�Þ

wkðs,�,zÞ ¼ wðs,�Þ

ð1Þ

where za¼ (haþ hc)/2, zc¼ 0, zb¼�(hbþ hc)/2. u
k, vk, w,

�
k, �k

� , are the displacements in the s, �, z directions of

the kth layer middle surface and the rotations of its

normal in the s–z, and �–z planes, respectively.

Following the 6th basic assumption, above displace-

ments are made continuous at the core interfaces with

faces. They are then written in terms of the following

mean and relative faces tangential displacements,

introduced in (Benjeddou and Hamdi, 1996), and their

mean and relative bending rotations, denoted as

�xx ¼ ðxa þ xbÞ=2; ~xx ¼ ðxa � xbÞ ð2Þ

Figure 1. The sandwich shell of revolution configuration: geometry
and notations
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where x¼ u, v, �, �� representing either of the tangen-

tial displacements and bending rotations in the planes

s–z and �–z, respectively. With these notations, the

displacements in the fth face can then be written as

u f ¼ ð �uu� ~uu=2Þ þ ðz� zf Þð ���� ~��=2Þ

v f ¼ ð �vv� ~vv=2Þ þ ðz� zf Þð ���� � ~���=2Þ ð3Þ

w f ¼ w

where the ‘þ’ sign is for the inner face (f¼ a) and the ‘�’

for the outer one ( f¼ b).

With notations (2) in mind, the core displacements

can be written in the form

uc ¼ �uu�
~hh

4
����

�hh

4
~��

!

þ z
~uu

hc
�

�hh

hc
����

~hh

4hc
~��

 !

vc ¼ �vv�
~hh

4
���� �

�hh

4
~���

!

þ z
~vv

hc
�

�hh

hc
���� �

~hh

4hc
~���

!

ð4Þ

wc ¼ w

where �hh, ~hh are the mean and relative faces thicknesses

defined as in (2). Notice the appearance of two shear

rotations ~uu/hc and ~vv/hc, resulting from the sliding of the

faces against the core. They are characteristic of any

sandwich theory that retains the faces displacements

as independent variables. Nevertheless, such sandwich

formulation does not allow for zero-thickness core. If

this is required, the core displacements and rotations

should be retained as independent variables, together

with the face rotations. However, the sliding rotations

will no longer appear explicitly in the core displacements

as in (4).

Applying the usual strain-displacement relations to

Equations (3), leads to the following fth face in-plane

and transverse shear strains, respectively

f"f g ¼ ðf �eeg � f ~eeg=2Þ þ ðz� zf Þðf ���g � f ~��g=2Þ

f�f g ¼ ðf ���g � f ~��g=2Þ
ð5Þ

where the mean and relative membrane f �eeg, f ~eeg, bending,

f ���g, f ~��g and shear f ���g, f ~��g strain vectors are given in

Benjeddou (2000c).

Similarly, using Equations (4) in the usual strain-

displacement relations, leads to the following core

in-plane and transverse shear strains

f"cg ¼ f �eeg�
~hh

4
f ���g�

�hh

4
f ~��g

!

þ z
1

hc
f ~eeg�

�hh

hc
f ���g�

~hh

4hc
f ~��g

 !

f�cg¼ ðf ���cgþf ~��cgÞ ð6Þ

Mean, f ���cg, and relative, f ~��cg, transverse shear strains

can also be found in Benjeddou (2000c). As for the core

displacement (4), notice the appearance of the sliding

curvatures f ~eeg/hc, in the core bending strains. The shear

strain decomposition in (6)2 is different from that in (5)2
due to the presence of the sliding rotations in the former

expressions. Hence, the relative displacements of the

faces can both bend and shear the shell. This explicit

representation of the transverse shear due to the

sandwich construction is a nice feature for the piezo-

electric shear actuation mechanism as will be shown

later. This motivated the decomposition into mean and

relative quantities in the whole formulation.

PIEZOELECTRIC CORE ELECTRIC

POTENTIAL AND FIELD

Following the last assumption, the electric potential in

the piezoelectric core has the form

’ðs, �, zÞ ¼ �’’ðs, �Þ þ z ~’’ðs, �Þ=hc ð7Þ

where �’’, ~’’ follow notations (2) for the prescribed or

generated potentials ’
þ and ’

� on the inner and outer

skins of the core layer, respectively.

