
HAL Id: hal-03177886
https://hal.science/hal-03177886

Submitted on 12 Jan 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Free-vibration analysis of laminated plates with
embedded shear-mode piezoceramic layers

Jean-François Deü, Ayech Benjeddou

To cite this version:
Jean-François Deü, Ayech Benjeddou. Free-vibration analysis of laminated plates with embedded
shear-mode piezoceramic layers. International Journal of Solids and Structures, 2005, 42 (7), pp.2059-
2088. �10.1016/j.ijsolstr.2004.09.003�. �hal-03177886�

https://hal.science/hal-03177886
https://hal.archives-ouvertes.fr


Free-vibration analysis of laminated plates with
embedded shear-mode piezoceramic layers
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This paper presents a three-dimensional exact mixed state space solution and a parametric analysis for the free-vibra-
tion of simply-supported laminates with embedded transverse shear mode piezoceramic layers. The formulation retains,
as state variables, the standard mechanical displacements and transverse stresses augmented with the electric transverse
displacement and potential. It considers both non-electroded and electroded inner x-poled piezoceramic laminae. The
solution validation is made through some demonstrated expected results. Then, a parametric study is conducted for
various parameters variations. It was found that the thickness distributions of the electric state variables depend
strongly on the electric boundary conditions and mode type. Moreover, in contrary to the common practice of the
mechanical community, the small difference between short- and open-circuit natural frequencies should not be neglected
but can be used to assess the piezoelectric effect through the so-called effective modal electromechanical coupling coef-

ficient. Its level was found to depend on the poling direction, mode type, plate length-to-thickness ratio and piezoce-
ramic lamina thickness and position in the laminate. This exact solution and its obtained results can be used for
future reference and shear-mode piezoelectric vibration behavior comprehension purposes.
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1. Introduction

Theoretical modeling and simulation of smart structures is an active area of research since the early
1990s. Hence, for the purpose of verifying the accuracy of the wide used approximate theories or compu-
tational models of piezoelectric adaptive structures (Saravanos and Heyliger, 1999; Benjeddou, 2000), the
interest for exact, closed-form and other analytical solutions has much increased during the last half dec-
ade. These low-cost validation techniques are generally developed for static or free-vibration analyses of
simply-supported (SS) plate-like structures. Thus, several three-dimensional (3D) exact (Heyliger and
Saravanos, 1995; Xu et al., 1997) or approximate (Batra and Liang, 1997; Ding et al., 2000) and two-dimen-
sional (2D) closed-form (Benjeddou and Deü, 2002) solutions have been proposed in the literature for the
free-vibration analysis of SS piezoelectric laminated plates. Both through-the-thickness exponential distri-
bution methods (Heyliger and Saravanos, 1995; Batra and Liang, 1997) and state space approaches (Xu
et al., 1997; Ding et al., 2000) have been used for the free-vibration problem formulation. The former meth-
ods have the advantage of providing explicit expressions, but cumbersome, of the through-the-thickness
distributions of the retained electromechanical variables; they also require the solution of an eighth-order
ill conditioned transcendental equation. In the contrary, state space methods are becoming very popular for
exact solutions of various layered adaptive structures problems, such as Saint–Venant end effects in piezo-
electric laminates (Tarn and Huang, 2002), axisymmetric problems in layered piezoelectric media (Wang
et al., 2002), piezothermoelastic behavior (Tarn, 2002; Zhang et al., 2002), functionally gradient piezoelec-
tric materials (Zhong and Shang, 2003) and magneto-electro-elastic laminates (Wang et al., 2003).

Careful analysis of the above contributions indicates that they have concerned through-the-thickness
poled (extensionmode) piezoelectric materials only.However, although the shear mode (in-plane poled) piezo-
ceramics had retained much attention during the last decade, only few papers exist on its application to
adaptive plates (Zhang and Sun, 1999; Benjeddou and Deü, 2001a,b; Vel and Batra, 2001a,b). Nevertheless,
these had focused on static analyses only. It is then the purpose of this work to present a 3D exact mixed
state space solution for the free-vibrations of SS laminates with embedded transverse shear-mode piezoce-
ramic layers. In contrary to the control theory type state space approach (Vel and Batra, 2001a), the present
mixed type one has the great advantage that the size of the system to be solved is independent of the number
of layers and is of order four for the laminate with embedded non-electroded piezoceramic laminae and of
order three for the laminate with embedded electroded laminae. Also in contrary to the common practice,
where the matrix exponential is evaluated analytically (Lee and Jiang, 1996; Chen et al., 1998; Vel and
Batra, 2001b), here this task is made numerically.

The available 3D exact or analytical solutions for the free-vibration of simply-supported (SS) piezoelec-
tric laminates have been limited not only to extension mode piezoelectric materials but also to the funda-
mental mode (Xu et al., 1997), few bending modes (Batra and Liang, 1997; Ding et al., 2000) or few
thickness modes (Heyliger and Saravanos, 1995). Thus, neither of these solutions was self-contained to
be used as a reference solution for other approximate numerical or 2D closed-form solutions (Benjeddou
et al., 2002). Liang and Batra (1997) have also presented, in a Technical Note, the unique parametric
analysis on changes in frequencies due to embedded extension mode piezoelectric layers. All of the previous
exact or analytical solutions, except that of Ding et al. (2000), have missed the so-called special modes due
to nil x-axis (mx = 0) or y-axis (my = 0) wave numbers. The latter were briefly studied recently by Batra and
Aimmanee (2003).

Exact 3D free-vibration analyses of SS piezoelectric composite plates with embedded shear-mode
(x-poled) piezoceramic layers have been conducted only recently (Deü and Benjeddou, 2002; Benjeddou
and Deü, 2003). The authors have presented detailed parametric studies of the electromechanical coupling

coefficient (EMCC) of the thickness modes in terms of the plate length-to-thickness ratio for both short-
circuited (SC) and open-circuited (OC) frequencies (Deü and Benjeddou, 2002). They have also analyzed
the influence of the shear piezoceramic core thickness ratio, the sandwich elastic faces lamination scheme,
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and the piezoceramic lamina thickness position for elastic (EL), non-electroded (NE) and SC/OC elect-
roded laminae (Benjeddou and Deü, 2003). However, the latter two references have, unfortunately, missed
the special (mx = 0 or my = 0) modes mentioned in (Ding et al., 2000; Batra and Aimmanee, 2003).

In the following the paper will focuse first on the state space formulation for a generic x-poled piezo-
electric lamina; then, the exact free-vibration solution is detailed. In particular, the transfer matrices for
inner NE and electroded, either SC or OC, piezoelectric laminae are derived. The special case of elastic
laminae is also treated. Next, the assembly procedure is described for the different electric boundary
conditions (EBC). After discussing the possible implementation and computational aspects of the proposed
exact 3D mixed state space approach (MSSA), its validation is presented. For this, some expected theoret-
ical results are first demonstrated for a sandwich SS plate with a shear-mode piezoceramic core and
conducting elastic faces. The obtained results are compared to elastic 3D ones from a general purpose
commercial finite element (FE) code. The special modes (Ding et al., 2000; Batra and Aimmanee, 2003)
are briefly presented and analyzed for the first time in this section. A detailed parametric analysis is then
conducted to show the influence of the electric boundary conditions (EBC), plate side-to-thickness ratio
and piezoceramic lamina thickness and position on the EMCC of both in-plane (mx,my, 1) and thickness
(1,1,mz) modes. The results are either tabulated or presented in Figures for future self-contained reference

versus approximate numerical or closed-form 2D solutions.

2. Piezoelectric laminae state space formulation

Consider a rectangular adaptive composite plate of length Lx, width Ly, total thicknessH and made of N
orthotropic layers (elastic or piezoelectric). The latter can have different thickness and material properties,
but with material axes parallel to those of the adopted rectangular co-ordinate system (Fig. 1). The plate is
mechanically unloaded while its piezoelectric laminae are polarized along their local x-axis and could be
either charge-free, for OC upper and lower surface electrodes, or free of electric potential for SC electrodes.

