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vibrations of assemblies of heterogeneous plates

P. Ladev�eeze *, L. Blanc, P. Rouch, C. Blanz�ee

LMT-Cachan, ENS de Cachan/Universit�ee Paris 6/CNRS, 61 Avenue du Pr�eesident Wilson, 94235 Cachan Cedex, France

A new approach, called the ‘‘variational theory of complex rays’’ has been developed in order to calculate the vi-

brations of slightly damped elastic plates in the medium-frequency range. The resolution of a small system of equations

which does not result from a fine spatial discretization of the structure leads to the evaluation of effective quantities

(deformation energy, vibration amplitude,. . .). Here, we extend this approach, which was already validated for as-

semblies of homogeneous substructures, to the case of heterogeneous substructures.
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1. Introduction

The modeling and analysis of the vibrational response

of elastic structures are undoubtedly among the key is-

sues which appear in the design of satellites or car chassis.

Today, at least concerning modeling and analysis, there

remain no major difficulties in the low-frequency range,

even for complex structures [1]. Concerning high fre-

quencies, computational tools quite distinct from those

used for low frequencies do exist, particularly the SEA

method [2–5].

Conversely, the modeling and analysis of medium-

frequency vibrations, which constitute the topic of this

paper, continue to raise certain problems. The difficulty

in attempting to extend the low-frequency methods to

this case is that the length of variation of the phenomena

being studied is very small compared to the character-

istic dimension of the structure. Therefore, the finite

element calculation involved would require an unrea-

sonable number of degrees of freedom. Moreover, as the

frequency increases, a pollution error which affects the

accuracy of the finite element solution [6–8] arises and

must be taken into account. Apart from these serious

numerical difficulties, the quantities involved in the cal-

culation remain associated with small variation lengths

which are not very significant: these are not ‘‘effective’’

quantities, i.e. they are not representative of the vibra-

tory response of the structure on the time and space

scales considered. Therefore, they lead to results which

are very sensitive to imprecisions in the data. Never-

theless, various improved finite element approaches have

been studied, in particular in [9–27].

Difficulties are also experienced in trying to extend the

SEA method, which is appropriate mostly for high fre-

quencies. In particular, the spatial aspect disappears

almost entirely: thus, the scale on which space is de-

scribed is too coarse for medium-frequency analysis.

There have been few works dedicated specifically to

the calculation of medium-frequency vibrations. For

rods and beams, the problem was solved, in particular,

in [28–30]. For more complex structures such as plates

or shells, boundary element methods were proposed in

[31] and methods based on the use of specific reduced

bases can be found in [32–35]. Most of these works are

closely related to finite element methods and the quan-

tities calculated are still not ‘‘effective’’. Therefore, in

our opinion, they are not ‘‘true’’ medium-frequency

methods. On the contrary, the theory initiated by Belov

and Ryback [36,37] derives from the SEA method: it is
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built upon the concepts of ‘‘effective energy density’’ and

‘‘effective power flow’’, which are extremely attractive.

However, despite improvements made primarily by

Ichchou et al. [38], this theory still encounters obstacles

which are difficult to circumvent.

The approach followed here is the variational theory

of complex rays (VTCR), a predictive tool designed

specifically to deal with medium-frequency problems,

which was introduced by Ladev�eeze in [39]. This ap-

proach is a ‘‘true’’ medium-frequency method in the

sense that the calculations are performed on ‘‘effective’’

quantities. Previous works already validated this strategy

for two-dimensional assemblies of elastic homogeneous

plates with low damping [40] and for three-dimensional

assemblies [41,42]. However, most industrial structures

present some kind of structural heterogeneity, whether

intentional (such as portholes or equipment connec-

tions) or unintentional (such as cracks). The vibratory

response in the medium-frequency range is very sensitive

to these structural discontinuities. While the VTCR was

originally based on the assumption that the structure is

an assembly of homogeneous substructures, this paper

goes one step further and proposes an extension of the

VTCR which enables the designer to take heterogeneity

into account.

