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A computational strategy for the random response
of assemblies of structures

C. Blanzé ¥, L. Champaney

LMT Cachan, ENS de Cachanl CNRSIPARIS VI, 61, av. du Pt Wilson, F94235 Cachan Cedex, France

This paper presents a dedicated approach to the calculation of the random response of assemblies with uncertain
interface characteristics. The random response is constructed using a polynomial chaos expansion (PCE). A decom-
position of the assemblies into substructures and interfaces is defined and associated with a dedicated computational
strategy which leads to a local/global algorithm enabling the treatments of the substructure and of the interface
problems to be uncoupled. Since the only uncertain parameters are those which appear in the interface equations, this
approach results in a drastic reduction of the computational costs. This paper first presents the classical stochastic finite
element strategy for this kind of problem, then details the proposed dedicated approach. The applications concern
structures assembled with uncertain elastic bonded joints. The proposed approach is compared to the Monte Carlo
method and to the stochastic finite element method.
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1. Introduction

Finite element calculations of structural assemblies are being used more and more in the industrial world
(Blanzé et al., 2000). The recent progress in industrial finite element codes associated with the efficiency of
modern computers enable one to carry out increasingly detailed calculations on individual parts of an
assembly. It has become possible to take into account very complex geometries and material behavior.
Nevertheless, a critical aspect of such calculations is the modeling of the boundary conditions. Therefore, it
is necessary to calculate complete assemblies. Thus, the boundary condition problem is replaced by the
problem of modeling the mechanical behavior of the connections between structural parts. These inter-
actions between parts are often modeled by means of interface entities. Models of interface behavior have
been developed for contact, friction, joints, adhesives (Ladeveze et al., 2000). .. The identification of the
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mechanical parameters of an interface’s behavior (stiffness and friction coefficients, fracture energies, . . .) is
a complicated task because one cannot perform experimental tests on a single interface: these are always
performed on a simple assembly containing the interface. Thus, the identification process must assume
complete knowledge of the rest of the assembly and is very often coupled with numerical calculations.
Consequently, considerable uncertainties can affect the mechanical parameters measured (Tong and Steven,
1999; Van Straalen et al., 1998). Moreover, in industrial applications where classical joining techniques
(bolts, rivets, ...) are not possible, using adhesive techniques is of a great interest (examples: joining of
peaces of aircraft fuselage, connection of tubular structures ...). In such situations, controlling the adhe-
sively bonded joints parameters (thickness of the joint, stiffness and quality of the adhesive, ...) is very
difficult and this can lead to a great uncertainty on the response on the joints.

The aim of the work presented here is to propose an efficient approach for the prediction of the random
response of an assembly when significant uncertainties affect the parameters of the connections.

Starting with the assumption that the material properties of a particular interface can be modeled within
the framework of probability theory, a very rich mathematical background is available to completely
characterize the probabilistic behavior and evolution of the structure under external perturbations. Thus,
the treatment presented in this paper adheres to a probabilistic framework. The theory is based on the L,
properties of second-order random variables and the possibility of treating these variables as elements of a
particular Hilbert space (Wiener, 1938; Loeve, 1977; Ghanem, 1999). Effective analytical methods for
stochastic non-linear systems are applicable only in some simple cases. When dealing with more complex
systems, approximate methods and numerical integration are necessary. If the uncertainties are small,
perturbation theory is a very valuable tool for analyzing their effects (Kleiber and Hien, 1992). If they are
larger, then perturbation theory is not applicable. One obvious way to deal with stochastic partial differ-
ential equations (SPDEs) is the Monte Carlo method. This is an expensive technique, especially if some
higher-order accuracy is sought for the mean values, standard variations, queues of distributions, etc.
Various numerical methods for solving SPDEs have been proposed in the literature (Ghanem and Kruger,
1996). Ghanem and Spanos (1991) and Ghanem (1999) advocate a hybrid finite element and spectral ap-
proach, which we will refer to as the spectral stochastic finite element method (SSFEM), while the
monograph by Kleiber and Hien (1992) uses aperturbation approach. Elishakoff and Ren (1999) examine
engineering finite element methods for structures with large stochastic variations and point to limitations in
some of the approaches. Deb et al. (2001) present a theory of a posteriori error estimation and corre-
sponding adaptive approaches. More complete descriptions of works on computational methods for
SPDEs used to model stochastic behavior in mechanical problems can be found in the books by Kleiber
and Hien (1992) and Ghanem and Spanos (1991). Review articles were written by Vanmarcke (1983),
Lin et al. (1986), Vanmarcke et al. (1988) and Matthies et al. (1997). The application of the spectral sto-
chastic finite element method (SSFEM) for the analysis of randomly fluctuating properties of an interface
between two elastic media was addressed by Ghanem and Brzakala (1996) and concern a geotechnical
application.

