
HAL Id: hal-03177954
https://hal.science/hal-03177954v1

Submitted on 24 Mar 2021

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Whole-body motion tracking for a quadruped-on-wheel
robot via a compact-form controller with improved

prioritized optimization
Wenqian Du, Mohamed Fnadi, Faïz Ben Amar

To cite this version:
Wenqian Du, Mohamed Fnadi, Faïz Ben Amar. Whole-body motion tracking for a quadruped-on-
wheel robot via a compact-form controller with improved prioritized optimization. IEEE Robotics
and Automation Letters, 2020, 5 (2), pp.516-523. �10.1109/LRA.2019.2963822�. �hal-03177954�

https://hal.science/hal-03177954v1
https://hal.archives-ouvertes.fr


IEEE ROBOTICS AND AUTOMATION LETTERS. PREPRINT VERSION. ACCEPTED DECEMBER, 2019 1

Whole-body Motion Tracking for a
Quadruped-on-wheel Robot via a Compact-form

Controller with Improved Prioritized Optimization
Wenqian Du1, Mohamed Fnadi1 and Faı̈z Benamar1

Abstract—This paper develops a more general dynamics
controller to generate whole-body behaviors for a quadruped-
on-wheel robot. To track the quadruped centroidal motion, the
wheeled motion is achieved by combining the wheel contact
constraints and the centroidal momentum/dynamics model. The
dynamics controller is based on a new hybrid hierarchical and
prioritized weighted optimization framework. We propose one
concept of a recursively updated dynamics model and this model
enables to integrate the new prioritized weighted scheme in
the hierarchical framework. In contrast with the conventional
weighted scheme, we propose to use null-space projections
among its sub-tasks. Then the prioritized impedance controller is
proposed and integrated in our dynamics model, which enables
to influence the hierarchical and prioritized weighted tasks in
a decoupled way. The task accelerations in the two schemes
are extracted with quadratic forms depending on the actuated
torque and the prioritized impedance force using null-space based
inverse dynamics. The inequality constraints are modified to
ensure the compatibility with the hybrid convex optimization.
This dynamics controller is more general and its algorithm is
given completely which enables our robot to track the centroidal
motion on rough terrain and handle other missions in three
simulation scenarios.

Index Terms—Optimization and optimal control, dynamics,
legged robots, wheeled robots.

I. INTRODUCTION

FROM a practical point of view, quadruped-on-wheel
robots combine the advantages of conventional vehicles

and legged robots, which have more versatile locomotion
modes from rolling to walking, climbing, running and
jumping, etc. This kind of robot is not tied to discontinuous
natural environments and also reduce energy consumption on
continuous terrain using only wheeled motion. Therefore, it
has more potential for universe exploration, mining, industry
or disaster rescue. However, these enhanced locomotion skills
come with more complex motion and torque control.

In this state of the art, only quadruped-on-wheel robots with
active redundant actuators are reviewed. The Hylos robot [1] is
developed in ISIR laboratory and is capable to run on rough
terrain by changing its base center-of-mass (CoM) position
and optimizing the joint torques and contact forces using
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Fig. 1. “TowrISIR”, a quadruped-on-wheel robot developed in ISIR lab is
equipped with 12 hydraulic actuators and 4 wheel motors. Each leg has 4
joints, including hip abduction/adduction joint (HAA), hip flexion/extension
joint (HFE), knee flexion/extension joint (KFE) and wheel forward/backward
joint (WFB). One manipulator is installed on its base.

structure redundancy. The Complios robot [2] is designed with
active and passive compliant joints driven by Series-Elastic
Actuation which can climb obstacles using reinforcement
learning. Authors in [3] developed a hydraulic actuated legged-
on-wheel robot, which has a similar control method as Hylos
that computes the inverse kinematics to track the desired base
trajectory and optimize the posture. However, the simplified
dynamics model or the kinematics-based controller limits
the diversity of dynamic behaviors. Another quadruped-on-
wheel robot is developed in ETH Zurich, ANYmal [4] which
combines the advantages of the legged motion and wheeled
motion, in which contact points are estimated, and hierarchical
optimization is applied to track the contact footholds which
come from a model based predictive controller. However,
most of the works track the base motion without considering
the whole-robot CoM motion. As we know, the system
CoM occupies a special place in its dynamics. The system
translational and angular momentum can be defined here
naturally and authors in [5] verify that control of the centroidal
angular momentum can enable more natural rich whole-body
motion. Recently, one centaur-like robot, CENTAURO [6] is
developed to track the system CoM motion by using only the
first-order inverse kinematics. However, there is no application
for tracking the centroidal motion of quadruped-on-wheel
robots using whole-robot dynamics.