Introducing Equation (7) in the usual electric field-

potential relation leads to the following expressions for

the in-plane, (p), and transverse, (z), electric field

components

fEpðs, �, zÞg ¼ f �EEðs, �Þg þ zf ~EEðs, �Þg

Ezðs, �, zÞ ¼ � ~’’ðs, �Þ=hc
ð8Þ

with

hEpi ¼ hEs E� i, h �EEi ¼ h �EEs
�EE� i, h ~EEi ¼ h ~EEs

~EE� i

�EEs ¼ � �’’,s, �EE� ¼ �
1

r
�’’,� ~EEs ¼ � ~’’,s=hc, ~EE� ¼ �

1

r
~’’,�=hc

Notice that for uniform potentials, �’’ and ~’’, the in-plane

electric field components vanish, and only Equation (8)2
holds.

ZERO NORMAL STRESS REDUCED

CONSTITUTIVE EQUATIONS

According to the 4th assumption, the normal stress is

neglected. Hence, the normal strain is no longer nil as

might be understood from the displacement (1), but

computed from this assumption. The resulting relation

is then back substituted into the in-plane converse

piezoelectric constitutive equations. Hence, the follow-

ing reduced in-plane and transverse converse piezo-

electric constitutive equations for the core are obtained

f�cg ¼ ½Qc�f"cg � ½ep�
T fEpg

f�cg ¼ ½Qc
s �f�

cg � fesgEz

ð9Þ

where in-plane and transverse elastic and piezoelectric

matrices are given in Appendix A.
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Similarly, the back substitution of the normal strain

expression, deduced from the zero–normal stress condi-

tion, leads to the following reduced in-plane and trans-

verse reduced direct piezoelectric constitutive equations,

respectively

fDpg ¼ ½ep�f"
cg þ ½2p�fEpg

Dz ¼ hesif�
cg þ 2zz Ez

ð10Þ

In-plane and transverse piezoelectric and dielectric

matrices are given also in Appendix A.

From Equations (9) and (10), it is worthy to notice

that the in-plane and transverse electromechanical

behaviors are uncoupled. Moreover, for uniform poten-

tials, the in-plane electric field components vanish (see

Equation (8)). Hence, the electromechanical coupling

becomes present only for the transverse behavior. That

is, between the transverse shear strains and transverse

electric field component. This defines the so-called shear

actuation/ sensing mechanism (Benjeddou et al., 2000).

The zero normal stress reduced in-plane and trans-

verse elastic constitutive equations of the faces are

deduced from the previous converse ones (9) by substi-

tuting the superscript c with f¼ a, b and vanishing the

piezoelectric constants

f� f g ¼ ½Q f �f" f g

f� f g ¼ ½Q f
s �f�

f g
ð11Þ

The in-plane, [Q f], and shear, Q f
s

� �

, elastic matrices of

the faces have the same form as those of the piezoelectric

core, given in Appendix A.

VARIATIONAL FORMULATION

For admissible virtual displacements, � �uu , � �vv , �w, � ��� ,

� ���� , � ~uu , � ~vv , � ~�� , � ~��� and electric potentials, � �’’, � ~’’ , the

extended d’Alembert principle applied to the adaptive

shell, is

�Wint � �Win � �Wext ¼ 0 ð12Þ

where �Wint, �Win, �Wext are the sandwich shell internal,

inertia and external virtual works.

Sandwich Shell Internal Virtual Work

The adaptive sandwich shell internal virtual work can

be written as

�Wint ¼
X

c

k¼a

Z

�k

�

h�"ki �k
� �

þ h��ki �k
� ��

d�k

�

Z

�c

ðh�Epi Dp

� �

þ �EzDzÞd�
c ð13Þ

where �
k is the domain volume of the kth layer.

Substituting the constitutive equations (9–11) in the

previous relation and decomposing it into mechanical,

(m), piezoelectric, (p), and electric, (e), contributions

leads to

�Wint ¼ �Wm
int � �W

p
int � �W e

int ð14Þ

with

�Wm
int ¼

X

c

k¼a

Z

�k

ðh�"ki½Qk� "k
� �

þ h��ki½Qk
s � �

k
� �

Þd�k

�W e
int ¼

Z

�c

ðh�Epi½2p� Ep

� �

þ �Ez 2zz EzÞd�
c

�W
p
int ¼

Z

�c

ðh�"ci½ep�
T Ep

� �

þ h��ci esf gEzÞd�
c

þ

Z

�c

ðh�Epi½ep� "
cf g þ �Ezhesi �c

� �

Þd�c

These expressions are now further decomposed into

mean and relative contributions using the strain and

field relations (5–8) and explicit integration through the

shell thickness.

