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Abstract
The large amplitude non-linear vibratory behavior of

a stratified circular plate with a piezoelectric patch is
addressed in this study. The goal is to build an effi-
cient model of a resonating MEMS (Micro Electro Me-
chanical System) bio-sensor whose function is to de-
tect in real-time the presence of a given molecule (the
so called target molecule) in a liquid medium. This
study introduces the plate equations of motion, that in-
cludes the effects thermal-like prestresses, the piezo-
electric material, its stratified structure with two an-
nular regions and the geometrical non-linearities stem-
ming from large deflections. Their resolution by an ex-
pansion onto the eigenmodes of the unstressed system
gives the first insights in the buckling phenomena and
the nonlinear vibrations.
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1 Introduction
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Figure 1. A2 × 2 resonant membranes matrix biosensor

The large amplitude non-linear vibratory behavior of
a stratified circular plate with a piezoelectric patch is
addressed in this study. The goal is to build an effi-
cient model of a resonating MEMS (Micro Electro Me-
chanical System) bio-sensor whose purpose is to detect

in real-time the presence of a given molecule (the so
called target molecule) in a liquid medium.
The bio-sensor under study is constituted of a matrix

of micromachined stratified circular membranes (Ayela
and Nicu, 2006) (see Fig. 1). Each membrane can
be individually actuated on its fundamental vibration
mode by a piezoelectric thin patch. A biorecognition
molecule, capable of immobilizing the target molecule,
is glued on the top face of the membrane. When the
membrane is in contact with a liquid medium that con-
tains the target molecule, the latter is trapped, thus
adding mass and lowering the fundamental resonance
frequency. Detecting and measuring this frequency
shift lead to estimate the concentration of the target
molecule in the aqueous solution. At present, whereas
the manufacturing of the biosensor is well overcomed,
its fine dynamical behavior still needs to be modeled
and simulated (Ayela and Nicu, 2006) in order to de-
sign such a biosensor.

Figure 2. Static non-planar geometry of a membrane, from experi-

ments

Two main issues have to be modeled. First, the
manufacturing processes of the membranes create pre-
stresses, the intensity and sign of which differ from one
layer to another. A consequence is that the shape of
the membrane at rest is not plane and that buckling has
to be taken into account (see Fig. 2). Secondly, non-
linear large amplitude vibrations have been experimen-
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Figure 3. Dynamic non-linear behaviour of a membrane, from ex-

periments

tally observed in normal use of the sensor, in the form
of Duffing-like resonance curves (see Fig. 3). Similar
phenomena are also encountered in beam piezoelectric
MEMS resonators (Li and Balachandran, 2006).
The membrane is modeled as a stratified circular

plate, clamped at its boundary, with one piezoelec-
tric layer and the other composed of linear-elastic-
homogeneous-isotropic materials. Von-Kármán-like
equations with a kirchhoff-love kinematics across all
layers (Reddy, 1997), are used. Those PDEs are ex-
panded onto the normal mode basis of the platewithout
prestress. A set of second order differential equations,
coupled by linear, quadratic and cubic terms, is ob-
tained. The static solutions lead to predict the geometry
of the buckled equilibrium position. Then, the modes
of the membrane (frequencies and shapes) in post-
buckling vibrations can be obtained. Finally, the dy-
namic non-linear behaviour of the system, in the vicin-
ity of the fundamental mode of theprestressed mem-
brane, is obtained with the framework of non-linear
normal modes (Thomaset al., 2005; Touzé and Ama-
bili, 2006). In this article, only the general problem for-
mulation and the buckled solution is exposed. Results
on the non-linear vibratory behavior of the membranes
together with some experimental validations will be
proposed at the colloquium.

2 Governing equations
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Figure 4. Cross section of a layered membrane.