The 3D linear constitutive equations of the kth piezoelectric lamina, polarized along its material first axis
(x1), is for the converse and direct piezoelectric effects, respectively,
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Fig. 1. Adaptive composite plate: polarization, geometry and notations.
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where rij and di (i, j = x,y,z) are the stress tensor and the electric displacement vector components; CIJ, ekJ
and 2kl (k, l = 1,2,3; I, J = 1,. . .,6) denote elastic, piezoelectric and dielectric material constants. The strain
tensor �ij and electric field vector Ei components are linked to the mechanical displacements ui and electric
potential / by the usual gradient relations. Substituting the latter in Eqs. (1) and (2), then combining some
of the resulting equations provide the transverse derivatives of the mechanical displacements and electric
potential (a comma states for partial differentiation),

uðkÞx;z ¼
�
ðkÞ
33

D
ðkÞ
35

rðkÞ
xz þ

e
ðkÞ
35

D
ðkÞ
35

dðkÞ
z � uðkÞz;x

uðkÞy;z ¼
1

C
ðkÞ
44

rðkÞ
yz � uðkÞz;y

/
ðkÞ
;z ¼

e
ðkÞ
35

D
ðkÞ
35

rðkÞ
xz �

C
ðkÞ
55

D
ðkÞ
35

dðkÞ
z

uðkÞz;z ¼ �
C

ðkÞ
13

C
ðkÞ
33

uðkÞx;x �
C

ðkÞ
23

C
ðkÞ
33

uðkÞy;y �
e
ðkÞ
13

C
ðkÞ
33

/ðkÞ
;x þ

1

C
ðkÞ
33

rðkÞ
zz

ð3Þ

where

D
ðkÞ
35 ¼ C

ðkÞ
55 �

ðkÞ
33 þ e

ðkÞ2
35

The last relation of Eq. (3) is then substituted in the in plane stresses and electric displacements of Eqs.
(1) and (2), written in terms of the mechanical displacements and electric potential, in order to transform
them into the following matrix form,
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The electrodynamics response of the kth piezoelectric lamina, free of mechanical and electric body loads,
is governed by the classical stress and charge equations, respectively. After the substitution of the in-plane
constitutive equations, Eq. (4), in these equations of motion and the solution for the thickness first deriv-
atives of the transverse stresses and electric displacement, the following relations are obtained (q is the mass
density and a dot denotes a time differentiation),
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The first three relations of Eq. (3) and the first one of Eq. (5) can be grouped into,
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The last relation of Eq. (3) and last three ones of Eq. (5) can be grouped into,
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The combination of Eqs. (6) and (7) gives the kth piezoelectric lamina state space equation,
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Notice that the sub-matrices [a1] and [a2] of Eqs. 6,7,8a are individually symmetric thanks to the chosen
order of the components of the state sub-vectors {x1} and {x2} but the lamina system matrix [a] of Eq. (8b)
is not symmetric.
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3. Transfer matrices of simply-supported piezoelectric laminae

The plate is now considered SS so that transverse and tangential kth lamina displacements and normal
stresses vanish at its vertical edges. Electrically, these are OC at x = 0, Lx and SC at y = 0, Ly, respectively.
These conditions can be written as,
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Primary mixed state variables that satisfy the electromechanical boundary conditions (9a) and (9b) can
be written in trigonometric series as,
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From these, the secondary mixed state space variables take the forms,
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In Eqs. (10) and (11), x ¼ xmxmy
is the circular frequency (rad/s), i is the imaginary unit (i2 = �1),

p = mxp/Lx and q = myp/Ly. The uppercase letters denote the amplitudes of the corresponding lowercase
physical quantities.

It is worthwhile to notice that Fourier series of Eqs. (10) and (11) should be normally summed on mx and
my. Therefore, in the free-vibration analysis, it is well known that due to the orthogonal trigonometric func-
tions and for orthotropic materials, these summations uncouple and the corresponding eigenvalue problem
can be solved for each (mx,my) couple.

The use of Eq. (11) in Eq. (4) transforms it to,
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The negative sign before the transverse mechanical displacement amplitude is introduced to keep sym-
metric the system bloc matrices.

Once Eq. (13b) is solved, Eq. (12) can be used, after extracting {X1}, to compute the amplitudes of the in-
plane stresses and electric displacements. The solution of Eq. (13b), for z2 [zk,zk+1], can be written in the
following transfer matrix form,
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ð14Þ
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�

[T(z�zk)]
(k) is the kth lamina transfer matrix which maps the state vector at its bottom surface with that

at depth z 2 [zk,zk+1]. The sate vector at the lamina top surface is then,
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ðkÞ
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where hk = zk+1�zk is the thickness of the kth lamina, and [T(hk)]
(k) its lamina transfer matrix which maps

the state vector at its bottom surface to that at its top one. It is not symmetric, all full in contrary to
the system matrix [A], and of eighth order for a NE laminae. However, for electroded piezoelectric laminae
the transfer matrix size can be reduced through analytic condensation of the electric state variables. The
procedure is described hereafter but the readers are also encouraged to see the reference (Benjeddou and
Deü, 2001a) for the static case.

3.1. Transfer matrix of an OC electroded inner piezoelectric lamina

An OC electroded piezoelectric lamina is considered here free of electric surface charge on its top and
bottom surfaces; that is,

DðkÞ
z ðzkÞ ¼ DðkÞ

z ðzkþ1Þ ¼ 0 ð16Þ

In this case, the electric potential at the lamina lower surface can be expressed from the 7th line of the
linear system of Eq. (15), combined with the condition DðkÞ

z ðzkþ1Þ ¼ 0, as,
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The substitution of Eq. (17) and the electric condition DðkÞ
z ðzkÞ ¼ 0 in the 3rd and 7th lines of the system

of Eq. (14) provides, respectively, the electric potential and displacement inside the kth OC piezoelectric
lamina,

UðkÞðzÞ ¼ T 3jðz� zkÞ; j ¼ 1; 2; 4–6; 8
� �ðkÞ

fX ðzkÞg
ðkÞ

ð18aÞ

DðkÞ
z ðzÞ ¼ T 7jðz� zkÞ; j ¼ 1; 2; 4–6; 8

� �ðkÞ
fX ðzkÞg

ðkÞ ð18bÞ

with

T ijðz� zkÞ ¼ T ijðz� zkÞ � T i3ðz� zkÞ
T 7jðhkÞ

T 73ðhkÞ
; i ¼ 3; 7; j ¼ 1; 2; 4–6; 8

Finally, the substitution of Eq. (17) and the condition DðkÞ
z ðzkÞ ¼ 0 in the other than 3rd and 7th lines of

the system given by Eq. (14) reduces it to the following sixth order one,

fX ðzÞg
ðkÞ

¼ T ðz� zkÞ
 �ðkÞ

fX ðzkÞg
ðkÞ

ð19Þ

where the matrix components are as after Eq. (18b) but with i = 1,2,4–6,8. This equation can be used to
evaluate the mechanical displacements and transverse stresses at z = zk+1; i.e.,

fX ðzkþ1Þg
ðkÞ ¼ ½T ðhkÞ�

ðkÞfX ðzkÞg
ðkÞ ð20Þ

where ½T ðhkÞ�
ðkÞ

is the transfer matrix of the kth OC electrode inner piezoelectric lamina.

3.2. Transfer matrix of a SC electroded inner piezoelectric lamina

A SC electroded piezoelectric lamina is considered here free of electric potential on its top and bottom
surfaces; that is,

UðkÞðzkÞ ¼ UðkÞðzkþ1Þ ¼ 0 ð21Þ

In this case, the transverse electric displacement at the lamina lower surface can be expressed from the
3rd line of the linear system of Eq. (15) and using U(k)(zk+1) = 0, as,

DðkÞ
z ðzkÞ ¼ T 3jðhkÞ; j ¼ 1; 2; 4� 6; 8

D EðkÞ

fX ðzkÞg
ðkÞ ð22Þ

with

T 3jðhkÞ ¼ �
T 3jðhkÞ

T 37ðhkÞ
; j ¼ 1; 2; 4� 6; 8

The substitution of Eq. (22) and U(k)(zk) = 0 in the 7th and 3rd lines of the system of Eq. (14) provides,
respectively, the transverse electric displacement and potential inside the kth SC piezoelectric lamina,

DðkÞ
z ðzÞ ¼ T 7jðz� zkÞ; j ¼ 1; 2; 4� 6; 8

D EðkÞ

fX ðzkÞg
ðkÞ

ð23aÞ

UðkÞðzÞ ¼ T 3jðz� zkÞ; j ¼ 1; 2; 4� 6; 8
D EðkÞ

fX ðzkÞg
ðkÞ ð23bÞ

with

T ijðz� zkÞ ¼ T ijðz� zkÞ � T i7ðz� zkÞ
T 3jðhkÞ

T 37ðhkÞ
; i ¼ 7; 3; j ¼ 1; 2; 4–6; 8
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Finally, the substitution of Eq. (22) and the condition U(k) (zk) = 0 in the other-than 3rd and 7th lines of
the system given by Eq. (14) reduces it to the following sixth order one,

fX ðzÞg
ðkÞ

¼ T ðz� zkÞ
 �ðkÞ

fX ðzkÞg
ðkÞ

ð24Þ

where the matrix components are as after Eq. (23b) but with i = 1,2,4–6,8. This equation can be used to
evaluate the mechanical displacements and transverse stresses at z = zk+1; i.e.,

fX ðzkþ1Þg
ðkÞ

¼ T ðhkÞ
h iðkÞ

fX ðzkÞg
ðkÞ

ð25Þ

where ½T ðhkÞ�
ðkÞ is the transfer matrix of the kth SC electrode inner piezoelectric lamina.