MECHANICAL INTERNAL VIRTUAL WORK

Substituting the strain Equations (5, 6) in the mecha-

nical internal virtual work, defined in Equation (14),

and integrating explicitly through the shell thickness,

then separating the resulting relation into extension, (e),

bending, (�), and shear, (�), contributions lead to

�Wm
int ¼ �Wm

e þ �Wm
e� þ �Wm

� þ �Wm
� ð15Þ

�Wm
e is the extension (or membrane) internal virtual

work of the sandwich shell given by

�Wm
e ¼

Z

A

ðh� �eei½ �DDe� �eef g þ h� �eei½D
’

e� ~eef gÞdA

þ

Z

A

ðh� ~eei½D
’

e� �eef g þ h� ~eei½ ~DDe� ~eef gÞdA ð16Þ

where A is the area of the shell middle surface and the

membrane elastic matrices are detailed in Appendix B.

They indicate that the mean-relative membrane cou-

pling, present in Equation (16), vanishes for symmetric

sandwich shells.

The extension-bending internal virtual work of the

sandwich shell is given by

�Wm
e� ¼

Z

A

ðh� �eei½ �DDe�� ���f g þ h� ���i½ �DDe�� �eef gÞdA

þ

Z

A

ðh� �eei½D
’

e�� ~��f g þ h� ~��i½D
’

e�� �eef gÞdA

þ

Z

A

ðh� ~eei½D
’

�e� ���f g þ h� ���i½D
’

�e� ~eef gÞdA

þ

Z

A

ðh� ~eei½D
’

e�� ~��f g þ h� ~��i½ ~DDe�� ~eef gÞdA ð17Þ
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All elastic membrane-bending matrices are detailed in

Appendix B. They show that there are four types of

mechanical couplings that are localized in the core:

. A geometrical coupling between the mean membrane

and bending strains which vanishes for geometrical

symmetry (i.e. identical face thicknesses).

. A coupling between the mean membrane and relative

bending strains.

. A coupling between the relative membrane and mean

bending strains.

. A geometrical coupling between the relative mem-

brane and bending strains, which vanishes for

identical faces thicknesses.

The bending internal virtual work of the sandwich shell

can be written as

�Wm
� ¼

Z

A

h� ���i½ �DD�� ���f g þ h� ���i
�

D
’

�

�

~��f g

� �

dA

þ

Z

A

h� ~��i
�

D
’

�

�

���f g þ h� ~��i½ ~DD�� ~��f g

� �

dA ð18Þ

The bending elastic matrices, given in Appendix B,

indicate that the mean-relative bending coupling, in

Equation (18), vanishes for symmetric sandwich con-

structions.

The shear internal virtual work, in Equation (15), is

defined by

�Wm
� ¼

Z

A

h� ���i
�

�DD�

�

���
� �

þ h� ���i
�

D
’

�

�

~��
� �

� �

dA

þ

Z

A

h� ~��i
�

D
’

�

�

���
� �

þ h� ~��i
�

~DD�

�

~��
� �

� �

dA

þ

Z

A

h� ���ci
�

�DDc
�

�

���c
� �

þ h� ���ci
�

D
’ c

�

�

~��c
� �

� �

dA

þ

Z

A

h� ~��ci
�

D
’ c

�

�

���c
� �

þ h� ~��ci
�

~DDc
�

�

~��c
� �

� �

dA ð19Þ

Shear elastic matrices, given in Appendix B, show that

the mean-relative shear coupling present in the faces

vanishes for symmetric sandwich shells.

PIEZOELECTRIC INTERNAL VIRTUAL WORK

Substituting the core strains (6) in the piezoelectric

internal virtual work, defined in Equation (14), and

integrating analytically through the shell thickness, then

separating into extension, bending and shear contribu-

tions, lead to

�W
p
int ¼ �Wp

e þ �Wp
� þ �Wp

� ð20Þ

�Wp
e is the extension-piezoelectric internal virtual work

defined as

�Wp
e ¼

Z

A

�

h� �eei
�

�DD p
e

�T �EE
� �

þ h� �EEi
�

�DD p
e

�

�eef g
�

dA

þ

Z

A

�

h� ~eei
�

~DD p
e

�T ~EE
� �

þ h� ~EEi
�

~DD p
e

�

~eef g
�

dA ð21Þ

where the extension piezoelectric matrices are given in

Appendix B. It is clear from Equation (21) that this

electromechanical coupling is either between the mean

or relative membrane strains and in-plane electric field

components. This means that this work vanishes for

uniform electric potentials since the latter is nil in

this case.

�Wp
� is the bending piezoelectric internal virtual

work. It can be written in the form

�Wp
� ¼

Z

A

�

h� ���i
�

�DD p
�

�

�EE
� �

þ h� �EEi
�

�DD p
�

�T
���f g
�

dA

þ

Z

A

�

h� ���i
�

D
’ p

�

�

~EE
� �

þ h� ~EEi
�

D
’ p

�

�T
���f g
�

dA

þ

Z

A

�

h� ~��i
�

D
’ p

�

�

�EE
� �

þ h� �EEi
�

D
’ p

�

�T
~��f g
�

dA

þ

Z

A

�

h� ~��i
�

~DD p
�

�

~EE
� �

þ h� ~EEi
�

~DD p
�

�T
~��f g
�

dA ð22Þ

The bending piezoelectric matrices, given in Appendix

B, and Equation (22) indicate that there are four types

of electromechanical couplings

. A geometrical coupling between the mean bending

strains and in-plane electric fields, that vanishes for

identical thickness faces.

