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propulsion has recently shown a growing interest with distinct propulsive capabilities and specific advantages. These experimental observations are therefore driving interest for numerical predictions of their propulsive capabilities. Keeping with a drift region description associated with Kaptzov approximation of the corona discharge region effect, we evaluate the detailed contributions of EAD forces from electro-drift effects computation only. We propose a new regularization procedure for the numerical formulation of the electro-drift problem, allowing the convergence of the resulting iterative procedure (here a Newton method) over very large domains, using iterative adapted meshes in high gradient regions. Our predictions show a good comparison with many experimental configurations, both for the current/intensity and the propulsive force. In some cases, we identify the air drag and the Kaptzov approximation to explain discrepancies with experimental measurements. Finally, we confirm optimal configurations for staggered emitters and collectors arrays, consistently with previously reported experimental results.

Introduction

Ionic wind generation leading to Aero-Electro-Dynamic (AED) propulsion has regain interest in the recent years from various experimental observations [START_REF] Wilson | An investigation of ionic wind propulsion[END_REF][START_REF] Masuyama | On the Performance of electrohydrodynamic propulsion[END_REF][START_REF] Konstantinos | Electro-Hydrodynamic (EHD) Thrust Analysis in Wire-Cylinder Electrode Arrangement[END_REF][START_REF] Moreau | Electrohydrodynamic force produced by a wire-to-cylinder dc corona discharge in air at atmospheric pressure[END_REF][START_REF] Gilmore | Electrohydrodynamic thrust density using positive corona-induced ionic winds for in-atmosphere propulsion[END_REF][START_REF] Christopher | Electroaerodynamic thruster performance as a function of altitude and flight speed[END_REF][START_REF] Monrolin | Electrohydrodynamic Thrust for In-Atmosphere Propulsion[END_REF][START_REF] Vladislav | In-atmosphere electrohydrodynamic propulsion aircraft with wireless supply onboard[END_REF][START_REF] Xu | Higher thrustto-power with large electrode gap spacing electroaerodynamic devices for aircraft propulsion[END_REF] demonstrating distinct propulsive capabilities. Indeed, AED propulsion display a much better Thrust to Power ratio than thermal engines [START_REF] Masuyama | On the Performance of electrohydrodynamic propulsion[END_REF][START_REF] Gilmore | Electrohydrodynamic thrust density using positive corona-induced ionic winds for in-atmosphere propulsion[END_REF], by a factor 5 to 10 (from 10 to 20 N/kW , as compared to 2 N/kW for jet propulsion). Albeit limited by poor thrust density and efficiency [START_REF] Robinson | Movement of air in the electric wind of the corona discharge[END_REF][START_REF] Christenson | Ion-Neutral Propulsion in Atmospheric Media[END_REF][START_REF] Moreau | Enhancing the mechanical efficiency of electric wind in corona discharges[END_REF][START_REF] Masuyama | On the Performance of electrohydrodynamic propulsion[END_REF], it has the very specific advantage of being almost silent and environmental friendly. The recent first autonomous ionic wind flight of a five-meter wingspan drone [START_REF] Xu | Flight of an aeroplane with solid-state propulsion[END_REF] has opened new applicative prospects. Furthermore, it has been shown that Ionic wind propulsion is able to sustain the stationary flight of gliders such as Solar-Impulse II [START_REF] Monrolin | Electrohydrodynamic Thrust for In-Atmosphere Propulsion[END_REF]. Hence, further This is the author's peer reviewed, accepted manuscript. However, the online version of record will be different from this version once it has been copyedited and typeset.