3.3. Case of an elastic lamina

An elastic layer is considered piezoelectric with nil coupling constants (eij = 0). It needs no special treat-
ment of its transfer matrix. However, the following interesting special features regarding the electric state in
a conducting elastic lamina can be emphasized:

As expected, an electromechanical uncoupling occurs for an elastic layer. This is due to the fact that, in
the 3rd and 7th lines and columns of Eq. (13b), the only non-vanishing terms are A37 and A73 so that the
following dielectric state space equation holds in the kth elastic layer,

d

dz

UðzÞ

DzðzÞ

� �ðkÞ

¼
0 A37

A73 0

� �ðkÞ
UðzÞ

DzðzÞ

� �ðkÞ

ð26Þ

with

A37 ¼ �
1

�33

; A73 ¼ �ð�11p
2 þ �22q

2Þ

Following the procedure proposed by Bahar (1977), the solution of Eq. (26) is,

UðzÞ

DzðzÞ

� �ðkÞ

¼
T 33ðz� zkÞ T 37ðz� zkÞ

T 73ðz� zkÞ T 77ðz� zkÞ

� �ðkÞ
UðzkÞ

DzðzkÞ

� �ðkÞ

ð27Þ

with

T 33ðz� zkÞ ¼ T 77ðz� zkÞ ¼ cosh ðz� zkÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�11p2 þ �22q2

�33

s" #

T 37ðz� zkÞ ¼ �
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�33ð�11p2 þ �22q2Þ
p sinh ðz� zkÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�11p2 þ �22q2

�33

s" #

T 73ðz� zkÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�33ð�11p2 þ �22q2Þ

p
sinh ðz� zkÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�11p2 þ �22q2

�33

s" #

Written for the top surface of the kth elastic lamina, Eq. (27) reads,

Uðzkþ1Þ

Dzðzkþ1Þ

� �ðkÞ

¼
T 33ðhkÞ T 37ðhkÞ

T 73ðhkÞ T 77ðhkÞ

� �ðkÞ
UðzkÞ

DzðzkÞ

� �ðkÞ

ð28Þ
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From Eq. (22), the in-plane electric displacements inside an elastic lamina are,

Dxðz� zkÞ

Dyðz� zkÞ

� �ðkÞ

¼
�11p

��22q

� �ðkÞ

UðkÞðz� zkÞ ð29Þ

Hence, either of the in-plane electric displacements vanishes when p or q is nil. However, both vanish inde-
pendently of the mode order when the electric potential is nil. This happens, for example, for SC electrodes.

Eqs. (27) and (29) define the whole electric state inside an elastic conducting lamina, whereas, Eq. (28) can
be used to compute interface electric transverse displacement and electric potential.

As a consequence of the previous point, the remaining part of an elastic lamina transfer matrix, i.e. with-
out the 3rd and 7th lines and columns, is identical to both transfer matrices of OC, Eq. (20), and SC, Eq.
(25), electroded piezoelectric lamina but with nil coupling constants, as mentioned above.

4. Free-vibration problems of SS piezoelectric laminated plates

For a free-vibration analysis, the top and bottom plate surfaces are here non-electroded and unloaded.
The mechanical and electric boundary conditions on these surfaces are then,

R
ð1Þ
iz ð0Þ ¼ R

ðNÞ
iz ðHÞ ¼ 0; i ¼ x; y; z ð30Þ

Dð1Þ
z ð0Þ ¼ DðNÞ

z ðHÞ ¼ 0 ð31Þ

The eigenvalue problem to be solved for the free-vibration analysis is obtained by the assembly of the
laminae transfer matrices using the interlayer interface continuity conditions which depend on the assumed
mechanical and electric bonding conditions (i.e., the presence or not of inner electrodes). However, perfect
mechanical bonding is assumed for all interfaces. That is, the mechanical displacements and transverse
stresses are considered continuous across the interface between (k) and (k+1) layers,

U
ðkÞ
i ðzkþ1Þ ¼ U

ðkþ1Þ
i ðzkþ1Þ; i ¼ x; y; z; k ¼ 1; . . . ;N � 1 ð32Þ

R
ðkÞ
iz ðzkþ1Þ ¼ R

ðkþ1Þ
iz ðzkþ1Þ; i ¼ x; y; z; k ¼ 1; . . . ;N � 1 ð33Þ

These interface conditions can be written in term of the reduced state space vector, introduced in
Eq. (17), as,

fX ðzkþ1Þg
ðkþ1Þ

¼ fX ðzkþ1Þg
ðkÞ
; k ¼ 1; . . . ;N � 1 ð34Þ

4.1. Assembly with non-electroded inner piezoelectric layers

For a NE inner piezoelectric lamina, electric transverse displacement and potential are considered con-
tinuous across the interface between (k) and (k + 1), so that the piezoelectric layers can be seen as electri-
cally perfectly bonded,

UðkÞðzkþ1Þ ¼ Uðkþ1Þðzkþ1Þ; k ¼ 1; . . . ;N � 1 ð35Þ

DðkÞ
z ðzkþ1Þ ¼ Dðkþ1Þ

z ðzkþ1Þ; k ¼ 1; . . . ;N � 1 ð36Þ

Hence, in this case, mechanical and electric perfect bonding conditions can be assumed. This means that
all electromechanical interface continuity relations, Eqs. (32), (33), (35), (36) hold. These can also be written
in term of the full state vector, introduced in Eq. (13b),

fX ðzkþ1Þg
ðkþ1Þ

¼ fX ðzkþ1Þg
ðkÞ
; k ¼ 1; . . . ;N � 1 ð37Þ
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Using recursively Eq. (37), combined with Eq. (15), provides an 8th order assembled transfer matrix
equation,

fX ðHÞg ¼ ½T ðHÞ�fX ð0Þg ð38Þ

with

½T ðHÞ� ¼
Y1

k¼N

½T ðhkÞ�

the so-called plate transfer matrix which is the product of the laminae transfer matrices.
Eq. (38) can be partitioned, after suitable rows and columns interchanges, so that,

XU ðHÞ

X RðHÞ

� �
¼

T UU ðHÞ T
URðHÞ

T RUðHÞ T RRðHÞ

" #
XU ð0Þ

X Rð0Þ

� �
ð39Þ

where

hXUi ¼ hU x U y �U z U i; hX Ri ¼ hRxz Ryz Rzz Dz i:

Since, the plate bottom and top surfaces are also NE (free of transverse stresses and electric displace-
ment), Eqs. (30) and (31) lead to the following relations,

fX Rð0Þg ¼ fX RðHÞg ¼ f0g ð40Þ

which, when used in Eq. (39), give the following fourth order only free-vibration problem,

½T RU ðHÞ�fXUð0Þg ¼ f0g ð41Þ

4.2. Assembly with electroded inner piezoelectric layers

For an electroded inner piezoelectric lamina, the interfaces could be either SC or OC so that the corre-
sponding EBC are given by Eqs. (16) and (21), respectively. Here, because of the conducting electrodes, either
of the constraints of Eqs. (35) or (36) has to be relaxed when the dual state variable is known in order to allow
for discontinuous electric transverse displacement for SC electrodes, or discontinuous electric potential for
OC ones. This is obtained here automatically (see the results in the validation section), i.e. without imple-
menting either of Eqs. (35) and (36), thanks to the analytical condensation of the electric state variables at
the piezoelectric lamina transfer matrix level (see the previous section). Besides, this condensation procedure
has made possible to reduce the 8th order transfer matrix systems of Eqs. (14) and (15), respectively, to those
of 6th order only given by Eqs. (19) and (20) for OC electroded inner piezoelectric laminae, and by Eqs. (24)
and (25) for the SC case. Eqs. (20) and (25) can be also written in the following unified form,

