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New Thin Piezoelectric Plate Models

M. RAHMOUNE, A. BENJEDDOU AND R. OHAYON!
Structural Mechanics and Coupled Systems Laboratory, CNAM, 2 rue Conté, 75 003 Paris, France

D. OSMONT

ONERA, Solid Mechanics and Damage Department, Avenue de la Division Leclerc, Chatillon, 92330, France

ABSTRACT: Earlyinvestigations onpiezoelectric plates were based on a priori mechanical and ex-
perimental considerations. They assume plane stress and consider only transverse components of
electric displacement and field. Beside, these were supposed constant in the plate thickness. Through
an asymptotic analysis, this paper shows that mechanical hypotheses follow Kirchhoff-Love theory
of thin plates. However, electric assumptions are found to be strongly dependent on the electric
boundary conditions. That is, two regular problems should be distinguished: (1) the short circuited
plate, for which only transverse electric displacement and field have to be considered—the electric
potential is then found to be the sum of a known part, which depends on prescribed potentials, and an
unknown part, which represents an induced potential and cannot be a priori neglected; the mechanical
and electrical problems may be uncoupled; (2) the insulated plate, for which only in-plane electric
displacement and field components are to be considered; the mechanical and electrical problems may
be uncoupled for orthorhombic plates but not in general. Based on the above asymptotic analysis, two
variational and local two-dimensional static models are presented for heterogeneous anisotropic
plates. They are then applied to homogeneous and orthorhombic piezoelectric plates. For homoge-
neous orthorhombic piezoelectric plates, the electromechanical problem can be uncoupled. Hence, a
mechanical problem is first solved for the mechanical displacement, then electric potentials are ex-
plicitly deduced from this displacement. Classical finite element codes having multilayer plate facili-

ties can be used for solving the plate problems obtained.

INTRODUCTION

IEZOELECTRIC materials find wide use in deformations
Pand motion of structure detection, as well as in active
structural control. They are either bonded or embedded in the
structure in order to measure strains and displacements
(sensing effect) or to provide localized strains through which
the deformation of the structure can be controlled (actuation
effect). Effective sensing and actuation of the resulting smart
structure need that its electroelastic behavior be well mod-
eled.

The concept of smart structure was first validated analyti-
cally and experimentally on beam elements, and rapidly
structural problems of piezoelectric plates arose in modeling
flat piezoelectric sensors and actuators. These were mainly
analyzed with approximate theories (Destuynder et al., 1992;
Tzou, 1993; Drozdov and Kalamkarov, 1996), based on as-
sumed simplifying, a priori, hypotheses concerning direc-
tions of the electric field and displacement, and the represen-
tative form of the electric potential and even the constitutive
behavior (Drozdov and Kalamkarov, 1996). Indeed, only
transverse components of electric displacement and field are
retained. The electric potential is generally considered linear
through thickness, and sometimes constant. Besides, for
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most actuation applications, the induced potential due to the
direct piezoelectric effect is often supposed negligible com-
pared to the imposed potential (Destuynder et al., 1992;
Tzou, 1993). Classical structural theories are also often
adapted and the presence of piezoelectric elements is taken
into account by a thermal analogy approach through the in-
troduction of prescribed strains (Destuynder et al., 1992).
But, in this way, the full coupled electroelastic behavior of
smart structures is not completely modeled, since the mass
and stiffness of the piezoelectrics are not considered. There-
fore, good representations of the piezoelectric effect have
been achieved using either additional electronic circuits that
take into account the induced potential, as in self-sensing ac-
tuation techniques (Dosch, Inman and Garcia, 1992) and
shunted piezoelectrics (Hagood and von Flotow, 1991), or
using through-thickness quadratic variation of the electric
potential as proposed by Rogacheva (1994) using an asymp-
totic analysis.

By the beginning of this decade, several asymptotic theo-
ries were proposed to deal with piezoelectric plates. They
differ in the scaling techniques adopted and their results de-
pend on the type of electric boundary conditions applied on
upper and lower faces of the plate. Most common conditions,
in technical applications, are either of Neumann (prescribed
surface electric charges) or Dirichlet (imposed surface elec-
tric potentials) type. Maugin and Attou (1992) used asymp-



totic integration theory, in its variational form, that exploits
the “zoom technique,” to establish the first two orders of an
asymptotic theory of thin piezoelectric plates in the frame-
work of electrostatics. At the first-order of approximation, a
purely mechanical Love-Kirchhoff theory emerged, while
the electric potential satisfies a two-dimensional Poisson-
Neumann problem, with an effective dielectric constant ac-
counting for electromechanical coupling. Nevertheless,
these results do not agree with the thin-plate limit obtained
by Bisegna and Maceri from exact three-dimensional solu-
tions (Bisegna and Maceri, 1996a), and with the consistent
piezoelectric plate theory they derived (Bisegna and Maceri,
1996b). In particular, the deflection given by Maugin and
Attou (1992) depends on elastic constants and not on piezo-
electric and dielectric ones, contradicting results of Bisegna
and Maceri (1996a, 1996b). The procedure used in Bisegna
and Maceri (1996b) to derive field equations governing the
piezoelectric problem is based on the initial functions
method in conjunction with a re-scaling of the applied loads.
A piezoelectric plate model was also derived by Rogacheva
(1994) as a zero-curvatures shell model. The latter was based
on a priori assumptions from an asymptotic analysis similar
to that used by Maugin and Attou (1992) for isolated piezo-
electric plates. Similar results were then obtained. However,
Rogacheva (1994) has also considered tangential polariza-
tion and short-circuited plates.