. A coupling between mean bending strains and relative

in-plane electric fields.

. A coupling between relative bending strains and mean

in-plane electric fields.

. A geometrical coupling between the relative bending

strains and in-plane electric fields that also vanishes

for identical thickness faces.

It is then clear that, for symmetric sandwich construc-

tions, a mean in-plane electric field can produce relative

bending strains only and vice versa. Also, a relative in-

plane electric field can produce mean bending strains

only and vice versa. As for the extension piezoelectric

work (21), the bending one (22) also vanishes for

uniform potentials.

The shear piezoelectric internal virtual work �Wp
� , in

Equation (20), can be written as

�Wp
� ¼

Z

A

�

h� ���ci
�

�DD p
�

�

Ez þ �Ez

	

�DD p
�




���c
� ��

dA

þ

Z

A

�

h� ~��ci
�

~DD p
�

�

Ez þ �Ez

	

~DD p
�




~��c
� ��

dA ð23Þ

where the vectors of the shear piezoelectric coupling

constants are given in Appendix B. Here, the electro-

mechanical coupling is between the mean and relative

shear strains of the core and the transverse electric field

component. For the practical case of uniform potential,

this is the only non-vanishing virtual work of Equation

(20). Moreover, for an actuation problem (�Ez¼ 0),
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the piezoelectric internal virtual work reduces to the

shear one which can be written using Equations (6)2
and (8)2 as

�W
p
int ¼ �Wp

� ¼ �

Z

A

� �uu

Rs

þ
@�w

@s
�

�hh

hc
þ

~hh

4Rs

!

���

" #

e35 ~’’dA

�

Z

A

� ~uu

hc
�
1

4

~hh

hc
þ

�hh

Rs

!

~��

" #

e35 ~’’dA ð24Þ

This expression was first presented in (Benjeddou,

2000c). It indicates that the shear piezoelectric action

depends on the piezoelectric shear constant e35, applied

voltage difference ~’’, face to core thickness ratios �hh=hc,
~hh=hc and shell shallowness �hh=Rs, ~hh=Rs. It proves also

the importance of the transverse shear resulting from

the sliding of the elastic faces against the piezoelectric

core, represented by the first term of the second integral

in Equation (24). The latter also shows the usefulness

of retaining the mean and relative displacements as

model independent variables. The presence of the shell

meridian curvature 1/Rs couples membrane and bend-

ing behaviors. Hence, the pin-force model should

be handled with great care if retained to represent

the piezoelectric effect (Lalande et al., 1995).

ELECTRIC INTERNAL VIRTUAL WORK

Substituting the electric field Equation (8) into that of

the electric virtual work (14), gives

�W e
int ¼

Z

A

�

h� �EEi
�

�22p

�

�EE
� �

þ h� ~EEi
�

~22p

�T ~EE
� ��

dA

þ

Z

A

�Ez �22zzEzdA ð25Þ

with

½ �22p� ¼ hc½2p�, ½ ~22p� ¼
h3c
12

½2p�, �22zz ¼ hc 2zz

The dielectric matrix [2p] is given in Appendix A. For

uniform potentials, the electric virtual work (25) reduces

to its last integral.

Sandwich Shell Inertia Virtual Work

The inertia virtual work of the sandwich shell can be

defined as

�Win ¼ �
X

c

k¼a

Z

�k

h�uki�k � €uuk
� �

d�k ð26Þ

where �
k, k¼ a, b, c, are the layers mass densities, and

‘..’ states for time second derivative.

Substituting the displacements (3,4) in the previous

equation, integrating through the shell thickness and

decomposing into translation, (u), translation–rotary,

(u�), and rotary, (�), contributions lead to the following

expression for the inertia virtual work

�Win ¼ �Wu þ �Wu� þ �W� ð27Þ

where the translation inertia virtual work �Wu has the

form

�Wu ¼

Z

A

h� �ddti ���u
€�dd�ddt

n o

þ h� �ddpi�
’

u
€~dd~ddp

n o� �

dA

þ

Z

A

	

� ~ddp



�
’

u
€�dd�ddp

n o

þ
	

� ~ddp



~��u
€~dd~ddp

n o� �

dA ð28Þ

with

h �ddti ¼ h �uu �vv w i, h �ddpi ¼ h �uu �vv i, h ~ddpi ¼ h ~uu ~vv i

The translation mass densities are given in Appendix C.