X ðzkþ1Þ
� �ðkÞ

¼ bT ðhkÞ
h iðkÞ

fX ðzkÞg
ðkÞ ð42Þ

where ½bT ðhkÞ�ðkÞ is ½T ðhkÞ�ðkÞ for the OC case and ½T ðhkÞ�
ðkÞ for the SC one. Eq. (42) can then be used recur-

sively, together with Eq. (34), to get,

X ðHÞ
� �

¼ bT ðHÞ
h i

X ð0Þ
� �

ð43Þ

with

bT ðHÞ
h i

¼
Y1

k¼N

bT ðhkÞ
h i

the laminate (assembled) transfer matrix.
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After interchanging suitably its rows and columns, Eq. (43) can be partitioned so that,

XU ðHÞ

X RðHÞ

( )

¼
bT UU ðHÞ bT URðHÞ

bT RU ðHÞ bT RRðHÞ

" #
XUð0Þ

X Rð0Þ

( )

ð44Þ

where

XU

� �
¼ hU x U y �U z i; X R

� �
¼ hRxz Ryz Rzz i

Since the plate bottom and top surfaces are stress-free, then Eq. (30) leads to,

X Rð0Þ
� �

¼ X RðHÞ
� �

¼ 0f g ð45Þ

which, when substituted in Eq. (44), give the following third order free-vibration problem,

bT RU ðHÞ
h i

XU ð0Þ
� �

¼ 0f g ð46Þ

5. Implementation and computational aspects

The present 3D mixed state space formulation can be implemented via these main steps:

• Construct the system matrices [A](k), Eqs. (13a,b), and [B](k), Eq. (12), for the N laminae.
• Compute the laminae transfer matrices for the considered major surfaces boundary conditions; i.e.,

[T(hk)]
(k), Eq. (15), for NE, ½T ðhkÞ�

ðkÞ
, Eq. (20), for OC or T ðhkÞ

h iðkÞ
, Eq. (25), for SC laminae.

• Construct the plate transfer matrix for the considered lamination scheme; that is, [(T H)], Eq. (38), for

NE or bT ðHÞ
j k

, Eq. (43), for electroded laminate.

• Solve the free-vibration problem of 4th order, Eq. (41), for perfectly bonded laminate or of 3rd order, Eq.
(46), for a laminate with embedded electroded piezoelectric layers.

• Evaluate the interface unknowns using Eq. (15) for a NE interface or Eqs. (20) and (25) for OC/SC elect-
roded interfaces, respectively.

• For the electroded piezoelectric laminae, calculate at the layer bottom surfaces the electric potential for
OC laminae using Eq. (17) or the transverse electric displacement for SC laminae using Eq. (22).

• Once previous quantities are computed for all the layers, the through-the-thickness distributions of the
electromechanical state variables can be calculated using Eq. (14).

In the current implementation, no effort has been made to optimize the calculations of the laminae trans-
fer matrices or their products during their assemblage. All matrix manipulations have been let to the exper-
tise of the MATLAB� software. The latter was also used to solve numerically the characteristic equations
(41) and (46), for several values of x in a given frequency range. Once, a change of sign is found for the
determinant, the bisection method is used to refine the root estimation to the required accuracy (see
Fig. 2). It is worthy also to recall that, for fixed (mx,my), an infinite number of solutions exist for
Eqs. (41) and (46) representing the so-called thickness modes. For each calculated natural frequency, the
initial displacement amplitudes are computed using these equations and the reduced state vector is recon-
structed, then the interfaces unknowns are deduced from Eqs. (15) and (42). After that, the thickness dis-
tributions of the electromechanical sate variables are calculated from Eqs. (14), (19) and (24) for a given
EBC (NE, OC or SC).
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6. Some expected results and validation

Since the free-vibration of SS laminated plates with embedded shear-mode piezoceramic layers is
analyzed for the first time here, there are no reference results in the open literature except those presented
earlier by the authors (Deü and Benjeddou, 2002; Benjeddou and Deü, 2003). Thus, for the validation of
the proposed exact 3D solution, some expected results are first demonstrated for a sandwich plate with
x-poled piezoceramic core and conducting elastic faces, and for the special (mx = 0 or my = 0) modes; Then,
the obtained results are taken as reference for those computed with the MSSA.

6.1. Expected results for a SS sandwich plate with shear-mode piezoceramic core

As shown above, an electromechanical uncoupling occurs for an elastic lamina. Thus, the resulting die-
lectric transfer matrix equation, Eq. (28), can be used for the calculation of the electric state variables at
top/bottom surfaces of the lamina and their distributions at its depth z can be recovered using Eq. (27).

Lets now try to get more precise ideas on these distributions for the different EBC at the upper/lower
surfaces of an elastic layer. The different situations considered here are shown in Fig. 3 for a sandwich plate
with shear-mode (x-poled) core and conducting elastic faces.

Consider first the SC configuration (Fig. 3a) for which the EBC at the lower and upper surfaces of the
bottom (k = 1) conducting elastic face are,

0 50 100 150

0

Mode (1,1,1)

Mode (1,1,2)

Mode (1,1,3)

SC

OC

NE

Fig. 2. Solution of the characteristic equation for different EBC (SC, OC, NE).

elastic

elastic

piezoceramic

Dz=0

Dz=0

H
Dz=0

Dz=0

(b) (c)

elastic

elastic

piezoceramic

Dz=0

Dz=0

h1

h2

h3

(c)
elastic

elastic

piezoceramic

Dz=0

Dz=0

z1

z2

z3

z4

(a)

(1)

(2)

(3)

SC configuration OC configuration NE configuration

Fig. 3. A sandwich plate with SC/OC electroded or NE shear-mode piezoceramic core.
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Dð1Þ
z ðz1Þ ¼ 0; Uð1Þðz2Þ ¼ 0 ð47Þ

Substituting back these relations in Eq. (28) gives,

Uð1Þðz1Þ ¼ 0; Dð1Þ
z ðz2Þ ¼ 0 ð48Þ

Now, introducing the first relations of Eqs. (47) and (48) into Eq. (27), provides,

Uð1ÞðzÞ ¼ 0; Dð1Þ
z ðzÞ ¼ 0 ð49Þ

These relations prove that the electric state variables are nil inside the SC bottom conducting elastic face
of the sandwich shear-mode adaptive SS plate.

The EBC on the lower and upper surfaces of the top (k = 3) conducting elastic face are,

Uð3Þðz3Þ ¼ 0; Dð3Þ
z ðz4Þ ¼ 0 ð50Þ

When substituted back in Eq. (28) these relations provide,

Dð3Þ
z ðz3Þ ¼ 0; Uð3Þðz4Þ ¼ 0 ð51Þ

Combining the first relations of Eqs. (50) and (51) into Eq. (27), gives,

Uð3ÞðzÞ ¼ 0; Dð3Þ
z ðzÞ ¼ 0 ð52Þ

This equation proves that the electric state variables are also nil inside the SC top conducting elastic face
of the sandwich shear-mode adaptive SS plate.

The transverse electric displacement and electric potential inside the SC piezoceramic core (k = 2) are
given, respectively, by Eqs. (23a) and (23b). From them, it can be shown that the EBC at the lower and
upper surfaces of the piezoceramic core are, respectively,

Uð2Þðz2Þ ¼ 0; Dð2Þ
z ðz2Þ ¼ T 7jð0Þ; j ¼ 1; 2; 4–6; 8

D Eð2Þ

X ðz2Þ
� �ð2Þ

ð53Þ

Uð2Þðz3Þ ¼ 0; Dð2Þ
z ðz3Þ ¼ T 7jðhkÞ; j ¼ 1; 2; 4–6; 8

D Eð2Þ

X ðz2Þ
� �ð2Þ

ð54Þ

Combining the last relations of Eqs. (47) and (48), the first ones of Eqs. (50) and (51) and Eqs. (53) and
(54) provides the electric interface conditions at the lower (z2) and upper (z3) interfaces,

Uð1Þðz2Þ ¼ Uð2Þðz2Þ; Dð1Þ
z ðz2Þ 6¼ Dð2Þ

z ðz2Þ ð55Þ

Uð2Þðz3Þ ¼ Uð3Þðz3Þ; Dð2Þ
z ðz3Þ 6¼ Dð3Þ

z ðz3Þ ð56Þ

These relations indicate that, for the SC configuration, the electric potential is continuous at the interfaces
whereas, the transverse electric displacement is discontinuous.