A circular stratified plate with a circular piezoelec-
tric (PZT) film at centre is considered (Fig. 4). The

silicon (Si), silicon oxyde (SiO2) and electrode (Ti/Pt)
layers are constituted of isotropic homogeneous mate-
rials. The electrodes, plugged to an external voltage
generator, create in the PZT layer an electric field in
the transverse-z direction. This enables both to po-
larize the PZT layer (in thez direction) and to de-
form it in the radial-er direction to drive the sys-
tem in vibration. The PZT layer material is homo-
geneous and transversely-isotropic in the longitudinal
plane of the plate. The classical laminated plate the-
ory (Reddy, 1997) is used, with von-Kármán-like non-
linear strain-displacement relationships. The electric
field, directed in the transverse-z direction, is assumed
uniform through the thickness of the plate. An axisym-
metric geometry is considered and a polar(r, θ, z) co-
ordinate system is used. The plate is composed of two
parts: a centre circular region, forr ∈ [0, R1] and an
annular outer region forr ∈ [R1, R2] (Fig. 4). The
plate is clamped at its circular edge, forr = R2.
We consider here only axisymmetric deformations of

the plate. The strains in a point of coordinates(r, θ, z)
write ε = {εr εθ}

T = ǫ + zκ, with ǫ = {ǫr ǫθ}
T,

κ = {κr κθ}
T and

ǫr = ur,r + 1/2w2
,r, ǫθ = ur/r, (1)

κr = −w,rr, κθ = −w,r/r. (2)

In the above equations,ur andw are respectively ra-
dial and transverse displacements and(·),r is the first
derivative of(·) with respect tor. The constitutive re-
lation for the linear piezoelectric material writes:

σ = Q (ǫ + zκ) − σ0P 1, (3)

with

σ0P = σ0 +
e31

hp

V (t), (4)

whereσ = {σr σθ}
T are the stresses,Q is the plate

stiffness operator and1 = {1 1}T. σ0 represents the
manufacturing prestresses,V (t) is the voltage applied
between the two Ti/Pt electrodes,e31 is the piezo-
electric constant andhp is the PZT layer thickness.
By integrating Eq. (3) over the thickness, the follow-
ing constitutive relations are obtained, with respect to
the membrane forcesN = {Nr Nθ}

T, the moments
M = {Mr Mθ}

T and the stiffness matricesA (ex-
tensional),B (bending-extensional) andD (bending)
(Reddy, 1997):

(

N

M

)

=

(

A B

B D

) (

ǫ

κ

)

−

(

N0P1

M0P1

)

(5)

whereN0P andM0P are tensions and moments cre-
ated by both the prestresses and the piezoelectric con-
verse effect, stemming from theσ0P term in Eq. (3).



By inverting Eq. (5), one obtains (Chia, 1980):

(

ǫ

M

)

=

(

A∗ B∗

−B∗T D∗

)(

N

κ

)

+

(

A+N0P 1

−M̃0P1

)

(6)
with A∗ = A−1, B∗ = −A−1B, D = D + BB∗,
A+ = A∗

11 + A∗
12, M̃0P = B+N0P + M0P and

B+ = B∗
11 + B∗

12. Substituting Eqs. (6) in the equi-
librium equations of the plate and using dimensionless
variables leads to obtaining the following equations of
motions, in term of transverse displacementw and Airy
stress functionF :

LD(w) + εLB(F ) + ∆M0P + ε∆(B+N0P )

+ m̄ẅ = εL(w, F ) + p, (7)

LA(F ) − LB(w) + ∆(A+N0P ) = −
1

2
L(w, w). (8)

LA, LB and LD are differential operators that in-
clude the discontinuity of matricesA, B and D at
r = R1. At any point out of this discontinuity, the op-
erators writeLA(◦) = A∗

11∆∆◦, LB(◦) = B∗
12∆∆◦

and LD(◦) = D∗
11∆∆◦ with ∆ the laplacian oper-

ator. L(◦, ◦) is the classical bilinear operator found
in von Kármán-like equations of motion (Touzéet
al., 2002; Thomas and Bilbao, 2008).̄m is the mass
per unit surface of the plate,̈w is the second derivative
of w with respect to time andp is an external pressure.
F is related toN by Nr = F,r/r andNθ = F,rr.
The clamped boundary conditions impose thatw and

F be finite inr = 0 and that at the edge, inr = R2:
w = 0, w,r = 0, ǫθ = 0 andǫr − (rǫθ),r = 0.