PLEASE CITE THIS ARTICLE AS DOI: 10.1063/5.0041061 investigations of AED propulsion systems for various applications are necessary. The interest of numerical modeling in this new aerodynamic propulsion domain results from its capability of exploring many geometries so as to guide and improve better propulsive performances. Furthermore, in order to design the best architectures for these new propulsive systems, there is a need for reliable numerical predictions [START_REF] Zhao | Numerical analysis of forces in an electrostatic levitation unit[END_REF][START_REF] Martins | Modeling of an EHD corona flow in nitrogen gas using an asymmetric capacitor for propulsion[END_REF][START_REF] Martins | On the influence that the ground electrode diameter has in the propulsion efficiency of an asymmetric capacitor in nitrogen gas[END_REF][START_REF] Cagnoni | Multiphysics simulation of corona discharge induced ionic wind[END_REF][START_REF] Chen | Numerical investigation of an electroaerodynamic driven aeroplane: Electrical properties, ionic wind and flight performance[END_REF][START_REF] Adamiak | Quasi-stationary modeling of the DBD plasma flow control around airfoil Quasi-stationary modeling of the DBD plasma flow control around airfoil[END_REF][START_REF] Xu | Higher thrustto-power with large electrode gap spacing electroaerodynamic devices for aircraft propulsion[END_REF]. Previous numerical studies were most often performed with commercial codes [START_REF] Zhao | Numerical analysis of forces in an electrostatic levitation unit[END_REF][START_REF] Martins | Modeling of an EHD corona flow in nitrogen gas using an asymmetric capacitor for propulsion[END_REF][START_REF] Martins | On the influence that the ground electrode diameter has in the propulsion efficiency of an asymmetric capacitor in nitrogen gas[END_REF][START_REF] Chen | Numerical investigation of an electroaerodynamic driven aeroplane: Electrical properties, ionic wind and flight performance[END_REF][START_REF] Adamiak | Quasi-stationary modeling of the DBD plasma flow control around airfoil Quasi-stationary modeling of the DBD plasma flow control around airfoil[END_REF][START_REF] Xu | Higher thrustto-power with large electrode gap spacing electroaerodynamic devices for aircraft propulsion[END_REF]. Nevertheless, the number of numerical studies and their cross validation with experiments are scarce in the area because of various difficulties : finite size effects, influence of poorly defined boundary conditions, convergence difficulties in large domains, modeling issues associated with various phenomena such as corona discharge, turbulence modeling,... Few numerical predictions have been compared with experimental measurements in the very same configurations, as in [?, 9], in order to assess and analyse the modeling predictability and limitations. The purpose of this contribution is to provide such comparison in various emitter/collector configurations, so as to demonstrate how much a drift-region numerical modeling of AED can be predictive of propulsive effects. The paper is organized as follow. In section 2.1 we detail the theoretical formulation, the dimensionless version of which, given in 2.2 leads to variational formulation described in 2.3. A new regularization of the problem is given in 2.4 whilst its numerical implementation, test and validation is detailed in section 3. Section 4 provides a detailed comparison of our predictions with several experimental configurations of the literature for single emitter/single collector in 4.2, single emitter/two collectors in 4.3, two emitters/two collectors in 4.4 and finally arrays of emitters and collectors in 4.5. 

Method

[V • m], ∆ϕ = - ρ ε 0 , (1) 
ε 0 being the dielectric permittivity of free space. Charge density ρ [C/m 3 ] conservation (positive charges are considered here for a positive corona discharge),

∇ • (-µρ∇ϕ -D ρ ∇ρ) = 0, (2) 
with µ the charge mobility [m 2 /V • s] and D ρ [m2/s], the charge diffusivity. These equations will be solved in a numerical two-dimensional (2D) domain Ω.

This is the author's peer reviewed, accepted manuscript. However, the online version of record will be different from this version once it has been copyedited and typeset. PLEASE CITE THIS ARTICLE AS DOI: 10.1063/5.0041061 As in many other contributions, [START_REF] Tirumala | Comparative study of corona discharge simulation techniques for electrode configurations inducing non-uniform electric fields[END_REF][START_REF] Beux | Approximation and reconstruction of the electrostatic field in wire-plate precipitators by a low-order model[END_REF][START_REF] Chen | Numerical investigation of an electroaerodynamic driven aeroplane: Electrical properties, ionic wind and flight performance[END_REF][START_REF] Xu | Higher thrustto-power with large electrode gap spacing electroaerodynamic devices for aircraft propulsion[END_REF] we omit the description of the corona discharge, and only use effective boundary conditions applied at a circle Γ corresponding to the outer bound of the corona discharge region. Noting V the tension applied between the electrodes, we will consider the following boundary conditions at surface Γ for emitter and surface ∂Ω c for collector:

(a) (b) (c) (d)
ϕ| Γ = V (3) ϕ| ∂Ω c = 0. ( 4 
)
For every other external boundaries ∂Ω E ≡ ∂Ω Eu ∪ ∂Ω Es ∪ ∂Ω E d ∪ ∂Ω Ei (where index u, s, d, i stands for upstream, superior, downstream, inferior) we will consider two classes of boundary conditions (i) zero electric field imposed and absence of charges leaks at lateral boundaries :

∇ϕ • n| ∂Ω E = 0 (5) ∇n • n| ∂Ω E = 0 (6)
or, (ii) periodic boundary conditions pairing ∂Ω Es & ∂Ω Ei in the case we consider a This is the author's peer reviewed, accepted manuscript. However, the online version of record will be different from this version once it has been copyedited and typeset.

PLEASE CITE THIS ARTICLE AS DOI: 10.1063/5.0041061 periodic set of emitters and collectors together with boundary conditions ( 5) & [START_REF] Christopher | Electroaerodynamic thruster performance as a function of altitude and flight speed[END_REF] for

