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ABSTRACT: We study finite temperature string scale AdSs backgrounds. One background
is AdSs x S' x T? in which the anti-de Sitter space-time and the circle are at the radius
Vo!. Using path integral techniques, we show that the bulk spectrum includes a continuum
of states as well as Ramond-Ramond ground states that agree with those of the symmetric
orbifold of the two-torus after second quantization. We also examine the one-loop free
energy of the background AdS3 x S' at curvature radius /2a//3. In the space-time NSNS
sector, the string theory spontaneously breaks conformal symmetry as well as R-charge
conjugation symmetry. We prove that the minimum in the boundary energy is reached for
a singly wound string. In the RR sector, we classify the infinite set of ground states with
fractional R-charges. Moreover, we remark on the behaviour of critical temperatures as
the curvature scale becomes smaller than the string scale.

In an appendix, we derive the Hawking-Page transition in string theory by integrating
a world sheet one-point function.
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1 Non-critical anti-de Sitter space-times

Quantum theories of gravity may all be holographic [1, 2]. There is good evidence that
this is true for string theories in anti-de Sitter space-times [3]. String theories in three-
dimensional anti-de Sitter space-times with Neveu-Schwarz Neveu-Schwarz flux are excep-
tional in that they are to a considerable extent solvable to all orders in the curvature radius.
In this paper, we wish to exploit the latter feature to the fullest by analyzing string theories
that live in anti-de Sitter space-times that have string scale curvature, or that are even more
highly curved. A very interesting example of this type is the theory at the string scale with
N = 4 superconformal symmetry in space-time as described in the hybrid formalism [4].
The extended supersymmetry combined with the scale of curvature render the spectrum
almost topological, and the theory becomes highly computable [4]. Examples in the NSR
formalism, in particular with A/ = 4 superconformal symmetry, were studied in detail in [5].



It was argued in [6] that at a radius of curvature that is smaller than the string scale,
the SL(2, C) invariant vacuum of the theory becomes non-normalizable. There is therefore
a transition at the string scale radius, at which the effective central charge of the theory
follows a different trajectory due to the spontaneous symmetry breaking and the non-
normalizability of the global AdS3 state. Moreover, the thermodynamics of string theory
in Neveu-Schwarz Neveu-Schwarz AdSs is such that there are three critical temperatures.
There is a Hawking-Page transition between the thermal AdSs3 phase and a BTZ black
hole [7-9]. In addition there is a Hagedorn transition both for perturbative string theory
in euclidean AdSs and for string theory in the BTZ black hole background [10]. The
three critical temperatures associated to these transitions coincide at the critical radius of
curvature R = vo/.

Thus, we are motivated to study anti-de Sitter string theories with a curvature radius
equal to the string scale or smaller still. When we have such a string theory, the high
curvature of the AdSs space-time renders the theory non-critical (in the traditional sense
of changing the number of macroscopic space-time dimensions — the string theories remain
anomaly free). One approach to building such string theories is to consider a flat space
non-critical superstring theory [12-15] and to add a density of fundamental strings to these
backgrounds. Then taking the near string limit results in a highly curved anti-de Sitter
geometry with Neveu-Schwarz Neveu-Schwarz flux [16].

Simple examples of such models are the backgrounds:

(0) : AdS§2) x St x 1t
(1) : AdSSY x 81 x T?
2
(2) : AdS{Y x S (1.1)

with respectively eight, six and four fermionic super partners to the bosonic world sheet
coordinates. We have indicated as an upper index the supersymmetric level k£ of the Wess-
Zumino-Witten model that describes the AdSs background with Neveu-Schwarz Neveu-
Schwarz flux. We expect the total number of supercharges in these backgrounds in the near
horizon limit to be sixteen, eight and eight respectively. In type IIB string theory, we expect
them to be dual to a N/ = (4,4) superconformal theory and two N = (2,2) models in the
near string limit. The background labelled (0) is above the string scale and can be analyzed
by largely the same techniques as critical string backgrounds. The other two models we
find particularly interesting and they are the subject of this paper. Background (1) is at the
critical radius and it is the subject of section 2. Model (2) is curled up more strongly than
the string scale and we analyze its peculiar properties in section 3. While both models have
been mentioned in the literature, we study them in more detail and illuminate their spectra
using path integral techniques. We will revisit slightly more general models in section 4
that interpolate between backgrounds (1) and (2) to a degree and that allow to discuss the
finite temperature thermodynamics in a broader setting. We draw conclusions in section 5.

Finally, appendix A provides a world sheet derivation of the Hawking-Page transition
from a one-point function in perturbative string theory.