The major difficulty introduced by Dirichlet-type electric
boundary conditions, besides electromechanical coupling, is
the non-homogeneity (in the mathematical sense). To deal
with this problem in piezoelectric shells, Bernadou and
Haenel (1995a, 1995b) simply used a variable change in or-
der to make the electric boundary conditions homogeneous.
They take their inspiration from the classical handling of
mechanical Dirichlet boundary conditions. Canon and
Lenczner (1994) and Lenczner (1996) used Lagrange’s mul-
tipliers to deal with electric Dirichlet conditions applied to
multilayer elastic plates containing piezoelectric inclusions
(Canon and Lenczner, 1994) or including distributed piezo-
electric actuators and a distributed electric circuit (Lenczner,
1996). Their plate models were derived as the limit of the
three-dimensional problem when the thickness vanishes in
the framework of asymptotic methods. The electric potential
and displacement were found to be independent of the trans-
verse coordinate. Besides, electromechanical couplings exist
between in-plane components of electric field and stresses on
one hand, and between the jump of the electric potential on
the upper and lower faces and plane stresses, on the other
hand. However, these results do not agree with those of
Bisegna and Maceri (1996b) who found that the transverse
component of the electric displacement is linear in the thick-
ness direction and that the electric potential has quadratic law
variation with respect to thickness coordinate, even in the
case of thin piezoelectric plates.

Recently, Saravanos, Heyliger and Hopkins (1997) pro-
posed layer-wise (or discrete layer) theories using piece-
wise linear continuous approximations along the thickness

direction for both displacement and electric potential fields.
These theories can model both global and local electrome-
chanical responses of smart composite laminates. Finite ele-
ment formulations with added electric potential degrees of
freedom were also developed for quasi-static and dynamic
analyses of smart composite structures containing piezoelec-
tric layers. Numerical analyses indicate that electric fields
exist in the piezoelectric layers even with closed-circuit con-
ditions (zero potential). Moreover, figures show that the in-
duced electric potential is parabolic inside piezoelectric lay-
ers and vanishes at their upper and lower skins.

It is the objective of this paper to present an asymptotic
theory for piezoelectric plates in the presence of Dirichlet
electric boundary conditions. These are taken into account
by considering the electric field induced by the imposed elec-
tric potentials. That is, the electric potential is decomposed
into a known component, completely defined from pre-
scribed electric potentials and an unknown component repre-
senting an induced electric potential. It will be shown that,
for the bending problem, this induced potential is propor-
tional to bending strains and its contribution in the system be-
havior appears through a modification of the constitutive
elastic equations and an additional electric force. Associate
numerical handling is then made easier, since standard finite
elements could be used provided that modified elastic con-
stants and electric force could be entered (Rahmoune et al.,
1996; Rahmoune and Osmont, 1996). It is found here that the
consistent hypothesis for transverse electric displacement
and field for thin layers is “the electric displacement and field
are respectively constant and linear through thickness,” con-
trary to above asymptotic theories where it is generally as-
sumed or derived that “the electric displacement and field are
respectively constant through thickness.” Moreover, it is
found that the mechanical problem is of a Kirchhoff-Love
type.

In the following, the paper focuses on developing
Kirchhoff-Love models for piezoelectric plates using an as-
ymptotic approach extending to the piezoelectric media the
theory of Ciarlet and Destuynder (1979) devoted to elastic
media. Numerical implementation was described in
Rahmoune et al. (1996), Rahmoune and Osmont (1996), and
detailed in Rahmoune (1997). Local three-dimensional
equations and their associated variational formulation will
first be recalled. Next, two-dimensional variational and local
equations of short-circuited and insulated piezoelectric
plates will be deduced as a limit when the aspect ratio of the
plate vanishes. Applications are then made to homogeneous
and orthotropic plates.

THREE DIMENSIONAL PROBLEM

In the three-dimensional space, of reference frame (o, x{,
x5, x5), let us consider a homogeneous piezoelectric body
QF, of thickness 2e and characterized by its elastic, piezo-



electric and dielectric constants, 5y, eg; and €} respec-
tively. dQ¢ denotes its regular boundary which is decom-
posed into upper, lower and lateral surfaces, £*¢, X¢ and ',
respectively. The latter is clamped onI'§ and free on its com-
plementary part I'f. The middle surface of the piezoelectric
body is denoted ® and has a boundary d® = v, split into a
clamped part Yo and a free complementary part ;. The do-
main can carry mechanical body forces f € and surface forces
g*¢ on upper and lower faces X*¢. Electrically, it could be ei-
ther short-circuited, through prescribed potentials V *€ on Z*¢
and surface charge g® on I'¢, orinsulated, i.e., charge-free on
0Q°.

Local Equations

Local three-dimensional problems consist of finding me-
chanical displacement u® and electric potential ¢ satisfying
the following equations:

® mechanical equilibrium and boundary conditions:

o = ff inQ°c (1
ofn; =g onI*, ofn, =0 onlf,
(2)

uf =0 onTl§

where ¢ is the symmetric Cauchy stress tensor, and n; are
outward normal components,
e clectric equilibrium and boundary conditions:

D, =0 inQ° 3)

o =V* onX*, DEn, =-—q° onl'® (4)
where D¢ is the electric displacement vector,
® linear piezoelectric constitutive equations:

of = Ciuenu®) — ef.; E(p%)
5)
Df = efyeuw®) + €4 E (p%)

representing the converse (actuator) and direct (sensor) pi-
ezoelectric effects. Notice that these are expressed using
the short-circuited elastic, piezoelectric and dielectric con-
stants. In Equation (5), € and E are the symmetric linear
strain tensor and electric field vector related to the me-
chanical displacement «® and electric potential ¢, respec-
tively, through,

