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Incompressible hydroelastic vibrations: finite

element modelling of the elastogravity operator

J.-S. Schotté a,*, R. Ohayon b

a ONERA, Structural Dynamics and Coupled Systems Department, Châtillon F-92322, France
b CNAM, Structural Mechanics and Coupled Systems Laboratory, Paris F-75003, France

This paper deals with the low frequency vibratory analysis of fluid–structure interactions in an elastic tank partially

filled with an incompressible inviscid liquid. The originality of this work is to give an exact expression of the gravity

interface operator whereas other standard hydroelastic formulations treat this effect through approximations. The

properties of this so-called elastogravity operator will be studied here from theoretical and numerical point of view.

Experimental measurements will validate the computational model and allow to quantify the effect of coupling between

the liquid sloshing and the hydroelastic deformations of the structure.
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1. Introduction

Many structures designed by mechanical engineers

are intended to contain a more or less important quan-

tity of liquid. Let us cite for example all the means of

transport whose tanks are filled with liquid propellant

(car, aircraft, space launcher, etc.), sea and road tankers,

nuclear reactors or chemical industry containers. Many

industrial domains are then interested in the problematic

of the coupling between an elastic structure and an inter-

nal incompressible fluid, and a huge theoretical and

numerical work has been done on this topic for the last

decades, in particular in the aerospace domain (see for

instance [1]).

We are interested here especially in the vibratory

analysis of this coupled fluid–structure system and ne-

glect all flow-induced vibration effects (see for instance

[2] and also [3–5] for coupling with nonlinear structural

displacements). To compute the eigenmodes of an elastic

structure coupled with an internal inviscid and incom-

pressible fluid, the standard hydroelastic model is gener-

ally used. However, this modelling assumes that the

sloshing potential energy of the fluid, which is its gravity

potential energy, can be neglected with respect to the

deformation potential energy of the structure. Conse-

quently, the gravity is completely omitted in this model-

ling. The fluid is then only represented by a kinetic

energy and its contribution to the system is reduced to

an added-mass effect [6]. The results obtained with this

formulation are correct if the frequency domain of the

coupled system eigenmodes is much higher than the fre-

quency of the first sloshing eigenmodes. In the case of* Corresponding author.
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slender and flexible structures, such as space launchers

or civil aircraft wings, the first structural eigenfrequen-

cies are very low (between 1 and 2 Hz) and the decou-

pling between the liquid sloshing in tanks and the

structural deformations is no longer a valid assumption.

Some authors proposed to solve this problem by simply

adding the gravity potential energy of the fluid to the

Lagrangian of the system (see for instance [7,6]). In

1966, Tong had proposed a simplified expression for

the fluid added-stiffness matrix due to gravity [8] which

has been often used (see for instance [9]). However, in

1992, Morand and Ohayon proposed the first exact for-

mulation of this operator [10] and the present study

comes within the following of their works.

In this paper, we will first detail the derivation of the

linear local equations of the problem when the effects of

gravity are taken into account. The case of pressurized

closed containers will also be considered. A symmetric

variational formulation will then be deduced. The

expression of the so-called elastogravity operator will

be given and its properties will be discussed. The finite

element discretization of this hydroelastic modelling

with gravity will be carried out and a first experimental

validation will be finally exposed.

2. Linearized local equations of the coupled system

Fig. 1 represents the generic internal fluid–structure

system we consider here. A structure, denoted by XS is

partially filled by a fluid XF. The fluid free surface and

fluid–structure interface are respectively denoted by C

and Ri. The tank ullage, which may be occupied by a

pressurized gas, is denoted by XG. This system is sub-

jected to external surface loads f on Rf and to the action

of gravity g. By definition, the liquid free surface is ini-

tially orthogonal to gravity which is chosen to be in

the opposite direction of the z-axis. Furthermore, the

displacement of the structure is supposed to be known

(equal to 0 for the sake of convenience) on Ru. The par-

ticular case of free fluid–structure systems has already

been studied in previous works [11]. In this first section,

we are going to write the coupled local equations of this

system. The chosen variable for the structure is ordinar-

ily its displacement field uS. The velocity field vF is the

natural variable to describe the fluid state. It is particu-

larly suitable for flowing fluid, but in our case, the fluid

is enclosed and to study its movement, we prefer to

chose the displacement field uF as variable.