They show that the mean-relative in-plane displacement

inertia coupling vanishes for symmetric sandwich shells.

The translation–rotary inertia virtual work can be

written as

�Wu� ¼

Z

A

h� �ddpi ���u�
€�dd�ddr

n o

þ h� �ddri ���u�
€�dd�ddp

n o� �

dA

þ

Z

A

h� �ddpi�
’

u�
€~dd~ddr

n o

þ h� ~ddri�
’

u�
€�dd�ddp

n o� �

dA

þ

Z

A

h� ~ddpi�
’

�u
€�dd�ddr

n o

þ h� �ddri�
’

�u
€~dd~ddp

n o� �

dA

þ

Z

A

h� ~ddpi ~��u�
€~dd~ddr

n o

þ h� ~ddri ~��u�
€~dd~ddp

n o� �

dA ð29Þ

with

h �ddri ¼ h ��� ���� i,
	

~ddr



¼ h ~�� ~��� i

The translation–rotary mass densities, given in the

Appendix C, indicate that there are four types of inertial

couplings confined to the core layer

. A geometrical coupling between the mean in-plane

displacements and rotations which vanishes for equal

thickness faces.

. A coupling between the mean in-plane displacements

and relative rotations.

. A coupling between the relative in-plane displace-

ments and mean rotations.

. A geometrical coupling between the relative in-plane

displacements and rotations, which vanishes for equal

thickness faces.

6



The rotary inertia virtual work has the following

expression

�W� ¼

Z

A

h� �ddri ����
€�dd�ddr

n o

þ h� �ddri�
’

�
€~dd~ddr

n o� �

dA

þ

Z

A

h� ~ddri�
’

�
€�dd�ddr

n o

þ h� ~ddri ~���
€~dd~ddr

n o� �

dA ð30Þ

where the rotary mass densities are also given in

Appendix C. Again, an inertial coupling between the

mean and relative rotations appears in Equation (30)

which vanishes for symmetric sandwich constructions.

Sandwich Shell External Virtual Work

The adaptive sandwich shell is supposed to support

mechanical body, f kbs, f
k
b�, f

k
bz and surface, Fk

s ,F
k
� ,F

k
z ,

forces but free of electric body and surface charge

densities. Hence, the external virtual work can be

written as

�Wext ¼
X

c

k¼a

Z

�k

h�uki f kb
� �

d�kþ

Z

Sk
f

h�uki Fk
� �

dSk
f

 !

ð31Þ

with h f kb i ¼ h f kbs f kb� f kbz i, hF
ki ¼ hFk

s Fk
� Fk

z i. S
k
f is the

kth layer boundary part where the surface forces hFki

are applied.

Substituting the displacement fields (3,4) into

Equation (31) and integrating through the shell thick-

ness, the external virtual work can be decomposed into

�Wext ¼ �Wd
ext þ �WC

ext ð32Þ

where �Wd
ext, �W

C
ext are the virtual works of external

distributed (or surface) and concentrated (or line) loads.

These are defined in the following sub-sections.

EXTERNAL VIRTUAL WORK OF

DISTRIBUTED LOADS

From the body forces, the following surface loads are

introduced for the kth layer

f k
� �

¼

Z

z

f kb
� �

dz, mk
� �

¼

Z

z

f kb
� �

ðz� zkÞdz ð33Þ

With these definitions in mind, the external virtual work

due to body forces is

�Wd
ext ¼

Z

A

�

h� �ddti �ff
� �

þ h� �ddri �mmf g
�

dA

þ

Z

A

�

h� ~ddpi
�

~ff
�

þ h� ~ddri ~mmf g
�

dA ð34Þ

where the mean and relative forces and moments per

unit area are given in Appendix D. They are of course

applied on the shell mid-surface. However, if the shell

is subjected to distributed forces Fþ
s , F

þ
� , F

þ
z and

F�
s , F

�
� , F

�
z on the inner and outer surfaces, respec-

tively, above expression (34) can be still used but with

different expressions of the mean and relative distrib-

uted loads. In this case, Equation (34) becomes

�Wd
ext ¼

Z

A

�

h� �ddti �ffd
� �

þ h� �ddri �mmdf g
�

dA

þ

Z

A

�

h� ~ddpi
�

~ffd
�

þ h� ~ddri ~mmdf g
�

dA ð35Þ

where the mean and relative distributed forces and

moments are given in Appendix D.