∂Ω Eu ∪ ∂Ω E d .
2.1.2. Kaptzov approximation A standard approximation used in the field (e.g [START_REF] Kaptsov | Elektricheskie Yavleniya v Gazakh i Vakuume[END_REF][START_REF] Tirumala | Comparative study of corona discharge simulation techniques for electrode configurations inducing non-uniform electric fields[END_REF][START_REF] Chen | Numerical investigation of an electroaerodynamic driven aeroplane: Electrical properties, ionic wind and flight performance[END_REF][START_REF] Xu | Higher thrustto-power with large electrode gap spacing electroaerodynamic devices for aircraft propulsion[END_REF]) is to consider that an imposed electric field independent of the applied potential difference holds nearby the emitter. This Kaptzov hypothesis has been recently theoretically justified and asymptotically holds for axi-symmetrical configuration [START_REF] Monrolin | Revisiting the positive DC corona discharge theory: Beyond Peek's and Townsend's law[END_REF]. For non axi-symmetric situations it is an approximation and some improved boundary conditions have been proposed in some cases [START_REF] Guan | Analytical model of electro-hydrodynamic flow in corona discharge[END_REF][START_REF] Sankar Vaddi | Analytical model for electrohydrodynamic thrust[END_REF]. More complex description of the corona discharge physics are possible (e.g [START_REF] Ferreira | Simulation of pre-breakdown discharges in high-pressure air i: The model and its application to corona inception[END_REF]) but very difficult to handle in complex electrode configurations. Peek [START_REF] Franck | Dielectric phenomena in high voltage engineering[END_REF] law is used for a cylindrical wire in air at atmospheric pressure

E P eek = 3.1.mδ 1 + 0.308 √ r e δ , (7) 
where r e the emitter radius (in cm), m a parameter describing the roughness effect (m = 1 for a smooth wire), δ is the air density (δ = 1 at atmospheric pressure and reference temperature). Alternatively we also use a more general formula derived in [START_REF] Monrolin | Revisiting the positive DC corona discharge theory: Beyond Peek's and Townsend's law[END_REF] for any gas at arbitrary pressure and temperature

E a = E ief W 0 r e β ef ln(1 + γ -1 ) -1 , (8) 
where W 0 is the principal Lambert function, E ief the ionisation electric field of the gas at the given pressure and temperature, β ef the pre-factor of the Townsend ionization coefficient and γ the photo-ionization coefficient (cf. [START_REF] Monrolin | Revisiting the positive DC corona discharge theory: Beyond Peek's and Townsend's law[END_REF] for more details). Thus, in the following, we set the Kaptzov approximation at Γ

∇ϕ • n| Γ = E a (9) 
with E a either given by ( 7) or [START_REF] Vladislav | In-atmosphere electrohydrodynamic propulsion aircraft with wireless supply onboard[END_REF]. Since the Kaptzov condition is by essence a matching condition for the outer problem governing the plasma dynamics in the drift region and that the inner discharge region in the vicinity of the emitter is not resolved, it remains unclear if this condition should be applied directly at the boundary of the emitter ∂Ω e , or at some artificial contour Γ considered as the outer bound of the discharge region; for instance a circle of radius r Γ = αr 0 as sketched in figure 1a. We tried this second approach and considered several values of α, leading to minor improvement of matching with experiments in some cases, but could not find a universal value α leading to improvement in all cases. Hence, we finally decided not to introduce such an arbitrary parameter, and identified the numerical bound of the drift region Γ with the boundary of the emitter ∂Ω e .

Force and Intensity

Most experimental studies available in the literature have reported the current intensity and propulsive thrust. We now discuss how these quantities can be deduced from the solution of the electrostatic problem. First, the current intensity I (per unit length in the span-wise direction) is

I = µ Γ ρ∇ϕ • n ≡ -µ ∂Ω c ρ∇ϕ • n. [I/m] (10 
) This is the author's peer reviewed, accepted manuscript. However, the online version of record will be different from this version once it has been copyedited and typeset.
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Note that the possibility to evaluate the current either at the emitter (first integral over Γ) or at the collector (second integral over ∂Ω c ) provides a consistency check for our computations. In the results we found that the two expressions coincide within less than 0.5%. This means that our computations are free from charge leak over the external boundaries ∂Ω E . Note that such charge leaks exist in experiments, and some numerical studies have sometimes introduced them in their boundary conditions so as to better match with their measurements [START_REF] Xu | Higher thrustto-power with large electrode gap spacing electroaerodynamic devices for aircraft propulsion[END_REF]. Secondly, from the action/reaction principle, the total Electro-AeroDynamic (EAD) force exerted on the gas equals the propulsive force exerted onto the device [START_REF] Monrolin | Electrohydrodynamic ionic wind, force field, and ionic mobility in a positive dc wire-to-cylinders corona discharge in air[END_REF]. This EAD force F EAD (per unit length in the span-wise direction) can thus be obtained from integrating local Coulomb force f C = ρE over the 2D domain:

F EAD = Ω f C dΩ = - Ω ρ∇ϕdΩ. [N/m] (11) 
As such, one can not distinguish where this propulsive force acts among the various solid parts of the aeroplane (here restrained to the emitter wire and the collector only). Such a decomposition of the propulsive force can nevertheless be obtained noting that f C corresponds to the divergence of the Maxwell stress tensor

f C = ∇ • σ M = ∇ • ε 0 E × E - E 2 2 I (12) 
with I the identity tensor. Applying the divergence theorem to [START_REF] Christenson | Ion-Neutral Propulsion in Atmospheric Media[END_REF] and using ( 12), we get