2.1. Basic hypotheses and fluid model

As explained in the introduction, herein we are inter-

ested only in the linear vibrations of this system. We

then suppose that external excitations are harmonic

and seek stationary solutions of pulsation x. Further-

more, we assume that the structure is elastic and the

fluid is a Newtonian homogeneous liquid. Since we

can consider the conservative associated system, we omit

the damping aspect in this modelling and suppose that

the liquid is inviscid (dynamic viscosity l = 0). In the fre-

quency range of interest, the compressibility effects in

the liquid can also be neglected which gives the relation

$:vF ¼ 0 ð1Þ

With all these assumptions, the Navier–Stokes equation

written as

qF ovF

ot
þ $

ðvFÞ2

2
þ ð$ ^ vFÞ ^ vF

!

¼ �$P þ qFg þ l$2vF þ
l

3
$ð$:vFÞ ð2Þ

can be simplified and linearized with respect to the var-

iable vF to become the incompressible Euler equation

qF o
2uF

ot2
¼ �$P þ qFg ð3Þ

where qF is the density of the liquid and P is the pressure

in the liquid.

By taking the rotational of Eq. (3) and using the

homogeneous property ($qF ¼ 0), we derive the follow-

ing relation:

qF o
2

ot2
ð$ ^ uFÞ ¼ 0 ð4Þ

We then conclude that the irrotationality of the linear

movements of such a liquid is a consequence of the pre-

vious assumptions (if we suppose that $ ^ vFðt¼0Þ ¼
$ ^ uFðt¼0Þ ¼ 0):

$ ^ uF ¼ 0 ð5Þ

2.2. Fluid local equations

Eq. (3) cannot be directly interpreted as the fluid

vibratory equation, because, in this expression, uF is

Ω
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Γ
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Σ

Σ
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Fig. 1. Domain and external load definition.
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not the displacement of the fluid with respect to the ini-

tial configuration around which the system vibrates, but

with respect to a natural state of the fluid submitted to

no external loads (not even the gravity field). When a

hydrostatic pressure P0 exists in the initial reference

state, the initial configuration cannot be considered as

a natural state. The hydrostatic pressure, and then the

gravity, acts as a prestress for our fluid–structure system

[12]. In this condition, we cannot use the classical simpli-

fications due to ’’small perturbations’’, in particular the

confusion of the Lagrangian and Eulerian definitions of

variables [13]. For instance, it has been shown that the

Lagrangian and Eulerian pressure fluctuations have dif-

ferent expressions [10]. If uF0 is the fluid displacement in

the initial configuration and UF ¼ uF � uF0 is the fluid

displacement with respect to the initial state, we note

a difference between the Eulerian pressure fluctuation

p
E
, defined at a geometrical fluid point MF by

p
E
ðMFÞ ¼ PðMFÞ � P 0ðM

FÞ ð6Þ

and the Lagrangian pressure fluctuation

p
L
ðMFÞ ¼ P ðMF þUFÞ � P 0ðM

FÞ ð7Þ

defined by following a fluid particle initially atMF. After

linearization, the difference can be expressed as

p
L
� p

E
¼ $P 0 �U

F þ oðUFÞ ð8Þ

This expression shows clearly that, in presence of a

hydrostatic pressure, both definitions are not equivalent.

As the initial state of the fluid is static (
o
2uF

0

ot2
¼ 0),

Eq. (3) gives the following relation for P0:

$P 0 ¼ qFg ð9Þ

Using this relation in the derivative of the Eulerian pres-

sure fluctuation definition, we obtain

$p
E
¼ $P � $P 0 ¼ �qF o

2UF

ot2
ð10Þ

Since we are seeking stationary solutions UF of pulsa-

tion x, the modified Euler equation for a ‘‘vibrating

fluid’’ in presence of gravity is finally written as

�qFx2UF ¼ �$p
E

ð11Þ

Paradoxically, gravity does not appear in this expres-

sion. However, if we rewrite it in function of the

Lagrangian pressure fluctuation p
L
, using Eqs. (8), (9)

and (5), a non-classical term depending on the gravity

appears:

�qFx2UF ¼ �$p
L
þ qFðg � $ÞUF ð12Þ

We now need to express the incompressibility condition

(1) in term of UF. In this aim, the mass conservation law

in Lagrangian coordinates can be used:

qF detðJÞ ¼ qF
0 ð13Þ

where qF
0 is the fluid density in the initial state and J is

the Jacobian of the transformation associated with the

displacement UF. Since the fluid is incompressible

(qF ¼ qF
0 ) and detðJÞ ¼ 1þ $ �UF þ oðUF), the linear-

ized relation expressing the incompressibility of the fluid

is written as

$ �UF ¼ 0 ð14Þ

Some authors keep the fluid displacement as unknown

of the problem, but because of the difficulty of imposing

the irrotationality condition (5), spurious modes tend to

appear in such formulation [9,14]. A good way to avoid

this and also to reduce the size of the problem is to use

this irrotationality property to represent the fluid dis-

placement vector through a scalar displacement poten-

tial u defined by

UF ¼ $u ð15Þ

Since this definition gives a value of u up to an additive

constant, an unicity condition, denoted by ‘(u) = 0,

where ‘ is a linear form such as ‘(1)5 0, will be chosen

later.