3 Modal expansion
The transverse unknown displacementw and the

stress functionF is expanded onto ad-hoc functions:

w(r, t) =
+∞
∑

s=1

Φs(r) qs(t), (9a)

F (r, t) =

+∞
∑

s=1

Ψs(r) qs(t) +

+∞
∑

s=1

Υs(r) ηs(t). (9b)

The (Φs, Ψs, ωs) are the eigenmodes of the short-
circuited plate with zero prestresses (V (t) ≡ 0, σ0 =
0), solutions of:

LD(Φs) + εLB(Ψs) − m̄ω2
sΦs = 0, (10)

LA(Ψs) − LB(Φs) = 0. (11)

together with appropriate clamped boundary condi-
tions. The(Υs, ζs) are solutions of:

LA(Ψs) − ζ4
s Υs = 0, (12)

together with appropriate clamped boundary condi-
tions. By inserting Eq. (9a,b) into the equations of mo-
tions (7) and (8) and using the orthogonality proper-
ties of the(Φs, Ψs, ωs) and (Υs, ζs), one obtains the
equivalent set of equations verified by unknown modal
coordinatesqs(t), ηs(t), ∀s ∈ N

∗:

ηs = −ns
0 − ns

P V −

+∞
∑

p=1

+∞
∑

q=1

Gs
pq qp qq, (13)

q̈s + 2ξsωsq̇s + ω2
sqs = −As

0 − As
P V −

+∞
∑

p=1

Cs
p ηp

+

+∞
∑

p=1

+∞
∑

q=1

(

Ds
pq qp qq + Es

pq qp ηq

)

+ Qs. (14)

A modal damping term has been added in the above
equations (ξs is the damping factor of thes-th. mode).
All coefficients appearing in the above equations (ns

0,
ns

P , Gs
pq, As

0, As
P , Cs

p, Ds
pq and Es

pq) are functions
of (Φs, Ψs, ωs, Υs, ζs), with known analytical expres-
sions, not reported here for a sake of brevity.
The initial partial differential equations (7,8) have

been replaced by the equivalent discretized prob-
lem (13,14) of coupled ordinary differential equations
with quadratic non-linearities. In the above formula-
tion, the{ηs}s∈N∗ can be eliminated to obtain the fol-
lowing set of coupled ordinary differential equations
with quadratic and cubic non-linerities, for alls ∈ N

∗:

q̈s + 2ξsωsq̇s + ω2
sqs = ks

0 + ks
P V

−

+∞
∑

q=1

[

αs
0q + αs

PqV
]

qq +

+∞
∑

p=1

+∞
∑

q=1

βs
pq qp qq

−

+∞
∑

p=1

+∞
∑

q=1

+∞
∑

r=1

Γs
pqr qp qq qr + Qs. (15)

In the above equations, the coupling terms stem from
different sources. Geometrical non-linearities create
the cubic terms (Γs

pqr), in the same manner as for a
homogeneous plate (Touzéet al., 2002; Thomas and
Bilbao, 2008). The layered structure of the plate, if it
is non-symmetrical in the transverse-z direction, adds
quadratic non-linearities (βs

pqr). The voltage applied
to the piezoelectric layer can be written asV (t) =
V̂ + Ṽ (t), with a constant part̂V , that creates the polar-
ization, superimposed to an oscillating partṼ (t). Both
V̂ and the prestresses(N0P , M0P ) add a constant forc-
ing (ks

0, ks
P V̂ ) as well as linear terms (αs

0q, αs
PqV̂ ). The

constant terms are responsible of the non-plane static
position of the plate. The linear terms modifies the
static position, can create buckling and shifts the nat-
ural frequenciesωs of the plate. The dynamic piezo-
electric driving stemming from voltagẽV (t) creates a
direct forcing (ks

P Ṽ (t)) as well as a parametric excita-
tion (αs

PqṼ (t)) of the plate.Qs stems from the external
pressurep.