Ei(p®) = —p% (6)

1
guu®) = 5(“15,1 +ug)

It is worthwhile to notice that two important regular prob-

lems could be distinguished according to the electric bound-
ary conditions considered. The first corresponds to the short-
circuited piezoelectric media, and the second to the electri-
cally insulated piezoelectric body, for which the potential is
completely unknown, in particular on the boundary. The nat-
ural electric boundary condition is then, assumed to be, for
the latter case,

Dfn; =0 ondQ* @)
Variational Formulation
The three-dimensional variational problem, associated to

local equations (1-5), consists of finding the couple (1%, p*)
in the admissible space

V(QF) = {(v, y®) E[H(Q®)P x HY(QF),

vE =0 onT§, y& =V*® onZ*}

satisfying the variational equation:

fQE o5, 0%)e; (v )dQ® + | . DF(u®, p°)E;(y*)dQ®
= [ fovedQe + [ L gFvidZ = + [ gtyedr® (8)

V(ve, ye) EVy(QF)

where Vo (Q°) = {(v&, y&) € [H}(QF)]® x H (QF),v¢=
0 on I'§, y& = 0 on Z*¢}. This variational problem has a
unique solution (Rahmoune, 1997).

ASYMPTOTIC ANALYSIS

The asymptotic development technique (Ciarlet and
Destuynder, 1979) is adapted here to get equivalent Love-
Kirchhoff piezoelectric plate models as limits of the above
three-dimensional variational problem when € tends to van-
ish.

In order to apply the asymptotic analysis, the domain QF is
first made fixed; i.e., independent of € through the following
geometrical variable change:

x® = (xf, x5, x5) €EQF - (x),x,,€x3) EQ
Q=0X]-1+] ©)
Then mechanical and electric parameters scaling are defined.
The former is classically treated, as detailed in Ciarlet and

Destuynder (1979). However, the latter depends on electric
boundary conditions.



Mechanical Displacement and Forces Scaling

Geometrical considerations lead to the following a priori
estimates: uj € H 1(Q¢®) is a priori associated to ue) €
HY(Q) such that

ug(x%) =e’ua(®(x), uf(x®) =ew3(©)(x) (10)
Similar relations hold forv§ € H!(Q ) associated, a priori,
to vi(e) € H(Q). Itis convenient for mathematical purposes
to introduce the following scaling on body and surface forces
defined as

fex®) =€ fy(n),  ff(x%) =€’ f1(0);
(11)
gE(x®) =€%g,(x), g5(x®) =e'gs(®)
where f and g are independent of €. Material constants are
supposed independent of €, i.e.,

Ciu(x®) = Cijy(xy, X2, x3), €;i(x%) = e4,;(xy, x2, Xx3),
(12)
€5 (x°) = €;(x), x3,x3)

Electric Potential Scaling for the Insulated Plate
The plate is assumed insulated, i.e., Equation (7) holds.

Thus, the variational problem (8) reduces to finding (ut, ¢%)
€ V1(Q8), so that,

S oo 5 vOICHE WD) = 5 (vE)ef s Ex(9®)1dQ°
+ [ [Ey®)efyen(@®) + Ei(y®) ERE (9®)ldQs

= [ fovidQe+ [ L, gFvEdEEE, Ve y®) €V (QF)
13)

where Vi, (Q%) = {(vE, y&) E[H(Q®)]® x H(QF), v¢
=0only}.

The order of € in the unknown potential ¢ is selected such
that the variational problem (13) has an asymptotic solution.
This is found to be in the form (Rahmoune, 1997):

9° =e’p(e) (14)
Similar relations hold for y® associated to y(g).

Electric Potential and Charge Scaling for
the Short-Circuited Plate

The plate is now assumed short-circuited, i.e., electric
boundary conditions (4) hold. Prior to the direct application
of the asymptotic development technique, non-homoge-

neous Dirichlet electric boundary conditions (4.1) should be
made homogeneous. To this end, the electric potential ¢°® is
split into a linear part ¢, known through the given poten-
tials on £*¢, and an unknown part ¢%, so that,

P = 0% + 0%, (9%, 0°%) E Vg(QF) X Vy(Q%) (15)
where
Vi (QF) =
+e —& +e _JJ-¢€
{U ;U + v u x5, YU*E eH“Z(ztE)}

Vy(QF) = {y® € H(Q®), & =0onZ*}
Hence, the variational problem (8), reduces to finding (1%, ¢%)
€ V(Q°), such that:

o e OIS () + Ex(y el e u @R
+ [ o [=€5(v®)ef  E(0%) + Ei(y®) €RE, (0%)1dQ"
= fnﬁ fEvEdQE +f):=€ grevedi®e + re qSyedre

— [ e (5 (vD)eE  EL(9%) + Ei(y®) EXE(9™)]dQ*

V(ve, y®) EVo(QF) (16)

The second integral in the left hand side (1.h.s.) of Equation
(16) is the contribution of the unknown potential ¢¢, shown
here to represent the induced potential, often neglected in the
literature. However, the last integral in the r.h.s. of Equation
(16) is the equivalent electric force due to the imposed poten-
tial p%. The above variational formulation can be used either
for actuator or sensor analysis. But, in the latter case, the last
two integrals in Equation (16) should be dropped, according
to Equation (7). This is more detailed in the next sub-section.