Our objective is to deal with three-dimensional as-

semblies of homogeneous and heterogeneous substruc-

tures (Fig. 1). In the first part of this paper, we will

present the fundamental aspects of the VTCR and ex-

plain how it can be used with assemblies of homoge-

neous substructures. Then, we will address the difficulty

in two stages: in the second part, we will focus on the

modeling of a heterogenous substructure alone; in the

third part, we will present the principle of a method to

reduce the size of the model associated with a hetero-

geneous substructure.

2. Basic aspects of the VTCR

2.1. Principle

Let us review the basic aspects of the VTCR [41,42].

In the general case of a structure made of several sub-

structures, the first step of the VTCR consists of asso-

ciating each substructure with a superelement described

by degrees of freedom which correspond to local basic

modes, defined on two scales, which satisfy the dynamic

equations (local equilibrium and constitutive relation)

exactly. These modes are called complex rays. Besides

having a strong mechanical meaning, they can be di-

vided into families related to interior, edge or corner

zones. In the vicinity of a point, the solution is assumed

to be properly described locally as the superimposition

of an infinite number of such local vibration modes. A

remarkable fact is that, in this process, all wave direc-

tions are taken into account. The degrees of freedom are

the unknowns of the problem, each representing the

amplitude of the basic mode with which it is associated.

These are large-wavelength quantities.

Next, an appropriate variational formulation enables

us to verify, on the average, the boundary and trans-

mission conditions. Our choice of reasoning on a su-

perelement level requires the formulation to allow

approximations which are a priori independent within

substructures: these approximations do not necessarily

need to verify the transmission conditions a priori,

whether in terms of displacements or stresses. In prac-

tice, the variational formulation associates each super-

element with, on the one hand, an elementary matrix

which represents the interaction of the fields with one

another and, on the other hand, a right-hand side which

represents the interaction between the fields and the

boundary conditions. The transmission conditions at

the interface are taken into account automatically at the

assembly stage.

The last characteristic of the VTCR is that, from the

calculated discretized amplitudes, it retains only effective

quantities related to the elastic energy, the kinetic en-

ergy, the dissipation work, etc.

2.2. The reference problem

Here, in order to simplify the presentation, the

problem will be formulated for an assembly of only two

substructures, but this can easily be generalized to an

assembly of n substructures. For the purpose of illus-

tration, let us consider two thin, isotropic and elastic

Kirchhoff–Love plates. First, we assume that they are

homogeneous.

Let us study the steady-state vibrations of this as-

sembly. Classically, all quantities are defined in the

complex domain: an amplitude QðX Þ is associated with
QðX Þ: expðixtÞ.
Let S1 and S2 be two plates, oS1 and oS2 their re-

spective boundaries solicited harmonically at a fixed

angular frequency x and C12 the perfect interface be-

tween S1 and S2. The boundary conditions are as fol-

lows, with l ¼ ð1; 2Þ: deflection wd
l on part owdSl of oSl;

Fig. 1. An ‘‘industrial’’ problem.
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slope wd
nl on owndSl; bending moment M

d
l on oMdSl; fi-

nally, Kirchhoff shear Kd
l on oKdSl (Fig. 2). The quan-

tities of interest are the deflections wl and the moments

Ml.

For Sl, let us introduce the space Sad l of the dis-

placement–stress pairs sl ¼ ðwl;MlÞ defined on Sl such

that:

sl 2 Sadl ()
sl 2 U�S ðset of finite-energy fieldsÞ
DDwl � k4lwl ¼ 0 on Sl

Ml ¼ 2h3
l

3
ð1þ iglÞ KPSl XðwlÞ

8
><
>:

for l ¼ 1; 2

ð1Þ

with k4l ¼
3qlx

2ð1� m2l Þ
ð1þ iglÞElh

2
l

where kl is the wave number and ql, ml, gl, El and hl
designate respectively the density, Poisson�s ratio,

structural damping coefficient, Young�s modulus and

thickness of plate Sl. KPSl is Hooke�s tensor for plane

stress andX is the curvature operator. The fields ofSadl

are admissible in the sense that they verify both the local

equilibrium and the constitutive relation exactly. The

reference problem is:

Problem 1. Find sl such that:

sl 2 Sadl

wl ¼ wd
l on owdSl

wl;nl ¼ wd
nl

on owndSl

Mlnl ¼ M d
l on oMdSl

Klnl ¼ Kd
l on oKdSl

8
>>>>>>>><
>>>>>>>>:

w1 ¼ w2 on C12

w1;n1 ¼ w2;n2 on C12

M1n1 ¼ M2n2 on C12

K1n1 ¼ K2n2 on C12

8
>>>>><
>>>>>:

ð2Þ

with l ¼ 1; 2; Mlnl ¼ nlMlnl

and Klnl ¼ nl div½Ml� þ ðtlMlnlÞ;tl

The reference problem has, at the most, one solution if:

• Hooke�s tensors are positive definite,

• glP 0.