4 Discretized equations

A solution to the problem defined in the previous sec-
tion is obtained by writing:

w(r, t) = ŵ(r) + w̃(r, t) =
+∞
∑

s=1

Φs(r) [q̂s + q̃s(t)] ,

(16a)

F (r, t) = F̂ (r) + F̃ (r, t) =

+∞
∑

s=1

(

Ψs(r) [q̂s + q̃s(t)]

+ Υs(r) [η̂s + η̃s(t)]
)

, (16b)

whereŵ(r) is the static position of the plate and̃w(r, t)
is related to its oscillations with respect to its position
at restŵ(r). F̂ andF̃ are the static and dynamic part
of stress functionF , linked respectively tôw andw̃.

The static solution is obtained by inserting Eq. (16a,b)
into (13,14) withw̃ = F̃ = 0. One obtains the fol-
lowing set of algebraic equations with quadratic non-
linearities, for alls ∈ N

∗:

η̂s = −ns
0 − ns

P V̂ −

+∞
∑

p=1

+∞
∑

q=1

Gs
pq q̂p q̂q, (17)

ω2
s q̂s = −As

0 − As
P V̂ −

+∞
∑

p=1

Cs
p η̂p

+
+∞
∑

p=1

+∞
∑

q=1

(

Ds
pq q̂p q̂q + Es

pq q̂p η̂q

)

. (18)

Again, theη̂s can be eliminated between Eqs. (17) and
(18), to obtain the following set of algebraic equations,
with quadratic and cubic non-linearities, for alls ∈ N

∗:

ω2
s q̂s = ks

0 + ks
P V̂ −

+∞
∑

q=1

[

αs
0q + αs

PqV̂
]

q̂q

+∞
∑

p=1

+∞
∑

q=1

βs
pq q̂p q̂q −

+∞
∑

p=1

+∞
∑

q=1

+∞
∑

r=1

Γs
pqr q̂p q̂q q̂r. (19)

Solving the two above sets of equations (either
Eqs. (17,18) or Eqs. (19)) leads to obtain theq̂s and
consequently the system static deflectionŵ. If ŵ 6= 0,
the non-planarstatic position of the membrane depicted
on Fig. 2 can be obtained.

Then, inserting Eq. (16a) in (15) with̃w 6= 0 and us-
ing Eqs. (19) leads to obtains the dynamic partw̃ of the
system deflection. For this, the following set of equa-

tions is obtained, for alls ∈ N
∗:

¨̃qs + 2ξsωs
˙̃qs + ω2

s q̃s = ks
P Ṽ

−

+∞
∑

q=1

[

αs
PqṼ + α̃s

q

]

q̃q +

+∞
∑

p=1

+∞
∑

q=1

β̃s
pq q̃p q̃q

−

+∞
∑

p=1

+∞
∑

q=1

+∞
∑

r=1

Γs
pqr q̃p q̃q q̃r + Qs, (20)

where

α̃s
p = αs

0p + αs
PpV̂ −

+∞
∑

i=1

2βs
ipq̂i

+

+∞
∑

i=1

+∞
∑

j=1

(

2Γs
ijp + Γs

ipj

)

q̂iq̂j ,

(21)

β̃s
pq = βs

pq −

+∞
∑

i=1

(

Γs
pqi + 2Γs

ipq

)

q̂i. (22)

We recall that the{q̂i}i∈N∗ in the above equations are
the solutions of either the set (17,18) or the set (19).