Now, scaling orders of ¢%, ¢¢ and g€ are chosen so that an
asymptotic solution exists for the variational problem (16).
These are found to be in the form (Rahmoune, 1997),

0f =€20(e), ¢% =e¥p%e); ¢° =e’q (17)

where g is independent of €. Using Equation (15), the total
potential is then taken in the form,

P =e3p(e), @) =)+ 9k  (18)

Similar relations hold for y® associated, a priori, to y(g)
which can be also decomposed into a known and an unknown
part as in Equations (15), (17) and (18). Notice that Equa-
tions (14), (17) and (18) ensure that the corresponding elec-



tric parameters appear in the zeroth order of the asymptotic
solution.

SHORT-CIRCUITED PIEZOELECTRIC
PLATE MODEL

This section aims to present the limit variational problem
associated with a short-circuited piezoelectric plate when €
tends to zero. Starting from the three-dimensional variational
problem (16), in conjunction with mechanical [Equations
(10)—(12)] and electric [Equations (15,17,18)] parameters
scaling, the asymptotic mechanical displacement field and
electric potential are first deduced through an asymptotic
analysis; then a limit two-dimensional variational problem is
defined, together with its associated local equations.

Asymptotic Mechanical Displacement
and Electric Potential

According to the mechanical displacement scaling Equa-
tion (10), the strains can be scaled as
g5 =€’eqp(e), €53 =eeps(e), &5 =enE) (19)
It can be shown (Rahmoune, 1997) that, when € goes to zero,
we have
€qp > €p(0), €3 >0 (20)
which naturally leads to the following asymptotic displace-
ment,

Ug(xy, X2, x3) = &q(x, x2) — x30483(x1, x3)
21

us(xy, x3,x3) = &3(xy, x2)

where (§4,83) € Vg, X W, with Vi, = (&, € H(0),E,=00n
Yo}, Wk, = (& € H'(0), & = 9,& = 0 on o).

From the electric potential scaling (18), the electric field
scaling has the form

E3(¢p®) = e2E3(p(e))
(22)

Eq(pf) = €2Eq(p(€)),

Ei(p(e)) = E(9°(®) +£7 E;(0(e))
It can be shown (Rahmoune, 1997) that when € tends to zero
1
@°(e) = ¢%(0), 3 o) = ¢* (23)

Consequently the electric potential tends to ¢ such that:

o =¢° +0* (24)

where
(9%, 0%) EV, XV,
and

V. ={p° EHY(Q), ¢° =V*onZ*}

Vo = {\y EH(Q), y =0 onX*,

X +1
v = =" Es(wydxs and [ Es(w)dxs = 0}

It is worthwhile noticing that Equations (20) and (23) are
weak convergences. It was shown that these are also strong
convergences (see Rahmoune, 1997 for details).

These results suggest the following comments:

® The asymptotic mechanical displacement field (21) is of
the Kirchhoff-Love type (g;; = 0).

* The asymptotic electric potential (24) has a known part ¢°
entirely defined by the known potentials on the upper and
lower faces, and an unknown part ¢* corresponding to the
induced potential. ¢* is often neglected in the literature
(Rahmoune et al., 1996).

® Only transverse components of the electric field are of im-
portance, which is often retained in the literature, but finds
here a mathematical justification [Equation (23)].

Asymptotic Electric Displacement and Stresses

In order to satisfy the electric equilibrium (3) and bound-
ary conditions (4.2), in-plane and transverse electric dis-
placement components are scaled separately:

DY =€?Dy(e), DE =eD,(e) (25)
where
D3(e) = e3,yxu(e) + €3 Fi((e)
Dq(e) = elequxu®) + Eu FL(8(e))] = eDa(e)

and

Kop(®) = €4p(8),  Xq3(8) =€ 'eg3(e)
k3(€) =€ %en(E), Fole) =eEl(pE)

F3(e) = E5(p(e)

o(e) is defined in Equation (24). Since x,(€) and F(¢(g)) are
bounded, then when € tends to zero, electric displacement

components converge weakly to

Ds(e) = D3(0), Dqy(e) >0 (26)



Classical scaling of the stresses is defined as (Ciarlet and
Destuynder, 1979),

05 =¢e'op(e)
27

Ggﬂ = Ezoaﬂ(e)r 653 = 83603(8),

where
0ap(€) = CopuXu(€) = €x;qp Fr(€)
643(€) =& [Casy¥y — €ia3 Fi] = €7'8a3(®)
633(6) =2 [Cazpiy — ex33 Fr] = €77533(e)

Using Equations (19), (22), (25) and (27), the three-
dimensional variational problem (8) becomes:

S [0ap@®2ap(v () + Taz©)e €03+ (6))
+ G33(e)e 2e53(v(e)]dQ

+ [, [Da(©)eEq(y ©) + D3 €)E3(y (€)1 dQ

= [ fvid@+ [ . gividZ* + [ eque)dr (28)

where y(g) = yO(€) + e 'x(€).
Keeping in mind that x;;(€) are bounded, then

1. Multiplying Equation (28) by &, setting v =v, and y =0,
and tending € to zero

2. Multiplying Equation (28) by €2, setting v = v; and y= 0,
and tending € to zero, weak [shown to be also strong
(Rahmoune, 1997)] convergence of o;;(g) to o;5(0) is ob-
tained with:

043(0) =653(0) =0 (29)

These results indicate that:

® Only the transverse component of the electric displace-
ment is of importance [Equation (26)], in-plane compo-
nents may be neglected as it is the case for the electric field;
this is a classical hypothesis, but finds its justification here.

* Transverse stresses ;3 may also be neglected compared to
in-plane components [Equation (29)].