The same previous procedure (see also Benjeddou and Deü, 2001b) can be followed for the OC config-
uration (Fig. 3b) to demonstrate that, in this case, the opposite situation occurs,

Dð1Þ
z ðz2Þ ¼ Dð2Þ

z ðz2Þ; Uð1Þðz2Þ 6¼ Uð2Þðz2Þ ð57Þ

Dð2Þ
z ðz3Þ ¼ Dð3Þ

z ðz3Þ; Uð2Þðz3Þ 6¼ Uð3Þðz3Þ ð58Þ

Hence, for the OC configuration, the electric potential is discontinuous at the interfaces whereas, the
transverse electric displacement is continuous. Regarding the in-plane electric displacements, Eq. (29),
together with the first relations of Eqs. (49) and (52), indicate that they vanish, independently of the mode
order, in the elastic faces with SC/OC interfaces.

14



In summary, the electric state variables are nil in the conducting elastic faces of a SS sandwich plate with
SC or OC electroded shear-mode piezoceramic core. Also, the electric state variable corresponding to the
known (SC or OC) one is continuous at the sandwich interfaces; whereas, the dual one is discontinuous at
the same interfaces. These results generalize, to the free-vibration of a sandwich SS plate with a shear-mode
piezoceramic core, those demonstrated for the static actuation and sensing of the same adaptive sandwich
plate (Benjeddou and Deü, 2001b).

It is worthy to notice that OC EBC on top/bottom plate can be seen also as NE ones. Besides, although
often considered in the literature, inner NE piezoceramic laminae are in fact useless in practice since they
have to be electroded when used as sensors/actuators.

6.2. Special (mx = 0 or my = 0) modes

As mentioned in Batra and Aimmanee (2003), the special modes for either mx = 0 or my = 0 were often
missed by most exact or analytical solutions. For piezoelectric plates, these were mentioned briefly and only
for extension-mode piezoelectric materials, first in Ding et al. (2000) and then in the former reference. It is
then worthy to analyze and discuss here for the first time these special modes for the shear-mode piezo-
ceramic materials.

For mx = 0, the exact solution of the kth lamina provides the following only non-nil primary state var-
iables (Eq. (10) with p = 0),

ðux; rxzÞ
ðkÞ ¼ U xðzÞ;RxzðzÞð ÞðkÞ sin qy exp ixt

ð/; dzÞ
ðkÞ ¼ UðzÞ;DzðzÞð ÞðkÞ sin qy exp ixt

ð59Þ

and only non-nil secondary state variables (Eq. (11) with p = 0),

ðrxy ; dyÞ
ðkÞ

¼ RxyðzÞ;DyðzÞ
	 
ðkÞ

cos qy exp ixt ð60Þ

The mixed state space equations reduce then to (Eq. (13a) with p = 0),

d

dz

U x

U

� �ðkÞ

¼
1

D
ðkÞ
35

�33 e35

e35 �C55

� �ðkÞ
Rxz

Dz

� �ðkÞ

ð61Þ

and

d

dz

Rxz

Dz

� �ðkÞ

¼
�qx2 þ C66q

2 e26q

e26q ��22q
2

� �ðkÞ
U x

U

� �ðkÞ

ð62Þ

while the only non-nil secondary sate variables are (Eq. (12) with p = 0),

Rxy

Dy

� �ðkÞ

¼ q
C66 e26

e26 ��22

� �ðkÞ
U x

U

� �ðkÞ

ð63Þ

Eqs. (59)–(63) show clearly that, in contrary to the extension-mode piezoelectric materials (Batra and
Aimmanee, 2003), the shear-mode ones render the special modes corresponding to mx = 0 coupled. In par-
ticular, they couple the x–z transverse shear stress to the transverse electric displacement via the e35 shear
piezoelectric constant, and the mechanical x-displacement to the electric potential via the e26 shear piezo-
electric constant. Another important result shown by above equations is that, also in contrary to what has
been mentioned in Batra and Aimmanee (2003), these modes are not pure in-plane torsion modes but are
combined in plane and x � z transverse shear modes.

Similarly, lets now consider the case of my = 0 for which the only non-nil primary state variables are (Eq.
(10) with q = 0),
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ðuy ; ryzÞ
ðkÞ

¼ U yðzÞ; RyzðzÞ
	 
ðkÞ

sin px exp ixt ð64Þ

while the only non-nil secondary state variables are (Eq. (11) with q = 0),

ðrxy ; dyÞ
ðkÞ

¼ RxyðzÞ;DyðzÞ
	 
ðkÞ

cos px exp ixt ð65Þ

The mixed state space equations reduce then to (Eq. (13a) with q = 0),

d

dz

U y

Ryz

� �ðkÞ

¼
0 1

C44

�qx2 þ C66p
2 0

" #ðkÞ
U y

Ryz

� �ðkÞ

ð66Þ

and the only non-vanishing secondary sate variables are (Eq. (12) with q = 0),

Rxy

Dy

� �ðkÞ

¼ p
C66

e26

� �ðkÞ

U ðkÞ
y

ð67Þ

Eqs. (64)–(67) show clearly that, in contrary to the special mx = 0 modes, those corresponding to my = 0
are uncoupled. Again, above equations show also that these modes are not pure in-plane torsional modes, as
mentioned in Batra and Aimmanee (2003), but are combined in plane and y�z transverse shear modes. An
additional important result is that (see Eq. (67)), in contrary to the previous modes, here the electric y-dis-
placement is only due to the coupling with the corresponding mechanical displacement component; thus, it
is nil in a conducting elastic lamina for which the e26 constant vanishes.

Regarding the in-plane electric displacements distributions for the two types of special modes, it was
shown above that they are nil for the SC/OC sandwich configurations for all modes. However, for the
NE case, only the y-displacement of the coupled special mx = 0 modes is expected to be non-nil in the elastic
faces as can be seen from Eqs. (29) and (63).

In summary, the special mx = 0 modes are coupled whereas those corresponding to my = 0 are uncou-

pled. Besides, the in-plane electric displacements of these modes are nil in the elastic faces with SC/OC elect-
roded interfaces. However, only the electric y-displacement is non-nil for the coupled special mx = 0 modes
of the NE configuration.

It is worthy to notice that the special (mx = 0 or my = 0) modes are of theoretical and numerical interests
only, for validation purpose for example. They exist only for some particular mechanical edge boundary
conditions which are useless in smart structures.

6.3. Exact 3D mixed state space solution results

Above expected theoretical results are considered here as reference for the validation of the proposed
exact 3D MSSA. For this, a basic configuration, consisting of a SS square sandwich plate with total thick-
ness H = 1 cm and side-to-thickness ratio L/H = 10, is considered. Its faces, of thickness 0.4H each, are
made of a 0� Graphite–Epoxy (GE) composite material, whereas its 0.2H-thick core is constituted of an
x-poled PZT-5H piezoceramic material (Fig. 3). The different material properties are given in Table 1.

The analysis of the results is made using the following non-dimensional frequency,

- ¼ x
L2

H

ffiffiffiffiffiffiffiffi
qðcÞ

C
ðcÞ
55

s
ð68Þ

and non-dimensional electromechanical state variables (superscript c states for the core),

U �
i ¼

1

Umax U i; R�
ij ¼

L

C
ðcÞ
55U

max
Rij; D�

i ¼
L

e
ðcÞ
35U

max
Di; U� ¼

e
ðcÞ
35

C
ðcÞ
55U

max
U ð69Þ
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In contrary to the widespread practice of the mechanical researchers community, the small differences
between SC and OC natural frequencies are not neglected but used to evaluate the effective modal EMCC
(Rogacheva, 1994). Its square represents physically the percentage of the mechanical strain energy con-
verted into the electric one and vice versa,

EMCCð%Þ ¼ 100�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

OC � x2
SC

x2
OC

s

ð70Þ

The first fifty modes of the above basic configuration were extracted using the proposed MSSA for the
full elastic (EL) and hybrid sandwich plates with either NE or SC/OC electroded piezoceramic core (Fig. 3).
Pure elastic modes have been also computed with the FE code MSC-NASTRAN� to check the modes
identification.