EXTERNAL VIRTUAL WORK OF

CONCENTRATED LOADS

Using definitions (33) to introduce the line loads (per

unit length) from the surface ones fFSkg , the external

virtual work �WC
ext of these concentrated loads is

�WC
ext ¼

Z

SF

ðh� �ddtif �FFg þ h� �ddrif �MMgÞdsc

þ

Z

SF

�

h� ~ddpif ~FFg þ h� ~ddrif ~MMg
�

dsc ð36Þ

where dsc¼� ds for distributed loads along the meridian

and dsc¼� rd� for distributed loads along the circum-

ference. dsc represents the curvilinear abscissa of a curve

on the mid-surface A of the sandwich shell. For

example, for a closed shell of revolution, expression

(36) can be simplified to

�WC
ext ¼

Z

�

�

ðh� �ddtif �FFg þ h� �ddrif �MMgÞr
�

sf
d�

þ

Z

�

�

ðh� ~ddpif ~FFg þ h� ~ddrif ~MMgÞr
�

sf
d� ð37Þ

where sf is here the circumference at fixed curvilinear

abscissa s. The mean and relative line force and moment

vectors are given for this case in Appendix D.

CONCLUSION

A theoretical formulation has been presented for

adaptive sandwich shells of revolution. It has the

originality to use the transverse shear response of

a piezoelectric core sandwiched between two elastic

layers. The former has been assumed poled along its

meridian and covered with electrodes on its inner and

outer skins. Hence, for the practical case of uniform

electric potentials, the electromechanical coupling is

between the transverse shear strains and the transverse

electric field. The formulation uses the mean and relative

7



displacements and rotations of the faces middle surfaces

as independent mechanical variables. These are aug-

mented by the mean and relative potentials of the

piezoelectric core in order to consider effectively the

electromechanical coupling. This choice of independent

mechanical and electric variables has the advantage of

representing explicitly the transverse shear electro-

mechanical response of the piezoelectric core. It has

also permitted to decompose all quantities of the

formulation (strains, electric field, virtual works, etc.)

into mean and relative contributions. This will facilitate

the finite element implementation of the present

formulation as will be shown in Part 2 of this paper.

APPENDIX

A. Piezoelectric Reduced Constitutive Equations

The three-dimensional constitutive equations of a

piezoelectric material polarized along its first material

axis can be written for its converse and direct effects,

respectively, as

fTg ¼ ½C�fSg � ½e�T fEg

fDg ¼ ½e�fSg þ ½2�fEg
ðA1Þ

with

hTi ¼ hT1 T2 T3 T4 T5 T6i, hEi ¼ hE1 E2 E3i

hSi ¼ hS1 S2 S3 S4 S5 S6i, hDi ¼ hD1 D2 D3i

{T}, {S}, {D}, {E} are the vectors of stress, strain, electric

displacement and field components. [C], [e] and ½2� are

the elastic, piezoelectric and dielectric matrices given by

½e� ¼

e11 e12 e13 0 0 0

0 0 0 0 0 e26

0 0 0 0 e35 0

2

6

4

3

7

5
,

½2� ¼

211 0 0

0 222 0

0 0 233

2

6

4

3

7

5

½C� ¼

C11 C12 C13 0 0 0

C12 C22 C23 0 0 0

C13 C23 C33 0 0 0

0 0 0 C44 0 0

0 0 0 0 C55 0

0 0 0 0 0 C66

2

6

6

6

6

6

6

6

6

4

3

7

7

7

7

7

7

7

7

5

ðA2Þ

It is worthwhile to notice that the piezoelectric material

constants of these matrices can be obtained from those

of the through-thickness polarized piezoelectric mate-

rials through matrix transformations. See (Benjeddou,

2000c) for the detailed corresponding derivation.

Applying the zero normal stress condition (�3¼ 0),

the converse constitutive Equations (A1) reduce to the

following converse in-plane and transverse ones

f�g ¼ ½Q�f"g � ½ep�
T fEpg

f�g ¼ ½Qs�f�g � fesgE3

ðA3Þ

with

h�i ¼ h�1 �2 �6i, h�i ¼ h�4 �5i,hEpi ¼ hE1 E2i,

h"i ¼ h"1 "2 "6i, h�i ¼ h"4 "5i

The in-plane and transverse elastic and piezoelectric

matrices are given by

½Q� ¼

Q11 Q12 0

Q12 Q22 0

0 0 Q66

2

6

4

3

7

5
, ½ep� ¼

êe11 êe12 0

0 0 e26

" #

½Qs� ¼
Q44 0

0 Q55

" #

, hesi ¼ h 0 e35 i ðA4Þ

with

Q11 ¼C11�C13

C13

C33

, Q22 ¼C22�C23

C23

C33

Q12 ¼C12�C23

C13

C33

, Q66 ¼C66, Q44 ¼C44, Q55 ¼C55

êe11 ¼ e11� e13
C13

C33

, êe12 ¼ e12� e13
C23

C33

The direct in-plane and transverse piezoelectric consti-

tutive equations can also be reduced from Equation

(A1) using the zero normal stress assumption, as follows

fDpg ¼ ½ep�f"g þ ½2p�fEpg

D3 ¼ hesif�gþ 233 E3

ðA5Þ

with

½2p� ¼
2̂211 0

0 222


 �

, 2̂211 ¼211 þe13
e13

C33

B. Composite Electromechanical Constant Matrices

The elastic mean, mean-relative and relative mem-

brane matrices of the sandwich shell are

½ �DDe� ¼ ha½Q
a� þ hb½Q

b� þ hc½Q
c�

½D
’