For whole-body torque control, compared with the pseudo-
inverse based dynamics method in [7], optimization based
techniques can deal with general constraints. The optimization
solver is based on Quadratic Programming (QP), in weighted
or hierarchical scheme. Weighted schemes optimize all tasks



2 IEEE ROBOTICS AND AUTOMATION LETTERS. PREPRINT VERSION. ACCEPTED DECEMBER, 2019

in one QP [8], unfeasible behaviors may occur when weights
are not well distributed or the robot degrees of freedom (DOF)
are not enough and all tasks are fulfilled with a compromise.
Furthermore, various feedback controllers are integrated which
may influence all tasks together and cannot be accepted.
The hierarchical cascade QP framework (HQP) is proposed
in [9] which ensures strict hierarchies so that low priority
tasks cannot conflict with high level tasks. Moreover, [10]
generates several types of motions (sitting, yoga, walking)
by applying hierarchical QPs and Stack of Tasks that enable
adding or removing tasks at any moment. Furthermore, two
kinds of hierarchical least square optimization algorithms
are developed in [11] and [12], in which high-priority tasks
are solved initially and the expected task errors serve as
equality constraints for low-priority tasks. The hierarchical
conic optimization [11] is applied to control the centroidal
angular momentum to generate humanoid behaviors. Pseudo
inverses are integrated in HQP to optimize hybrid tasks
related to motion and force for a quadruped robot [12]. In
addition, [13] proposes to avoid equality constraints which are
generated between hierarchies, by using null-space projectors
in the cost function and inequality constraints. The weighted
and hierarchical QPs are combined together in [14]. In
these works, for each task, a specific feedback impedance
controller is added to enable the compliance of a specific
task. However, these works did not handle the consistency of
general impedance controllers with task hierarchies, especially
the ones which indirectly influence the whole-body motions.

In this paper, given the quadruped-CoM translational motion
reference, the wheeled motion is firstly generated by using
the wheel contact constraints and the decomposed centroidal
momentum and dynamics models. Then to track the whole-
body motion references, we develop one compact-form torque
controller which has several sub-contributions: This controller
is based on one hybrid hierarchical-weighted QP solver which
is achieved by a proposed recursively updated dynamics
model. This model is used to extract the task accelerations
in each hierarchy with quadratic forms. For one hierarchy
with several sub-tasks, in contrast with the conventional
weighted QP, we firstly propose that priorities exist in the
weighted scheme, and the proposed model enables to integrate
this new weighted scheme into the hierarchical control
framework. Then we propose to combine our prioritized
impedance controllers into the task extractions by modifying
the recursively updated dynamics model. By using our method,
the designed hierarchical tasks and weighted sub-tasks are
influenced by the impedance forces in a decoupled way.
Furthermore, this method can handle various impedance
controllers, especially for the general ones which indirectly
influence the designed tasks. With these fundamental theories,
the new hybrid hierarchical and prioritized weighted control
scheme is more general and complete compared with existing
works. The whole algorithm is completely described and can
be used for other high-DOF locomotion robots.

The remainder of this paper is organized: In Section II,
system modeling is firstly detailed. Then the compact form
dynamics controller is developed in Section III. In Section IV,
we test our method through numerical simulations. Section V

Fig. 2. Connectivity of TowrISIR: The robot has NB = 23 bodies, the
manipulator accounts for 6 bodies and the quadruped part has 17 bodies. The
quadruped-CoM frame G is set parallel with the base frame 1. The frames
relating to the inverse kinematics are zoomed in, including the contact frame
ci, wheel frame wi. F, L, R, H represent front, left, right and hind.

closes the paper with conclusion.

II. SYSTEM MODELING

“TowrISIR”, a quadruped-on-wheel robot is designed in
ISIR laboratory (see Fig. 1). It is equipped with one floating
base and four branches, each branch has three active-actuated
leg joints and one wheel joint. The extra wheel joints induce
more complexity to the kinematics/dynamics model. To track
the quadruped-CoM motion, the real-time wheel motion is
generated by combining wheel contact constraints and the
centroidal momentum/dynamics model.

A. Whole-Robot Dynamics Modeling

This robot has n = 28 DOF in which 6 DOF is relative to
the floating base motion (see Fig. 2). The robot configuration
is represented as

qqq =
[
xT

b qqqT
r qqqT

w qqqT
m
]T ∈ Rnb+nr+nw+nm=n, (1)

where xb = [θθθ T
b , pppT

b ]
T is the orientation and position of the

floating base in inertial global coordinate, qqqr ∈Rnr represents
nr = 12 revolute joint configurations, qqqw ∈ Rnw represents
nw = 4 continuous wheel joint configurations, qqqm ∈ Rnm

represents nm = 6 revolute arm joint configurations. We define
qqqg =

[
qqqT

r qqqT
w qqqT

m
]T to represent the actuated joints.

The generalized dynamics model in joint space is derived
by Newton-Euler using spatial vectors [15] as follows,

M(q)q̈+C(q, q̇)+G(q) = JT
c Fc +SSST

τττ = τ̃ττ, (2)

where M ∈ Rn×n, C ∈ Rn, G ∈ Rn, Fc ∈ R3nc are the inertia
matrix , centripetal & coriolis force, gravity force and contact
forces respectively. nc is the contact point number. JJJc ∈R3nc×n

is the contact Jacobian, only considering the translational
motion of all contact points. τττ ∈Rnr+nw is the actuated torque
and SSS ∈ R(nr+nw)×n is the selection matrix.

In this paper, we focus on the rolling motion and all wheels
are assumed to be always in contact with the ground. Then
the constant-dimension contact Jacobian is derived as below,

JJJc =
[
JJJωb

c JJJvb
c JJJr

c JJJw
c JJJm

c
]
, (3)
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where JJJωb
c and JJJvb

c relate to the base angular and translational
motion respectively, which are both ∈Rnc×3. JJJr

c ∈Rnc×nr and
JJJw

c ∈ Rnc×nw relate to the revolute and wheel joint motion
respectively. JJJm

c ∈Rnc×nm = 000 relates to the manipulator joints.
Assuming that there is no slippage between the contact points
and the ground, the velocity of the wheel contact points
is expressed by the following constraint (4a) and its time
derivative is in (4b),

vvvc = Jcq̇ = JJJωb
c ωωωb + JJJvb

c vvvb + JJJr
cq̇qqr + JJJw

c q̇qqw = 0, (4a)
v̇c = JJJωb

c ω̇ωωb + JJJvb
c v̇vvb + JJJr

cq̈qqr + JJJw
c q̈qqw + J̇cq̇ = 0, (4b)

where vvvc is the velocity of all wheel contact points. ωωωb and
vvvb denote the base angular and translational velocity.