Our computational strategy to solve the problem is based on the LATIN method. This method is a
general strategy which was developed initially for the analysis of non-linear structural problems (Ladeveze,
1999). It has been successfully extended to the calculation of assemblies of structures involving many types
of connections (Blanzé et al., 1995, 2000; Ladeveze et al., 2000). In order to deal with such problems, the
technique is associated with a decomposition of the problem into substructures and interfaces. The LATIN
method is based on a decomposition of the problem into local, possibly non-linear, equations describing the
behavior of the interfaces and linear equations expressing the global equilibrium. Thus, since the only
uncertain parameters reside in the local equations of the behavior at the interfaces, this strategy results in
the treatment of the uncertainties and the treatment of the global problem being uncoupled.

In the following sections, the reference problem for a decomposition of an assembly into substructures
and interfaces will be presented first. The classical stochastic finite element procedure in which interface



finite elements are used to model the connection will be described. Then, the proposed approach will be
developed for the case of uncertain elastic behavior at the interfaces. A comparison of the Monte
Carlo method, the SSFEM and our iterative approach will be shown for a simple one-dimensional
example. Finally, a two-dimensional industrial example comprising two adhesively bonded joints will be
presented.

2. The reference problem

Here, we are considering structural assembly problems in which both the behavior of the components
and the external loads are deterministic. The randomness of the response comes from the random behavior
of the connections. In general, random uncertainties are modeled using a parametric approach. Recently, a
non-parametric model of random uncertainties for reduced matrix models in structural dynamics was
proposed by Soize (2000). The information used in this model does not require the description of the
uncertain local parameters. This approach is based on a probability model for symmetric, positive definite
random matrices deduced from the entropy optimization principle (Jaynes, 1957).

Here, the system’s parameters, calibrated using experimental data, are modeled as random variables or
processes which span a Hilbert space # 4. Assuming that the data are properly defined by a set of random
variables {&(0)}, where 0 belongs to the space of random events Q, the state of the system, which is itself
modeled as a random variable or process, lies in the Hilbert space # . A set of basis functions { ¥} of this
space will be identified in the section dealing with polynomial chaos expansion (PCE). In order to isolate
the random aspect of the problem, we will be using a decomposition of the assembly; therefore, let us
present the reference problem on a decomposed structure.

2.1. Decomposition of an assembly

An assembly is composed of a set of substructures (each of which is a component of the assembly) which
communicate with one another through interfaces (each interface representing a connection): see Fig. 1.
Each interface is a mechanical entity with its own variables and its specific behavior which depends on the
type of connection. Many different types of connections can be modeled by this approach, but in this paper
we are considering only joints with a random elastic behavior. Two connected substructures are denoted
with superscript £ and E’. Each domain is designed by V* (resp. V'*) and their interface is designated by
e,

The interface variables are two force fields ]75 and _fE/ and two dual displacement fields w* and w*' (Fig.
2). By convention, ]75 and fE’ are the actions of the interface on the substructures and w* and w*" are the
displacements of the substructures at the interface.

tretts

Fig. 1. Decomposition of an assembly.