The obtained results are shown in Table 2, for the non-dimensional frequencies and EMMC, and in
Fig. 4 for the first 15 modal shapes. They indicate that,

• The MSSA EL results much very well those obtained with 3D FE. The latter were obtained within a
maximum error of 1.14% with a mesh of 50 · 50 · 5 elements. Notice the changes of appearance order
of some modes higher than the 27th one (see italic numbers of the 2nd and 3rd columns of Table 2). A
finer mesh of 100 · 100 · 10 elements has reduced the maximum error to only 0.29 % but has not elim-
inated the changes of the appearance order of the above higher modes.

• The SC non-dimensional frequencies differ only very slightly from those of the full EL plate, whereas,
those of the sandwich plate with NE piezoceramic core are very close to those of the sandwich plate with
OC electroded piezoceramic core.

• Each of the four couples of special modes, (mx = 1–4, 0, 2) and (0,my = 1–4, 2), present in the com-
puted first fifty modes, has almost the same non-dimensional frequencies, as mentioned in Batra and
Aimmanee (2003) for EL and SC extension-mode piezoelectric materials. However, this is not true here
for the OC EBC. Besides, as expected from the above section, (mx = 1–4, 0, 2) modes are uncoupled

Table 1

Properties of the graphite–epoxy and shear-mode PZT-5H materials

Properties Graphite–Epoxy x-poled PZT-5H

C11 (GPa) 183.443 117

C22 (GPa) 11.662 126

C33 (GPa) 11.662 126

C12 (GPa) 4.363 84.1

C13 (GPa) 4.363 84.1

C23 (GPa) 3.918 79.5

C44 (GPa) 2.870 23

C55 (GPa) 2.870 23

C66 (GPa) 7.170 23

e11 (Cm�2) 0 23.3

e12 (Cm�2) 0 �6.5

e13 (Cm�2) 0 �6.5

e26 (Cm�2) 0 17

e35 (Cm�2) 0 17

�11 (10
�10 Fm�1) 153 130

�22 (10
�10 Fm�1) 153 150.3

�33 (10
�10 Fm�1) 153 150.3

q (kgm�3) 1580 7500
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Table 2

First fifty non-dimensional frequencies of SS elastic and shear-mode adaptive sandwich plates

Mode Elastic (EL) sandwich plate Shear-mode adaptive sandwich plate

(mxmymz) No. (FE) No. (MSSA) MSSA 3D FE (50 · 50 · 5) Error (%) SC core OC core NE core EMCC (%)

(1,1,1) 1 1 13.492 13.524 0.24 13.492 13.558 13.558 9.92

(1,2,1) 2 2 19.770 19.794 0.12 19.770 19.839 19.838 8.28

(1,3,1) 3 3 31.733 31.772 0.12 31.733 31.800 31.799 6.50

(1,0,2) 4 4 34.688 34.682 �0.02 34.688 34.688 34.688 0.00

(0,1,2) 5 5 34.690 34.684 �0.02 34.692 40.635 35.947 52.07

(2,1,1) 6 6 40.678 40.994 0.78 40.678 41.257 41.251 16.69

(2,2,1) 7 7 44.442 44.688 0.55 44.442 45.025 45.015 16.04

(1,4,1) 8 8 47.810 47.895 0.18 47.810 47.878 47.876 5.33

(2,3,1) 9 9 52.325 52.480 0.30 52.325 52.890 52.875 14.57

(1,1,2) 10 10 60.167 60.146 �0.04 60.170 60.557 60.251 11.30

(2,4,1) 11 11 64.566 64.645 0.12 64.566 65.096 65.075 12.73

(1,5,1) 12 12 66.565 66.708 0.22 66.565 66.634 66.631 4.57

(2,0,2) 13 13 69.351 69.308 �0.06 69.351 69.351 69.351 0.00

(0,2,2) 14 14 69.370 69.326 �0.06 69.383 81.266 71.927 52.06

(3,1,1) 15 15 72.953 73.786 1.14 72.953 74.515 74.482 20.37

(3,2,1) 16 16 75.679 76.371 0.91 75.679 77.239 77.197 20.00

(2,5,1) 17 17 80.338 80.360 0.03 80.339 80.830 80.803 11.01

(3,3,1) 18 18 81.256 81.734 0.59 81.256 82.788 82.732 19.14

(2,1,2) 19 19 84.998 84.919 �0.09 85.003 85.653 85.137 12.30

(1,6,1) 20 20 87.064 87.245 0.21 87.064 87.136 87.131 4.05

(3,4,1) 21 21 90.282 90.511 0.25 90.282 91.749 91.678 17.81

(2,6,1) 22 22 98.622 98.578 �0.05 98.623 99.080 99.048 9.60

(1,2,2) 23 23 102.492 102.430 �0.06 102.507 102.554 102.518 3.01

(3,5,1) 24 24 102.690 102.665 �0.02 102.690 104.070 103.984 16.23

(3,0,2) 25 25 103.966 103.821 �0.14 103.966 103.966 103.966 0.00

(0,3,2) 26 26 104.029 103.881 �0.14 104.076 121.887 107.970 52.05

(4,1,1) 27 27 106.125 107.518 1.31 106.125 108.916 108.819 22.49

(4,2,1) 29 28 108.314 109.494 1.09 108.314 111.094 110.982 22.23

(1,7,1) 28 29 108.727 108.884 0.14 108.727 108.800 108.794 3.67

(4,3,1) 30 30 112.660 113.508 0.75 112.660 115.402 115.269 21.67

(3,1,2) 31 31 114.892 114.690 �0.18 114.900 115.396 115.005 9.27

(3,6,1) 32 32 117.955 117.666 �0.25 117.955 119.239 119.140 14.63

(2,7,1) 33 33 118.628 118.466 �0.14 118.629 119.058 119.021 8.48

(4,4,1) 35 34 119.704 120.137 0.36 119.704 122.370 122.211 20.76

(2,2,2) 34 35 119.849 119.680 �0.14 119.868 120.443 119.994 9.76

(4,5,1) 36 36 129.636 129.605 �0.02 129.636 132.190 132.005 19.56

(1,8,1) 37 37 131.195 131.224 0.02 131.195 131.269 131.262 3.36

(3,7,1) 38 38 135.435 134.844 �0.44 135.435 136.628 136.517 13.18

(1,1,3) 41 39 138.458 138.646 0.14 138.559 145.119 139.827 29.73

(4,0,2) 39 40 138.510 138.163 �0.25 138.510 138.510 138.510 0.00

(0,4,2) 40 41 138.658 138.306 �0.25 138.769 162.495 144.107 52.03

(5,1,1) 43 42 139.233 141.107 1.35 139.233 143.376 143.165 23.87

(2,8,1) 42 43 139.830 139.453 �0.27 139.830 140.236 140.195 7.60

(5,2,1) 46 44 141.101 142.490 0.98 141.101 145.225 144.996 23.66

(4,6,1) 44 45 142.285 141.756 �0.37 142.286 144.705 144.495 18.21

(3,2,2) 45 46 142.504 142.158 �0.24 142.535 143.399 142.727 10.96

(1,3,2) 47 47 142.630 142.694 0.05 142.702 145.388 143.409 19.13

(5,3,1) 48 48 144.716 145.865 0.79 144.716 148.795 148.536 23.25

(4,1,2) 49 49 146.781 146.360 �0.29 146.793 147.132 146.868 6.79

(5,4,1) 50 50 150.515 151.095 0.38 150.515 154.513 154.220 22.60
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whereas (0,my = 1–4, 2) ones are coupled and have the highest EMCC (�52%) independently of the
mode order. Notice that the special modes corresponding to mz = 1 can be obtained with the MSSA
solution but are not presented here because they were not provided by the 3D FE analysis.

• For the other modes, the effective modal EMCC is higher and increases with mx (poling direction), but
slightly decreases with my. The highest EMCC of 29.73 % was obtained for the (1,1,3) thickness mode
(see later the parametric analysis).