2 An exactly string scale anti-de Sitter space

In this section, we study string theory on AdSs x S' x T? with six fermions. The AdS3
space-time is described by a world sheet conformal field theory with an sl(2,R) current
algebra at supersymmetric level & = 1. The radius of curvature is equal to the string
scale vo/. The circle is at the self-dual radius vo/. The AdS3 space-time is at the
correspondence point [11] at which the SL(2,C) invariant ground state is at the cusp of
normalizability [6]. At this critical radius, the Hagedorn temperature of the euclidean
AdS3 space-time and of its dual BTZ euclidean black hole coincide with the Hawking-Page
transition temperature [10]. The total central charge of the matter theory is

6 1
c:<3—|—> +3+6x - =15, (2.1)
k) =1 2

and the super string theory that includes the ghosts and super ghosts is conformal anomaly
free. It is useful to think of the light cone directions as including the time-direction in AdSs
as well as the S direction. The transverse excitations then lie in a level one sl(2,R)/u(1)
coset and the two-torus directions. There is still a sum over zero modes in the light-cone
directions. The background can be thought off as corresponding to a non-critical string
background [12-15] supplemented with a density of fundamental strings, described in the
limit where we are very near the fundamental strings [16]. We study the partition function
of the perturbative fluctuations around this background, after thermal compactification.
The one-loop partition function is thus a sum over maps from a toroidal world sheet to a
euclidean thermal AdS3 space-time with torus boundary [17]. From this one loop amplitude
and its integrand we can read off the on-shell and off-shell spectrum of fluctuations. We
will exhibit interesting properties of the spectrum.

A model where the two-torus is replaced by four fermions and with a different amount
of space-time supersymmetry has been studied in [5]. A model at the correspondence point
described in a hybrid formalism and with N' = (4, 4) superconformal symmetry has been
analyzed in depth in [4]. Indeed, the detailed model we pick results from a number of
simple choices and we would like to stress that a wealth of variations remains possible.

2.1 The single particle free energy

The one loop string amplitude is given by an integral over the fundamental domain Fj
of the complex structure moduli space of the torus [18]. The world sheet conformal field
theory partition functions contain the bosonic thermal AdS3 degrees of freedom as well
as decoupled bosons and fermions. Because of their decoupled nature, the latter degrees
of freedom behave as in the flat space non-critical partition functions [12-15]. We thus
propose the one-loop vacuum amplitude:

1 d2r
7 = — — 7 Zro 7
o /FQ 7_22 AdS3 472 Lgh

< (101107630, + 030.7) - 0, 0. 630, )]

+€01(0.7)(@30.7) — 03(0.7) 01, 0. 7)B(0.7) ). (22)



We made use of the definition of the theta-functions ©,,; at level [

Omilg.z) =Y "5 5D (2.3)
nez

2mT and z = 2™ and we use standard conventions for the

with the notations ¢ = e
functions 6; [18]. As in non-critical string backgrounds, the type II GSO projection not only
acts on the world sheet fermions, but also by translation along the circle, thus intertwining
the fate of the fermions with that of the circle zero modes. As a consequence of theta-
function identities, one can check that the one loop string amplitude is modular invariant
and vanishes, ensuring that the background is supersymmetric.

We wish to dress our partition functions with fugacities that will make it possible to
both read off the space-time conformal dimensions as well as the R-charges of the on-shell
physical excitations [17, 19]. We turn on the complex fugacities (754, 7st.) associated to
the left /right energy and angular momentum in space-time [17]:

= Lorisn 21

where [ is the inverse temperature and p is a chemical potential for spin. We also turn
on real fugacities (v, ) that couple to the space-time left/right U(1)g generators [19]. At
non-zero fugacity, an extra world sheet sector in the NSR formalism contributes and the
theta-function identity that captures space-time supersymmetry also acquires a non-zero
right hand side. The latter will represent the degrees of freedom in a more manifestly
supersymmetric Green-Schwarz form. Thus, we make use of generalized abstruse theta-
function identities:

6171(V3,T)(@g(l/l,’T)eg(l/Q,T)+04(V1,T)94(1/2,7’)) —@Ovl(Vg,T)(QQ(I/l,T)ag(Z/Q,T) —01(1/1,7')91(1/2,7'))

— 2001 (v1 — va, 70 (#j) o <+2> . (2.5)
©0,1(v3,7)(03(v1,7)03(v2, 7) — 0s(v1,7)04(v2, 7)) — O1 1 (13, T) (O2(v1,T)02 (v, T) + 61 (v1,7)01 (v2,T))
e e P e L (2.6)

When the fugacities are all set to zero, the right hand side of each of the two identi-
ties vanishes and the combinations that appear on the left hand side are precisely those
that feature in the partition function (2.2) leading to the vanishing one-loop amplitude
on thermal AdS3 with periodic boundary conditions for the fermions along the thermal
circle. Considering the origin of the various factors in the partition function in the NSR
formalism [17, 19] as well as the natural identification of the space-time R-charge with a
multiple of the ST momentum [20], we are led to choose the fugacities as: v| = 754, 2 =0
and v3 = 2v. The twisted partition function in the space-time NSNS sector and in the
manifestly supersymmetric formulation is then

Z(r y)—l/dQTz (o o) Zogo Dy —— (2.7)
s.t.y — o o 7_22 AdS3\7s.t.y Ts.t. T2 gh |77(7_)‘4 .
Q0,1 (751, 7) |? ‘@1 1(Tets T) 2) (rs.t. ) (rs.t. ) 2
X ’ ’ 0| = +uv,7|6: — U, T
(’ n(T) n(T) 2 2




The factor in the parentheses in the second line is a twisted boson partition function at
self-dual radius. We proceed as in [17, 19]. We use the unfolding trick to extract the single
string free energy. We also spectral flow in the boundary theory by

el

Ts.t. — — .t
vV —V—

— —
v 1% 9 5 s

(2.8)

and, up to an overall factor, find the single string contribution to the free energy f in the
Ramond-Ramond sector:

ﬁ2
dTQ e 471'1'2
" d / _c " g 2.9
JBopv /; E 5 101(7st., 7)) e (29)
Oo 1(7's.t.77') 2 ‘@1 1(Tst5T) 2) 2
X . + : 01(v,7)01 (151, — v, T)|" .
(™5 amy | )z )

Following the logic in [17, 19] to which we refer the reader for details, it is possible to
separate out the contribution of the discrete states to the single string free energy while
exhibiting the off-shell Hilbert space of the theory:

dry ; FE dj ;o1 Fo_1
fdlSC 67#7 /1d7'1/ 7r1(f1+f2 fi+f2) 1 aj qLO qLO i
2 r f11f27nL7nR77~U (1] ™
1,7L _1 7}2
d(j7?”,fi7nL,RaQ)QZ—:r+fl T+ qif”fl > pwth-higeth=fi - (2.10)

We indicated by d the degeneracies of the states as a function of their quantum numbers.
They can be derived for the discrete representations and can be shown to reassemble into
discrete characters [19]. The left-moving worldsheet Virasoro generator Ly is

Lo = (J—l)—w<J+T+f1—+>+Z ( ;)ZZ% (2.11)

and similarly for the right-movers. The first terms arise from a spectral flowed bosonic
sl(2,R) model at level & = 1, while the following terms correspond to four transverse
fermions as well as a compact boson at self-dual radius.! The fermion numbers f; count
both the worldsheet and space-time spinors modulo two. Apart from the discrete contri-
bution, the terms corresponding to the continuous representations of the AdS3 isometry
group can also be identified [17].

2.2 The Ramond-Ramond ground states

The left moving R-charge QF, and conformal dimension H of an excitation in the boundary
theory arising from the discrete representations are given respectively by the exponents of

!The left and right moving momenta for a compact boson are defined as [18]

no wR B wR
R br= '

pr = (2.12)

The self-dual radius R = V&' equals v/2 when we set o/ = 2. We define the integers ny = n + w and
nr =n —w so that v2pr, = ny andyv/2pr = ngr. The parity of ny g is correlated.



f2 | QF.

w
1 [w+1

Table 1. The (boundary) R-charge of the Ramond ground states for a given value of the positive
spectral flow number w and fermion number fs.

gst. and z in equation (2.10):

. 1 n
H:j+T+f1—§+7L, QR =w+f— f1. (2.13)

Our next goal is to find the minimum value of the conformal dimension H among the on-
shell single string excitations in the space-time Ramond-Ramond sector. It is known that
the optimal value for the quantum number r (which is a sl(2, R) spin component relative to
a discrete representation lowest weight state) is r = 0 [19]. We solve for the sl(2,R) spin j by
using the on-shell condition Ly = %, where the worldsheet conformal dimension L is given
in (2.11). The space-time left-moving conformal dimension H is then expressed in terms
of the integer quantum numbers (f1, fo,nr). The extremum of the dimension H occurs for
fermion number f; = 0 and the integer value n;, = —1. For any spectral flow number w,
we find that the minimum H = 0 is realized by two states with the quantum numbers fs €
{0,1} and the si(2,R) spin j at the boundary j = 1 of the allowed range 1/2 < j < 1. We
table the Ramond ground states of the boundary theory in the left-moving sector along with
their R-charges QI : The R-charges of the Ramond ground states come in pairs (w,w + 1)
for w > 0. These are also twice the left-moving conformal dimensions of the corresponding
operators in the NSNS sector. The right-moving sector has equal winding number and an
independent fermion number f;. The single particle ground state spectrum at w = 0 corre-
sponds to the Hodge diamond of a two-torus 72. The second quantized Ramond-Ramond
ground states which allow for any number of excitations for all windings w thus correspond
to the symmetric product of the two-torus ground states. Beyond the Ramond-Ramond
ground states that we determined, there are further discrete states as well as a continuum.
The bottom of the continuum gives rise to a tower of massless higher spin fields [21].

We have provided a twisted partition function for our model, from which we derived
the complete Ramond-Ramond ground state spectrum. Our spectrum differs from the
spectrum of other models in the literature [4, 5]. We believe it provides a useful alternative
to results obtained directly from the analysis of world sheet vertex operators [16, 27] and
provides a proof of the completeness of the classification. It would certainly be interesting
to understand more properties of this model, including the three-point functions of chiral
primaries, and their comparison to proposed dual conformal field theories. In particular,
it will be interesting to understand to what extent the topological features of the N = 4
superconformal hybrid string at the correspondence point [4] continue to hold in this N' = 2
superconformal model with a continuous part to its spectrum. Manifestly, it will be useful
to exploit those techniques that apply to all models at supersymmetric level k£ = 1.



3 Strings in AdS3; x S?!

In this section, we study a background with a curvature scale smaller than the string scale.
We present the thermal partition function on the background AdSs x S' supplemented
with four fermions. The three-dimensional anti-de Sitter space has a curvature radius
R = /2d//3 equal to the radius of the circle. The supersymmetric level of the si(2,R)
Wess-Zumino-Witten model is k = 2/3. The total matter central charge is again critical:

2 2

6 1
c:<3+k> +144x==15. (3.1)
k=

3

We calculate the one-loop single string free energy and discuss the peculiar features of this
background at curvature radius below the string scale.