F EAD = ε 0 ∂Ω (E • n)E - E 2 2 n dS (13) 
The domain boundary decomposes into ∂Ω = ∂Ω E ∪ ∂Ω c ∪ Γ but the contribution over ∂Ω E cancels from the boundary conditions choice. Hence the various contributions of the propulsive force on the emitter and the collector result from the evaluation of the surface integral (13) over Γ and ∂Ω c . Again, the ability to compute the EAD thrust either from a surface integral or from a boundary integral provides a consistency check for the numerical method, and results obtained with our code using ( 13) and [START_REF] Christenson | Ion-Neutral Propulsion in Atmospheric Media[END_REF] always agree within less than 0.5%.

Dimensionless formulation

We use R col as a the reference length scale, so that the dimensionless collector radius Rcol = 1. Apart from geometrical parameters r0 = r 0 /R col , D = D/R col , the problem involves a single dimensionless parameter which can be defined as

φa = V R col E a ( 14 
)
with E a given in section 2.1.2 by [START_REF] Monrolin | Electrohydrodynamic Thrust for In-Atmosphere Propulsion[END_REF] or [START_REF] Vladislav | In-atmosphere electrohydrodynamic propulsion aircraft with wireless supply onboard[END_REF]. We introduce nondimensional variables as follow:

φ = ϕ ϕ * , with ϕ * = V, (15) ρ 
= ρ ρ * , with ρ * = ε 0 V R 2 col . (16 
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Dimensionless form of ( 1) and ( 2) reads

∆ φ = -ρ (17) 
∇(-ρ ∇ φ -1 P e ∇ρ) = 0 [START_REF] Chen | Numerical investigation of an electroaerodynamic driven aeroplane: Electrical properties, ionic wind and flight performance[END_REF] where ∇ and ∆ are the gradient and Laplacian operators expressed in terms of the non-dimensional variables, and where the electro-convective Péclet number is defined as P e = µV R col /D ρ . In this problem P e 1 [START_REF] Feng | An analysis of corona currents between two concentric cylindrical electrodes[END_REF][START_REF] Yanallah | An analytical approach to wire-tocylinder corona discharge[END_REF][START_REF] Monrolin | Electrohydrodynamic ionic wind, force field, and ionic mobility in a positive dc wire-to-cylinders corona discharge in air[END_REF], so that ( 18) is strongly hyperbolic dominated. Dimensionless boundary conditions ( 3) and ( 4) then read φ| Γ = 1 [START_REF] Adamiak | Quasi-stationary modeling of the DBD plasma flow control around airfoil Quasi-stationary modeling of the DBD plasma flow control around airfoil[END_REF] φ|

Ω c = 0. ( 20 
)
For external boundary conditions, the dimensionless formulation is identical as (i) and (ii) given at the end of section 2.1.1 hence, not repeated here. The Kaptzov boundary condition leads to

∂ n φ| Γ = ( φa ) -1 (21) 
Both current and force can be computed from their dimensionless counterpart following formulas

I = µϕ * ρ * R col Γ ρ ∇ φ • n = µϕ * ρ * Î (22) 
F EAD = Ω ρ∇ϕ = ϕ * ρ * R col Ω ρ ∇ φ = ϕ * ρ * R col FEAD (23) 
These expressions are useful to produce sensible quantities to compare with experiments. Furthermore, the dimensionless formulation of the surface integral ( 13) is

F EAD = ε 0 ϕ * 2 R col ∂ Ω ( Ê • n) Ê - Ê2 2 n dS (24) 

Variational formulation

To set the problem into a variational formulation, we multiply (17) by a test function ϕ † and integrate over the domain Ω. We incorporate the boundary condition (4) by a penalization technique, by integrating over the boundary δΩ C and multiplying by a large number 1/ε p . This leads to:

∀ϕ † , Γ ϕ † Êa - Ω ∇ φ ∇ϕ † + Ω ρϕ † + 1 ε p ∂ Ωc ϕ † φ = 0 (25) 
Similarly, multiplying (18) by a test function ρ † and integrating over the domain leads to:

∀ρ † , ∂ Ω ρ † ρ ∇ φ + ∇ρ P e • n - Ω ρ ∇ φ + ∇ρ P e ∇ρ † = 0 (26) 
Note that owing to the penalization method, the boundary condition ( 4) is only imposed in a weak way: Eq. ( 25) is actually equivalent to [START_REF] Cagnoni | Multiphysics simulation of corona discharge induced ionic wind[END_REF] with a modified This is the author's peer reviewed, accepted manuscript. However, the online version of record will be different from this version once it has been copyedited and typeset.
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Inspired by [START_REF] Feng | An analysis of corona currents between two concentric cylindrical electrodes[END_REF] we introduce the Lagrangian multiplier

λ = ρ ∇ φ + 1 P e ∇ρ • n. on Γ (27) 
From the nul contribution of ∂Ω E boundaries, using ( 27) in ( 26) leads to

