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The paper presents a path tracking controller for a fast rover which has inde-

pendent front and rear steering and four independent driven wheels. The paper

develop first the dynamic model of the vehicle moving on a horizontal plane.
Next, the model is linearized by assuming that the side slip angles remain small

and a linear lateral slippage model introducing the lateral contact stiffness is

used. The kinematics of the vehicle is also linearized by assuming that the rover
remains close a reference path and with a small relative heading angle. The li-

nearized model permits the design of a Linear Quadratic Regulator LQR which

is tested by using Matlab-Simulink/Adams co-simulation. Simulation results,
obtained with numerous reference paths, show a good control accuracy and

appears to be robust with respect to environment and robot state changes.

Keywords: Mobile robot, path tracking, wheel slippage, LQR controller.

1. Introduction

Outdoor mobile robots has to perform operations more and more far

and more and more quickly. Therefore we are interested in the design and

control of fast rovers which are able to move autonomously in natural en-

vironment at high velocity (up to 10m/s) following a reference path re-

ferred by RTK-GPS points. Generally, vehicle dynamics is neglected when

designing path tracking controller1,2 however purely kinematic based ap-

proaches are clearly incongruous for solving the problem of motion control

of fast rovers.

Many researches focused on path following of autonomous vehicle in

presence of sliding have been developed1.3 A kinematic model was used in4

where sliding effects are introduced as additive unknown parameters. The

sliding angle was estimated on-line. Robust adaptive controller was desi-
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gned in5 and a sliding mode control is defined in.6 High-gain controller was

designed in7 to solve the trajectory tracking problem. A fuzzy controller

was developed in8 where several levels of competences and behaviors are

implemented. These methods, as well as developed in2,4 utilize wheel ve-

locities and/or steering angles as control inputs, and a kinematic model of

the vehicle for designing a controller which stabilizes some tracking errors.

Since the vehicle dynamics is neglected, these approaches reduce hugely the

control performance (accuracy, stability, robustness...).

The paper develops a dynamic model which takes into consideration the

lateral slippage of wheels, the wheel torques distribution and independent

front and rear steering. This paper is organized as follow. Section II starts

with a description of the vehicle dynamic model with 3-DOF and using

a linear slippage model. Then, the vehicle kinematic model is presented,

introducing the relative tracking errors with respect to a reference path.

Finally, we combine the two kinematic and dynamic models, thus providing

a global linear state model. This model is used for designing a feedback

controller based on quadratic optimization. This is developed in section

III. The simulation results are given in the last section IV, including the

performance of the proposed tracking controller.

2. Modeling

This section describes the vehicle dynamics model which will be used

for control design. We consider the double tracks model (handling model)

illustrated in Figure (1). The vehicle has 3 DOF : longitudinal, lateral and

yaw motions9 of the chassis. The dynamic model is given by the following

equation of motion.

V̇xM = MVψVy + (Fx1 + Fx2) cosβf + (Fx3 + Fx4) cosβr (1)

− (Fy1 + Fy2) sinβf − (Fy3 + Fy4) sinβr

V̇yM = −MVψVx + (Fx1 + Fx2) sinβf + (Fx3 + Fx4) sinβr (2)

+ (Fy1 + Fy2) cosβf + (Fy3 + Fy4) cosβr

ψ̈Iz = a ((Fx1 + Fx2) sinβf + (Fy1 + Fy2) cosβf ) (3)

+ d ((Fx2 − Fx1) cosβf + (Fy1 − Fy2) sinβf )

− b ((Fx3 + Fx4) sinβr + (Fy3 + Fy4) cosβr)

+ d ((Fx4 − Fx3) cosβr + (Fy3 − Fy4) sinβr)

We denote by Fx and Fy the longitudinal and lateral tire forces, Vx and
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Vy are the longitudinal and lateral velocities of the chassis center of mass,

ψ̇ is the yaw rate, Iz is the yaw-inertia moment, M is the car mass, d is

the half-width of the wheel-base, a and b are the distances from the center

of gravity to the front and rear axles, βf and βr are front and rear wheel

steering angles.

2.1. Lateral force model

Except for the gravity and aerodynamique forces, the main external

forces applied on the vehicle are produced by the tires. The lateral forces

acting on the front and rear tire are assumed to be a linear function of the

side-slip angle,10 i.e.

Fy(f,r) = C(f,r)α(f,r) (4)

where Cf and Cr are, respectively, the tire cornering stiffness of the front

and rear tires.

The side-slip angle αf,r is defined as the angle between the wheel velo-

city and the longitudinal axis of the wheel itself. Assuming that side-slip

angles are quite small (less than 10◦ in practice), we can use a linear ap-

proximation, that is :

αf =
Vy + aψ̇

Vx
− βf , αr =

Vy − bψ̇

Vx
− βr (5)

2.2. Robot dynamics model

We focus in this paper on the lateral dynamic and path tracking. Hen-

ceforth, the longitudinal velocity Vx will be considered constant (V̇x = 0).

Combining the double tracks model (2) and the linear tire model (4) and

(5), we can write the expression for the lateral acceleration :

MV̇y = 2
Cf + Cr
Vx

Vy +

(
2
aCf − bCr

Vx
−MVx

)
ψ̇ (6)

+ (2Fxf − 2Cf )βf + (2Fxr − 2Cr)βr

Angular acceleration about the yaw axis can be written by combining

(3), (4) and (5)

Izψ̈ = 2
aCf − bCr

Vx
Vy +

(
2
a2Cf − b2Cr

Vx

)
ψ̇ (7)

+ a (2Fxf − 2Cf )βf − b (2Fxr − 2Cr)βr + d (∆Fxf + ∆Fxr)
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where ∆Fxf and ∆Fxr are the longitudinal force differences between

the right and left wheels, respectively, on the front and rear axle.