Fig. 2. Interface variables.

2.2. The problem in the substructures

We assume that the displacements and strains remain small during the evolution and, therefore, we make
the assumption of small perturbations. The displacement field at any point M of VZ is a random field
(M, 0); the associated space is . The strain field is €(#* (M, 0)) and the current state of the structure is
characterized by the stress field o* (M, 0).

The mechanical problem to be solved in each substructure is: find the displacement field #* (M, 6) and the
stress field o® (M, ) such that:

e Kinematic admissibility: VM € VE, V0 € Q
e = e(i"); ﬁ%VE:W/E (1)
e Equilibrium: Vi* € %, V0 € Q
/ Tr(c%e(@*))dVE — / Fq-u*dv — / FE*ds =0 (2)
VE VE ovE
where % is the set of finite-energy displacement fields on V%, #* a virtual displacement field and fd a

deterministic field of body forces.
e Elastic behavior: VM € VE, V0 € Q

" = De(ii”) (3)
where D is Hooke’s operator, which, in our case, is deterministic.

2.3. The problem at the interfaces

The mechanical problem to be solved at each interface is: find the force fields (/* (M, 0) and Fad (M, 0))
and the displacement fields (#* (M, 0) and w* (M, 0)) such that:

e Equilibrium: VM € I'**', V0 € Q

SE(M,0)+ 7% (M,0) =0 4)
e Behavior: VM € I'™*' V0 € Q
JE(M,0) = 2(F* (M, 0),2(0)) (5)

where the behavior is expressed in the form of a behavior law % among the forces and a displacement
jump across the interface w2 defined by:



T L (6)

and «(0) is a random material parameter. For example, a perfect connection between two substructures
would be modeled as the following behavior:

7 (M, 0) = 0 N
In the case of random elastic conditions, the form of the behavior law Z is:
FE(M,0) = k(2(0))#™ (M, 0) (8)

where k is the interface’s stiffness operator, which depends on a random material parameter o(0).
2.4. Discretization

Standard finite element discretization is used for the displacement field in the substructures:
(M, 0) = Ny(M)uf(0) and €(ii*) = Bu®(0) 9)

where u” is the vector of nodal displacements and N are the classical finite element basis functions.
At the interfaces, a compatible discretization of the displacement fields is performed:

WE(M,0) = Ny(M)wF(0) and  wF = wF — wF (10)

where N; are the finite element basis functions at the interfaces (Schellekens and De Borst, 1993).
2.5. Global resolution

When the reference problem described above is solved by classical global resolution, the interfaces are
modeled by means of interface elements (Fig. 3). The nodal displacements at the interfaces w” do not
constitute additional variables, but are the restrictions of the substructure’s displacements u? at the
boundary:

Ru”(0) = w*(0) (11)
where R is the Boolean operator for the restriction at the interfaces. Then, the global problem is written as:
K(x(0))u(0) = f (12)

Interface elements

v

wh wt

Solid elements

Fig. 3. Mesh used for global resolution.



where u(0) is the global vector of the nodal displacements and f is the deterministic vector of the nodal
external forces. The global stiffness matrix K(0) is the assembly of the deterministic stiffness matrices of the
substructures:

KE:/ B'DBdV*: (13)
VE

and of the random stiffness matrices of the interfaces (Schellekens and De Borst, 1993):

K™ (a(0))