B. Consistent Rolling Motion Generation

We set a frame at the quadruped CoM to be parallel with
the inertial frame, which enables convenience to control the
quadruped-CoM motion in the inertial frame. In the control
framework shown in Fig. 4, we concentrate on the rolling
mode and the quadruped-CoM translational motion serves as
the reference. Its forward motion is achieved by the wheeled
locomotion and its vertical and lateral motion are handled
by the legged suspension, e.g. squirting motion. Its desired
leg-joint references (qqqd

r , q̇qqd
r , q̈qqd

r ) are generated by one legged
motion generator which also outputs the desired base angular
motion, shown in Fig. 4, however, it exceeds the topic of
this paper. The desired legged motion serves as the inputs
of the wheel motion generator. Since the wheel contact points
always change even when the robot squirts down, to track
the quadruped-CoM motion, the wheel motion should be
consistent with the legged suspension.

The wheel motion generator is developed by combining
the wheel contact constraints and the quadruped centroidal
momentum/dynamics model. The inputs of the wheel
velocity and acceleration generators are respectively
{pppG,vvv

d
G,θθθ b,ωωω

d
b ,qqqr, q̇qq

d
r ,qqqw} and {pppG,vvvG, v̇vvd

G,θθθ b,ωωωb, ω̇ωω
d
b ,qqqr,

q̇qqr, q̈qq
d
r ,qqqw, q̇qqw}, where pppG and vvvG denote the quadruped-CoM

position and translational velocity, respectively. The global
solving process: the base translational velocity vvvb and
acceleration v̇vvb can be extracted out from the decomposed
centroidal momentum and dynamics equations respectively,
and vvvb and v̇vvb are substituted into the inverse kinematics
equations in (4a) and (4b). Then the wheel velocity q̇qqw and
acceleration q̈qqw are derived using Moore-Penrose inverses.

1) Wheel Velocity Generator: The wheel motion q̇qqw can
be derived by combining one kinematic velocity constraint in
(4a), and the quadruped centroidal momentum model which is
divided into parts relating to the base motion, legged motion
and the wheel motion as follows,

IG

[
ωωωG
vvvG

]
= 1XT

GIquad

[
ωωωb
vvvb

]
+ 1XT

G ∑
jXT

1 I j
bv j +Qwq̇qqw, (5)

where j ∈ Leg Bodies which include bodies except for the
base, wheels and the manipulator. Iquad is the quadruped
composite inertia in the base frame. ωωωG is the quadruped-
CoM angular velocity. bv j is the spatial velocity of leg body
j relative to the base. 1XG is the transformation matrix from

Algorithm 1: Derivations of QQQrq̈qqr and Qbias.
Define B, E, e j and b j as middle-process variables.
B = v1× I1v1, E = 000, e1 = 000, q̈qqw = 000, b1 = 000.
for j = 2 to 17 do

v j =
jXp( j)vp( j)+ΦΦΦ j q̇qq j

e j =
jXp( j)ep( j)+ΦΦΦ j q̈qq j

E = E+ jXT
1 I je j

b j =
jXp( j)bp( j)+v j×ΦΦΦ j q̇qq j

B = B+ jXT
1 (I jb j +v j× I jv j)

end

QQQr q̈qqr =
1XT

GE and Qbias =

[
ωωωG
vvvG

]
× IG

[
ωωωG
vvvG

]
− 1XT

GB.

quadruped CoM frame to the base frame, shown in Fig. 2.
jX1 transforms vectors from base frame to body frame j. I j
represents the body j inertia. Qw ∈ R6×4 is derived as,

Qw = 1XT
G
[

w1XT
1 Iw1ΦΦΦw1 · · · w4XT

1 Iw4ΦΦΦw4

]
, (6)

where Iwk and ΦΦΦwk (k∈ {1, · · · ,4}) denotes the inertia and free
modes of the wheel k respectively (see Fig. 2). wk X1 transforms
spatial vectors from the base frame to the wheel frame. From
(5), vvvb can be extracted and substituted to (4a), then q̇qqw can
be derived using Moore–Penrose inverse.

2) Wheel Acceleration Generator: The wheel acceleration
q̈qqw is derived using the kinematic acceleration constraint in
(4b), and the centroidal dynamics constraint which is also
divided by the base motion, legged motion, wheeled motion
and one bias item as below,

IG

[
ω̇ωωG
v̇vvG

]
= 1XT

GIquad

[
ω̇ωωb
v̇vvb

]
+Qrq̈qqr +Qwq̈qqw−Qbias, (7)

where Qrq̈qqr and Qbias are achieved in Algorithm 1 using the
indexes shown in Fig. 3. In the algorithm, v j represents the leg
body j spatial velocity, and p( j) represents the parent body
of body j. From (7), v̇vvb can be extracted out and substituted
to (4b), then q̈qqw can be derived. The detailed mathematical
derivations for achieving the wheeled motion are omitted here.
The by-products contain the quadruped CoM angular motion
and the base translational motion.