Let’s consider ∆Fxf and ∆Fxr as new control inputs. This leads to the

the following state system :

(
V̇y
ψ̈

)
= [a]

(
Vy
ψ̇

)
+ [b]


βf
βr

∆Fxf
∆Fxr

 (8)

where [a] is 2 × 2 matrix and [b] is 2 × 4 matrix.

2.3. Robot-path kinematic model

Figure 2 illustrates the path tracking problem considered in the current

study. ψ and ψref are the robot heading and the heading of the local tangent

of the prescribed path with respect to a fixed arbitrary reference direction.

The rate of change of ψref with respect to the curvilinear distance measured

along the path defines the path curvature k. eψ represents the heading error

of the robot. en is the lateral deviation of the robot center of mass with

respect to the prescribed path.
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Figure 1. Double tracks model.
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Figure 2. The reference and ac-
tual path.

Sign conventions for both eψ and en are denoted in Figure (2). With

reference to the same figure and by assuming that the angular deviation is

small, the following kinematical relationships are derived :
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ėn = Vx sin eψ + Vy cos eψ

= Vxeψ + Vy (9)

ėψ = ψ̇ − ψ̇ref

= ψ̇ − Vx cos eψ − Vy sin eψ
1/k + en

(10)

In case of straight line tracking (k = 0), this last equation is not sin-

gular and is equivalent to ėψ = ψ̇, since ψ̇ref = 0 for a straight line path.

Assuming that en << 1/k, equation (10) can be linearized as follow :

ėψ = ψ̇ − Vxk + Vxk
2en (11)

Assuming a constant curvature, the derivative with respect to time of

this latter equation gives

ëψ = ψ̈ + V 2
x k

2eψ + Vxk
2Vy (12)

3. Design control

In this section, we define a path tracking control of the robot using

linear state feedback. Combing the kinematic model of the path-tracking

errors (9) and (12) with the dynamic model of the vehicle (8) results in a

new state-space model :

Ẋ = AX +BU (13)

where X =
[
Vy ψ̇ eψ ėψ en

]T
is the state vector and U =[

βf βr ∆Fxf ∆Fxr
]T

is the inputs vector, A is 5 × 5 matrix and B is

5 × 4 matrix.

In this study, the main objective of the control design is to improve the

steering behavior of the robot in the presence of lateral and yaw distur-

bances. Therefore, the controller should minimizes the side-slip angle β of

the robot center mass through minimizing lateral velocity Vy and its yaw

rate (thereby decreasing the probability of lateral skidding). To achieve
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good tracking performance, the cost function must include a term that

penalizes both the heading angle deviation eψ and the lateral offset en,

J = lim
t→∞

1

t

∫ t

0

(
XTQX + UTRU

)
dt (14)

The second term on the right-hand penalizes the weighted-magnitude

of the control inputs vector. This will prevent the use of too high control

commands and the resultant control actions will be smooth. Q and R are

the nominal state-weighting and the input-weighting matrices.

4. Simulation results and discussion

Figure 3. simulation views. Figure 4. ADAMS views.

In this section, the LQR controller presented in the previous section has

been tested using co-simulation between ADAMS for the mechanical model

and Matlab for the control one. The ADAMS model consider a mechanical

model with 16 DOF, including 4 independent double wishbone suspensions.

The classical Z and O paths are used for testing the controller, they are

plotted respectively on (Fig.5) and (Fig.9). In the simulation, the LQR

controller gains are calculated on-line, as they depend on the longitudinal

velocity Vx and the reference path curvature k. The path curvature was

filtered to remove the abrupt variations. During the first 3 seconds of si-

mulation, the system is open-loop until reaching the reference longitudinal

velocity. For the first path, we give the control inputs for the front and

rear steering angles. The time evolution of lateral deviation and orientation

errors are shown on figure (7) and figure (8). For the second path, we give



16 juin 2011 18:2 WSPC - Proceedings Trim Size: 9in x 6in clawar*(1)

7

−20 0 20 40 60 80 100
−60

−50

−40

−30

−20

−10

0

10

Figure 5. The reference (blue) and ac-

tual (red) paths for the ’Z’ path.

0 5 10 15 20 25
−0.15

−0.1

−0.05

0

0.05

0.1

Figure 6. Steering angles : front (red)

and rear (blue) for the ’Z’ path [rad].
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Figure 7. Lateral deviation for the ’Z’

path [m].
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Figure 8. Yaw deviation for the ’Z’ path

[rad].
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Figure 9. The reference (blue) and ac-
tual (red) paths for the ’O’ path.
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Figure 10. The differential forces on

front (red) and rear (blue) axle for ’O’ path
[N].



16 juin 2011 18:2 WSPC - Proceedings Trim Size: 9in x 6in clawar*(1)

8

on figure (10) the differential forces ∆Fxf ∆Fxr for the front and the rear

axles.

Results show that the proposed LQR control based on the dynamics

model is able to track the reference path with quite good accuracy and quite

small and smooth inputs. The new inputs controllers, ∆Fxf and ∆Fxr,

seems to increase the rank of the controllability matrix what permits to

reduce the steering angles.
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