3.1 The one loop free energy

The one-loop vacuum amplitude in the NSR formalism is again modelled on the non-critical
superstring partition function in flat space [12-15]

2

1 d2r 1
Z=— | —5 Zadas, Zgh——r
2w/Fo 3 AN Syt

150700 (05 ) =007 (0.5) 020700 (05)
(32)

The partition function is modular invariant and vanishes on account of theta-function

identities [22]. The theta-function with standard argument represents the GSO projected
contribution of the two fermions while the other theta-function is the contribution of the
free boson on a circle at radius R = /2/3a’. To introduce fugacities and to exhibit
the one-loop amplitude in a manifestly space-time supersymmetric form, we will exploit a
generalized theta-function identity with an extra term and a non-trivial right hand side:

03(v1,7)03 <V2, ;) — 04(v1,7)04 (V2, ;) — Oo(v1,7)02 (Vz, ;) — 61(v1,7)01 (V2, ;)

1 3 1 T
= 20, <2V1 — 2V2,7'> 01 (2(V1 —+ VQ), 3) . (33)

It turns out that there are additional subtleties that crop up when we introduce the ap-
propriate fugacities in the partition function. We therefore discuss this point in detail.

Our background satisfies the conditions to have a space-time N' = 2 superconformal
symmetry [20]. We thus can introduce a fugacity 75 for the left-moving scaling operator
as well as a fugacity v that couples to the boundary R-charge, encoded in the rotations
along the space-time circle. As before, the fugacity v, is identified with 74t , the modular
parameter of the boundary torus. For the introduction of the fugacity v, it is important to
correctly determine the normalization of the space-time R-charge in terms of the momen-
tum on the circle. From the analysis in [20] it transpires that at level k = % the space-time
R-charge QF, and the circle momentum are related as

2

R _ 2
Qs.t. \/gpL ’

(3.4)



where pr, is the left moving momentum along the circle in the NSR, formalism, in conven-
tions where o = 2 and the R-charge of the supercurrents is 1. This implies that we must
pick the identification vy = %I/.

A second simple but crucial observation is the following. There are two space-time
fermionic excitations arising from the R-sector of the NSR left-movers. These two fermions
pick up conformal dimensions 4+1/2 as well as R-charges +1/2. If we conserve the symmetry
between negative and positive energy excitations, then the number of fermion modes is such
that the spectrum inevitably breaks the charge conjugation symmetry of the space-time
N = 2 superconformal algebra. In other words, the partition function varies under the
operation v < —v. This is seen explicitly from the fourth term on the left hand side
of the theta-function identity (3.3).2 Thus, the spectrum forms a representation of the
superconformal algebra that breaks the Zs outer automorphism (7, Qi) ~ (=J,G7T) of
the N' = 2 superconformal algebra. When we act with this outer automorphism on our
choice of partition function, we find a charge conjugate theory.

Keeping these peculiarities in mind, we next follow the well trodden path by substi-
tuting the known expression for the bosonic AdS and ghost partition functions and we end

2532

up with the single string free energy in the NSNS sector of the boundary theory:
-2 9

L[> dn e ot ) (rs.t. v T>
o) =om | o A 01 (2 7 ) 6 -
frn) =5 | Tz/Tllel(rs.t.,T)P 1<2 “T)P 2 T
2

The contribution of the discrete states can be obtained through familiar manipulations [17,

(3.5)

19] and the result can be written as a sum over states:

1 .
2 °° dry np+f-nr—f dj Lo—% ~Lo—1%
faise = [ dm — Z (-1) L. TR (3.6)
T2 0 T2 nL7an7fT7w7N (576} T
. Yo T w i Ly g 1w Fomm o
< d(j,r, f,nL,R,q) 6% ) S AR I B AR I

The left-moving worldsheet Virasoro generator is given by
3 2 1 1 1\ 1 12
Lo=—=j(—-1)— j = - = — - = - f-= N .
o= 5=V -w(i+r+g (m-3))+g(m-3) +5(r-3) +¥. G
and similarly for the right-movers.

3.2 States of minimal dimension

We first study the spectrum of single string excitations in the NSNS sector since it will al-
ready reveal an interesting feature of the theory. Subsequently we will study the RR sector.

2There is another identity that can be obtained from this theta-function identity by charge conjugation.
It gives rise to a charge conjugate choice of spectrum. An alternative to our statements is to attempt to
define a theory that corresponds to the sum of charge conjugate partition functions.



3.2.1 Low lying states in the NSNS sector

The left-moving conformal dimension and R-charge in space-time in terms of the world
sheet quantum numbers of the string are, according to equation (3.6):
H:%+j+r+%(m+f—1), ft.:—%—f+n7;+%. (3.8)
Our first goal is to find the state with the lowest conformal dimension H. For this purpose it
is optimal to set » = 0 and to have no oscillators excited. In the w = 0 sector, the lowest con-
formal dimension is obtained for the choices ny, = f = 0, which corresponds to spin j = %
and dimension H = %. This state has QF, = % and it is therefore a chiral primary state. It
was described in [16]. Using our results, one can prove that this is the state with the mini-
mum space-time conformal dimension among all discrete states, including those with w > 1.
We turn to the states from the continuous part of the world sheet spectrum and write
down the conformal dimension and worldsheet generators for a state with Casimir labelled
by j = 3 +is and whose left-moving u(1) C sl(2) eigenvalue is given by the real number

m [23]. For these excitations, we have the space-time and world sheet conformal dimensions:

w 1
H:§+m+§(nL+f—1) (3.9)

Ly = —;j(j—l) —w(m+§(nL— ;)) —i—é(nL— ;)2—%; (f— ;)2 . (3.10)

We first solve for the left-moving u(1) time-like momentum m using the on-shell condition
Lo = % and substitute it into the expression for H:

1 w+1\? 1 1-w)\* w 135 1

One can choose the optimal values nj, = {w IJ, f= V‘%J and s = 0, to find that

1 —lop— 1y L for odd
81{) 6(w w) + 24w or o w (312)

—1le, 1 5
+ o = glw— o) + 57 for even w.