Fig. 3. Indexes for Algorithm 1. Numbers inside and outside each circle
represent the body index and joint index respectively. Indexes from 1 to 17
represent the Quadruped Bodies. Dashed circles represent the manipulator.

C. Quadruped Centroidal Jacobian

To control the CoM motion of the Quadruped Bodies
which include bodies except the manipulator, we derive the
Jacobian at the quadruped CoM as below,

JJJG = [1XT
G(UUUMMMquadUUUT )1XG]

−1(1XT
GUUUMMMquad), (8)

MMMquad = ∑JT
i IiJi, i ∈ Quadruped Bodies (9)
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where UUU = [1116×6,0006×(n−6)]. It is noticed that MMMquad ∈ Rn×n

is the quadruped mass matrix, which means that components
in MMMquad relating to the manipulator bodies are equal to zero.
And MMMquad is one by-product when getting the whole-body
generalized mass matrix MMM through the Composite Rigid Body
algorithm [17]. The quadruped composite inertia in the base
frame is Iquad = UUUMMMquadUUUT and the composite rigid body
inertia at the quadruped CoM is IG = 1XT

GIquad
1XG. With JJJG,

tasks relating to quadruped CoM can be integrated into the
prioritized operational space control framework.

Apart from the quadruped-CoM motion and wheel motion,
the manipulator end-effector motion is generated using the
Kinematics-Dynamics Library (KDL) [19]. It is noticed
that conventional acceleration at the end effector should be
modified to be consistent with spatial accelerations.

Fig. 4. Control Framework: Given the quadruped-CoM translational motion
reference, the wheel motion is achieved, detailed in Section II-B. The motion
references serve as the inputs of our dynamics controller in the dashed
red box, including the proposed recursively updated dynamics model, task
extractions, prioritized impedance controllers, recursively updated inequality
constraints and convex optimization. Three hierarchies are defined and each
color stands for one hierarchy. The highest hierarchy includes the quadruped-
CoM translational/angular motion sub-tasks. The controller is detailed in
Section III. The variables in this framework are detailed throughout this paper.

III. COMPACT FORM DYNAMICS CONTROLLER

In this section, we develop a compact-form dynamics
controller to track the whole-robot motion. The control
framework is shown in Fig. 4. Initially, we propose one
concept based on one recursively updated dynamics model.
For hierarchies with only one task, we extract the task
accelerations from this model using the prioritized inverse
dynamics method. In addition, for hierarchies with more than
one task, our proposed model enables to integrate one new
prioritized weighted scheme into the hierarchical scheme,
and the sub-task quadratic-form extractions are achieved
depending on the actuated torque for the first time. To
achieve multi-task compliance, various impedance controllers
are proposed to be integrated in our proposed model to ensure
consistency with the task hierarchies. Then the inequality
constraints are modified recursively to be compatible with our
approach. Finally, the compact algorithm is given completely.

A. Recursive Updated Dynamics Model for Strict Priorities

According to the prioritized operational-space inverse
dynamics, the following torque equation embodies a multi-

task control hierarchy (with K level tasks),

τ̃ττ = JJJT
c FFFc +

K

∑
i=1

NNNT
pre(i)SSS

T
τττ i, (10)

where NNN pre(i) is the null-space projector and can be calculated
recursively as NNN pre(i+1) = NNN pre(i) − J̄JJi|pre(i)JJJi|pre(i). JJJi|pre(i) =
JJJiNNN pre(i) denotes the prioritized operational space Jacobian
for task i, which is in the null space of previous tasks,
represented as pre(i). NNN pre(1) = NNNc represents the null-space
projector of the contact Jacobian. J̄JJT

i|pre(i) is the prioritized
contact dynamics-consistent inverse of Jacobian. In this way,
the generated torque for each level, τττ i, will not conflict the
achievement of tasks higher than level i.

For K hierarchies, the desired task acceleration references
in the operational space is ẍ∗1 to ẍ∗K . The error between the
desired reference ẍ∗i and the expected ẍi can be used as inputs
of the optimization solver. In contrast with the conventional
prioritized operational space control which uses one dynamics
model, we propose to modify the dynamics model in (2) in
a recursive way. To be general, for hierarchy i, the dynamics
model is updated in an additional recursive way by combining
all tasks in hierarchy < i.

Mq̈+C+G = JT
c Fc +

i−1

∑
t=1

NNNT
pre(t)S

T
τττ t +ST

τττ i, (11)

when there are feedback compliance controllers, this model
should be modified to (29) to combine our proposed prioritized
impedance controllers in Section III-D. It also enables to
integrate our prioritized weighted scheme in Section III-C into
the hierarchical control scheme in Section III-B. By using this
model, we achieve each quadratic-form extraction of the tasks
in the two schemes in a dynamically recursive way, which
avoids equality constraints.

B. Task Extraction for the Hierarchical Framework

With the updated dynamics model in (11), we can achieve
the task i acceleration and extract its quadratic form depending
on the actuated torque as below,

ẍi = AAAT
i τττ +BBBi, (12)

where the general matrices AAAi and BBBi are derived by
introducing hhhi|pre(i) = µµµ i|pre(i)+ρρρ i|pre(i) as follows,

AAAT
i = ΛΛΛ

−1
i|pre(i)J̄JJ

T
i|pre(i)S

T , (13)

BBBi = JJJiMMM−1
i−1

∑
t=1

NNNT
pre(t)SSS

T
τττ t −ΛΛΛ

−1
i|pre(i)hhhi|pre(i), (14)

where ΛΛΛi|pre(i), µµµ i|pre(i), ρρρ i|pre(i) represent respectively the task
i operational space inertia, Coriolis/centrifugal, gravity forces
which are in null spaces of tasks < i, detailed in [7].