2.3. The variational formulation associated with the

VTCR

The VTCR is primarily a global formulation of the

boundary conditions and transmission conditions in

terms of both displacements and forces across C12. With

this understanding, the problem becomes:

Problem 2. Find sl such that:

sl 2 SadlP
l AoSlðdsl; sÞ � LoSðdslÞð Þ
þ
P

l;m
l<m

CClm
ðdsl; sl; dsm; smÞ ¼ 0

8dsl 2 Sadl

8
>>>>><
>>>>>:

for l ¼ 1; 2; m ¼ 1; 2 ð3Þ

with the boundary conditions:

AoSl ðdsl; slÞ � LoSlðdslÞ

¼ Re

�
� ix

�
�
Z

owdSl

dKlnl ðwl � wd
l Þ


dL

þ
Z

owndSl

dnlMlnlðwl;nl � wd
l;nl

Þ dL

þ
Z

oMdSl

ðnlMlnl �M d
l Þdw

l;nl
dL

�
Z

oKdSl

ðKlnl � Kd
l Þdw

l dL

	

ð4Þ

and with the transmission conditions:

CClm
dsl; sl; dsm; smð Þ

¼ Re

�
� ix

Z

Clm

1

2

��
� dðKl;nl � Km;nmÞðwl � wmÞ

þ dðnlMlnl þ nmMmnmÞðwl;nl þ wm;nmÞ

þ ðnlMlnl � nmMmnmÞdðwl;nl � wm;nmÞ

� ðKlnl þ KmnmÞdðwl þ wmÞ
�
dL

	

ð5Þ

Re½Q� designates the real part of Q and Q designates the

conjugate of Q. Note that the terms which appear in this

formulation are powers.

In practice, the VTCR procedure consists of two

stages: first, admissible fields are built; then, the bound-

ary conditions are taken into account through the dis-

cretization of the variational formulation associated

with a set of admissible fields chosen among the ele-

ments of Sad .

S1 S2

Γ12

Fig. 2. The reference problem.
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2.4. Construction of admissible fields

Let us define a subset of Sadl. The VTCR uses two-

scale approximations. For example, in the vicinity of a

point X of Sl, the solution is described by the superim-

position of modes which can be written in the following

manner:

wlðX ; P Þ ¼ ei
ffiffiffi
x

p
P :XUlðX ; P Þ ð6Þ

The moments are deduced from the constitutive relation:

MlðX ; P Þ ¼ ð1þ iglÞKPSXðwlðX ; P ÞÞ ð7Þ

ei
ffiffiffi
x

p
P :X represents the ‘‘fast’’ part of the field, which is

defined explicitly. UðX ; PÞ is the ‘‘slow’’ part. P desig-

nates a vector characterizing the local vibration mode

and chosen so that the mode verifies the dynamic

equations. There are many possible choices depending

on the zone whose vibrations are particularly sought; the

VTCR distinguishes among the interior zone, the edge

zone and the corner zone.

For example, let us concentrate on the properties of

nth-order complex rays for the interior zone. Thus, U

includes an nth-order polynomial in X . If the damping

factor is small, U can be expressed as

UlðX ; P Þ ¼ e
gl
4

ffiffiffi
x

p
P :XVðX ; P Þ½alðP Þ� ð8Þ

The coefficients alðP Þ of the polynomial VðX ; P Þ½alðP Þ�
are unknowns; they form a column ½alðP Þ� of ‘‘general-
ized amplitudes’’. Consequently, all unknowns are large-

wavelength quantities. The damping of the wave being

modeled is represented by the expression e
gl
4

ffiffiffi
x

p
P :X . These

fields can be considered to be vibration modes in an

infinite domain with the same mechanical properties as

substructure Sl; therefore, they belong to Sadl. In the

case of a 0th-order complex ray, the admissibility rela-

tion

DDwl � k4lwl ¼ 0 on Sl ð9Þ

requires

ðP :P Þ2 ¼ r4l with r4l ¼
3qlð1� m2l Þ

Elh
2
l

ð10Þ

Therefore, the locus of the end of the admissible wave

vector P for the interior zone is a circle Cl of radius rl.