Two-Dimensional Variational Problem
Let’s set vy(xy, X2, X3) = Ng(X1, X2) — X30,M3(X1, X2), V3(X1, X2,

X3) =T3(x, x2) and y= 0 in the variational problem (28) and €
tends to zero, in order to obtain

S 0w @eu)dQ =[_ fividQ + [ . gividZ* (30)

where

€ap(V) = Yop — X304pM3

and c,43(0) is the limit of c4g(€), given by,
6ap(0) = Cuppseys () — &3,05[E3(p®) + E3(60)]  (31)

in which

Cam = Ca;sys - C3jy8S3j3ka3uB
€308 = €30 — Cajup 53318343

are modified elastic and piezoelectric constants due to o5 =
0. The 3 X 3 matrix (S3j3) is the inverse of the 3 X 3 matrix

(Csj30)-
Stress resultants No3 and moments M,y are now intro-
duced:

+1 +1
Nog = [ 0ap(Odxs, Mg = [~ x3054(0)dxs (32)

then included in Equation (30) to get the following two-
dimensional variational problem:

S IV (& @11ap(m) — Mg (&, 93 g3 1do

= fm[Piﬂi —myd n3lde, V(ng, m3) €V X Wy
(33)

where

+1
pi = [ fidxs + (g7 +87)

+1
ma = [ x3fadvs + (2% - g3)

To prove the importance of the unknown potential ¢*, we
shall first show that the unknown electric field E5(¢*) [Equa-
tion (31)] may be expressed in terms of bending strains. To
this end, let us set v=0and y°= 0 in Equation (28), then mul-
tiplying by €, and make € vanish to obtain

[ lesuxu(® + Ex FOMIF(dQ =0 Yy €V,
(34)

From Equations (27) and (29), k;; can be expressed in terms
of Kap and F3,

Kyz = —S8y33lCraps Ky — €343 F3]
(35)

K3z = —S33:3[CraysKys — €343 53]



These are included in Equation (34), which is integrated by
parts in order to get

93[E3,0pKep + E3 (0] =0 inQ (36)

where

€33 = €33 — €3,;353;33,13

€ values are modified dielectric constants due to o5 = 0.
From the above equation, the unknown electric field E;5(¢*)
can be written in terms of bending strains as:

X3 _

1
Ey(¢%) = '——e——33f  €3,ap0apS3dys + cst 37)

The constant of integration is determined through the condi-
tion [*1 E5(¢*)dx; = 0, leading to the final expression of the
unknown electric field,

1 X3 _
E;(0%) = E—f_i 3,439 0p3& 34y 3
33

1 +1 1 X3 _
- Ef_l[é—%f_lexa;saaﬁ%d%}dxs (38)

Hence, the unknown electric potential can be simply defined
as

0% (x3) = —[ ) E3(6™)dys (39)

since ¢* = 0 on £*. Unknown electric field (38) and potential
(39) are interpreted as induced electric field and potential.
These are often neglected in the literature (Rahmoune et al.,
1996).

Expression (38) of the induced electric field is now substi-
tuted in the constitutive equation (31), which becomes,

caﬁ(o) = G;kg(O) - E};aBE3((pO) (40)
where
05(0) = Comavan — Caps(x3) 95,63

and

— _ 1
Cissr = x3Cqam + e3;uﬁ[——€ f
3

X3
16‘3;&51}’3

1 +1 1 X3 _
- Ef—x (a f—1 e3;5xd)’3)dxa}

Using definitions (32) of the normal and moment stress re-
sultants, we get,

Nop(&, 0°) = Ngg(&) — N (9%
41)

Mop(E, 0°) = M3(E) — Mga(soo)
where N 0y and M §; are related to the applied potential ¢°:

+1_
Nép@®) = [ @yapEs (") dxs
(42)
+1  _
MEG(p®) = f_l x3€3.0pE3(9%) dx;

N :B and M5 include the effect of induced electric field.
They are linked to membrane and bending strains through the
following modified constitutive equations:

N:B =CoponYon — Cf,"fa;amis
43)
Mg = Cluven — Clandsnts

where C iy, , C (',"B%; ,C gfﬁsx ,C Z‘;& are membrane, membrane-
bending and bending modified elastic plane stress constants.
They are given by:

m o= Y'E mb* — (1%
CGB&\. =J_ C(XB&L dX3, chﬁ& =J C“B&‘ dX3
(44)
1 = ,, +1
Cabfin& = f—] x3cﬂﬂ5kdx3’ Cg&;‘. = f—l x3C:B§;“dX3

It’s worthwhile noticing that modified constitutive equations
(43) are not symmetric due to membrane-bending elastic
constant because of the piezoelectric coupling.

Substituting Equations (43) into (41), then in the varia-
tional problem (33), gives the following new variational
property:

S IV E©) vap () — ME(&)dggns ) do
= [ Ipm: —madanzldo + [ [N (@) vap(m

- M%(p°)agpmslde (45)

Compared to a classical elastic variational problem, the
above equation, indicates that the piezoelectric effect in-
duces a modification of the constitutive equations according
to Equation (43) and an extra generalized electric force/mo-
ment vector represented by the last r.h.s. integral in Equation
(45). Hence, the numerical implementation of Equation (45)
would be very easy provided that Equations (42) and (44)
could be entered into a classical structural software. The so-



lution of the above variational problem gives the mechanical
displacement &.