The hierarchical convex optimization can be designed for
each hierarchy in the operational space simply as,

JJJi(τττ i) = ‖ẍ∗i − ẍi‖2 + ε‖τττ i‖2 (15a)

= 1
2 τττ

T
i (AAAiAAAT

i + ε111)τττ i + τττ
T
i AAAi(BBBi− ẍ∗i ) (15b)

= 1
2 τττ

T
i HHH iτττ i + τττ

T
i gggi, (15c)



DU et al.: WHOLE-BODY MOTION TRACKING FOR A QUADRUPED-ON-WHEEL ROBOT VIA A COMPACT-FORM CONTROLLER 5

where JJJi(τττ i) is the cost function. HHH i and gggi denote the
symmetric Hessian matrix and the gradient vector for
hierarchy i. The objective is regularized by a small value ε ,
which ensures positive definiteness of the objective Hessian.
τττ i is the extra torque required apart from the higher level ones.

We define the optimal actuated torque for hierarchies ≤ i
as τττopt|i and we propose to use QR decomposition projector
PPPQR as a mapping matrix in the hierarchical optimization,

τττopt|i = PPP
i

∑
t=1

NNNT
pre(t)SSS

T
τττ t , (16)

where PPP = (PPPQRSSST )+PPPQR and PPPQR only depends on the
contact Jacobian and ensures the actuated torque to be
independent on the contact force [16]. In each optimization,
τττopt|i−1 is the torque required for < i hierarchies, which should
be integrated into the inequality constraints in Section III-E.
In the final hierarchy K, the required final torque for all
hierarchies τττopt|K is achieved. With the proposed recursively
updated dynamics model and null-space projections, the
hierarchical scheme avoids equality constraints. To achieve
task compliance, the model can be modified to (29) to include
our prioritized impedance controllers in Section III-D.

C. New Integrated Prioritized Weighted Framework

When tasks in some hierarchies need importance
distribution and no priority can be decided, the weighted
optimization should be applied. Assume that there are ri tasks
in hierarchy i and they should all be in the null space of
higher-hierarchy tasks.

In contrast with the conventional weighted optimization, we
propose to use null-space projections among the ri sub-tasks
as if hierarchies exist among them. Although this weighted
scheme cannot ensure strict hierarchies, when there is not
enough DOF for the robot, feasible motion directions can
be selected for one specific task in this hierarchy by using
decomposition methods. In addition, to achieve compliance
of the sub-tasks, this scheme enables to integrate impedance
controllers and decouple its influence to each sub-task. This is
the first time that the prioritized weighted scheme is integrated
into the hierarchical convex optimization and the quadratic-
form extractions of ri sub-tasks are achieved.

The Jacobian for the ri sub-tasks can be written as: JJJi =[
JJJT

i1 · · · JJJT
iri

]T
, where JJJi j is the Jacobian for sub-task j

in hierarchy i. Assume that the previous (i− 1) hierarchies
have been calculated, the ri sub-tasks in this hierarchy will be
optimized together. We define ẍi to combine all sub-tasks and
each task acceleration ẍi j can be extracted depending on the
actuated torque using the updated dynamics model in (11) as,

ẍi j = AAAT
i j

τττ i +BBBi j , j ∈ {1, · · · ,ri} (17)

where the coefficient matrices AAAi j and BBBi j are derived as,

AAAT
i j
= ΛΛΛ

−1
i j |pre(i j)

(AAAT
Fi j

+AAAT
Ti j
), (18)

BBBi j = ΛΛΛ
−1
i j |pre(i j)

(BBBFi j
+BBBTi j

−hhhi j |pre(i j)), (19)

where the middle-process variables (AAAFi j
, BBBFi j

, AAAsi j
, BBBsi j

, AAATi j
and BBBTi j

) are used to calculate AAAi j and BBBi j in a recursive way,

shown in Algorithm 2. JJJi j |pre(i j) means that the sub-task j is
in the null spaces of the i− 1 hierarchical tasks and j− 1
sub-tasks in hierarchy i. Then the ri task references can be
combined as below,

ẍi =

ẍi1
...

ẍiri

=

 AAAT
i1τττ i +BBBi1

...
AAAT

iri
τττ i +BBBiri

.