e� ¼
1

2
ðha½Q

a� � hb½Q
b�Þ

½ ~DDe� ¼
1

4
ðha½Q

a� þ hb½Q
b�Þ þ

hc

12
½Qc�

ðB1Þ

8



The composite membrane-bending mean, mean-

relative, relative-mean and relative elastic matrices are

defined by

�DDe�

� �

¼ �
~hh

4
hc½Q

c�, D
’

e�


 �

¼ �
�hh

4
hc½Q

c�

h

D
’

�e

i

¼ � �hh
hc

12
½Qc�,

h

~DD
e�

i

¼ �
~hh

4

hc

12
½Qc�

ðB2Þ

The composite bending mean, mean-relative and relative

elastic matrices have the form

�

�DD�

�

¼
h3a
12

½Qa� þ
h3b
12

½Qb� þ
~hh2

16
þ

�hh2

12

!

hc½Q
c�

h

D
’

�

i

¼
1

2

h3a
12

½Qa� �
h3b
12

½Qb�

� �

þ
~hh

4

�hh

3
hc½Q

c� ðB3Þ

�

~DD�

�

¼
1

4

h3a
12

½Qa� þ
h3b
12

½Qb�

� �

þ
~hh2

192
þ

�hh2

16

!

hc½Q
c�

The faces and core, mean, mean-relative and relative

shear elastic matrices are

½ �DD� � ¼ ha½Q
a
s � þ hb

�

Qb
s

�

,
�

D
’

�

�

¼ 1
2

�

ha½Q
a
s � � hb

�

Qb
s

��

½ ~DD� � ¼
1
4

�

ha½Q
a
s � þ hb

�

Qb
s

��

,
�

�DD
c

�

�

¼
�

D
’ c

�

�

¼
�

~DD
c

�

�

¼ hc½Q
c
s �

ðB4Þ

The extension, bending and shear mean and relative

composite piezoelectric matrices have the following

expressions, respectively

�

�DDp
e

�

¼ hc½ep�,
�

~DDp
e

�

¼
h2c
12

½ep�

�

�DDp
�

�

¼ �
~hh

4
hc½ep�,

h

D
’ p

�

i

¼ � �hh
h2c
12

½ep�

h

�~DD~DD
p

�

i

¼ �
�hh

4
hc½ep�,

�

~DDp
�

�

¼ �
~hh

4

h2c
12

½ep�

�

�DDp
�

�

¼
�

~DDp
�

�

¼ hc esf g

ðB5Þ

C. Composite Mass Densities

The composite mean, mean-relative and relative mass

densities of the sandwich shell are

���u ¼ ha�
a þ hb�

b þ hc�
c

�
’

u ¼
1

2
ðha�

a � hb�
bÞ

~��u ¼
1

4
ðha�

a þ hb�
bÞ þ

hc

12
�c

ðC1Þ

The translation-rotary mean, mean-relative, relative-

mean and relative mass densities of the composite shell

have the following form

���u� ¼ �
~hh

4
hc�

c, D
’

u� ¼ �
�hh

4
hc�

c

�
’

�u ¼ � �hh
hc

12
�c, ~��u� ¼ �

~hh

4

hc

12
�c

ðC2Þ

The rotary mean, mean-relative and relative mass

densities of the composite shell are

���� ¼
h3a
12

�a þ
h3b
12

�b þ
~hh2

16
þ

�hh2

12

!

hc�
c

�
’

� ¼
1

2

h3a
12

�a �
h3b
12

�b
� �

þ
~hh

4

�hh

3
hc�

c

~��� ¼
1

4

h3a
12

�a þ
h3b
12

�b
� �

þ
~hh2

192
þ

�hh2

16

!

hc�
c

ðC3Þ

Notice the full analogy between the composite matrices

(B1–B3) of the mechanical constants and the present

mass density relations (C1–C3).