5 Resolution
The method of resolution is here described. In a first

step, all the coefficientsks
0, ks

P , αs
0q, αs

Pq, βs
pq and

Γs
pqr have to be numerically computed. To do this,

the modes(Φs, ωs) of the short-circuited plate with
no prestresses, with the geometrical and material dis-
continuity in r = R1, have been calculated in a semi-
analytical manner (with Bessel functions), by connect-
ing two continuous annular plates inr = R1. An ex-
ample of expansion functions is given in Fig. 11.
In a second step, the set (19) have to be solved, to ob-

tain the system static shapêw(r) as a function of the
prestress. This can be done with the Asymptotic Nu-
merical Method (ANM) (Cochelinet al., 1994), a pow-
erful continuation method that as recently been imple-
mented in the Matlab software environment, under the
name MANLab (Arquier, 2005; Arquieret al., 2006).
As this method mandatory needs a set of equations with
non-linearities up to the second order, the formulation
of Eqs. (17,18) has to be used.
In a third step, a diagonalization of the linear part of

Eqs. (20) lead to calculate the natural frequencies of the
plate as a function of the prestresses. Finally, the fourth
step is the resolution of the full non-linear set (20), in
the particular case of a resonating piezoelectric exci-
tation in the vicinity of the fundamental frequency of
the plate, can be conducted with the formalism of the
non-linear normal modes (Touzé and Amabili, 2006),
in order to obtain the curves of Fig. 3. This final step
is presently under progress and will be presented at
the colloquium. In the following section, two simple
systems have been selected to test the above described
method of resolution.



6 Results
6.1 A perfect circular plate
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Figure 5. Sketch of the prestressed circular plate

As a preliminary test of the method of resolution, a
homogeneous circular plate prestressed by a uniform
compressionN0 and a uniform external pressurep0 is
considered (Fig. 5). In this case,V = 0, M0P = 0,
NOP = N0 so thatns

0 = −N0ns andAs
0 = 0. More-

over, because of the system transverse symmetry (the
symmetry in directionez), the bending-extensional
matrix B = 0 which lead toCs

p = Ds
pq = 0. The

static solution thus verifies the following set, for all
i ∈ {1, . . . , NF } andj ∈ {1, . . . , Nw}:

η̂i = N0n
i
0 −

Nw
∑

p=1

Nw
∑

q=1

Gi
pq q̂p q̂q, (23)

ω2
j q̂j =

Nw
∑

p=1

NF
∑

q=1

Ej
pq q̂p η̂q + p0Q̂j. (24)

The above set is derived from Eqs. (17,18), truncated
to the firstNw transverse functionsΦi and the firstNF

membrane functionsΥj . The{q̂j}j≤Nw
and{η̂i}i≤NF

solutions are obtained with the above cited ANM, with
λ = N0 as the continuation parameter. In the follow-
ing, Nw = 15 andNF = 30 have been used.
The classical buckling paths of Fig. 6 are first ob-

tained, together with the corresponding static deflec-
tion shapes. Ifp0 = 0, the dimensionless critical loads
λ = N0 = 14.68, 49.22 and103.5 are obtained for the
first three buckling modes. Those values corresponds
to those classically known in the literature (Bloom and
Coffin, 2001).
By following the paths corresponding to the first buck-

ling mode withp0 = 0, one obtains the evolution of the
plate static deflection shape as a function of the pre-
stressλ = N0, by combining the expansion functions
Φj with Eq. (16a). Three deflections shapes for three
values ofλ = N0 above the first critical load are de-
picted on Fig. 7. The diagrams on the right of this fig-
ure show the magnitude of eacĥqj for j ≤ 15 (trans-
verse coordinates) and eachη̂i for i ≤ 30. One can
observe that for small values ofλ, the deflection shape
is very close to the first expansion functionΦ1. When
λ increases, the other mode shapes gain amplitude and
modify the whole static deflection shape. Those dia-
grams also show the convergence of the method: to re-
cover a static deflection shape with a maxiumum am-
plitude of the order of ten times the plate thicknessh,
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Nw = 6 transverse modes andNF = 15 membrane
functions seems enough.
Finally, for each value ofλ and the corresponding
{q̂j}j≤Nw

, the natural frequencies and corresponding
mode shapes of the prestress system can be obtained
by diagonalizing the linear part of Eqs. (20). Figure 8
shows the evolutions of the first two natural frequen-
cies as a function ofλ. Figure 9 shows the first system
mode shape for three values ofλ above the critical load
as well as the corresponding convergence diagrams.