= AAAT
i τττ i +BBBi. (20)

Then the prioritized weighted convex optimization can
be integrated into the hierarchical framework and the cost
function JJJi(τττ i) in (15) becomes as follows,

JJJi(τττ i) = ‖ẍ∗i − ẍi‖2
wwwi
+ ε‖τττ i‖2 (21a)

= 1
2 τττ

T
i (AAAiAAAT

i wwwi + ε111)τττ i + τττ
T
i AAAiwwwi(BBBi− ẍ∗i ) (21b)

= 1
2 τττ

T
i HHH iτττ i + τττ

T
i gggi, (21c)

where wwwi is the weight matrix. Then (16) is applied to allow
the optimized torque to combine the hierarchies ≤ i. When
singularity exists for one specific sub-task j in this hierarchy,
this prioritized weighted scheme enables us to apply the eigen-
decomposition method in [7] to select the feasible motion
directions by changing ΛΛΛi j |pre(i j) as below,

ΛΛΛi j |pre(i j) =UUU r(i j)Σ
ΣΣ
−1
r(i j)

UUUT
r(i j)

, (22)

where ΣΣΣr(i j) is a diagonal matrix of non-zero eigenvalues.
UUU r(i j) is the matrix corresponding to non-zero eigenvectors.
In addition, the scheme is more advantageous, our prioritized
impedance controllers in Section III-D can be integrated to
influence the sub-tasks in a decoupled way. The hierarchical
and prioritized weighted scheme is calculated in Algorithm 2
by using the middle-process variables, LLLi and VVV i.

D. Proposed Prioritized Impedance Controllers

In this subsection, prioritized impedance controllers are
proposed and developed to be compatible with the hybrid
optimization framework. In other words, various impedance
forces should be consistent with the task hierarchies.

For our robot, we control three operational hierarchical
tasks (see Fig. 4), including the highest hierarchy for the
quadruped-CoM motion signed as G, the second hierarchy for
the wheeled motion signed as w, and the lowest hierarchy for
the manipulator motion signed as m. To verify our hierarchical-
weighted framework, the task G is artificially divided into two
sub-tasks, including the translational motion task signed as
Gv and the angular motion task signed as Gω , and then the
prioritized weighted scheme is applied.

For the two CoM-motion sub-tasks, two impedance
controllers can be integrated with priorities as below,

τττ imGv
= JJJT

Gv{KKKGv(pppd
G− pppG)+DDDGv(vvv

d
G− vvvG)} ∈ Rn, (23a)

τττ imGω
= JJJT

Gω |Gv
{DDDGω

(kkkd
G− kkkG)} ∈ Rn, (23b)

where KKKGv and DDDGv are the stiffness and damping matrices
respectively for the quadruped-CoM translational motion.
Since the quadruped-CoM angular position has no sense, only
the impedance controller on the angular momentum kkkG is
considered and DDDGw is the damping matrix. JJJGv and JJJGω
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are the Jacobians related to the translational and angular
quadruped-CoM motions, respectively. Gω |Gv means that the
sub-task (Gω ) is in the null space of sub-task (Gv).

For the wheel locomotion, the rolling resistance is not
modeled and one impedance controller is built to compensate
the inaccuracy of the contact model,

τττ imw = SSST
w{KKKw(qqqd

w−qqqw)+DDDw(q̇qqd
w− q̇qqw)} ∈ Rn, (24)

where SSSw is the selection matrix mapping vectors from Rnw

to Rn dimension. In this subsection, KKKt and DDDt always denote
the stiffness and damping matrices respectively with different
subscripts, for this case, t represents the wheel motion w.

The manipulator enables the robot to achieve various
missions. One impedance controller is added at its end effector
to achieve manipulation compliance as follows,

τττ imm = JJJT
m{KKKm(qqqd

m−qqqm)+DDDm(q̇qqd
m− q̇qqm)} ∈ Rn, (25)

where qqqm is the 6-DOF manipulator joint position and is
achieved by inverse kinematics. JJJm is its relative Jacobian.

In addition, one impedance controller is designed to allow
the base with small angular motion as below,

τττ imb = JJJT
b {KKKb(θθθ

d
b−θθθ b)+DDDb(ωωω

d
b−ωωωb)} ∈ Rn, (26)

where JJJb is the Jacobian for the base angular motion.
Furthermore, another impedance controller is established to

active legged suspension as follows,

τττ img = JJJT
g {KKKg(pppd

g− pppg)+DDDg(ṗppd
g− ṗppg)} ∈ Rn, (27)

where pppg ∈ R4 combines all wheel-center positions in the
base frame and its desired value is generated from the legged
motion generator. JJJg is the relative Jacobian.

We propose to integrate prioritized impedance controllers
into this hybrid control framework. All of them should be
consistent with task priorities and we define the prioritized
sum of the impedance control torque as below,

ΓΓΓi = {
i

∑
t=1

JJJT
t|pre(t)J̄JJ

T
t|pre(t)}∑τττ imk ∈ Rn, (28)

where ∑τττ imk denotes the sum of the impedance controllers,
shown in Fig. 4, including the ones relating to the specific
designed tasks in (23), (24) and (25), and the ones not related
to the designed tasks in (26) and (27) and other impedance
controllers, e.g. self-collision avoidance. Then we integrate ΓΓΓi
into the recursively updated dynamics model as follows,

Mq̈+C+G = JT
c Fc +

i−1

∑
t=1

NNNT
pre(t)S

T
τττ t +ST

τττ i−ΓΓΓi, (29)

By using this model, BBBi and BBBi j in (14) and (19) should
be modified correspondingly, shown in Algorithm 2. In this
way, compared to the conventional hierarchical and weighted
schemes which can integrate impedance controllers relating to
the designed tasks, our approach has two more advantages:
• Prioritized impedance forces influence the designed tasks

in a decoupled way, especially for sub-tasks in the
weighted scheme.

• General impedance controllers indirectly acting on the
designed tasks can also be integrated with priorities.