3. Polynomial chaos expansion (PCE)

Since the resolution process depends on the material properties of the interfaces, the nodal solution
variables u(0) can be formally expressed as a non-linear functional of the set {&;(0)} used to represent the
material’s stochastic properties. It has been shown (Cameron and Martin, 1947) that this functional
dependence can be expanded in terms of polynomial chaoses (P-C). Then, the truncated P-C expansion of
the response takes the form:

u(t) = > w (o) (14)

where {¥;(0)} are polynomials in the Gaussian random variables {¢;}. {¥:(0)} are Fourier—Hermite
polynomials: they are orthogonal in the sense that their inner product (¥;¥;), which is defined as the
statistical average of their product, is equal to c;0;. Moreover, one can show that they constitute a
complete basis in the space of second-order random variables. Therefore, once the deterministic nodal
solutions u; have been calculated, one obtains a complete probabilistic characterization of the process u(0).
The number of polynomials (P) depends on the order p of the PCE and on the number L of stochastic
parameters. The expressions of the polynomials used in this paper are given in Appendix A.

In the following sections, we will assume that the material parameters are constant throughout an
interface. If they were not constant as well as non-deterministic, one could easily use a Karhunen-Loeve
expansion to represent the spatial randomness of the interface’s characteristics (Ghanem and Kruger,
1996).

4. The spectral stochastic finite element method

The random character of the material property o is made explicit by its argument 6. The stochastic
material property a(6) is represented by:

a(0) = a(l + 6£(0)) (15)

where @ is the mathematical expectation of a(#), J the coefficient of variation (standard deviation divided by
the expectation) and £(6) the standard normal random variable: £(0) ~ N(0, 1). For non-Gaussian material
properties, the PCE is used to represent the material properties: the Gaussian process is a particular case
chosen for the sake of simplicity (Ghanem, 1999). Following the traditional FE assembly procedure, this
leads to the corresponding expansion of the stiffness matrix:



K= ZéiKi (16)

where K, denotes the stiffness matrix for the mean material properties and the other terms correspond to
the random fluctuations about the mean. The number of stochastic parameters is L. Expanding the nodal
solution u(6) with respect to the polynomial chaos basis:

u(0) = ZP:UJ-‘PJ(U) (17)

and substituting Egs. (16) and (17) into Eq. (12) leads to:

M-
M=

Il
o

&Y(0)Ku, =f (18)

Il
o

J i

An equality, in a weak sense, can be derived by projecting Eq. (18) onto the subspace spanned by the
polynomial chaos subset used in the approximation; this process results in the following equations:

R
M=

(EW,(0) P (0) K, = (P(0)f, k=0,1,....P (19)

1

Il
=
Il
=

J

The last equation can be rewritten as:

C,'ij,'llj = 50kf7 k= 0, 17 e ,P (20)

M-
M=

Il
=
Il
=

J i

where the coefficients ¢;; denote (& ¥;(0)¥,(0)) and can be calculated only once. This system of linear
equations must be solved for the unknown u; of the PCE. The details of the above procedure were pub-
lished in Ghanem and Spanos (1991). The implementation issues were addressed in a number of other
references (Ghanem, 1999; Ghanem and Kruger, 1996). These equations can be assembled into a matrix of
size¢ (P+ 1) -nx (P+1)-n (n being the number of degrees of freedom) of the form:

K(OO) K(Ol) . 4 K(OP) u fO
K® . uw =10 (1)
K(PO) K(Pl) Y . X K(PP) up 0
where
. L
KU9 =3 (& 5(0) P (0))K, (22)

i=0

In summary, this approach consist of expanding the random response process about a basis of the Hilbert
space of random variables and of calculating the coefficients of the expansion. The result is a convergent
expansion of the response in terms of multidimensional orthogonal polynomials. Although the method-
ology used is becoming widespread, serious obstacles have been encountered, from a computational point
of view, in practical implementations. In large and realistic problems, the methodology is either cumber-
some or computationally intensive. Some numerical strategies, such as iterative algorithms, have been
devised to overcome the numerical difficulties arising in this context (Pellissetti and Ghanem, 2000). The



proposed approach uses the localization of the random characteristics in order to solve this type of problem
more efficiently.