This curve is a characteristic of the material. The defi-

nitions of corner and edge modes are very similar.

For the interior zone, we take into account all the

admissible directions of the rays. The solution wsol is

written as

wsol
l ðX Þ ¼

Z

Cl

wðX ; PÞds ð11Þ

The integrals are calculated along the curve Cl. Clearly,

wsol
l depends on the generalized amplitude ½a� relative to

P defined on Cl.

2.5. The discretized form of the VTCR

All that is needed in order to derive approximations

from the VTCR is for one to define the subspace S
h
adl

fromSadl. In practice, one discretizes the curve Cl using

finite elements; for example P ! alðP Þ is assumed to be
constant in each element. Then

alðPÞ ¼ B ahl for P 2 Cl ð12Þ

In other terms, ahl is associated with C
rl
l (i.e. Cl discret-

ized with rl elements). Then, the subspace S
h
adl of the

approximations deduced from Sadl is defined by

shl 2 S
h
adl ()

wh
l ðX Þ ¼ Wh

l ðX Þ½ahl �
Mh

l ðX Þ ¼ K
h
l ðX Þ½ahl �

ahl 2 C
r
l

8
><
>:

for l ¼ 1; 2

ð13Þ

The same procedure can be applied to the corner and

edge zones.

In the case of an assembly of two substructures S1 and

S2, the variational formulation and the subspace S
h
adl

defined by Eq. (13) lead to a system of equations of

dimension
P

l rl in the complex domain:

½Ah� ahl
h i

¼ Lh
d

h i
for l ¼ 1; 2 ð14Þ

2.6. Effective quantities

For relatively high frequencies, only effective quanti-

ties associated with the generalized amplitudes are

meaningful. Indeed, the precise spatial distribution of shl
is meaningless from a mechanical point of view. On a

given substructure S with a characteristic dimension L,

the quantities involved are expressed as qðX Þ, which can
represent, for example, the elastic energy, the kinetic

energy or the dissipation work; in the vicinity of any test

point X0, the associated effective quantities are defined

on a square patch SX0 with side L by

qeff ðX0Þ ¼
1

L2

Z

SX0

qðX ÞdS ð15Þ

These effective quantities are large-wavelength quanti-

ties. Compared to classical quantities such as the dis-

4
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placements of points, which can vary considerably due

to slight variations of input data, they are much less

sensitive. Effective quantities can also be defined on the

edge of S.

2.7. Examples

A three-dimensional assembly of plates is used to

model the front part of the body-in-white of a car, made

of sheet steel. The mechanical properties of the 54 plates

are: E ¼ 210 GPa; g ¼ 0:001; m ¼ 0:3; q ¼ 7800 kg/m3;

h ¼ 0:8 mm. The harmonic excitation is a distributed
force Fd on the front side frame: Fd ¼ 1 N/m; f ¼ 650

Hz; x ¼ 2pf rad/s. Symmetry conditions are prescribed

on the appropriate boundaries; the rear boundaries are

fixed. The VTCR solution (Fig. 3) was obtained using 40

interior modes and 9 edge modes per plate. Since 0th-

order complex rays were used, there were 152 degrees of

freedom per plate, which is a very small number for this

frequency. Thus, we had to solve a (6536� 6536) linear
problem. We used the program CORAY-MF (COmplex

RAYs for Medium Frequencies) developed by Ph.

Rouch at LMT-Cachan. The effective displacements on

patches were post-processed in order to compare this

VTCR solution with experimental data (Fig. 4).

3. Extension of the VTCR to heterogeneous structures

3.1. The reference problem

Now, we will focus on the construction of the super-

element associated with an isolated heterogenous sub-

structure (Fig. 5). Then, this superelement will be

available to be assembled with other existing superele-

ments.