∀ρ † , Γ ρ † λ + ∂ Ωc ρ † ρ ∇ φ + ∇ρ P e • n - Ω ∇ρ † • ρ ∇ φ + ∇ρ P e = 0 (28) 
Boundary condition ( 19) is then enforced by introducing a test function λ † , leading to:

∀λ † , Γ λ † ( φ -1) = 0 (29)

Regularization

As in [START_REF] Beux | Approximation and reconstruction of the electrostatic field in wire-plate precipitators by a low-order model[END_REF] we encountered difficulties for the Newton iterations to converge. We found convergence very sensitive to the mesh discretization and refinement at the emitter nearby Γ, as well as to the field discretization choice (as illustrated in next section). As identified by [START_REF] Beux | Approximation and reconstruction of the electrostatic field in wire-plate precipitators by a low-order model[END_REF], the problem can be associated to the strongly hyperbolic nature of the problem. Our formulation already contains a diffusion term with small amplitude 1/P e which makes the problem formally elliptic and therefore can be expected to act as a stabilization term, but this term does not seem sufficient to fully stabilize the formulation.

To overcome those difficulties we propose a new regularization method, which consists of replacing condition [START_REF] Adamiak | Quasi-stationary modeling of the DBD plasma flow control around airfoil Quasi-stationary modeling of the DBD plasma flow control around airfoil[END_REF] over Γ by

φ| Γ = 1 + ε λ ∂ 2 λ ∂s 2 (30) 
where s stands for the curvilinear coordinate along Γ. Variational form of (30) then reads

∀λ † , Γ λ † ( φ -1) + ε λ Γ ∂λ ∂s . ∂λ † ∂s = 0 (31) 
Equations ( 25), ( 28) and ( 31) are discretized using finite elements and the resulting non-linear problem is solved using a Newton method (detail are given in Appendix C). Mesh generation and adaptation, as well as resolution of the variational problems is performed using FreeFem++ version 4.5 [START_REF] Hecht | New development in freefem++[END_REF]. Loops over parameters and generation of figures are done in the Matlab environment thanks to the drivers of the StabFem project [START_REF] Fabre | A Practical Review on Linear and Nonlinear Global Approaches to Flow Instabilities[END_REF].

Numerical validations

This section provide various validation tests. The sensitivity of the mesh refinement nearby the emitter, the advantages of using mesh refinement, the choice of finiteelement polynomial base for each field, and the effect of regularization terms are analyzed. This is the author's peer reviewed, accepted manuscript. However, the online version of record will be different from this version once it has been copyedited and typeset.
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1E/1C configurations

We now present results of our numerical modeling for a number of 1E/1C (single emitter/single collector) for geometrical parameters corresponding with experimental databases from the literature [START_REF] Konstantinos | Electro-Hydrodynamic (EHD) Thrust Analysis in Wire-Cylinder Electrode Arrangement[END_REF][START_REF] Moreau | Electrohydrodynamic force produced by a wire-to-cylinder dc corona discharge in air at atmospheric pressure[END_REF][START_REF] Monrolin | Electrohydrodynamic Thrust for In-Atmosphere Propulsion[END_REF]. As for the electric field at the emitter, we used either the Peek law [START_REF] Monrolin | Electrohydrodynamic Thrust for In-Atmosphere Propulsion[END_REF] or the asymptotic formula [START_REF] Vladislav | In-atmosphere electrohydrodynamic propulsion aircraft with wireless supply onboard[END_REF] with values of E ief , β f and K = log(1 + γ -1 ) given by [START_REF] Naidis | Conditions for inception of positive corona discharges in air[END_REF] which, according to [START_REF] Monrolin | Revisiting the positive DC corona discharge theory: Beyond Peek's and Townsend's law[END_REF], give very similar results in the range r e ∈ [10µm, 50µm]. In all cases, we set the ion mobility to µ = 2 • 10 -4 m 2 V -1 s -1 . In fact we found in the literature various value reported from