This form of the conformal dimension agrees for odd w with the results obtained in [6].
The alternate form for even w is due to the GSO projection.

We come to a first important conclusion. The global minimal conformal dimension over
all winding sectors in the space-time NSNS sector equals Hpj, = 1/24 and the minimum
is reached at the bottom of the continuous representations for a singly wound fundamental
string. The R-charge of the state is Qf, = 0. The minimal conformal dimension is strictly
positive. Therefore there is no normalizable SL(2,C) invariant ground state [6].> The
lowest lying chiral primary state at H = 1/6 partially breaks supersymmetry. The ground
state at zero charge breaks supersymmetry entirely.

3The spontaneous breaking of conformal invariance is a property of Liouville theory, and therefore also
of its speculative three-dimensional gravitational dual [25, 26].



3.2.2 The lowest lying Ramond-Ramond states

Recall that our partition function breaks charge conjugation symmetry. There are therefore
two inequivalent directions in which we can flow from the single string NSNS sector to
Ramond-Ramond sector states. To find RR sector space-time conformal dimensions, we
either add or subtract the R-charge. We first discuss what happens when we flow such that
the Ramond-Ramond left-moving conformal dimension gap above the ground states equals

2 2
HRR:?w+j+r+f+%L—§. (3.13)

The only RR ground states with Hrr = 0 are found at the quantum numbers (7, np, f,w) =
(2/3,w, —w,w) with R-charges @ = (2w +1)/3 and w > 0.* The spectrum of R-charges is
infinite and fractional. In the continuous sector, the gap to the Ramond-Ramond ground
states is 1/(24w). It is proportional to one over the winding and closes at large winding.
The second way of spectrally flowing the single string states to the Ramond-Ramond sector
gives rise to no extra Ramond-Ramond ground states. The two lowest lying discrete states
that one obtains in this manner have zero winding and dimension Hrr = 1/3. The lowest
lying states in the continuous sector again have a gap of 1/(24w) with four-fold degeneracy.

4 The thermodynamics beyond the string scale

For our discussion of the finite temperature thermodynamics of the non-critical AdS3 string
theories beyond the string scale, it will be useful to have models at hand that have properties
that interpolate between those of our two main examples at levels £k =1 and k = 2/3.

4.1 An interpolation

To that end, we study the models of the form [16]:
AdSs x S* x Minimal Model (4.1)

where the N = 2 superconformal minimal model is of central charge ey = 3 — 6/n.
Therefore, the supersymmetric AdS3 model is at level £ = n/(n + 1). The model still falls
in the class of backgrounds which permit a N' = 2 superconformal algebra in space-time
with a U(1)z symmetry associated to the circle direction. We revisit two properties of the
model: the first is the set of chiral primaries in space-time and the second is the minimal
conformal dimension in the continuum in the space-time NSNS sector. See also [6, 16, 27].

4We note that the R-charge formula for the Ramond-Ramond ground states is of the form Q = 2j—1+kw
as in other instances.
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We work in the NSR formalism® in which the world sheet conformal dimension L,
space-time conformal dimension H and space-time R-charge QF, read:

Lo =LY + L5 + LjlinMod

i(j—1 k+2 2 ;
:_j(jk ) —w(j—i—r)— 1_ ’LU2+ (f—;a) ++Lg1+L1(}/hnM0d, (42)
k+2
H—]+r+f+a+—§*w7 (4.3)
= V2kp; = 4.4
s t 2kpr, = n+ 1 ( )
Our conventions are such that a = 0 for the worldsheet NS sector and a = —1/2 for the

R sector. The worldsheet fermion number in the supersymmetric AdSs sector is denoted
f and the quantum numbers (m', w’) correspond to the momentum and winding along the
St direction.

4.1.1 Space-time chiral primaries

We look for chiral primaries in the space-time NSNS sector that satisfy the lower bound
H = QF /2. In principle these can arise from either the NS or R worldsheet sectors.
In this particular example, it turns out that all boundary chiral primaries arise from the
worldsheet RR sector only. Inspired by the solutions found for the n = 2 case, we look for
solutions of the form

2 2
by setting f = —w and @ = —1/2 which implies that we are in the worldsheet R sector. We

(4.5)

also set r = 0. It is key to find the remaining quantum numbers such that we satisfy the
on-shell condition Ly = % We recognize that the contribution to the world sheet conformal
dimension Lg from the circle sector is given directly in terms of the space-time R-charge:

2 4k k

2 R )2 2
=t QAN 1 1 hey? (46)

Rearranging the terms in the worldsheet conformal dimension we find that it can be written
in the suggestive form:

1
L o LM]H MOd 47
0= 1% + - + (4.7)
The minimal model contribution from the world sheet Ramond sector is at least
. 1 1
LMm Mod _ CMM - - 4.8
0 24 8 4n (4.8)