Let us consider the vibrations of a locally heteroge-

neous isotropic plate. Each type of heterogeneity results

in specific limitations on the deflection, slope, bending

moment and Kirchhoff�s shear at its boundary. In order

to test the strategy, let us consider the case of a plate

with an arbitrarily shaped hole. The boundary C0 is

assumed to be free. Therefore, the boundary conditions

on C0 are Md ¼ 0 and Kd ¼ 0. The notations are the

same as before, except for dropping the suffix l in order

to simplify the equations.

The space Sad is defined exactly like Sadl in the first

part. The reference problem becomes:

Problem 3. Find s such that:

s 2 Sad

w ¼ wd on owdS

w;n ¼ wd
n on owndS

Mn ¼ Md on oMdS

Kn ¼ Kd on oKdS

Mn ¼ Md ¼ 0 on C0

Kn ¼ Kd ¼ 0 on C0

8
>>>>>>>>>><
>>>>>>>>>>:

ð16Þ

3.2. Direct application of the VTCR

The first option is to treat C0 like oS. Thus, the

problem becomes:

Problem 4. Find s such that:

s 2 Sad

ðAoSðds; sÞ � LoSðdsÞÞ þ ðAC0ðds; sÞ � LC0ðdsÞÞ ¼ 0

8ds 2 Sad

8
<
:

ð17Þ

Fig. 3. VTCR solution: jwj (m).

Fig. 4. Post-processing of the effective displacements jweff j (m).

Md

Kd

wd

wn
d

∂S

S
Γ0

Fig. 5. The reference problem.
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The term ðAoSðds; sÞ � LoSðdsÞÞ was developed while de-
fining Problem 2 in Eq. (4). The term ðAC0ðds; sÞ�
LC0ðdsÞÞ is written as
AC0 ðds; sÞ � LC0ðdsÞ

¼ Re

�
� ix

Z

C0

nMndw
n dL

�
�
Z

C0

Kndw
 dL

	


ð18Þ

Such a method can be applied, for example, to the

problem of a square steel plate of side L ¼ 1 m with a

center square hole of side L=3. The mechanical proper-
ties are the same as for the example in Section 2.7. The

harmonic excitation is a distributed force Fd on one side:

f ¼ 400 Hz; x ¼ 2pf rad/s; Fd ¼ 1 N/m. The plate is

clamped on the opposite side. The solution obtained

with the VTCR (Fig. 7) and the solution obtained with

finite elements (Fig. 6) are very similar.

However, the influence of heterogeneity is taken into

account through the terms integrated on C0, whereas we

would like the treatment of local heterogeneity to be

distinguished from that of the master structure. Indeed,

from a mechanical point of view, the hole creates only a

perturbation of the vibratory response. One should note

that this interpretation is not valid for all types of het-

erogeneity: for example, a long stiffener would behave

differently. The case of stiffeners requires a specific

treatment which will be developed in a subsequent paper.

3.3. Adaptation of the VTCR to the treatment of local

heterogeneity

Our proposal consists of taking the perturbation due

to local heterogeneity into account as soon as the ad-

missible fields of Sad have been built. The purpose is to

develop ahead of time, and only once, families of ad-

missible fields which satisfy the boundary conditions

resulting from each type of heterogeneity a priori. These

fields will then be used as the need arises while modeling

heterogeneous structures.

Therefore, let us define the setSc
ad (i.e. correctedSad )

of the pairs s such that:

s 2 S
c
ad ()

s 2 Sad

Mn ¼ Md ¼ 0 on C0
Kn ¼ Kd ¼ 0 on C0

8
<
: ð19Þ

Then, the problem becomes:

Problem 5. Find s such that:

s 2 S
c
ad

AoSðds; sÞ � LoSðdsÞ ¼ 0

8ds 2 S
c
ad

8
<
: ð20Þ

3.4. Construction of the corrected admissible fields

We want to build fields which correspond to the new

definition of admissibility. Thus, we seek sc 2 S
c
ad among

the pairs �ss admissible in the sense of Sad which already

exist, to which we apply a correction ~ss so that sc verifies

the boundary conditions resulting from heterogeneity.