µ = 1.554 • 10 -4 m 2 V -1 s -1 [5] to µ = 3 • 10 -4 m 2 V -1 s -1 [4]
. This is because the ion mobility depends on the electric field [START_REF] Schnyder | Direct current breakdown in gases for complex geometries from high vacuum to atmospheric pressure[END_REF]. In the considered range of electric field E (from 1.10 6 to 1.10 7 V /m) it reduces from about 2.10 -4 down to 5.10 -5 m 2 V -1 s -1 . In the present contribution we have kept a constant mobility as a first approximation, as done in many other contributions [START_REF] Zhao | Numerical analysis of forces in an electrostatic levitation unit[END_REF][START_REF] Martins | Modeling of an EHD corona flow in nitrogen gas using an asymmetric capacitor for propulsion[END_REF][START_REF] Martins | On the influence that the ground electrode diameter has in the propulsion efficiency of an asymmetric capacitor in nitrogen gas[END_REF][START_REF] Cagnoni | Multiphysics simulation of corona discharge induced ionic wind[END_REF][START_REF] Chen | Numerical investigation of an electroaerodynamic driven aeroplane: Electrical properties, ionic wind and flight performance[END_REF][START_REF] Adamiak | Quasi-stationary modeling of the DBD plasma flow control around airfoil Quasi-stationary modeling of the DBD plasma flow control around airfoil[END_REF][START_REF] Xu | Higher thrustto-power with large electrode gap spacing electroaerodynamic devices for aircraft propulsion[END_REF]. Rather than trying to adjust this parameter to fit each experimental dataset, we prefer to adopt an intermediate value for all cases. Figures 8a, 9a, 10a and 11a display the computed Intensity-Voltage (I-V) curves and compares with experiments. The comparison shows that the I-V curve prediction matches remarkably well with the experimental measurements. More generally, and, and least for low voltage, the prediction for I-V curves of Figures 9a, 10a and 11a are very good. More precisely, concerning the set D = 30mmm, R c = 15, r 0 = 50µm, of Figure 9a, in a subsequent publication [START_REF] Kiousis | chapter Finite Element Analysis Method for Detection of the Corona Discharge Inception Voltage in a Wire-Cylinder Arrangement[END_REF] indicate a critical voltage for the onset of corona discharge V c = 5.86 kV. Our computations, performed into a domain size L = 15D with Neumann boundary conditions indicate a threshold 6.51kV, about 10% larger. Diminishing the domain size to L = 4D and using Dirichlet lateral boundary conditions as in [START_REF] Kiousis | chapter Finite Element Analysis Method for Detection of the Corona Discharge Inception Voltage in a Wire-Cylinder Arrangement[END_REF] leads to 2% difference, a very satisfactory agreement. Since no fitting parameter are used to obtain these results for which the exact experimental geometrical parameters are used, it is thus interesting to observe that numerical predictions very significantly permit to capture the electrical response of corona discharge from drift-region modeling only, using Kaptzov approximation. More precisely, the maximum observed discrepancy is found for the dataset where R col = 5mm, D = 30 mm of Figure 9a where it reaches 25%.

Two arguments may be raised to explain the observed discrepancy. A first explanation is the possible existence of leak currents. Such leak currents are unavoidable in experiments, but they are not present in our simulations considering our choice of boundary conditions. This explanation is consistent with the fact that in most cases the numerical predictions underestimates the experimentally measured currents. A second possibility is the effect of the ion mobility. As explained above, we adopted a value µ = 2 • 10 -4 m 2 V -1 s -1 in all cases. According to [START_REF] Kaptsov | Elektricheskie Yavleniya v Gazakh i Vakuume[END_REF], the intensity is directly proportional to µ, so a larger effective ion mobility may also explain the underestimation of intensity by our simulations.

Let us now compare the predictions and experimental measurement for the thrust force. Figures 8b,9b, 10b and 11b display the thrust T per unit length in the span-wise direction versus of either the voltage V or the intensity, depending upon which of these representations is favoured in the experimental references. Although our numerical computations correctly predict the trends in a qualitative way, they over-predict, in every case, the observed thrust. The observed discrepancy remains however moderate and of comparable magnitude in all cases, i.e in between 20 to 30%. In the worst case, for the case D = 20mm considered by [START_REF] Konstantinos | Electro-Hydrodynamic (EHD) Thrust Analysis in Wire-Cylinder Electrode Arrangement[END_REF], over-prediction reaches 50% (Figure 8b). This is the author's peer reviewed, accepted manuscript. However, the online version of record will be different from this version once it has been copyedited and typeset. Predicting the drag D aero would require resolution of the Navier-Stokes equations with a volumic forcing term corresponding to the Coulomb force. This point falls outside of the scope of the present paper, which focusses only on the electrostatic problem. We can, however, estimate the order of magnitude of this drag using dimensional analysis. Noting U the order of magnitude of the drift velocity, the order of magnitude of the acceleration term in the Navier-Stokes equations is U 2 /D. Equating this order of magnitude with that of the Coulomb force ρ * V /D (ρ * being the order of magnitude of the ion density estimated here as ρ * ≈ ε 0 (V -V c )/D 2 ) leads to the estimation U ≈ ε 0 V (V -V c )/D. Assuming an aerodynamic drag scaling as D aero = ρR col U 2 C d where C d is a drag coefficient of order one leads to:
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D aero ≈ ρR c ε 0 V (V -V c ) D 2 . ( 32 
)
Considering the present configurations with R col ≈ 10mm, V ≈ 20kV , V c ≈ 10kV , D ≈ 30mm, these order-of-magnitude estimations lead to U ≈ 1.4m/s and D aero ≈ 25mN , which is effectively comparable with the order of magnitude of the observed force. To complete the discussion on 1E/1C configurations, Figures 11(c -d) display the intensity I and the surfacic thrust T /D versus of the equivalent electric field V /D. For both quantities, the collapse of data along a single curve is confirmed as observed in [START_REF] Monrolin | Electrohydrodynamic Thrust for In-Atmosphere Propulsion[END_REF]. Here again, appart from a moderate shift in thrust for V /D > 6kV /cm, the scaling and behaviour of the predicted thrust is both physically sound and a fair prediction.