Now let’s see how to derive electric quantities such as ¢*
or E;(¢*). For this, let v =0 in the variational problem (28),
which becomes,

S IDs@Es(y) + Do (©Ea(W)1dQ = [_eqe)ydl

Vy (46)

Taking account of Equation (26) and making € vanish, leads
to: -

[ D:(OEs(wd2 =0, Vy €V, (47)

which implies that D; 5(0) = 0 in Q. Hence, using Equations
(25) and (35), we get:

D3(0) = &3,45Yop + E33E3(9%) (48)

In summary, to get the solution of the electromechanical
coupled problem for a smart short-circuited plate, the
variational problem (45) is first solved in order to obtain the
mechanical displacement, then the electric displacement,
field and potential could be computed, a posteriori, by Equa-
tions (48), (38) and (39) respectively. Beside, the piezoelec-
tric effect induces a modification of the constitutive equa-
tions, as indicated in Equation (43) and an extra electrical
force term as defined in Equation (42). Here it was found that
the induced electric potential and field are proportional to
bending strains, whereas the electric displacement is con-
stant through the thickness.

Local Problem

Integrating by parts the variational equation (33), gives the
following local equations:
® membrane problem
—0gNogg = py NG

(49)
Nuﬁvﬁ =0 onvy;

where Ny are given by Equations (41)-(44) and vg are
normal components of the outward normal unit vector to
Y1
® bending problem
—GQBMGB = pD3 + aama in®

(aaMuB)oﬁ + 0. (Mggvatp) = —(@gimg)v, ony;

Map'l)ﬁ'l)a =0 on vy, (50)

® clectric problem
63D3 =0 in ® (51)

Discussion of the Short-Circuited Piezoelectric
Plate Model

The present two-dimensional formulation shows that in-
plane electric displacement and field do not appear. Hence,
only their transverse components and in-plane stresses are
retained in this model. These are usual hypotheses in the lit-
erature, but find here a mathematical background.

It was found that, when the induced potential is not ne-
glected, electric displacement and field are constant and lin-
ear in the thickness direction, respectively. When the induced
field is substituted in the constitutive equations, by its ex-
plicit expression in terms of the bending strains, the electro-
mechanical problem uncouples. Thus, the mechanical prob-
lem is solved first for mechanical displacements, then these
are used to compute, a posteriori, the electric quantities
(field, potential, charge, displacement).

If the induced electric potential is neglected, for consis-
tency reasons, the transverse electric field component is con-
stant in the thickness direction. Consequently, the transverse
electric displacement becomes linear, i.e., D3(0) = e3.5)(Ys), —
x305:.83) + E33E5(p?), but does not ensure the electric equilib-
rium equation (51). Hence, assuming constant transverse
electric field and displacement, as retained in many papers, is
contradictory. The right electric assumptions for short-
circuited piezoelectric plate should be constant electric dis-
placement and linear electric field as explained above.

According to Equation (48), bending strains do not induce
electric charge, only membrane strains can do so for homo-
geneous piezoelectrics. However, both strains can generate
electric charges for the practical case of multilayer configu-
rations where piezoelectrics are either surface-mounted to or
embedded in a host structure.

INSULATED PIEZOELECTRIC PLATE MODEL

The objective of this section is to develop the limit
variational problem associated with an insulated piezoelec-
tric plate when € tends to zero. Starting from local equations
(1)-(3) and (5)—(7) and their corresponding three-dimen-
sional variational problem (13), in conjunction with mechan-
ical [Equations (10)-(12)] and electric [Equation (14)]
parameters scaling, asymptotic electric potential and dis-
placement are first deduced through an asymptotic analysis;
then an equivalent two-dimensional variational model is for-
mulated together with its associated local equations.

Asymptotic Electric Displacement and Potential

Compared to the above short-circuited model, scaling of
electric parameters are no longer those obtained previously,



since the electric potential is now completely unknown. Its
scaling is given by Equation (14), i.e.,

P= =elp(e) (52)

Hence, in-plane and transverse components of the electric
field can be scaled as,

E (p®) =eEo(pE), E3(p°) =eEs(p(e))  (53)

Scaling of in-plane and transverse components of the elec-
tric displacement are now taken so as to satisfy the electric
equilibrium equation (3) and boundary condition (7) :

§ =&’Dy(e). Df =e’Ds(e) (54)
where
Dy () = &quxu(e) + Ex File)
Ds(e) = e~ @5, %(€) + €zt Fi(e)] = 7' Ds(e)
and
Fu(e) = Eq(p(e)),  Fi(e) =e™'Es(p(e)
Using Equations (19), (27), (53) and (54), the three-

dimensional variational problem (13), written on the fixed
domain, is now,

S [0as@®2as(v(e)) + Faz(©)e a3 (v (€))
+535@)e 2e53 (v €)]1dQ + [ 1D ©)Ea (v )

+ Dy@e Ex(y@))dQ = [ fvidQ + [, gividz*
(55)

Contrary to the short-circuited plate model, it may be
shown that the asymptotic electric potential is now constant

in the plate thickness (Rahmoune, 1997), i.e., when € goes to
zero,

) = p°(x, x3) (56)

Besides, in-plane components of the electric displacement
converge weakly according to:

D,(€) = Dy(0) in L? 57)
when € is made to vanish (Rahmoune, 1997). Here, in-plane

electric displacement components are dominant; D5 E5, the
transverse electric work is negligible versus D E,.