Algorithm 2: Compact Form Dynamics Controller
Initialization: τττopt|0 = 000, ΓΓΓ0 = 000.
Middle-process variables: LLL j , VVV j , j ∈ {0, · · · ,K}, and LLL0 =VVV 0 = 000.
for i=1 to K do

if hierarchy i has ri = 1 task then
AAAT

i = ΛΛΛ
−1
i|pre(i)J̄JJ

T
i|pre(i)ST

BBBi = JJJiMMM−1LLLi−1−ΛΛΛ
−1
i|pre(i)hhhi|pre(i)

BBBi = BBBi− JJJi|pre(i)MMM
−1

ΓΓΓi− JJJiMMM−1
ΓΓΓi−1

τττ i = argminτττ i
JJJi(τττ i) in (15), s.t. (34)

else
Initialization: AAAsi1

= 000, BBBsi1
= 000, AAATi1

= 000, BBBTi1
= 000.

for j = 1 to ri sub-task do
AAAT

Fi j
= J̄JJT

i j |pre(i j)
ST and BBBFi j

= J̄JJT
i j |pre(i j)

LLLi−1

if j 6= 1 then
AAAT

si j
= AAAT

sp(i j )
+ JJJT

p(i j)|pre(p(i j))
AAAT

Fp(i j )

BBBsi j
= BBBsp(i j )

+ JJJT
p(i j)|pre(p(i j))

BBBFp(i j )

AAAT
Ti j

= ΛΛΛi j |pre(i j)JJJi j MMM
−1AAAT

si j

BBBTi j
= ΛΛΛi j |pre(i j)JJJi j MMM

−1(BBBsi j
+VVV i−1)

end
AAAT

i j
= ΛΛΛ

−1
i j |pre(i j)

(AAAT
Fi j

+AAAT
Ti j

)

BBBi j = ΛΛΛ
−1
i j |pre(i j)

[BBBFi j
+BBBTi j

−hhhi j |pre(i j)]− JJJi j |pre(i j)Γ
ΓΓi

BBBi j = BBBi j − JJJi j MMM
−1{ΓΓΓi−1 +∑

j−1
t=1 JJJT

it |pre(it )J̄JJ
T
it |pre(it )ΓΓΓi}

end
AAAi = [AAAi j , · · · ,AAAiri

] and BBBi = [BBBT
i1 , · · · ,BBB

T
iri
]T

τττ i = argminτττ i
JJJi(τττ i) in (21), s.t. (34)

end
LLLi = LLLi−1 +NNNT

pre(i)SSS
T

τττ i and VVV i =VVV i−1 + JJJT
i|pre(i)J̄JJ

T
i|pre(i)LLLi

τττopt|i = PPPLLLi
end

E. Recursive Updated Inequality Constraints

The joint limits, actuation limits, unilateral condition and
the friction limitations are as follows,

qqqg|min ≤ qqqg|k+1 = qqqg|k + q̇qqg|kδ t + 1
2 q̈qqg|kδ t2 ≤ qqqg|max

q̇qqg|min ≤ q̇qqg|k+1 = q̇qqg|k + q̈qqg|kδ t ≤ q̇qqg|max

τττmin ≤ τττ |k ≤ τττmax

uuuc ·FFFc ≥ 000
|tttc ·FFFc| ≤ µ√

2
(uuuc ·FFFc) and |bbbc ·FFFc| ≤ µ√

2
(uuuc ·FFFc),

(30)

where |k and δ t denote the kth instance and the fixed sampling
time, respectively. µ is the friction coefficient. (tttc,bbbc,uuuc) are
used to select the normal, tangential and lateral directions of
the contact force. The contact force FFFc can be given by the
actuated torque τττ as below,

FFFc =−J̄JJT
c SSST

τττ +(µµµc +ρρρc) = AAAT
c τττ +BBBc, (31)

where J̄JJc is the dynamically generalized inverse of contact
Jacobian. µµµc and ρρρc are the operational space coriolis and
gravity forces. The quadratic form of joint acceleration is
extracted using our updated dynamics model with prioritized
impedance controllers in (29) as below,

q̈qq = M−1(JT
c AAAT

c +ST )τττ +M−1(JT
c BBBc−CCC−GGG−ΓΓΓi), (32)

where ΓΓΓi is integrated into this extraction. The constraints in
(30) can be written according to the actuated torque using the
extractions in (32) and (31) as below,

UUUmin ≤ QQQτττ ≤UUUmax, (33)
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Fig. 5. The robot runs on the rough terrain and handles activities which
are divided into four stages. Stage 1 shows the beginning state. In stage 2,
the robot catches the handrail using the manipulator. After the handrail, the
robot brings back the manipulator in stage 3. Then the robot squirts down
and crosses over the last bump and through the desk in stage 4.

where QQQ is the coefficient matrix combining all constraints
in (30). To enable (33) to be compatible with our control
framework, it should be modified in a recursive way as,

UUUmin ≤ QQQ(PPPNNNT
pre(i)SSS

T
τττ i + τττopt|i−1)≤UUUmax. (34)

IV. NUMERICAL SIMULATION RESULTS

The control framework proposed in Section III is tested
on our virtual robot, “TowrISIR” in Fig. 1. The optimization
is implemented using the QPOASES library, a real-time
QP solver [18]. Simulation results are reported using one
physical engine established by Ros-Gazebo. The null-space
based theory ensures the multi-task control hierarchy, we use
simulations to verify the usefulness and validity of our hybrid
control framework with prioritized impedance controllers.