Substituting this into the expression for the worldsheet conformal dimension and using the
fact that % =1+ %, we find that Ly = % precisely for the minimal model ground states. It
remains to plug these quantum numbers into the expression for the space-time R-charge
and find the S' quantum numbers (m’, w’) as well as the allowed values of the spin j. From

5Tt should be possible to formulate this model in the Green-Schwarz formalism as well. This requires
deriving suitable vanishing identities involving theta functions and characters of minimal models.
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the saturation of the space-time chiral primary bound, we have to look for integers (m’,n')
that correspond to momentum and winding quantum numbers on the S*, such that
/ n / . n
m+—-aw =2j—14+ ——w. 4.9
n+1 J n+1 (4.9)
There is a unique solution (up to equivalences) for every value of the spectral flow number
w. Before we present our result, it is important to recall that the AdSs spin j takes values

in the half open interval j € (%, 22(211)} in the discrete sector. Then the general solution
for (j,m’,n’) can be written in terms of a single integer p:
.1 p / /
=4+ — =, =w— f =12,...n. 4.10
1=5 " 5m 11 m' =p w=w-p for p n (4.10)

In the NSR formalism, we must GSO project which amounts to imposing that the world
sheet R-charges be odd in both the left and right moving sectors. The world sheet R-charge
Qs and the GSO constraint are:

so+s1 m n+1
Qws: +

where sy and s; are fermionic quantum numbers corresponding respectively to the pair of

m’ +w' € odd integers, (4.11)
2 n n

AdS3 fermions and the minimal model, and m labels the minimal model spin component.
The minimal model Ramond sector ground states are labelled by spins ¢ = 0, %, ...g—1land
have spin components m = 2¢ + 1 as well as s; = 1. From the allowed values of (j,m',n’)
in equation (4.10), it follows that the constraint on the worldsheet R-charge is given by

so+1 —(20+1
Qws: 02 +p ( )
n

We note that 2¢ + 1 runs over integers in the range [1,n — 1]. Accordingly this leads to an

+ w € odd integers. (4.12)

omission of the p = n state from the allowed set of states as for this state, the fractional
contribution to the worldsheet R-charge proportional to 1/n cannot be cancelled by any
choice of the spin £. One can then choose the sign of the fermion number sg such that for
any winding w, one has one state that survives the GSO projection. We have thus shown
that for a given winding w there are n — 1 chiral primary states in the boundary theory
with conformal dimension equal to

H—M, for p=1,2,..n—1. (4.13)

This is in accord with results that can be extracted from [6, 16, 27].

4.1.2 Continuum modes

Finally, we review the minimal conformal dimension in the continuum in the NSNS sector
for each value of the winding w > 1 [6, 24]. The world sheet constraint equation and the
space-time energy in the world sheet NSNS sector (on which we concentrate) are of the form:

Lo=LY+ L5 + L)

i(j—1 k+2
:—‘ﬂ‘ylﬂ)—wm—jl—wZ—i- 5
k+2

H=m+f+—"w. (4.15)

2
L4 48 4 pMinMod (4.14)
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We use the on-shell condition Lg = % to solve for m and substitute into the expression for
the conformal dimension H. Extremizing with respect to (f,pr, Lg/ﬁn MOd) we find that the
optimal configuration to minimize the space-time conformal dimension H is to set f = —w
and for the S' and minimal model to be in their ground state. The minimal conformal
dimension as a function of the winding w is

min ﬁg}NS’ k 1
Hy' = — -—, 4.16
NSns(w) w1 (w w> (4.16)
where the minimal conformal dimension for the singly wound long string is:
i (k—1)°
Hydng = . 4.17
NSNS 4k ( )

Indeed, the state with w = 1 satisfies the GSO projection. This result agrees with [6, 24].
This provides the global minimum of the NSNS sector conformal dimension for the k < 1
string theories. In the previous section, we have proven this more rigorously for the minimal
k = 2/3 theory. Finally, we note that this class of theories also breaks charge conjugation
symmetry spontaneously, by the same mechanism described in detail for the theory at level
k=2/3.

It is useful to have the models in this section in mind as examples for statements in
the next section.

4.2 The thermodynamics

In this section, we recall an analysis of the entropy, free energy and critical temperatures
of thermal AdSs super string theory and describe how the particular backgrounds that
we studied fit into the big picture. We add a few remarks on the finite temperature
thermodynamics beyond the string scale.

4.2.1 The entropy and the correspondence point

For curvature radii below the string scale, k < 1, neither the AdS3 ground state nor the S-
dual BTZ black hole states are normalizable [6]. At these extreme values of the curvature,
the minimal conformal dimension for operators in the (space-time) NSNS sector is positive.
Therefore, the effective central charge which counts the number of degrees of freedom devi-
ates from its bare value, and we have a qualitative change in the behaviour of the entropy at
the correspondence point £ =1 [6, 11]. It is interesting to study how the transition to the
case k > 1 behaves. We recall that the background bare central charge ¢>* in space-time is
&t = 6kQq where Q1 is the background number of fundamental strings. The background
number of fundamental strings is proportional to 1/g2 and is therefore infinite in perturba-
tion theory. It can be viewed as setting a large cut-off on the number of winding strings w
that can be produced. The effective central charge when the minimal conformal dimension
is positive is ¢St = &% — 24 YR, < [6]. The effective central charge captures the entropy
of the modes of high conformal dimension. The central charge has a discontinuous second
derivative at the correspondence point k = 1 — see formula (4.17). We note that the curva-
ture radius k is fixed by the asymptotic boundary conditions on our quantum theory of grav-
ity and that therefore we described the qualitatively different behaviour of distinct theories.
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4.2.2 The free energy and critical temperatures