6.2 A circular plate with two piezoelectric patches

Two piezo. patches
Ti/Pt electrodes (7 layers)

Silicium plate
(3 layers)

ez

eθer

er

N0
ez

Figure 10. Sketch of the circular plate with two piezoelectric

patches

As a second test, we consider a homogeneous circu-
lar plate (made in Silicium) with two identical circular
piezoelectric patches (each patch is composed of a PZT
layer with two Ti/Pt electrodes) glued at its center on its
both sides (Fig. 10). The central region is composed of
seven layers (1 central silicium layer, 4 electrodes and 2
PZT layers). The annular outer zone is the continuation
of the central silicium layer. The system is considered
without prestress and the same static potential differ-
enceV̂ is applied on the two patches, so thatM0P = 0
everywhere,NOP = 0 in the outer region andN0P is
proportional toV̂ in the central region. Since the sys-
tem is transversely symmetric, the bending-extensional
matrix B vanishes again andCs

p = Ds
pq = 0. The

static solution thus verifies the following set, for all
i ∈ {1, . . . , NF } andj ∈ {1, . . . , Nw}:

η̂i = V̂ ni
0 −

Nw
∑

p=1

Nw
∑

q=1

Gi
pq q̂p q̂q, (25)

ω2
j q̂j =

Nw
∑

p=1

NF
∑

q=1

Ej
pq q̂p η̂q + p0Q̂j. (26)

Figure 11 show the first three mode shapes, for each
of the three mode families (Φs, Ψs andΥs) used in the
mode expansion of Eq. 9. Figure 12 shows the buckling
paths and the static deflection shapes for three values
of the continuation parameterλ = V̂ . One can observe
that the effect of the localization of the prestresses on
the central region also localizes the deflection.

6.3 Conclusion
This paper relates the first results of a work in

progress. The main characteristics of this model are (i)
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Figure 11. First three mode shapes of the system of Fig. 10, for

each of the three mode families used in the expansion of Eq. 9,with

R1/R2 = 0.3 (’—’: plate with piezoelectric patches; ’- -’: pre-

stressed homogeneous plate without patches).
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Figure 12. Circular plate with piezoelectric patches of Fig. 10.

Buckling paths and corresponding static deflection profiles(’—’:

plate with piezoelectric patches; ’- -’: prestressed homogeneous plate

without patches)

a continuous model that includes the geometrical non-
linearities, the stratified structure, the geometrical and
material discontinuity at the connection radius of the
two plate annular parts, the manufacturing prestresses
and the piezoelectric actuation; (ii) the use of expan-
sion functions that include the discontinuity, in order
to increase the convergence; (iii) the simulation of both



buckling and non-linear vibrations.
In the present article, the main milestones of the model

have been included. Then, only the first results on
buckling have been presented: first of all, a validation
study on a perfect circular plate; then, the buckling be-
havior of a symmetric stratified MEMS with two piezo-
electric patches and seven layers of different materials.
Results on non-linear periodic forced vibrations, in

the vicinity of the first natural frequencies of the sys-
tem, are under progress and will be presented at the
colloqium. Along with the awaited physical insights in
the non-linear behavior of the MEMS membrane, more
computational issues will also be addressed. Since the
Asymptotic Numerical Method will be used, coupled
to a harmonic balance method, in order to transform
the non-linear partial differential equations into a non-
linear algebraic set of equations, two issues will be in-
vestigated. (i) Some convergence studies will be per-
formed: how many modes in the truncated expansions
of Eq. 9 and how many harmonics have to be retained
to obtain converged results ? (ii) Moreover, the com-
putational time associated to the use of the Asymptotic
Numerical Method coupled with the harmonic balance
method will be tested, in order to assess the efficiency
of our resolution strategy.
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