Of course, this correction must belong to Sad also. One

can view each sc as the superimposition of an incident

field �ss and a diffracted field ~ss due to heterogeneity:

ðwc;McÞ ¼ ð�ww;MÞ þ ð~ww;fMMÞ ð21Þ

Let us give a generic expression of �ww and ~ww:

�wwðX ; P Þ ¼ WðX ; PÞ½�aaðP Þ� ð22Þ

~wwðX ; P Þ ¼ fWWðX ; P Þ½~aaðP Þ� ð23Þ

The fields sc of Sc
ad are deduced from those of Sad :

sc 2 S
c
ad ()

wcðX ; P Þ ¼ ðWðX ; PÞ þ ½HðX Þ�½CCðWðX ; P ÞÞ�Þ½�aaðPÞ�
McðX ; P Þ ¼ ð1þ igÞKPSXðwcÞ

(

ð24ÞFig. 7. VTCR solution: jwj (m).

Fig. 6. Finite element solution: jwj (m).
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with

fWWðX ; P Þ ¼ ½HðX Þ� ð25Þ

½~aaðP Þ� ¼ CCðWðX ; P ÞÞ
� �

½�aaðP Þ� ð26Þ

Thus, the correction associated with each �ss is built in-

dividually as a linear combination of functions H , which

are additional basic modes; these modes are weighted by

coefficients CC adjusted to the incident field. In the final

calculation, each correction function enriches the basic

modes and the associated generalized amplitude be-

comes a new unknown connected to the amplitudes as-

sociated with �ss.

The solution wsol for the heterogeneous structure can

be written as

wsolðX Þ ¼
Z

C

wcðX ; PÞds ð27Þ

3.5. The discretized form of the adjusted VTCR

To derive approximations from the adjusted VTCR,

we follow the same reasoning as in Section 2.5. Given a

single heterogeneous substructure, the variational for-

mulation and the subspace S
ch
ad lead to a constrained

system of equations of dimension r þ rc in the complex

domain, where rc designates the number of correction

fields:

½Ach� �aah

~aah

" #
¼ ½Lch

d � ð28Þ

with

½~aah� ¼ ½Ch
C�½�aah� ð29Þ

3.6. Example of the construction of corrected admissible

fields

In the case of the reference problem, the correction

~ssðX ; PÞ associated with an incident field of unit ampli-
tude �ssðX ; PÞ is the solution to:

Problem 6. Find ~ss such that:

~ss 2 Sad

eMMn ¼ �MnjC0
eKKn ¼ �KnjC0

8
><
>:

ð30Þ

In order to take into account the radiating aspect of the

wave diffracted due to heterogeneity, we wish to calcu-

late ~ss in polar coordinates with an origin located at the

‘‘center of gravity’’ of the hole. Therefore, we define an

‘‘equivalent circular hole’’ with appropriate boundary

conditions. This hole is an imaginary circular contour

C0C of radius R, centered at the origin of the polar co-

ordinates system and containing the heterogeneous

property (Fig. 8).

Then, ~ww is sought in the classical form [43]:

~wwðr; hÞ ¼
X

m2Z
C1mH

ð1Þ
m ðikrÞ

�
þ C2mH

ð2Þ
m ðkrÞ

�
eimh ð31Þ

where H ð1Þ
m and H ð2Þ

m denote the Hankel functions of the

first and second kind respectively. Thus, the solution is a

combination of an outbound propagating wave and a

boundary wave which decreases rapidly. Both waves are

emitted by C0 and neither reflects at infinity. The coef-

ficients Cfm are determined through the boundary con-

ditions on C0, which are relocated on C0C . These

relocated boundary conditions are the restrictions to the

contour C0C of the solution to Problem 6. In fact, out-

side C0C , the solution to Problem 6 is the same as the

solution to Problem 7:

Problem 7. Find ~ss such that:

~ss 2 Sad

~ww ¼ ~wwd jC0C
~ww;n ¼ ~wwd

n jC0C

8
><
>:

ð32Þ

Problem 6 is solved by a boundary element method, e.g.