The correspondence point is associated to an analysis of the entropy of the boundary
conformal field theory [6]. We can draw further conclusions on the phases of AdSs string
theory by studying the free energy of the background at finite temperature. The first
observation is that at finite temperature, there is a Hawking-Page transition between the
thermal AdSs background and the dual BTZ black hole. The Hawking-Page temperature
equals T’ I(LIQ ])3 = (27)~! in string units [7-9]. Above this temperature, the BTZ black hole is
thermodynamically favoured over thermal AdSs, and the gas of gravitons collapses into a
black hole. The calculation of the phase transition has been done in terms of the metric —
the thermodynamics of quantum gravity is captured by general relativity to leading order.
In appendix A, we provide a derivation of the Hawking-Page transition that directly uses
fundamental string perturbation theory and a non-zero AdSs one-point function.

Further interesting phase transitions are coded in the spectrum of fundamental string
fluctuations around a given classical background. The inverse Hagedorn temperature S
for fundamental super strings in the AdSs background can be derived by applying the
reasoning of [10] to the super string amplitude. We concentrate on the world sheet NSNS
sector and recall the unfolded one-loop amplitude:

BVE [~ d -

T 47Ty
AR = — Zin . 4.1
1—loop (B, 11) st Jo 723/2/%d 1 E |01 I +(q) (4.18)

The world sheet partition function Zi,; accounts for all degrees of freedom except the AdS3
bosons. In the superstring setting, the central charge of the internal partition function is
¢int = 12—(346/k). Modular invariance determines the small 7 behaviour of the integrand:

kg2 Ar(12-$)

e 42 e 2m (4.19)

That leads to the critical Hagedorn temperature at which the exponential degeneracy of
states swamps the thermal suppression factor:

=2 (2- 1) (120

This corresponds to the temperature:

(4.21)

We also have a similar Hagedorn transition in the dual BTZ background — the path
integrals are identical up to the boundary modular parameter —

1
1 1\2
0 _ (2 _ ) . 4.22
H 2mvVk k ( )
When the level k& > 1, the critical temperatures arrange themselves in the order TI({1 ) <

T g 1)3 < TISS ). The resulting thermodynamic phases were discussed in [10]. At the cor-
respondence point £ = 1, all the critical temperatures are equal. The Hagedorn and
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the Hawking-Page transition become indistinguishable. Beyond the correspondence curva-
ture, the naive hierarchy of temperatures is re-established in the original order. Indeed,
if we put trust in our critical temperature formulas for £k < 1, we again have the order
T ]({1 ) < Tg 1)3 < Tg’ ), Thus, the description of the phases would be as in the £ > 1 regime.

This is explained by the amusing duality®

k

— 4.2
TR (4.23)

kdual =
that leaves the critical temperatures invariant. The critical, self-dual point is ksq = 1. Thus,
the correspondence point is also special from the perspective of the Hagedorn transition.
We should stress that these are speculations because they are based on formulas that are
computed by expanding around a non-normalizable state. It may be that it is ill advised to
do so [10]. Still, the one-loop amplitude only exhibits the same volume divergences below
string radius as it does above.

5 Conclusions

We studied thermal three-dimensional anti-de Sitter backgrounds that arise in non-critical
string theories near a density of fundamental strings. These AdS3; backgrounds provide
examples of holography that can be just above, at, or even below the string scale. They
are ideal to uncover strong curvature effects in string theory holography. The one loop
vacuum amplitude or free energy of the superstring theories has an integrand that (almost)
factorizes into partition functions of the world sheet conformal field theories. One factor
is the partition function of the non-compact interacting conformal field theory on AdSs
with NSNS flux, while the remaining partition functions take a form perfectly suited to the
application of generalized Jacobi identities. These identities allow us to move between a
NSR description of the background and a manifestly supersymmetric description, including
fugacities that keep track of the space-time conformal dimensions and R-charges of all single
string states. The path integral approach thus provides a complete and efficient description
of the spectrum that allows for classification results.

We analyzed a few properties of these string scale holographic theories. We determined
the single string free energy and classified the supersymmetric Ramond-Ramond ground
states. In particular, we studied a N' = 2 superconformal theory precisely at the string
scale. The second quantized Ramond-Ramond ground state spectrum matches that of a
symmetric orbifold of a two-torus. Notably, our theory at the correspondence point has
a continuous part to its spectrum. We also studied a background which is naturally at a
scale below the string scale. In the NSNS sector, we showed that there is a spontaneous
breaking of both the conformal symmetry, supersymmetry as well as a charge conjugation
symmetry. In the Ramond-Ramond sector we determined an infinite set of ground states
with fractional R-charges. We made speculative remarks on the thermodynamics of these
string backgrounds at very strong curvature.

5In the bosonic string theory, a similar duality holds.
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These string scale non-critical AdSs backgrounds, their topological twists and their
holographic duals deserve further study. For instance, there are many techniques to solve
for correlation functions that hinge on having the critical level £ = 1, and that are bound
to be applicable to all theories at the correspondence point. It will be interesting to
understand the effect of the presence of the continuous part of the spectrum on the three-
point correlation functions.