In order to confirm the above expected results regarding the electric state variables thickness distribu-
tions, primary and secondary state variables thickness variations are now studied for the fundamental mode

(1,1,1) (1,2,1) (1,3,1)

Mode 1 (fundamental mode) Mode 2 (2nd bending mode) Mode 3 (3rd bending mode)

(1,0,2) (0,1,2) (2,1,1)

Mode 4 (uncoupled 1st special mode) Mode 5 (coupled 2nd special mode) Mode 6 (4th bending mode)

(2,2,1) (1,4,1) (2,3,1)

Mode 7 (5th bending mode) Mode 8 (6th bending mode) Mode 9 (7th bending mode)

(1,1,2) (2,4,1) (1,5,1)

Mode 10 (thickness mode) Mode 11 (8th bending mode) Mode 12 (9th bending mode) 

(2,0,2) (0,2,2) (3,1,1)

Mode 13 (uncoupled 3rd special mode) Mode 14 (coupled 4th special mode) Mode 15 (10th bending mode) 

Fig. 4. First 15 modal shapes of a SS adaptive sandwich plate with a SC shear-mode piezoceramic core.
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(1,1,1), the first coupled (0,1,2) and uncoupled (1,0,2) special modes and the two thickness modes (1,1,2)
and (1,1,3) present in Table 2.

For the fundamental mode, it was found that the EBC have almost no influence on the mechanical and
in-plane electric displacements. However, they affect strongly the electric potential and transverse displace-
ment (Fig. 5). As expected, the former are even nil in the conducting elastic faces. This is also true for the
SC/OC electric potential and transverse electric displacement, but not for the NE case (Fig. 5). This figure
shows also that the electric potential is continuous for the SC interfaces and discontinuous for the OC ones,
whereas the transverse electric displacement has the opposite behavior. These results confirm the above ex-
pected ones for the conducting elastic faces and the SC/OC interfaces.

Fig. 6 shows the thickness distributions of the non-nil mechanical displacements, in-plane electric dis-
placements, and stresses of the special mode (1,0,2) for the different EBC allowed for the shear-mode core.
It confirms that the only non-nil displacements are those along the y-axis. As expected, the electric potential
and transverse electric displacement were found nil and the only non-nil stresses are the in-plane and y–z

transverse shear components (Fig. 6c and d). Besides, the EBC have no influence on any of the non-nil state
variables. This is because this special mode is uncoupled as mentioned above (EMCC = 0).

Fig. 7 shows the thickness distributions of the non-nil mechanical displacements and stresses, and in-
plane electric displacements of the special mode (0,1,2) for the different EBC. It confirms that the only
non-nil components are the mechanical displacement along the x-axis (poling direction) and the electric dis-
placement along the perpendicular direction (y-axis). In contrary to the previous mode, the non-nil mechan-
ical displacement and stresses distributions are influenced by the EBC. This is due to the fact that this mode
is highly coupled (EMCC = �52%) as can be seen also from Fig. 8 which shows non-nil electric potential
and transverse electric displacement.
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Fig. 5. Thickness distributions of electric potential and transverse electric displacement for the fundamental mode (1,1,1) of a SS

shear-mode adaptive sandwich plate with different electric boundary conditions.
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Fig. 6. Thickness distributions of non-nil electromechanical state variables for the special mode (1,0,2) of a SS shear-mode adaptive

sandwich plate with different electric boundary conditions.
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The thickness distributions of the mechanical and in-plane electric displacements of the first thickness
mode (1,1,2) of the SS adaptive plate are shown in Fig. 9 for the different EBC. This mode is a membrane
one, dominated by the y-displacement. The electric potential and transverse electric displacement are also
strongly affected by the EBC (Fig. 10). As expected, the latter are nil in the elastic faces for SC and OC
electroded core. Notice the exchange of profiles between the electric potential and transverse electric dis-
placement for the SC and OC EBC. Besides, in contrary to the fundamental (1,1,1) and special (0,1,2)
modes, NE profiles do not follow either SC or OC ones.

The stress distributions of the mode (1,1,2) are shown in Fig. 11. The latter indicates that the in-plane
stresses are layer-wise constant and dominant, confirming the mode membrane behavior. Here, the EBC
affect almost all stresses. Notice that the transverse shear stresses are piecewise linear, while the transverse
normal one is piecewise nonlinear.

The most coupled thickness mode (1,1,3) is also a membrane one, but dominated by the displacement in
the poling direction and presents a small transverse shear behavior. The EBC affect its in-plane displace-
ments, almost as in Fig. 10, and the electric transverse displacement and potential, as in Fig. 12. In contrary
to the fundamental mode (1,1,1), here the distributions of the latter are similar for NE and SC core. For the
OC case, the electric potential is constant; whereas, the transverse electric displacement is almost nil.

The analysis of the stress distributions of the mode (1,1,3) indicates that the in-plane stresses are, as in
Fig. 11, nearly layer-wise constant and dominant, confirming the mode dominant membrane behavior.
Here also, the EBC affect all stresses in the core. Their transverse components are piecewise linear except
for the transverse normal one.

In summary, the results presented in this sub-section have confirmed all expected theoretical results pre-
dicted in the previous sub-sections regarding the distributions and interfaces continuities of the electric state
variables as well as those concerning the special modes corresponding to mx = 0 or my = 0. This validates
then the proposed MSSA solution.

0 2 4

x 10
–4

0

0.2

0.4

0.6

0.8

1

*

z/
H

SC

0 0.5 1
0

0.2

0.4

0.6

0.8

1

z/
H

OC

0.164 0.165 0.166 0.167
0

0.2

0.4

0.6

0.8

1

z/
H

NE

–0.1 0 0.1
0

0.2

0.4

0.6

0.8

1

D
z

*

z/
H

SC

–1 0 1

x 10
–8

0

0.2

0.4

0.6

0.8

1

D
z

*

z/
H

OC

0.1 0 0.1
0

0.2

0.4

0.6

0.8

1

D
z

*

z/
H

NE

* *

(a) Electric potential

(b) Transverse electric displacement

Fig. 8. Thickness distributions of electric potential and transverse electric displacement for the special mode (0,1,2) of a SS shear-

mode adaptive sandwich plate with different electric boundary conditions.
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Fig. 9. Thickness distributions of mechanical and in-plane electric displacements for the thickness mode (1,1,2) of a SS shear-mode

adaptive sandwich plate with different electric boundary conditions.
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Fig. 10. Thickness distributions of electric potential and transverse electric displacement for the thickness mode (1,1,2) of a SS shear-

mode adaptive sandwich plate with different electric boundary conditions.
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Fig. 11. Thickness distributions of the stresses for the thickness mode (1,1,2) of a SS shear-mode adaptive sandwich plate with

different electric boundary conditions.
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Fig. 12. Thickness distributions of electric potential and transverse electric displacement for the thickness mode (1,1,3) of a SS shear-

mode adaptive sandwich plate with different electric boundary conditions.
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7. Parametric analysis

Since the MSSA has been validated, focus is now made on the parametric analysis of the effective modal
EMCC of in-plane (mx,my, 1) and thickness (1,1,mz) modes with regard to variations of the EBC, plate
side-to-thickness ratio (L/H), shear-mode piezoceramic core-to-plate thickness ratio (HPZT/H) and the
shear-mode piezoceramic lamina thickness position in a laminated plate. Unless otherwise indicated, the
basic configuration is that used in the previous validation section; i.e., the relatively thick (L/H = 10,
H = 1cm) SS square sandwich plate with 0.4H-thick 0�-GE composite elastic faces and 0.2H-thick PZT-
5H piezoceramic core. The material properties are also those of Table 1.

7.1. In-plane (mx,my, 1) modes

In-plane modes are the most studied in the reference solutions. They are also the easiest to get with finite
elements. Since, the latter use generally only the electric potential as electric degree of freedom, only SC
EBC can be imposed properly. As seen in the previous section (see Table 2), the SC natural frequencies
differ only slightly from the elastic ones. It is then natural to start this parametric analysis by studying
the relative difference between SC and EL circular frequencies for different in-plane modes.

As expected, Fig. 13 indicates that the relative differences between SC and EL circular frequencies in-
creases with increasing the (mx,my) mode order and decreasing the plate side-to-thickness ratio but remains
very small (less than 0.01 % for the thick plate and mx = my = 10 case (Fig. 13b)). For the most studied
mode (1,1,1), this relative difference does not exceed 0.03 % even for a thick plate (L/H = 5) with the pie-
zoceramic core constituting 90% of the total thickness (Fig. 13c). It is then concluded, that SC EBC are not
sufficient to validate piezoelectric finite elements but OC ones should be considered also. With the latter the
difference is greater and both SC and OC EBC are useful for the evaluation of the effective modal EMCC as
made in the previous section and hereafter.