From (12), (14) and (15), we are now able to write the

linearized local equations of the liquid in (u; p
L
):

$p
L
¼ qF

$
2ug þ qFx2

$u in XF

Du ¼ 0 in XF

‘ðuÞ ¼ 0 with ‘ð1Þ 6¼ 0

The boundary conditions on oXF = Ri [ C must now be

established. The coupling condition at fluid–structure

interface Ri is given by the normal displacement continu-

ity between the structure and the fluid, and will be ex-

pressed later (cf. Section 2.3). For the boundary

condition on liquid free surface C, we use the property

of pressure continuity at the interface between the fluid

and the tank ullage gas above the fluid. In term of p
L
,

we obtain

p
L
¼ PG � PG

0 on C ð16Þ

where PG
0 and PG are the pressure in the tank ullage gas

respectively in the initial and current states. For an open

tank, PG
0 and PG are equal to the atmospheric pressure

and the relation (16) simply yields the following free sur-

face condition:

p
L
¼ 0 on C ð17Þ

Sometimes in the literature, the free surface boundary

condition p = �qFg Æ UF is used instead of (17) when

gravity effects are taken into account, but we stress that

in this case, the pressure fluctuation considered is the

Eulerian one.

For a closed tank, the gas pressure fluctuation can be

estimated through a quasi-static effect (homogeneous

pressure in all the gas domain) by using the isentropic

law of transformation of a perfect gas (PVc = Cst).
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The linearized fluctuation of the gas pressure is then

given by

PG � PG
0 ¼ �PG

0 c
dV

jXG
0 j

ð18Þ

where jXG
0 j is the initial gas volume and dV is the linear-

ized variation of the gas volume which is equal to the

variation of the cavity volume because of the liquid

incompressibility. Finally, the free surface boundary

condition for a closed tank is written as

p
L
¼ �PG

0 c
dV

jXG
0 j

on C ð19Þ

We note that for a large tank ullage or for small pressur-

ization, the gas pressure fluctuation is small and this

boundary condition can be approximated by (17).

2.3. Structure local equations

Let us now deal with the structure. We first remark

that the structure, like the fluid, is prestressed in its ini-

tial configuration by the fluid hydrostatic pressure (and

eventually by its own weight and external loads). In this

case, the initial state, around which the structure vi-

brates, is not a natural state and the classical simplifica-

tions due to ‘‘small perturbations’’ cannot be used. In

particular, the equilibrium equations of the structure

cannot be simplified by substituting the Eulerian vari-

ables to the Lagrangian ones. However, thanks to the

small displacement assumption, we show that geome-

tries of the different states of the system are close enough

to be still confused. The structural displacement uS must

then satisfy the following equation:

qS
0

o
2uS

ot2
¼ DivPðuSÞ þ qS

0g in XS ð20aÞ

SðuSÞ ¼ HEðuSÞ in XS ð20bÞ

where P is the first non-symmetric Piola–Kirchhoff

stress tensor, S is the second symmetric Piola–Kirchhoff

stress tensor, E is the Euler–Lagrange strain tensor and

H is Hooke�s elasticity tensor. The equation verified

by the deformation of the structure in the initial config-

uration uS0 is deduced by considering that the initial state

is a static equilibrium (
o
2uS

0

ot2
¼ 0):

0 ¼ DivPðuS0Þ þ qS
0g in XS ð21aÞ

SðuS0Þ ¼ HEðuS0Þ in XS ð21bÞ

Using (20a) and (21a), we obtain the (nonlinear) local

equation verified by the structure displacement with re-

spect to the initial state, denoted by US ¼ uS � uS0 :

qS
0

o
2US

ot2
¼ Div½PðuSÞ �PðuS0Þ� in XS ð22Þ

We transform the right hand side member of this equa-

tion by using (20b) and (21b) and the relation betweenP

and S:

PðuSÞ �PðuS0Þ ¼ I þ $uS
� �

SðuSÞ � I þ $uS0
� �

SðuS0Þ

¼ I þ $uS
� �

H EðuSÞ � EðuS0Þ
� �

þ $USSðuS0Þ ð23Þ

To linearize this expression with respect to displace-

ments uS0 and US, we distinguish the linear part and

the quadratic part of E, respectively denoted by e and e
Q:

PðuSÞ �PðuS0Þ ¼ I þ $uS
� �

H eðUSÞ þ e
QðuS; uSÞ

�

�e
QðuS0 ; u

S
0Þ
�
þ $USSðuS0Þ

¼ HeðUSÞ þ $US
rðuS0Þ þ oðuS0 ;U

SÞ ð24Þ

where r is the Cauchy stress tensor. In this expression,

the first term is the classical elastic deformation term,

whereas the second term is associated with the presence

of a prestress r0 ¼ rðuS0Þ in the initial state. Since we are

seeking stationary solutions US of pulsation x, the line-

arized equation for a ‘‘prestressed vibrating structure’’ is

finally written as

�qS
0x

2US ¼ Div er in XS ð25Þ

where er is the ‘‘prestressed stress tensor’’ defined by

erðUSÞ ¼ HeðUSÞ þ $US
r0 ð26Þ

Let us remark that gravity g does not appear directly in

Eq. (25) as an external load but through the prestress

r0(g).

The boundary conditions must now be established on

oXS = Ri [ Rg [ Rf [ Ru. The first one is obtained from

the property of continuity of the normal velocities at

interface Ri, which is the consequence of the frictionless

contact between the inviscid fluid and the structure. It

can be shown that, after linearization, this condition of

continuity can be transferred on the normal displace-

ments [10]:

uF � n ¼ uS � n on Ri ð27Þ

By subtracting the similar relation written for the initial

state of the system, we deduce the boundary condition in

term of UF and US:

UF � n ¼ US � n on Ri ð28Þ

The second boundary condition on Ri is deduced from

the property of continuity of stresses at the fluid–struc-

ture interface. Since the simplifications due to ‘‘small

perturbations’’ cannot be used, it is mandatory to write

this relation in Lagrangian coordinates. However, the

reader must remind that, thanks to the small displace-

ment assumption, geometries of the different configura-

tions can be confused. By using the Lagrangian

transport of surface element, this boundary condition

is then written [15]:
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PðuSÞn ¼ �P detðI þ $uSÞtðI þ $uSÞ�1
n on Ri ð29Þ

With the aim of making displacement US appear, we

subtract from this equation a similar relation written

on the initial configuration:

½PðuSÞ �PðuS0Þ�n ¼ �ðP � P 0Þ detðI þ $uSÞt

� ðI þ $uSÞ�1
n� P 0½detðI þ $uSÞt

�ðI þ $uSÞ�1 � detðI þ $uS0Þ
t

� ðI þ $uS0Þ
�1�n ð30Þ

To linearize this equation, we first need to express term

(P � P0). The difficulty is to introduce in this expression

the Lagrangian pressure fluctuation defined by (7) for

every fluid particle MF whereas the pressures involved

here are pressures associated with structural points.

Due to the relative displacement between liquid and

structure, in Lagrangian coordinates, we need to distin-

guish pressures associated with structural points from

pressures associated with fluid particles [10,12]:

P ðMSÞ ¼ P ðMFÞþ$PðMFÞ � ðUS �UFÞþ oðUS;UFÞ

¼ P ðM þUFÞþ$P 0ðM
FÞ � ðUS �UFÞþ oðUS;UFÞ

ð31Þ

Term (P � P0), which could be denoted by pS
L
and called

the Lagrangian pressure fluctuation at structure points,

is then linked to the Lagrangian pressure fluctuation

of fluid particles through the following linearized rela-

tion, obtained by using the value of $P 0 (9):

P � P 0 ¼ pS
L
¼ p

L
þ qFg � ðUS �UFÞ ð32Þ

Let us remark that the difference between these two

Lagrangian pressure fluctuations vanished in absence

of gravity. By using this relation, linearization of Eq.

(30) finally gives a second linearized boundary condition

on Ri:

erðUSÞn ¼ �pS
L
n� P 0½ð1þ $ � uSÞðI � t

$uSÞ

� ð1þ $ � uS0ÞðI �
t
$uS0Þ�n

¼ �½p
L
þ qFg � ðUS �UFÞ�n

� P 0ð$ �USI � t
$USÞn on Ri ð33Þ

In the right hand side member of this expression, the

first term represents the effect of pressure fluctuation

pS
L

defined previously, whereas the second term can be

interpreted as a follower force effect of fluid pressure

and associated with the rotation of the normal n at the

fluid–structure interface that we note in the following

sðUSÞ ¼ ð$ �USI � t
$USÞn ð34Þ

The boundary condition on Rg is very similar to the pre-

vious one. The property of continuity of stresses at the

gas–structure interface, written in Lagrangian coordi-

nates, gives

PðuSÞn ¼ �PG detðI þ $uSÞtðI þ $uSÞ�1
n on Rg ð35Þ

The same relation can be written on the initial configu-

ration in term of uS0 and subtracted from that equation

to yield a nonlinear expression of the boundary condi-

tion similar to (30). Using (18), we linearize this equa-

tion to obtain

erðUSÞn ¼ PG
0 c

dV

jXG
0 j

n� PG
0 ð$ �USI � t

$USÞn on Rg

ð36Þ

where the linearized variation of cavity volume dV de-

pends on structure deformation US by the following

relation:

dV ¼

Z

XG

$ � US dX ¼ �

Z

Ri[Rg

US � ndR ð37Þ

Since the case of follower external forces has been stud-

ied for free fluid–structure systems in [11], we suppose

here that external forces f are dead loads. It means that

their direction of application is independent of the struc-

ture displacement. In this case, by neglecting the surface

element dilatation, we can write a simplified condition of

stress continuity on Rf:

PðuSÞn ¼ f on Rf ð38Þ

After linearization of the equation obtained by subtract-

ing the similar relation written for the initial state, we

obtain the boundary condition on Rf of our problem:

erðUSÞn ¼ ef on Rf ð39Þ

where ef ¼ f � f 0 is supposed to be known.

The last boundary condition on Ru is directly the con-

sequence that, for all time t, uS(t) = 0 on Ru:

US ¼ 0 on Ru ð40Þ

2.4. Formulation in terms of (US; p
L
;u)

Finally the linearized local equations of a vibrating

fluid–structure system in presence of gravity can be sum-

marized here:

$p
L
¼ qF

$
2ug þ qFx2

$u in XF ð41aÞ

Du ¼ 0 in XF ð41bÞ

‘ðuÞ ¼ 0 with ‘ð1Þ 6¼ 0 ð41cÞ

p
L
¼

PG
0 c

jXG
0 j

Z

Ri[Rg

US � ndR on C ð41dÞ

$u � n ¼ US � n on Ri ð41eÞ

Div er ¼ �qS
0x

2US in XS ð41fÞ

erðUSÞ ¼ HeðUSÞ þ $US
r0 in XS ð41gÞ

5



erðUSÞn ¼ �½p
L
þ qFg � ðUS � $uÞ�n

� P 0sðU
SÞ on Ri ð41hÞ

erðUSÞn ¼ �
PG
0 c

jXG
0 j

Z

Ri[Rg

US � ndR

!
n

� PG
0 sðU

SÞ on Rg ð41iÞ

erðUSÞn ¼ ef on Rf ð41jÞ

US ¼ 0 on Ru ð41kÞ

We remark that, by integrating Eq. (41a), pL can be ex-

pressed as a function of u and eliminated from the

formulation:

p
L

qF
¼ g � $uþ x2uþ p in XF ð42Þ

where p is a constant on XF which is determined by

choosing the unicity condition ‘ on u. We then poten-

tially obtain a formulation only in terms of (US, u).

However, we have shown in previous works that this

formulation is non-symmetric [16]. To symmetrize the

formulation, it is needed to keep p and to introduce a

new unknown g representing the vertical displacement

of the free surface:

g ¼ $u � iz on C ð43Þ

where iz is the unit vector of the z-axis.

If we consider this new expression for dV, function

of US and g

dV ¼ �

Z

Rg

US � ndR�

Z

C

gdC ð44Þ

the local equations of the problem in (US, u, g, p) are

written:

Du ¼ 0 in XF ð45aÞ

‘ðuÞ ¼ 0 with ‘ð1Þ 6¼ 0 ð45bÞ

qFgg ¼ qFx2uþ qFp

�
PG
0 c

jXG
0 j

Z

Rg

US � ndRþ

Z

C

gdC

!
on C ð45cÞ

$u � iz ¼ g on C ð45dÞ

$u � n ¼ US � n on Ri ð45eÞ

Div er ¼ �qS
0x

2US in XS ð45fÞ

erðUSÞ ¼ HeðUSÞ þ $US
r0 in XS ð45gÞ

erðUSÞn ¼ �ðqFx2uþ qFpþ qFg �USÞn

� P 0sðU
SÞ on Ri ð45hÞ

erðUSÞn ¼ �
PG
0 c

jXG
0 j

Z

Rg

US � ndRþ

Z

C

gdC

!
n

� PG
0 sðU

SÞ on Rg ð45iÞ

erðUSÞn ¼ ef on Rf ð45jÞ

US ¼ 0 on Ru ð45kÞ

3. Symmetric variational formulation in (US, u, g, p)

To discretize and numerically solve this problem, we

write the associated weak formulation by applying the

virtual work principle.