5. A dedicated approach
5.1. Discretization for a mixed method

In order to avoid solving a large problem when polynomial expansion is being used, we are proposing a
dedicated approach which separates the treatment of the substructures from that of the interfaces. Here, the
interface equations are treated in a mixed manner. Thus, we introduce a finite element discretization of the
forces:

FE(M,0) = Ny(M)FF (0) (23)
The discrete form of the problem becomes: find the solution
s= 305 = {uF(0), wE(0), 1°(6))
E
such that on each substructure, V0 € Q,

e Kinematic admissibility: (discrete form of Eq. (1))
Ru” (0) = w8 (0) (24)

where R is the deterministic Boolean operator for the restriction at the interfaces.
e Equilibrium and elastic behavior: (discrete form of Egs. (2) and (3))

KZu” (0) = hf” (0) (25)

with K* the classical FE stiffness matrix which is here deterministic (see Eq. (3)) and

h= [ NNdIr

EE

o Interface equilibrium: (discrete form of Eq. (4))

f2(0) +17(0) =0 (26)
e Interface behavior: (discrete form of Eq. (5))
f£(0) = 2(w™ (0),%(0)) (27)

5.2. The LATIN method

To solve the problem, we use the LArge Time INcrement (LATIN) approach (Ladeveze, 1999). The
LATIN approach is based on the idea of separating the difficulties in order not to have to solve a problem
which is both global and random. The equations are split into two groups with two corresponding sets of
solutions:

e the set .74 of the solutions s” to the /inear deterministic equations related to the substructures (Egs. (24)
and (29));

e the set I' of the solutions s” to the local equations related to the interfaces (Egs. (26) and (27), which may
be non-deterministic equations).



The search for the overall solution (i.e. the intersection of the two sets) is conducted iteratively by
constructing approximate solutions s which verify the two groups of equations alternatively over the whole
time history. Thus, each iteration in the process consists of two stages:

the local stage: for s, € /4 known, find § such that:

seT (interfaces) (28)

§—s, € E" (search direction) (29)
the global stage: for s € I' known, find s,,; such that:

Sup1 € /4 (substructures) (30)

Spt1 —8 € E- (search direction) (31)

In our particular case of linear deterministic elastic substructures, the internal solution (displacement u”(6))
can be easily calculated from the boundary values (w”(0) and £*(0)). Therefore, from this point on, we will
represent a solution s only by the force and displacement fields on both sides of an interface.

The search directions are chosen such that convergence of the algorithm is ensured (Ladeveze, 1999).
These conjugate search directions depend on the scalar parameter ko:

§—s, € BT = (5 — £F) = ko(WF — wP) (32)
Sur1 — S € E” = (f£, —fF) = —ko(WE, | — WF) (33)

The resolution algorithm can be represented as shown in Fig. 4. The solution s to the problem is the
intersection of the sets .o/4 and I'.

The solution to the problem does not depend on the value of the parameter ky. This parameter affects
only the convergence rate of the algorithm. For the quasi-static cases which interest us here, k& is given by:

where E is the average Young’s modulus and L. the largest dimension of the structure. An error indicator is
used to control the convergence of the algorithm. This indicator is an energy measure of the distance
between the two solutions s, and §. PCE is used to represent all the problem’s variables:

L

y<

Fig. 4. The LATIN algorithm.



u?(0) = ) ui¥i(0) (35)

w, (0) = > Wi Pi(0); AE(B):ZWIEY’[(G) (36)

E0) =S e #0) = Y Fw o) (37)
i=0 i=0

. ! . . .
For convenience, we note w2 = wf — w¥ the jump of displacement at the interface:

Wi (0) = wy(0) — w; (0) = Z(Wf, —wi, ) ¥i(0) = ZWﬁE/ ¥:(0) (38)
WEE(0) = WE(0) —WF(0) = (W — W) i(0) = WF(0) (39)
i=0 i=0