Although quasi exclusively considered in the literature, perfect electric bonding interfaces, which are
equivalent to NE EBC as shown in the previous section, are in fact useless in practice for both extension-
and shear-mode inner piezoceramic laminae. To be used as actuators or sensors, embedded piezoelectric
layers have to be electroded. The possible EBC are then either SC or OC. Natural frequencies under the
latter EBC can be exploited to evaluate the effective modal EMCC as defined previously by Eq. (70).
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Fig. 14 indicates that the effective modal EMCC increases with increasing mx but decreases slightly with
increasing my mode order. Besides, it augments much more rapidly and with higher values than the relative
difference between SC and EL natural frequencies (Fig. 13). The EMCC increases also with decreasing the
plate side-to-thickness ratio and, as expected for the shear-mode piezoceramic materials, is higher for thick
plates (Fig. 14a).

7.2. Thickness (1,1,mz) modes

Most of the reference solutions available in the open literature have focused mainly on the previous in-
plane modes. Thus, the so-called thickness modes corresponding to mx = my = 1 are generally less studied,
except the fundamental mode, because they are considered very high in the modes order of appearance. As
can be seen from Table 2, this is not true in the sense that the thickness mode (1,1,2) is the 10th one whereas
the thickness mode (1,1,3) is the 39th one. Besides, in the analyzed example, the latter is even the most cou-
pled mode after the special modes (0,my, 2). So, both thickness modes are to be considered when construct-
ing a modal basis using the first 40 modes for example. It is then the objective of this sub-section to present
the same parametric analysis as that conducted for the in-plane modes. Additionally, here the influence of
the position of the shear-mode piezoceramic core through-the-thickness of a SS laminated plate is also
studied.

Fig. 15 shows the effective modal EMCC variations with the plate side-to-thickness ratio, L/H, and the
core-to-plate thickness ratio, HPZT/H for the first three thickness modes (1,1,mz = 1�3). Hence, Fig. 15a
indicates that, for the fundamental (bending) mode, the EMCC is optimum for a thick plate with the pie-
zoceramic core occupying almost 50%. However, this configuration is minimal for the 2nd (membrane)
mode. The most coupled mode (3rd) tends to reach, for L/H = 10, HPZT/H = 0.9, the PZT-5H material
EMCC of 70%.

To analyze the effect of the variation of the thickness position of the shear-mode piezoceramic lamina on
the effective modal EMCC, a PZT-5H lamina of thickness 0.2H is moved through the thickness of an 8-
layer composite plate according to the 7 positions shown in Table 3. Each lamina is made of 0�-GE and
has a thickness of 0.1H, so that the layered plate keeps its total thickness of H = 1cm and its side-to-thick-
ness ratio L/H = 10.

The results presented in Fig. 16 for the first three thickness modes indicates that the fundamental mode
presents a minimum EMCC for the 4th position, whereas for the other two thickness modes the EMCC is

1
2

3
4

5
6

7
8

9
10

1
2

3
4

5
6

7
8

9
10

0

10

20

30

40

m x
my

E
M

C
C

 (
%

)

1
2

3
4

5
6

7
8

9
10

1
2

3
4

5
6

7
8

9
10

0

10

20

30

40

m
x

my

E
M

C
C

 (
%

)

1
2

3
4

5
6

7
8

9
10

1
2

3
4

5
6

7
8

9
10

0

10

20

30

40

mx

my

E
M

C
C

 (
%

)

(b) L/H=10 (c) L/H=50 (a) L/H=5 

Fig. 14. Variation of the EMCC with mx and my for different thickness ratios L/H of a SS shear-mode adaptive sandwich plate.
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nearly insensitive to the position and side-to-thickness ratio parameters. This can be explained by the fact
that the last two modes have a dominant membrane behavior whereas, the fundamental mode is a bending
one.
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Fig. 15. Variation of the EMCC with L/H and HPZT/H for a SS shear-mode adaptive sandwich plate.

Table 3

Positions of the shear-mode piezoceramic lamina in the SS laminated plate

Position Lamination sequence

1 (0�-GE)1 /PZT-5H/(0�-GE)7
2 (0�-GE)2 /PZT-5H/(0�-GE)6
3 (0�-GE)3 /PZT-5H/(0�-GE)5
4 (0�-GE)4 /PZT-5H/(0�-GE)4
5 (0�-GE)5 /PZT-5H/(0�-GE)3
6 (0�-GE)6 /PZT-5H/(0�-GE)2
7 (0�-GE)7 /PZT-5H/(0�-GE)1
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Fig. 16. Variation of the EMCC with L/H and the shear-mode core position in a SS adaptive laminated plate.
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8. Summary and conclusions

An exact 3D mixed state space solution has been presented for the free-vibration of multilayer composite
SS plates with inner NE or SC/OC electroded shear mode piezoceramic layers. It has the major advantage
that the resulting eigenvalue problem is only of order 3 or 4, depending on the presence or not of inner
electrodes, independently of the number of layers constituting the laminate. For NE interfaces, full electro-
mechanical continuity conditions are satisfied; whereas for electroded (OC or SC) interfaces, the physical
discontinuity of the dual state variable to the known (prescribed) one is handled via analytical condensa-
tions of the electric state variables at the laminae transfer matrices level; i.e., prior to the laminate assembly.
After discussing its implementation and computational aspects, the proposed exact solution has been val-
idated via some demonstrated expected theoretical results concerning the behavior of a SS adaptive sand-
wich plate with conducting elastic faces and a shear-mode piezoceramic core. In particular, it was
demonstrated and confirmed by the numerical analysis that:

• For the considered SC and OC configurations, the electric state variables are nil in the conducting elastic
faces. However, for the NE configuration, the popular electric perfect bonding assumption at the inter-
faces make these variables non-nil inside the conducting elastic faces;

• The electric transverse displacement and potential are discontinuous at an electroded interface when the
dual electric state variable is known. Thus, the widespread electric perfect bonding assumption (contin-
uous electric transverse displacement and potential) is meaningless for an embedded electroded piezo-
ceramic lamina;

• In contrary to the extension-mode piezoceramic materials, the use of the shear-mode ones in a SS adap-
tive sandwich plate leads to coupled (0,my) and uncoupled (mx, 0) special modes often missed by the
available exact solutions. The coupled modes provide even the highest EMCC ( � 52%) almost inde-
pendently of my. However, they have only theoretical importance and their practical usefulness is still
to be proved.

After its validation, the MSSA has been used for a parametric analysis of the EMCC of in-plane and
thickness modes through variations of the plate length-to-thickness ratio, the shear mode piezoceramic
thickness and its position through-the-thickness of a laminated plate. It was found that:

• The relative differences between SC and EL frequencies increase with increasing the (mx,my) mode order
and with decreasing the plate side-to-thickness ratio but remains very small. For example, it does not
exceed 0.03% for the fundamental mode even for a thick plate (L/H = 5) with a piezoceramic core of
90% of the total thickness;

• The effective modal EMCC increases with increasing mx but decreases slightly with increasing my mode
order much more rapidly and with higher values than the relative difference between SC and EL natural
frequencies. It increases also with decreasing the plate side-to-thickness ratio and, as expected for the
shear-mode piezoceramic materials, it is higher for thick plates;

• For the fundamental (bending) mode, the EMCC is optimum for a thick plate with the piezoceramic core
occupying almost 50%. However, this configuration is minimal for the 2nd (membrane) thickness mode.
The most coupled mode (3rd thickness mode) tends to reach, for L/H = 10 and HPZT/H = 0.9, the PZT-
5H material EMCC of 70%;

• The fundamental mode presents a minimum EMCC for the mid-laminate thickness position of the
shear-mode piezoceramic core whereas, for the other two thickness modes, the EMCC is nearly insen-
sitive to the shear-mode piezoceramic core thickness position and plate side-to-thickness ratio
parameters.
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• The above results can serve for physical understanding of the transverse shear-mode piezoelectric mate-
rials behavior. The latter are used, for example, for active vibration control and passive shunted damp-
ing. These exact results can also be used by design engineers or researchers for validation of approximate
analytical/numerical 2D solutions.
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