1E2C configurations

Here we consider a one emitter//two collectors (1E/2C) configuration (Cf Fig 1b)

studied in [START_REF] Monrolin | Electrohydrodynamic Thrust for In-Atmosphere Propulsion[END_REF] where the spacing s between the collectors is a new geometrical parameter. A motivation of this configuration in [START_REF] Monrolin | Electrohydrodynamic Thrust for In-Atmosphere Propulsion[END_REF] was to confirm the existence of an This is the author's peer reviewed, accepted manuscript. However, the online version of record will be different from this version once it has been copyedited and typeset.
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2. 1 .

 1 Theoretical formulation 2.1.1. Constitutive equations and boundary conditions The governing equations adopted here are the Poisson problem for the electric potential ϕ

Figure 1 :

 1 Figure 1: Sketch of the various configurations studied in this paper: (a) one emitter/one collector (1E/1C) configuration with domain boundaries and notations. (b) 1E/2C configuration where s denotes the spacing between the collectors. (c) 2E/2C with finite domain having Neumann lateral boundary conditions (d). nE/nC periodic configurations (dotted lines stands for periodic Boundary conditions). Note that D denotes the minimum longitudinal distance between emitters and collector (and not the centre-to-centre distance). The emitter with radius r e is represented with a tiny red spot with shade area around it to depict the glow discharge region, the boundary of which is denoted Γ. The collectors are the black circles with radius R col .

2 98N 2
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Figure 7 :

 7 Figure 7: Comparison between prediction (continuous red line) and measurements (green dots) for current Intensity I versus applied voltage V (here r Γ = r e ) for various gas composition.

Figure 10 :

 10 Figure 10: Results for 1E1C configuration. (a) Intensity and (b) Thrust force (same legend as (a), hence not duplicated) versus the applied voltage for r c = 6mm, r 0 = 12.5µm and several values of gap D. Comparison with experimental data by Moreau et al.

Figure B2 :

 B2 Figure B2: Illustration of the mesh refinement in various configurations. (a) & (b) For axi-symmetric configuration with r 0 /r c = 0.0125. (b) Zoom of Sub-figure (a) in the emitter's region. (c) & (d) For the 1E/1C configuration. (d) Zoom of Sub-figure (c) in the emitter's region.

  

  

  

  

  

  

  

  

  

  

Table 1 :

 1 1.56 • 10 -4 E peek [kV /mm] Geometry and gas parameters for experimental references (axisymmetric configurations).

		6.71	(15.2)	(15.2)	(15.2)
	E a [kV /mm]	6.48	14.7	15.7	17.1

  ∀ϕ † , -Ω ∇δ φ • ∇ϕ † + Ω δ ρϕ † +

									1 ε p ∂ Ωc	ϕ † δ	φ
		+	Γ ϕ †	Êa -		Ω ∇ φ0 • ∇ϕ † +	Ω ρ0 ϕ † +	1 ε p ∂ Ωc	ϕ † φ0 = 0	(C.1)
	∀ρ † ,	Γ ρ † δλ +	∂ Ωc	ρ † ρ0 ∇δ φ + δ ρ ∇ φ0 +	∇δ P e ρ	• n
		-	Ω ∇ρ † • n0 ∇δ φ + δ ρ ∇ φ0 +	∇δ P e ρ
		+	Γ ρ † λ 0 ρ0 ∇ φ0 +		∇ρ 0 P e	• n -	Ω ∇ρ † • ρ0 ∇ φ0 +	∇ρ 0 P e	= 0	(C.2)
	∀λ † ,	Γ λ † δ φ + ε λ	Γ ∂δλ ∂s	•	∂λ † ∂s
		+	Γ λ † φ0 -1 + ε λ	Γ ∂λ 0 ∂s	•	∂λ † ∂s	= 0	(C.3)
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Conclusion

In this work, we have described a numerical approach to compute the coupled electric field/ion distribution in various configurations of electrodes using a drift region modeling of corona discharge as in [START_REF] Tirumala | Comparative study of corona discharge simulation techniques for electrode configurations inducing non-uniform electric fields[END_REF][START_REF] Beux | Approximation and reconstruction of the electrostatic field in wire-plate precipitators by a low-order model[END_REF][START_REF] Chen | Numerical investigation of an electroaerodynamic driven aeroplane: Electrical properties, ionic wind and flight performance[END_REF][START_REF] Xu | Higher thrustto-power with large electrode gap spacing electroaerodynamic devices for aircraft propulsion[END_REF] . We used a finite-element discretization using dynamically adapted meshes, and solve the non-linear equations with Newton iterations, a numerical strategy that we did not found previously used for this class of problems. A new stabilization term to enforce a uniform charge distribution around the emitters is introduced. The problem is solved in terms of nondimensional variables, which allows to express the problem in terms of a unique dimensionless parameter φa = V /(E a R col ). The method is efficient and robust, and easily applicable to various geometrical configurations.