If the admissible space for u is denoted by

Cu ¼ H
1ðXFÞ and C

�
u is its restriction to solutions u sat-

isfying the condition ‘(u) = 0, the variational formula-

tion associated with (45a), (45d) and (45e) is written

9u 2 C
�
u; 8du 2 Cu;

Fðu; duÞ �Bðg; duÞ þ CðUS; duÞ ¼ 0 ð46Þ

with

Fðu; duÞ ¼ qF

Z

XF

$u � $dudX ð47Þ

Bðg; duÞ ¼ qF

Z

C

gdudC ð48Þ

CðUS; duÞ ¼ qF

Z

Ri

US � ndudR ð49Þ

In this expression, F is the symmetric positive bilinear

form associated with the liquid kinetic energy and C is

the classical fluid–structure coupling operator. Let us re-

mark that relation (46) is non-symmetric because u and

du do not belong to the same admissible space. Since

Cu ¼ C
�
u � R, we replace (46) by two equations obtained

for du 2 C
�
u and dp 2 R:

9u 2 C
�
u; 8du 2 C

�
u;

Fðu; duÞ �Bðg; duÞ þ CðUS; duÞ ¼ 0 ð50Þ

8dp 2 R; �Bðg; 1Þdpþ CðUS; 1Þdp ¼ 0 ð51Þ

Next, the variational formulation of Eq. (45c) is written

for all dg in Cg ¼ L
2ðCÞ:

9g 2 Cg; 8dg 2 Cg;

Sðg; dgÞ þKCðg; dgÞ � pBð1; dgÞ � x2
Bðu; dgÞ

þDðUS; dgÞ ¼ 0 ð52Þ

with

Sðg; dgÞ ¼ qFg

Z

C

gdgdC ð53Þ
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KCðg; dgÞ ¼
PG
0 c

jXG
0 j

Z

C

gdC

� � Z

C

dgdC

� �
ð54Þ

DðUS; dgÞ ¼
PG
0 c

jXG
0 j

Z

Rg

US � ndR

 ! Z

C

dgdC

� �
ð55Þ

We recognize here the bilinear form associated with the

liquid sloshing potential energy S which is symmetric

positive and definite. Operator KC, which represents

an added stiffness on the free surface due to the pressur-

ized gas, is symmetric positive.

From local Eqs. (45f)–(45i), (45g), (45k), we derive

the variational formulation for the structure for all dU

in Cu ¼ H
1ðXSÞ. We then introduce the expression of

the initial fluid pressure P0 in function of the coordinate

z (defined with respect to the liquid free surface):

P 0 ¼ PG
0 � qFgz ð56Þ

After some simplifications, the variational formulation

for the structure is given by:

9US 2 Cu; 8dU 2 Cu;

KEðU
S; dUÞ þKGðU

S; dUÞ

þKRðU
S; dUÞ þKP ðU

S; dUÞ

þKCðU
S; dUÞ � x2

MðUS; dUÞ

þ x2
Cðu; dUÞ þ pCð1; dUÞ þDðg; dUÞ

¼ f ðdUÞ ð57Þ

with

KEðU
S; dUÞ ¼

Z

XS

Tr HeðUSÞeðdUÞ
� �

dX ð58Þ

KGðU
S; dUÞ ¼

Z

XS

Tr $US
r0

t
$dU

� �
dX ð59Þ

KRðU
S; dUÞ ¼ �qFg

Z

Ri

ðiz �U
SÞðdU � nÞ

þ zsðUSÞ � dU dR ð60Þ

KCðU
S; dUÞ ¼

PG
0 c

jXG
0 j

Z

Rg

US � ndR

 ! Z

Rg

dU � ndR

 !

ð61Þ

KP ðU
S; dUÞ ¼ PG

0

Z

Ri[Rg

sðUSÞ � dU dR ð62Þ

MðUS; dUÞ ¼

Z

XS

qS
0U

S � dU dX ð63Þ

f ðdUÞ ¼

Z

Rf

~f � dU dR ð64Þ

One remark that, in this expression, four additional stiff-

ness terms are added to the classical elastic stiffness of

the structure. KG is a symmetric bilinear form repre-

senting the geometric stiffness due to prestresses in the

initial state and KR is related to the presence of a fol-

lower force (liquid pressure) on the fluid–structure inter-

face. Both are directly dependent on gravity and, added

to KE, they form the so-called elastogravity operator.