[44], or an extension of the VTCR to unbounded media

which is currently under development. Then, ~wwd jC0C and
~wwd
n jC0C are expanded into Fourier series:

~wwdðR; hÞ ¼
P

m2Z ~wwdmðRÞeimh
~wwd
;nðR; hÞ ¼

P
m2Z ~wwdm

;n ðRÞeimh

(
ð33Þ

with ~wwdmðRÞ ¼ 1

2p

Z 2p

0

e�imh ~wwdðR; hÞdh

and ~wwdm
;n ðRÞ ¼

1

2p

Z 2p

0

e�imh ~wwd
;nðR; hÞdh

ð34Þ

The coefficients Cfm are calculated by inverting linear

systems of dimension 2:

C1mH
ð1Þ
m ðikrÞ þ C2mH

ð2Þ
m ðkrÞ ¼ ~wwdmðRÞ

C1mH
ð1Þ0
m ðikrÞ þ C2mH

ð2Þ0
m ðkrÞ ¼ ~wwdm

;n ðRÞ

(
ð35Þ

Γ
0

R Γ
0C

Fig. 8. Definition of the imaginary circular contour.
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or ½Hm�½Cmð�wwÞ� ¼ ½Fdmð�wwÞ� ð36Þ

One obtains an approximate solution by truncating the

series, i.e.:

~wwðr; hÞ ’
X

m2Z;jmj6M

f¼1;2

Cfmð�wwÞ Hfmðr; hÞ ð37Þ

with Hfm ¼ Hmðaf krÞeimh ð38Þ

For any incident pair �ss, the correction ~ss is expressed on

the same basis of ð2M þ 1Þ local fields Hfm. Let C be the

vector of correction coefficients associated with the

vector H of functions Hfm. Then, (37) can be expressed

as

~wwðr; hÞ ’ ½Cð�wwÞ�T½Hðr; hÞ� ð39Þ

and C is the solution to the following linear system,

which results from the assembly of systems of the same

type as (36):

½H�½Cð�wwÞ� ¼ ½Fdð�wwÞ� ð40Þ

Then, all the Cs obtained while correcting each incident

field are assembled to build the operator CC defined in

Section 3.5.

In short, a superelement corresponding to a hetero-

geneous substructure includes a family of additional

basic modes weighted in order to verify conditions on

the boundary of the discontinuity a priori. The weights

for ranges of nondimensional parameters corresponding

to each type of local heterogeneity are processed and

stored in advance. This approach can be generalized to

two or more zones containing local heterogeneity.

4. Reduction method for the VTCR

In the case of minor heterogeneity where the enrich-

ment functions are localized inside the substructure and

negligible on its boundary, the size of the heterogeneous

discretized model is identical to that of the homogeneous

discretized model. In all other cases, for example in

Section 3.3 when the superelement of a heterogeneous

plate was enriched with cylindrical basis functions, the

number of discretized degrees of freedom associated

with the substructure becomes large. In such cases, it is

time-consuming to calculate all the terms coupling the

degrees of freedom of the superelement associated with

the finely described substructure with those of the su-

perelements associated with the (normally meshed)

neighboring substructures. Therefore, it would be ad-

vantageous first to define an equivalent superelement to

be assembled with the neighboring superelements. The

dynamic behavior on the boundary of this equivalent

superelement, seen from the outside, would be the same

as that of the refined superelement in terms of power

exchanged.

For this purpose, one associates two models with the

heterogeneous substructure S. These models differ in the

description of the subspaces in which the solution is

sought. The larger model includes the fields associated

with the degrees of freedom of the corresponding ho-

mogeneous substructure �ss as well as the enrichment

fields ~ss.

wðX ; P Þ ¼ �wwþ ~ww ¼ WðX ; P Þ½�aaðP Þ� þfWWðX ; P Þ½~aaðP Þ�
ð41Þ

The equivalent reduced model also includes �ss, but the

enrichment fields are replaced by their projections on the

fields �ss.

weqðX ; P Þ ¼ �wwþ ~wwp ¼ WðX ; PÞ½�aaðP Þ� þ PWðX Þ½~aaðP Þ�
ð42Þ

In order to identify the projection operator P, both

models are subjected to the same test load cases: in

displacement and slope with u ¼ ðwd ;wd
nÞ; in force and

moment with f ¼ ðKd ;MdÞ on the boundary oS (Fig. 9).
The problem is formulated identically in both cases:

Problem 8. Find s such that:

s 2 Sad

A
ðu;f Þ
oS ðds; sÞ � L

ðu;f Þ
oS ðdsÞ ¼ 0

8ds 2 Sad

8
<
: ð43Þ

with

A
ðu;f Þ
oS ðds; sÞ � L

ðu;f Þ
oS ðdsÞ

¼ 1

2
Re

(
� ix

Z

oS

w

wn

" # 
� u

!
d

Kn

nMn

" #

þ
Kn

nMn

" # 
� f

!
d

w

wn

" #!
dL

)
ð44Þ

The power exchanged through the boundary between

the large problem and the reduced problem is the same

regardless of the external loads: this property is used to

identify P. The test load cases are chosen accordingly.

These can be, for example, the traces on the boundary of

the classical fields of a homogeneous substructure. The

∂S

S
(u, f  )

Fig. 9. Test load cases for the reduction process.
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relation between u and f is ðu; f Þ 2 oAd. The power

equivalence is expressed as

1

2
Re

(
� ix

Z

oS

~ww

~wwn

" # 
�

~wwp

~wwnp

" #!
df 

þ
eKKn

nfMMn

" # 
�

eKKnp

nfMMpn

" #!
du

!
dL

)
¼ 0

8ðdu; df Þ 2 oAd

~wwðX ; P Þ ¼ fWWðX ; PÞ½~aaðP Þ�; ~wwpðX ; P Þ ¼ PWðX Þ½~aaðP Þ�
ð45Þ

In order to reduce the size of the large discretized

problem significantly, ½~aah� is expressed as a function of
½�aah�. The test loads are discretized as follows:

uhðX Þ ¼ UhðX Þ½ahu�
f hðX Þ ¼ FhðX Þ½ahf �

ð46Þ

Then, the linear system of equations associated with the

large discretized problem is

A
h eAA

h

e
AA

h eeAAeAAh

" #
�aah

~aah

" #
¼ L

h

eLLh

� �
ahu
ahf

" #
ð47Þ

The enrichment degrees of freedom are eliminated and

the linear system is condensed:

½A
h

�
�

� ½eAA
h

�½ eeAAeAA h��1½eAAh�
	

�aah
h i

¼ ½Lh�
�

� ½eAA
h

�½ eeAAeAA h��1½eLLh�
	

ahu
ahf

" #
ð48Þ

½~aah� can be deduced from ½�aah� through the relation:

½~aah� ¼ ½ eeAAeAA h��1 ½eLLh�
ahu
ahf

" #
� e

AA
h

h i
�aah
h i!

ð49Þ

A simplifying hypothesis consists of neglecting the av-

erage power exchanged on the boundary due to the in-

teraction between the enrichment fields and the test

loads compared to the average energy exchanged due to

the interaction between the enrichment fields and the

classical fields. This can be justified by the usually large

length of variation of the boundary or transmission

conditions compared to the small length of variation of

the enrichment fields. Consequently, one can assume a

proportional relation between ½~aah� and ½�aah�:

½~aah� ¼ Ch
oS ½�aah� ð50Þ

Then, the equivalent superelement is described by the

fields seq:

wh
eqðX Þ ¼ W

hðX Þ þ Ph �WWhðX ÞCh
oS

� �
½�aah� ¼ Wh

eqðX Þ½aheq�
Mh

eqðX Þ ¼ K
h
eqðX Þ½aheq�

8
<
:

ð51Þ

Such a superelement is intrinsic and, therefore, can be

assembled with other superelements at a cost compara-

ble to that of a homogeneous substructure.

5. Conclusion

The ‘‘variational theory of complex rays’’, initially

introduced to calculate the vibrations of slightly damped

elastic plates in the medium-frequency range, is a very

general approach with a strong mechanical basis. Its

application to beam assemblies leads to the exact solu-

tion both in traction and in bending. For complex

structures, the VTCR predicts the correct vibration level

without difficulty, even if the number of substructures is

relatively large. Moreover, this tool is flexible enough to

deal with locally heterogeneous substructures in an ef-

ficient way.

In the near future, the capabilities of the VTCR will

be extended in several directions: from plates to shells;

from local heterogeneity to more complex cases, e.g.

multistiffened substructures. In addition, an appropriate

approach will be proposed to deal with wide-band fre-

quency excitation.
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