Two-Dimensional Variational Problem

Let’s set vy(€) = ng(x), x2) = X394M3(x), X2), v3(€) = N3(xy, X,)
and y(g) = y(x}, x,) in the variational problem (55) and tend €
to zero, in order to get,

S (002 45%) + Do (OE, (y))dQ2

= [ fwidQ+ [ . gvidz® (58)
where
€qg(V) = Yap — X304pM3
Gaﬁ(o) = Qagmﬁax - §A;QBEA(¢)
C opon» €1, op are modified elastic and piezoelectric constants

duetoo;=0and 53,3 =0. They are given in the Appendix.
Introducing the following electric charge:

0, = [ Dyax, (59)

where
D, = €5.0p€ + €, E

(€,, are modified dielectric constants given in the Ap-
pendix), together with stress resultants (32) and generalized
forces (33) in the above three-dimensional variational prob-
lem, reduces it to the following two-dimensional one,

S [N apYap() = Mgd ogms + 0 Ex (w)]do
=fm[l71ﬂi —mgdgns3ldo

Y(ng, N3, ¥) € Vi, X W, X H' (@)/R (60)

This equation indicates that the electromechanical prob-
lem cannot be uncoupled in general, and that the coupling is
between in-plane components of stresses and the electric
field. However for orthorhombic piezoelectric media like
PZT, theelectrical and mechanical problems are not coupled.

Local Problem

Integrating by parts the above two-dimensional varia-
tional problem leads to the following local equations:

® membrane problem
—BBNQB = Pq in ®

(61)
NGBVB =0 on vy,



® bending problem

—0ggMop = p3 +3omg, iIno

(3aMap)vg +61(M(!BDC(T[)) = —(9qmg)vy ONY
M gvgv, =0 onvy; (62)
® electric problem
0,0, =0 ino
(63)
Quve =0 ony

Discussion of the Insulated Piezoelectric Model

The present theory shows that, in general, in-plane compo-
nents of the electric field couples with all in-plane strains,
leading to a coupling between mechanical and electrical phe-
nomena.

The asymptotic electric potential was found to be inde-
pendent of x; at the zeroth order in €. This potential can be
identified to the “mean value” of the electric potential
through the thickness of the plate.

Moreover for orthorhombic piezoelectric plates, the elec-
tric and mechanical problems uncouple due to the constitu-
tive laws. The electrical problem gives the “mean value” of
the potential through the thickness of the plate. The mechani-
cal problem, using insulated elastic constants, gives the dis-
placements and as a consequence an additional electrical po-
tential induced by the deformation.

APPLICATIONS

Mechanical membrane-bending coupling and electro-
mechanical couplings depend on the symmetry and homoge-
neity of the piezoelectric plate. This section discusses these
coupling phenomena for a homogeneous and orthorhombic
piezoelectric media. In particular, such plates have no mem-
brane-bending coupling.

Homogeneous Piezoelectric Plates

Transversely homogeneous piezoelectric medium has uni-
form through thickness elastic, piezoelectric and dielectric
constants, i.e., independent of coordinate x3. Hence, previous
results can be simplified. In particular the variational prob-
lems are symmetric.

SHORT-CIRCUITED PIEZOELECTRIC PLATE
The induced electric field defined by Equation (38), re-
duces to,

€348

E3(¢*) = x3 €—6a5§3 (64)
33
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Thus, the induced potential (39) is now simply,

1 EB;
o*(x3) = =l —x2) =2 5 585

(65)
€3

Equations (64) and (65) show that both induced electric field
and potential are proportional to bending strains. The former
is linear in x3, whereas the latter is parabolic.
From these relations, generalized constitutive equations
(43) reduce to,
N3 My = —ng;,3315§3

= CZ'mea > (66)

where

— 2
- b*  _ '
Cg'ms - 2Cam’ Cama - '3‘C<1B>~5
€3,08€3;35

33

Cuprs = Coprs +

according to Equation (44). Notice that only bending con-
stants are modified by the piezoelectric effect. In fact C ;Bxﬁ
constants are insulated plane stress elastic constants.

Since there is no membrane-bending coupling, two uncou-
pled mechanical problems can be defined:

® a membrane problem, for which:

meZ‘a(éa)vaB(na)dm

= fmpunadm + meSB(so")vag(na)dm, e EVie
(67)

® abending problem, for which:
S MEE) dognzdo = [ (=p3ns +madans)do

+ megﬁ(SDO)auaﬂ:sdm’ Vs € Wy, (68)

The electric displacement is still defined by equation (48).

For constant prescribed electric field E;(¢°), Equations
(42) reduce to:
N =28,5E5(9%), MEHp®) =0  (69)
Therefore, the piezoelectric coupling induces modifications
of the classical plate model:

® a membrane constitutive law using short-circuited plane
stress elastic constants



® a bending constitutive law using insulated plane stress
elastic constants

¢ additional generalized electric in-plane forces N 35((/)0)
proportional to the prescribed electric field Es(¢°) for the
membrane problem

® no additional generalized electric moments M &, (¢°) rela-
tive to the prescribed electric field E5(¢°) but an additional
potential proportional to bending

So, to solve the problem for the short-circuited thin plate,
one calculates the prescribed electric potential ¢, then the
displacements § of the plate with modified constitutive laws,
then the induced potential ¢*. If it is desired to solve the
variational problem using finite element codes, one can have
trouble introducing different elastic constants for membrane
and bending. This can be overcome by replacing the piezo-
electric plate by an equivalent three layered plate having
usual constants for plates.