KC and KP are proportional to tank pressurization

and vanish if PG
0 is low. The first one is a symmetric po-

sitive bilinear form depending on the tank-ullage gas

compressibility and the second one is due to the follower

force effect of gas pressure on the structure and is similar

to KR [17]. Let us show that KR and KP are both sym-

metric bilinear forms so that the global stiffness of the

structure, denoted by K, is also symmetric. In this

aim, quantity KRðU ;VÞ �KRðV;UÞ is evaluated. By

using the following analytical formula

ð$ �UÞV � ð$UÞV � ð$ � VÞU � ð$VÞU ¼ $ ^ ðV ^UÞ

ð65Þ

the expression of KRðU;VÞ �KRðV ;UÞ can be

simplified:

KRðU ;VÞ �KRðV;UÞ ¼ �qFg

Z

Ri

ðiz ^ ðU ^ VÞÞ � n

þ zð$ ^ ðV ^UÞÞ � ndR ð66Þ

The Stokes formula allows to transform the second term

of the right hand side member:
Z

Ri

zð$ ^ ðV ^UÞÞ � ndR

¼

Z

Ri

$ ^ ðzV ^UÞ � ndR�

Z

Ri

ð$z ^ ðV ^UÞ � ndR

¼

Z

oRi

zðV ^UÞdl �

Z

Ri

ðiz ^ ðV ^UÞ � ndR ð67Þ

Since all points of oRi are on C, their coordinate z is

equal to 0 and the previous term nullifies the expression

(66) which demonstrates that KR is symmetric. The

proof for KP can be easily deduced from this one and

will not be presented here [12].

4. Finite element discretization

The weak formulation, made up of (57), (52), (50)

and (51), is discretized by the Ritz–Galerkin finite-ele-

ment method. The approximated solution (U, u, g, p)

satisfies the following coupled system of matricial

equations:

ðKE þ KG þ KR þ KC þ KP ÞU � x2MU þ x2Cu

þ cpþ Dg ¼ f ð68Þ

ðS þ KCÞg� bp� x2Buþ tDU ¼ 0 ð69Þ

Fu� tBgþ tCU ¼ 0 ð70Þ
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�tbgþ tcU ¼ 0 ð71Þ

with b = B1u and c = C1u, where 1u is a u-size vector of 1.

We notice that Eq. (70) should allow to express u as a

function of U and g. However, matrix F is singular (since

F1u = 0). The unicity condition ‘ on u has to be applied

to remove the indetermination on u. We choose here the

first component of vector u to be 0. Rows and columns

corresponding to this d.o.f. are removed from the equa-

tions. The truncated matrices and vectors are then de-

noted by subscript 2. The unknown u2 is determined

and eliminated from the equations:

u ¼
0

F �1
22

tB2g� F �1
22

tC2U

� �
ð72Þ

K D c

tD S þ KC �b

tc �tb 0

2
64

3
75

0
B@

�x2

M þ C2F
�1
22

tC2 �C2F
�1
22

tB2 0

�B2F
�1
22

tC2 B2F
�1
22

tB2 0

0 0 0

2
64

3
75

1
CA

U

g

p

0
B@

1
CA

¼

f

0

0

0
B@

1
CA ð73Þ

with

K ¼ KE þ KG þ KR þ KC þ KP ð74Þ

We verify with this expression that the formulation in

terms of (U, g, p) is symmetric. Furthermore, we note

that p can be interpreted as a Lagrange multiplier for

the constraint of fluid volume invariance (due to fluid

incompressibility).

Nevertheless, this discretized form has a drawback: it

involves several full matrices like KC, D and KC which

can lead to prohibited computing times. To avoid this

problem, we propose to introduce an auxiliary variable

k = �dV with dV defined by relation (44). In this case,

it can easily be shown that the following relation is

equivalent to (73)