After some validations for axi-symmetric configurations where an analytical solution is available, the method is used to predict the intensity I and thrust T for various configurations including 1E/2C, 2E/2C and periodic nE/nC configurations. Systematic comparisons with results from several experimental databases [START_REF] Moreau | Electrohydrodynamic force produced by a wire-to-cylinder dc corona discharge in air at atmospheric pressure[END_REF][START_REF] Konstantinos | Electro-Hydrodynamic (EHD) Thrust Analysis in Wire-Cylinder Electrode Arrangement[END_REF][START_REF] Monrolin | Electrohydrodynamic Thrust for In-Atmosphere Propulsion[END_REF][START_REF] Gilmore | Electrohydrodynamic thrust density using positive corona-induced ionic winds for in-atmosphere propulsion[END_REF] have been performed curbing the possible influence of finite-size effects by using domain sizes fifteen time larger than emitter/collector distance D. The modeling is shown to correctly predict the experimentally observed trends. The method was generally found to under-predict the intensity current by about 10 -20% and to overpredict the thrust by a similar amount. The results allow to quantify the efficiency of these configurations in terms of thrust-to-power ratio and thrust density, whereby our numerical predictions confirmed the trends observed in experiments.

In our analysis, we voluntarily stick to a resolution of the physical problem without adjustable parameters. We set the ion mobility µ to a widely used value in air, as well as used the admitted Peek's law for the electric field at emitters.

In this restrictive framework of uniform mobility, drift region approximation and without computing the ionic wind contribution to the drag force, we found a surprisingly close agreement (from 10% in the most favourable case to 40% in the worst one) between numerical predictions and various experimental configurations. We confirm the presence of some optimal configuration for thrust in emitters/collectors arrays being D apart, with an optimal separation distance ∆ ranging from ∆ = 1.1D to ∆ = 1.3D. The obtained results for the thrust is very convergent with previous experimental measurements [START_REF] Gilmore | Electrohydrodynamic thrust density using positive corona-induced ionic winds for in-atmosphere propulsion[END_REF] and data-fit but for the presence of a small overshoot at large distances. We also found a different optimal separation distance ∆ for thrust density being poorly sensible to D and close to ∆ ≈ 40mm, a conclusion partly shared from experiments [START_REF] Gilmore | Electrohydrodynamic thrust density using positive corona-induced ionic winds for in-atmosphere propulsion[END_REF] for which density is also maximum for smaller value of ∆, but linearly scaling with D as ∆ ≈ 0.41D [START_REF] Gilmore | Electrohydrodynamic thrust density using positive corona-induced ionic winds for in-atmosphere propulsion[END_REF]. Albeit the qualitative conclusions between finite size configurations and infinite periodic ones are very similar, some specific differences have been found and discussed.

Several parametric adjutments could certainly improve the matching with experiments, from adapting the mobility, taking into account its dependence with the electric field or adding some current leakage. This could easily improve the matching in terms of intensity, but will not influence the thrust prediction.

As for the thrust, the main source of discrepancy comes from the fact that our approach predicts the electro-aerodynamic thrust T EAD while in experiments a total force is measured, containing both the EAD thrust and the aerodynamic drag of the electrodes due to ionic wind. A dimensional analysis argument confirms that the order-of-magnitude of drag force is indeed comparable to the difference between This is the author's peer reviewed, accepted manuscript. However, the online version of record will be different from this version once it has been copyedited and typeset.
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Appendix A. Analytical solution for axi-symmetrical case

In this appendix we reproduce the analytical solution for the axisymmetric configuration, as given in [START_REF] Yanallah | An analytical approach to wire-tocylinder corona discharge[END_REF]. The collector is considered as a cylindrical shell of radius R col surrounding the emitter wire with radius r 0 . We note rΓ = r 0 /R col .

Using our nondimensional formulation of the equations (and neglecting diffusion in ( 2 

The charge density is then given by ρ(r) = J √ J r2 + K (A.7) This is the author's peer reviewed, accepted manuscript. However, the online version of record will be different from this version once it has been copyedited and typeset.
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Appendix C. Newton method

At each step of the Newton iteration method, the solution is searched as [ φ, ρ, λ] ≡ [ φ0 , ρ0 , λ0 ] + [δ φ, δ ρ, δ λ], where [ φ0 , ρ0 , λ0 ] is the approximate solution from the previous iteration and [δ φ, δ ρ, δ λ] is the correction to approach the final solution.

Injecting this ansatz in ( 25), ( 28) and [START_REF] Hecht | New development in freefem++[END_REF] and linearizing in terms of the perturbations leads to the following linear system to be solved at each step: This is the author's peer reviewed, accepted manuscript. However, the online version of record will be different from this version once it has been copyedited and typeset.
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