INSULATED PIEZOELECTRIC PLATE

The two-dimensional electromechanical variational prob-
lem is that defined in Equation (60), for which generalized
constitutive equations read now:

Nc:B = Z[Qag;,s'}'m - Qx;qﬁEx(‘P)]
(70)
2
Muﬁ = _ggamaam&3
Qo =2[eq571s T EREn(p] (71)

Here, the electromechanical variational problem (60) does
not uncouple. Moreover the coupling is between the in-plane
components of membrane strain or stresses and plane com-
ponents of electric field or displacement. From Equations
(69), (70) and (71) it is clear that bending strains could not be
correlated to any electric quantity measured on the plate sur-
face.

Orthorhombic Homogeneous Piezoelectric Plates

Actually, commonly used piezoelectric materials are
transverse isotropic (like PZT) or orthorhombic (like
PVDF). That is the reason why we focus here on ortho-
rhombic piezoelectric materials for which simplifications
occur. These materials have the following short-circuited
elastic matrix,

Cin Cun Cnz 0 0 0
Ciuzz Caxn Cxz 0 0 0
c Cnsz Caaz Cazz O 0 0
0 0 0 Cus 0 0
0 0 0 0 Cas O
0O 0 0 0 0 Cpon.

and piezoelectric and dielectric matrices,

11

0 0 0 0 esy 0
e=|( 0 0 0 e, 0 O
e €32 ey 0 0 0

(ST 0 0

e=|0 €, o0

0 0 Eup

Piezoelectric material constants depend on the direction of
the material axes and electric polarization. Here, the former
is supposed to be parallel to the reference axes and the latter
is supposed perpendicular to the plate. Modified material
constants, taking account of the piezoelectric effect in a clas-
sic mechanical problem, are now presented.

SHORT-CIRCUITED PIEZOELECTRIC PLATE
1. For an extension problem, the plane stress elastic con-
stants are,

— C3315C330p

Caoprs = Coprs — (72)

C3333

where Cjj; are the short-circuited elastic constants.
2. For a bending problem, the plane stress elastic constants
are

s i i
. = €3:25€3,08 ., C335C 3308
Cops = Coprs + T e. s T T a
3 Ciss3
(73)
where
_ _ Ciapess  — €3,33€3:33
€3ap = €3p T T o € = €3 —————
3333 58]

The constants C l‘;m are the insulated elastic constants.
The only difference with the homogeneous case is a
simplification of the plane stress elastic constants.

INSULATED PIEZOELECTRIC PLATE

Since modified piezoelectric constants ¢, ., are nil here,
there is no coupling between in-plane components of stresses
and electric field. The mechanical problem and the electric
problem are not coupled. One obtains a classical elastic plate
model with plane stress elastic constants having for mem-
brane and bending the expressions:

2
NaB = ZQQ;;M;YAE’ My = _g_C_an56A8§3 (74)
where
i i
Coprs = C;ma - C331§C33u3
- Cis



The electrical potential ¢ is then the solution of the follow-
ing problem:

a
_<p=0 ony = dw

5
an (73)

Ap =0 ino,

which can be used to find the constantpotential. This resultis
similar to that given in Maugin and Attou (1992).

CONCLUSION

The present theory shows that, for thin homogeneous pi-
ezoelectric plates, a priori consistent mechanical hypotheses
are:

1. Only in-plane stresses have to be retained (o3; = 0).
2. The transverse electric displacement is constant through
the plate thickness.
3. Mechanical displacement field is of Kirchhoff-Love type;
1.e., in-plane and transverse components are, respectively,
linear and constant through thickness.
4. The electric potential is the sum of two potentials ¢, and
Pi:
® The former ¢,, which vary linearly through the thick-
ness of the plate, depends on the electrical boundary
conditions.

® The latter ¢;, which vary quadratically through the
thickness of the plate, does not depend on the electrical
boundary conditions.

However, a priori, other electric assumptions depend on
the electric boundary conditions. They are:

® for a short-circuited plate:

(a) Only transverse components of the electric field and
displacement have to be retained.

(b) The electric potential ¢, is known explicitly from the
prescribed potentials on the upper and lower faces.

(c) The electric potential ¢; is known explicitly from the
flexural displacement and is called the induced poten-
tial.

® for an insulated plate

(a) Only in-plane components of the electric field and dis-
placement have to be retained.

(b) The electric potential ¢, is constant through the thick-
ness and is only coupled to the membrane displace-
ment; moreover, for an orthorhombic plate, this poten-
tial does not depend on the displacement.

(c) The electric potential ¢; is known explicitly from the
flexural displacement and is called the induced poten-
tial.

The present theory also indicates that bending strains
could not be correlated to any measurable or applied electric
quantity on piezoelectric plate surfaces.

These results make it possible to develop a similar plate
theory for laminates with some of the layers being piezoelec-
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tric. Moreover, classical finite element codes can be used to
find approximations of multilayer plate problems with pi-
ezoelectric layers. In practice, it is possible to solve a me-
chanical problem for the displacements; then the potential is
obtained explicitly from these displacements.

For plates continuously heterogeneous through thickness,
the results are more complicated.
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APPENDIX

Modified Constants for the Insulated
Piezoelectric Plate

Modified material constant used in Equations (58) and
(59) are defined by,

c

Copar = Capsr — Copi3Si3j3Crzmn — €3.08h3.0

€r.0p = €niap — Copes Sk3j3€n;j3 ~ €305 Em

€ia = Era ~ €a3Si3jaen;jz — €3€En
where
~ €3.4k3€3,ap
Copiz = Coppz +——
€3
€3.13€ -t
-~ 3;k3€3;53
Siajz = [Ck3j3 + _—]
33
5 = €3;j3 €3
M3 T €y T
Es;
En=—"I[€n + e343513;36r;j3]
€3
hys = e [es.sn — €3,43513j3C 3. ]
33
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