eK 0 c bd

0 S �b bb
tc �tb 0 0

btd btb 0 �b

2
6664

3
7775

0
BBB@

�x2

M þ C2F
�1
22

tC2 �C2F
�1
22

tB2 0 0

�B2F
�1
22

tC2 B2F
�1
22

tB2 0 0

0 0 0 0

0 0 0 0

2
6664

3
7775

1
CCCA

U

g

p

k

0
BBB@

1
CCCA

¼

f

0

0

0

0
BBB@

1
CCCA ð75Þ

with

eK ¼ KE þ KG þ KR þ KP ð76Þ

b ¼
PG
0 c

ðqFÞ2jXG
0 j

ð77Þ

dðp; dUÞ ¼ qFp

Z

Rg

dU � ndR ð78Þ

5. Validations

This formulation has been implemented in MSC/

NASTRAN through DMAP programming. To validate

this model, we used among other things experimental re-

sults published by Chai and Genevaux [18,19]. They

have measured the coupled eigenmodes of a container

filled with water illustrated Fig. 2. The rectangular con-

tainer is made of plexiglass and can be considered as ri-

gid in the frequency domain of interest. Its dimensions

are L = 0.231 m and l = 0.1 m. The deformable part of

this structure is a cantilever plate, clamped to the bot-

tom of the container and excited in bending by an elec-

tromagnet. The gap between the plate and the container

wall is so small that any flow between both fluid do-

mains can be neglected. The duralium plate characteris-

tics (density qS = 7800 kg/m3, Young�s modulus E =

2.1 · 1011 N/m2, thickness e = 0.57 mm and length hp =

0.266 m) are such that its first dry bending frequency is

close to the first sloshing modes of the fluid. It ensures

a significant coupling between the liquid sloshing and

the hydroelastic deformations of the plate. This configu-

ration is then well suited to demonstrate the capacity of

our model to predict these couplings.

The first bidimensional eigenmodes of this system

were measured by Chai and Genevaux for various levels

of water. Table 1 gives the first three eigenfrequencies

for a water height hw of 0.21 m. We realized an equiva-

lent numerical model and computed these eigenmodes

with our fluid–structure formulation (Figs. 3–5). The

Fig. 2. Experimental configuration.

8



comparison with experimental and analytical values

shows a very good agreement (Table 1).

In order to illustrate the gravity effects on the predic-

tion of these modes, we compare the eigenfrequencies we

obtained with those given by a classical hydroelastic

modelling (Figs. 6 and 7). For the first mode, the error

Table 1

Comparison between analytical, experimental and numerical

eigenfrequencies

Theory

(Hz)

Experiment

(Hz)

Computation

(Hz)

Error

(%)

1.57 1.56 1.58 1.5

2.42 2.39 2.42 1

2.97 2.95 2.98 1

Fig. 3. First computed mode.

Fig. 4. Second computed mode.

Fig. 5. Third computed mode.

Fig. 6. First hydroelastic mode without gravity (2.19 Hz).

Fig. 7. First hydroelastic mode with gravity (1.58 Hz).
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committed by neglecting gravity effects is more than 30

percent.

6. Conclusions and perspectives

For the vibratory analysis of slender structures con-

taining incompressible liquids, we have presented a for-

mulation, which gives an exact representation of gravity

effects. A non-standard stiffness operator, depending on

gravity, has been exhibited. This so-called elastogravity

operator has been proven to be symmetric which ensures

the symmetry of this formulation. To validate the inter-

est of this approach, we have confronted our results with

experimental measurements and verified that this linear

model was able to represent the coupling between the

sloshing of the liquid free surface and the hydroelastic

deformations of the structure (see also [20]). Further-

more, the extension of this formulation to free–free

fluid–structure systems had shown that the elastogravity

operator gives a precise representation of rigid body

modes [11].

We are now carrying on the validation of the formu-

lation and the design of several experiments is in

progress. The perspective of these works is to develop

reduced models from this formulation for applications

in the industrial domain [21]. We consider for example

to use this model to study the influence of fuel sloshing

on the aeroelastic stability of aircrafts or to elaborate

the control algorithm of space launchers. These reduced

models will also be used to investigate the vibration

reduction of internal fluid–structure systems either

with baffles (see for instance [22,23]) or with damping

structural treatment (passive, see for instance [24], or

hybrid passive–active with smart materials). The

introduction of nonlinear sloshing in this modelling, to

evaluate its effect on the system behavior, will be the

purpose of further investigations (see for instance

[25]).
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[16] Schotté J-S, Ohayon R. Vibration analysis of elastic tanks

partially filled with incompressible liquids in presence of a

gravity field. In: Proceedings of the Launch Vehicle

Vibrations, First European conference on Launcher Tech-

nology, CNES Toulouse, France, 1999.

[17] Morand HJ-P, Ohayon R. Internal pressure effects on the

vibration of partially filled elastic tanks. In: Proceedings of

the World Congress on Application of Finite Element

Methods to Structural Mechanics, Bournemouth, UK,

1975.

[18] Chai X-J. Influence of gravity on fluid–structure interac-

tions for a fluid in a bounded domain with a free surface.

Ph.D. Thesis, Institute National Polytechnique de Lor-

raine, France, October 1996 [in French].

[19] Chai X-J, Genevaux J-M, Brancher J-P. Gravity effects on

the coupled frequencies of a 2D fluid–structure problem

with a free surface. J Sound Vib 1998;215(2):331–42.
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