The first simulation (see Fig. 5) relates to the robot rolling
on unknown rough terrain along with holding one handrail
using the manipulator. Then the robot retracts its manipulator
and squirts down to cross over the final bump and through
one desk. The handrail and desk positions are known, but
the terrain geometry is unknown. The quadruped-CoM motion
reference is set to be in the sagittal plane.

The simulation results are shown in Fig. 6. Along the
whole process, the quadruped-CoM tracking errors are very
small, and the desired and actual trajectories are almost

coincident as can be noticed in Fig. 6(a) and 6(b). Even when
the robot squirts down to cross through one desk with an
unknown bump under it, the prioritized impedance controller
still enables the tracking of the CoM height reference with a
small error. Since the quadruped-CoM translational motion is
one sub-task in the prioritized weighted scheme (see Fig. 4),
its tracking performance can also be improved by adjusting
the weight matrix. The legged motion satisfies the task
hierarchy and the contact constraint, which follows the CoM
motion reference to achieve squirting motion. The impedance
controller related to the legged motion indirectly influences
the whole-body motion, it is integrated into our prioritized
impedance controller which ensures the consistency with task
hierarchies and enables the robot to recover to its normal state
after climbing several bumps. Since we assume that the contact
points are always at the lowest points of the wheels, it is not
precise when the robot runs on bumps or slopes. Therefore, the
wheel tracking (see Fig. 6(c)) experiences moderately bigger
errors when running on bumps. In addition, it is difficult to
estimate the rolling resistance force because of the unknown
rolling friction. This issue also influences the outputs of
the motion generator and the results of the quadruped-CoM
tracking when crossing bumps in Fig. 6(a) and Fig. 6(b).
However, with the prioritized impedance controllers related
to the wheel motion, the final wheel motion error remains
at about 0.15rad which is very small. For the manipulator
motion, to catch the handrail all the time, its trajectory is
defined in a bigger range. The position and orientation errors
of the manipulator experiences a relatively big fluctuation,
shown in Fig. 6(d). However, even the touching-handrail
force is unknown, by using our hybrid dynamics controller
integrated with our prioritized impedance forces, the robot
successfully holds the handrail. In this simulation, even
with the interaction uncertainties, including unknown rough
terrain with bumps, imprecise contact points, unknown rolling
resistance and unknown external force from the handrail,

Fig. 6. Monitor of robot states. The left axes represent errors and the right axes denote positions. (a) and (b) monitor the quadruped-CoM motion in forward
and vertical directions respectively. In (c), we only plot the front-left wheel position and error because the four wheels show the similar results. (d) monitors
the arm end effector motion errors, including its orientations (roll, pitch, yaw) and positions (x, y, z).



8 IEEE ROBOTICS AND AUTOMATION LETTERS. PREPRINT VERSION. ACCEPTED DECEMBER, 2019

Fig. 7. Two other scenarios. [Left]: The robot is driven on flat ground and
uses its manipulator to open a door. [Right]: The robot runs on rough terrain
along with washing a wall.

by applying our dynamics controller, the robot successfully
finishes these missions with compliance, especially tracking
the quadruped-CoM motion.

Another two scenarios imitate the open-door process inside
offices in Fig. 7 [Left], and washing a wall in out-door
environments in Fig. 7 [Right]. The quadruped centroidal
motion tracking on the flat ground is better than on the
terrain with bumps. Even though the wheel rolling resistance
force, the open-door force and wash-wall forces are unknown,
the robot succeeds to handle the interaction uncertainties
compliantly using our dynamics controller with prioritized
impedance forces. The main results are shown in the
attachment video.

All the simulations are done on a usual PC with a i7-
7700 CPU, 3.6GHz. The sampling time is 2ms and at each
time step, our algorithm is solved with 22 decision variables
and 86 inequality constraints. The calculation time is max
1.3ms, about 769Hz. The calculation speed is similar to other
works, as well as the tracking performance with suitable
parameters in the feedback controllers. However, by using
our recursively updated dynamics model and the prioritized
impedance controller, our hybrid hierarchical and prioritized
weighted control scheme is more general and complete which
ensures the priority consistency of various impedance forces
with the tasks in two kinds of control schemes.

To summarize, the results provided by our controller are
quite satisfactory. This controller enables the robot to track the
quadruped-CoM motion adaptively and effectively, and handle
complex duties with compliance respecting contact constraints
and actuator limits.

V. CONCLUSION

In this paper, we developed a dynamics torque controller to
track the whole-body behaviors of a high-DOF quadruped-
on-wheel robot. The wheel motion generator enables the
robot to track its centroidal motion, and the generated wheel
motion is consistent with the robot legged suspension. For the
torque controller, we propose the concept of the recursively
updated dynamics model. It enables to integrate the proposed
prioritized weighted scheme into the hierarchical framework,
and enables to combine our proposed prioritized impedance
controllers to ensure the consistency of the impedance forces
with the task hierarchies. General impedance controllers
indirectly acting on the designed tasks can also be integrated
with priorities, and they influence the tasks in a decoupled way,

especially for sub-tasks in the prioritized weighted scheme. By
using this model, the task accelerations in two kinds of control
schemes are extracted depending on the actuated torque and
the prioritized impedance forces. Our dynamics controller is
more general and complete, and its algorithm is tested in
three simulation scenarios. The results show that our hybrid
hierarchical and prioritized weighted control framework is
useful and valid, and enables the robot to track the whole-body
motion references and handle various interaction uncertainties
efficiently and compliantly.
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