In an appendix, we showed how to derive the Hawking-Page transition from the point
of view of the theory on the perturbative fundamental string. The zero-point function is
determined by integrating a non-zero one-point function for the central charge operator.
The resulting space-time effective action correctly captures the tree level AdSs background
thermodynamics.

There is a zoo of AdSs string theories both above, at, and below the string scale. We
scrutinized a few quintessential examples from the perspective of their one loop free energy
and laid bare interesting properties of their spectra. In this large collection of theories, a
number of crucial observables remains to be computed and each may shed more light on
the original properties of their holographic duals, which remain odd ducks in the family of
two-dimensional conformal field theories.

A The Hawking-Page transition from the world sheet

In this appendix, we derive the Hawking-Page transition from perturbative world sheet
string theory.

A.1 The gravitational analysis

We recall that the Hawking-Page transition manifests itself in the free energy of the thermal
AdSs3 and euclidean BTZ background as calculated in euclidean gravity [7-9]. The on-shell
classical action of general relativity I is given by:

I=——(r-7), (A.1)

where 7 is the modular parameter associated to the background. If for euclidean AdSj it
is 7 = 7y, defined in (2.4) then for its S-dual BTZ background it is 7 = —1/7. When we
consider zero angular chemical potential and concentrate on 7 = iy = i%, the minimal free
energy F' = I/ is attained by either thermal AdS5 or the black hole, with a Hawking-Page
transition point at 5 =1 or § = Sgp = 27 [7-9].

A.2 The fundamental string’s point of view

The Hawking-Page transition is uncovered from the classical on-shell gravitational action.
It is therefore a string theory tree level effect, and will be associated to a spherical world
sheet ¥ = S2. To determine the space-time action from string theory, we use the idea
that we can identify the tree level closed string space-time effective action with the world
sheet spherical partition function. See [28] for a review and references. Moreover, rather
than derive the action directly, we will derive its dependence on the space-time boundary
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modular parameter 7 through variation, and then integrate the result up. Indeed, in gravity
as well, we can derive the dependence of the euclidean instanton action I on the boundary
modular parameter 7 via the dependence of the gravity action on the boundary metric,
captured by the energy-momentum tensor.

Thus, inspired by [28], we start out as in [29-31]. We have the sigma-model partition
function Z which is a function of the boundary metric ¢(®) on the asymptotically anti-de

Sitter space:
1
Zlg") = 5 Zupherelg V1 + ... (A.2)

S
where we concentrate on the tree level term that arises from the partition function for a
spherical string world sheet ¥ = S2?. We work with a euclidean anti-de sitter space-time
with torus boundary of modular parameter 7. We have the asymptotic metric:

ds? = k! (d¢? + **dzdz) (A.3)

with the toroidal identification z = = + 27 = x + 277. We compute the variation of the
space-time action as a function of the boundary complex structure, at fixed volume of the
two-torus. The boundary metric then undergoes the variations:
0 0T 0T
has = 0g%) = ————  haw =0g\9) = ——

hoz = 090 = 0. (A.4)
We define the space-time boundary energy momentum tensor 7 as the derivative of the
functional integral Z = [dX e~ with respect to the boundary metric:

o8 - 4TS (A.5)

VT

The variation of the world sheet partition function is:

40

57 = —(8S) = —i / (67 (TT) — §7(T™Y). (A.6)

T2 47Ty

The boundary metric determinant as well as the variations of the complex structure are in-
dependent of the world sheet fields. We have introduced the world sheet energy-momentum
component vertex operators, which can be found explicitly in [29-31].

We need to evaluate the one-point function (7;;) when the boundary manifold is a
torus. For that boundary topology, the one-point function of the energy-momentum tensor
component is proportional to the one-point function of the central charge operator C that
is part of the energy-momentum tensor operator product algebra [29, 30]. We have:

(C)

(Tee) = L. (A7)

A crucial step is the world sheet evaluation of the central charge one-point function (C)

which equals [32]:
(C)y=c (A.8)
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3 Vka!
260
supersymmetric theory. We combine the results (A.6), (A.7) and (A.8) and integrate the

where ¢ = is the o/ exact value of the Brown-Henneaux central charge [33] in the

world sheet partition function Z which we identify with the space-time instanton action I:

[=2=—in(r—7). (A.9)
12
As reviewed above, this result and its SL(2,Z) duals (which are derived identically) code
the Hawking-Page transition.

In flat space backgrounds, there is ground laying literature identifying the space-time
closed string effective action with the logarithmic derivative of the world sheet partition
function with respect to the world sheet ultraviolet cut-off € [28]. It is worth remarking that
in our calculation above, a similar feature is implicit. In three-dimensional anti-de Sitter
space the space-time has a volume proportional to the volume of the conformal group and
we may have a cancellation between space-time and world sheet divergences. The diver-
gences in the central charge one-point function are milder, but indeed, in the calculation of
the one-point function, a space-time logarithmic infrared divergence is cancelled against a
world sheet logarithmic ultraviolet divergence [32]. See [34] as well as [35] for discussions of
the generic mechanism. This allows for the seemingly naive identification of the world sheet
partition function and the space-time action (A.9), reminiscent of a similar identification
in open string theory in flat space [28].

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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