D. Composite Surface and Line External Loads

The mean and relative surface forces (per unit area)

that can be applied to the composite shell are

�ffs ¼ f as þ f bs þ f cs
~ffs ¼

1

2
ð f as � f bs Þ þ

mc
s

hc
�ff� ¼ f a� þ f b� þ f c� ,

�ffz ¼ f az þ f bz þ f cz
~ff� ¼

1

2
ð f a� � f b� Þ þ

mc
s

hc

ðD1Þ

where, for k¼ a, b, c

f ks

f k�

f kz

8

>

<

>

:

9

>

=

>

;

¼

Z

z

f kbs

f kb�

f kbz

8

>

<

>

:

9

>

=

>

;

dz,
mk

s

mk
�

( )

¼

Z

z

f kbs

f kb�

( )

ðz� zkÞdz

f ksb, f
k
�b, f

k
zb are the body forces (per unit volume) that the

shell is supposed to support.

The mean and relative surface moments (per unit

area) that the sandwich shell can support are defined by

the following expressions

�mms ¼ ma
s þmb

s �
�hh

hc
mc

s �
~hh

4
f cs

�mm� ¼ ma
� þmb

� �
�hh

hc
mc

� �
~hh

4
f c�

~mms ¼
1

2
ðma

s �mb
s Þ �

~hh

4hc
mc

s �
�hh

4
f cs

~mm� ¼
1

2
ðma

� �mb
�Þ �

~hh

4hc
mc

� �
�hh

4
f c�

ðD2Þ

9



The mean and relative distributed forces due to applied

surface forces Fþ
s , F

þ
� , F

þ
z and F�

s , F
�
� , F

�
z to the inner

and outer sandwich shell skins, respectively, are

�ff ds ¼ Fþ
s þ F�

s
~ff ds ¼ 1

2
ðFþ

s � F�
s Þ

�ff d� ¼ Fþ
� þ F�

� ,

�ff dz ¼ Fþ
z þ F�

z
~ff d� ¼ 1

2
ðFþ

� � F�
� Þ

ðD3Þ

The following relations give the corresponding mean

relative distributed moments

�mmd
s ¼ 1

2
ðhaF

þ
s � hbF

�
s Þ

�mmd
� ¼ 1

2
ðhaF

þ
� � hbF

�
� Þ

,
~mmd
s ¼ 1

4
ðhaF

þ
s þ hbF

�
s Þ

~mmd
� ¼ 1

4
ðhaF

þ
� þ hbF

�
� Þ

ðD4Þ

It is worthwhile to notice that relations (D3) and (D4)

can be obtained from the corresponding ones (D1) and

(D2), as a particular case. In fact, since the core is not

loaded in this case, its corresponding terms in (D1) and

(D2) should be omitted and to obtain equations (D3)

and (D4) the following relations have to be considered

f as ¼ Fþ
s , f a� ¼ Fþ

� , f az ¼ Fþ
z

f bs ¼ F�
s , f b� ¼ F�

� , f bz ¼ F�
z

ma
s ¼

ha

2
Fþ
s , ma

� ¼
ha

2
Fþ
�

mb
s ¼ �

hb

2
F�
s , mb

� ¼ �
hb

2
F�
�

ðD5Þ

The mean and relative line forces (per unit length) that

can be applied to the sandwich shell are

�FFs ¼ Fa
s þ Fb

s þ F c
s

~FFs ¼
1

2
ðFa

s � Fb
s Þ þ

Mc
s

hc
�FF� ¼ Fa

� þ Fb
� þ F c

� ,

�FFz ¼ Fa
z þ Fb

z þ F c
z

~FF� ¼
1

2
ðFa

� � Fb
� Þ þ

Mc
�

hc

ðD6Þ

where, for k ¼ a, b, c

Fk
s

Fk
�

Fk
z

8

>

<

>

:

9

>

=

>

;

¼

Z

z

FSk
s

FSk
�

FSk
z

8

>

<

>

:

9

>

=

>

;

dz,
Mk

s

Mk
�

( )

¼

Z

z

FSk
s

FSk
�

( )

ðz� zkÞdz

FSk
s , FSk

� , FSk
z are the surface forces (per unit area)

applied to a circumference or meridian cross section of

the kth layer of the sandwich shell of revolution.

The corresponding mean and relative line moments

are given by

�MMs ¼ Ma
s þMb

s �
�hh

hc
Mc

s �
~hh

4
F c
s

�MM� ¼ Ma
� þMb

� �
�hh

hc
Mc

� �
~hh

4
Fc
�

~MMs ¼
1

2
ðMa

s �Mb
s Þ �

~hh

4hc
Mc

s �
�hh

4
Fc
s

~MM� ¼
1

2
ðMa

� �Mb
� Þ �

~hh

4hc
Mc

� �
�hh

4
F c
�

Notice the complete analogy between the expressions of

the surface loads (D1) and (D2) and the corresponding

line loads given by (D6) and (D7), respectively.
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