5.3. Resolution of the local stage

At the local stage, the quantities - (0), fE/(B) £(0) and w¥ () are known from the previous global stage.
They are described by the coefficients of their chaos expansion: f2, f£ wf and w2, i=0...P
In the case of a random elastic interface, the problem which must be solved at the local stage is expressed

by the following system.

fE<0>+fE<>

f°(0) = (oc(e)) £ (0)

(fE,()—ffg )) = ko(WE(0) — wE(0)) (40)
(5(0) — £7(0)) = ko(WF' (0) — wE (0))

We assumed the stiffness to be constant along the interface. As mentioned in Section 3, if they were not
constant as well as non-deterministic, one could easily use a Karhunen—Loeve expansion to represent the
spatial randomness of the interface’s characteristics (Ghanem and Kruger, 1996). Then, the problem is
composed of a set of independent problems at each node of the interface. The interface’s stiffness k consists
of a normal stiffness and a tangential stiffness. The normal and tangential problems are uncoupled.
Therefore, we are presenting only the resolution in one direction. We designate by (FZ, £, WEE' = W& — WE)
the unknowns at one node and in one direction. (fZ, fZ',wf, w®') are the associated variables known from
the previous global stage. We assume that the behav10r along the direction considered depends on a single
random stiffness parameter k;(0). i € [1---L], L being the total number of random parameters.
Then, the problem is expressed in the form of the following scalar system:

120+ 7500)

140) = kD)o ) an
(720~ J2(0) = koi#(0) = E(0)

5 0) £ (0)) = ka(# (0) £ (0)

10



where the random stiffness £; is expressed according to Eq. (15):

ki(0) = k(1 + 6&;(0)) (42)
System (41) reduces to the following equation:

(2h:(0) + ko)W (0) = ko(wy; (0) —wy (0)) — (£, (0) — £7(6)) = &.(0) (43)

where the second member, denoted g,(0), is known from the previous global stage. The variables are ex-
panded over the polynomial chaos.

P
W =3 w(0) and g, = Z . (44)
=0
Eq. (43) becomes:
P ) P
(2ki(1 + 5(0)) + ko) D WHEW,(0) = > 2,7,(0) (45)
j=0 j=0

A weak equality can be established by projecting this equation onto the subspace spanned by the poly-
nomial chaos subset used in the approximation; this process results in the following equation:

(2k; + ko) ZWEE i + 2k52w ik = Zg,nc,k, k=0,1,...,P (46)
J=0 J=0
where ¢; = (&(0)P;(0) VP (0)) and cy = (¥;(0)P,(0)) (according to Eq. (20)).
Using the orthogonality properties of the basis functions, we obtain:

P
(2];1 + kO)Ckkwa + 21}15 Z Ci/kW/EE, - ckkgkm k= 07 17 me- aP (47)

Jj=0

and corresponds to a scalar system of size (P + 1). Then, the remaining variables are calculated using the
following system:

E = —JE = (W + )
WE = anﬂo(f;f f,f,) , k=0,1,...,P (48)
Wf/: (k A n)

Thus, the resolution of the local stage consists of solving a series of small independent systems of size
(P +1) at each point and along each direction.

5.4. Resolution for the global stage

At the global stage, the quantities f£(6), f* (), W (0) and w* (0) are known from the previous local stage.
They are described by the coefficients of their chaos expansion: fE , flE ,WELWE ie[0---Pl.

At the global stage, the equilibrium equation (25), which also takes 1nto account the search direction
(Eq. (33)), becomes:

Kfuy,, = h(f* — k(W) — W) (49)

11



which, once kinematic admissibility (Eq. (24)) has been included, becomes:

[K? + kohRJuZ,, = h(f* + kow?) (50)

n+1 -

where K* = [K” + khR] is a deterministic matrix.
Using the PCE (Egs. (35)—(37)), we obtain:

P P
K™ uf, Wi(0) = > h(E + koWw!) ¥i(0) (51)
i=0 i=0

where f* = h(f® + kyw?) on the right-hand side is known from the previous local stage. Since K” is
deterministic, a term-by-term identification of Eq. (51) leads to the following (P + 1) independent equa-
tions:

ukwl_fk, k=0,1,...,P (52)

Once these independent problems have been solved, the boundary terms are calculated (kinematic
admissibility (Eq. (24))):

we o =Ru  i=0,1,...P (53)

The forces are obtained using the search direction (Eq. (33)):
fgtH f kO( in+1 WE)7 i=0,1,...,P (54)

1

It is important to observe that the matrices appearing in system Eq. (52) remain constant throughout the
iterations and, therefore, need to be factorized only once before the first iteration. An even more important
point is that the problems within the substructures are completely independent of one another and could be
solved in parallel very efficiently.

6. 1D example: traction of two beams with an uncertain connection

In this section, we present a simple 1D example. We will derive the exact solution (Appendix B) and give
the details of the SSFEM (Appendix C) and of our proposed approach (Appendix D). Let us consider the
assembly of two substructures (each substructure being a beam with deterministic behavior) connected by
an interface whose stiffness £(0) is assumed to be random (Fig. 5).

The assembly is subjected to uniaxial tension. The only quantities used to represent the behavior of the
beams are their respective tractional stiffness coefficients k; and k&, which are derived from the material and
geometric parameters:

E;S;

ki: ) [ )
L

where E; is the Young’s modulus, S; the cross-section and L; the length of the beam i.

Fig. 5. The two beams connected by a random interface.

12



6.1. Convergence rate

The displacements converge rapidly toward the displacement calculated using the global method (Fig. 6).

6.2. Comparison of different methods

Fig. 7 presents the variation of the expectation and the variance of u, with respect to the coefficient of
variation ¢, as obtained respectively with the exact solution, the perturbation method, the direct SSFEM
and the LATIN method. The LATIN method converges to the same solution as the direct SSFEM. The
results of the perturbation method are valid only for small coefficients of variation, whereas the PCE (with
order p = 3) is able to yield good results for larger values of the coeflicient.

6.3. Cost comparison between the direct method and the iterative method

In order to compare the computational costs of the different strategies, we studied a 2D version of the
previous 1D example. The behavior is still one-dimensional, but the 2D mesh makes it easy to vary the total
number of degrees of freedom and the number of degrees of freedom at the interface. For the direct SSFEM
resolution, we use a standard finite element solver: no special adaptation of the code was made to improve
the efficiency of the resolution contrary to numerical strategies devised to overcome the numerical diffi-
culties arising in this context (Pellissetti and Ghanem, 2000).

Fig. 8 shows the evolution of the computational costs of the direct SSFEM and of our proposed ap-
proach when the number of degrees of freedom increases. The order of the PCE is p = 3 and there is only
one random variable, i.e. the number of functions in the expansion is 4 (P = 3). Our approach becomes
much more efficient than the direct SSFEM when the number of degrees of freedom exceeds 1000.

<U,>
: Mean Uz <(U,—<U;>)?>  var U,

0.3

0.25 0.0004
0.2 0.0003
0-15 0.0002
0.1

0.05 0.0001

Iteration L Iteration
5 10 15 20 25 30 5 10 15 20 25 30

Fig. 6. Convergence for the mean and variance of the nodal displacement u,.

<up>
036 <(u2 <u2>)2>
Exact 0.02
0351 — Chaos (p=3) 0.0175 Exact
034 Js— Perturbation 0015} Chaos (p=3)
® LATIN (p=3) ) 0.0125f ... Perturbation
0.33 // 0.01 ® LATIN (p=3)
0.32 o 0.0075 p
,,,,,, - 0.005 _,,_/-/
0.31 A 0.0025{ T
N -
0.05 0.1 0.15 02 025 03 035 04 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

Fig. 7. Polynomial chaos: order 36 = 0.25.
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Fig. 8. Comparison between the direct and LATIN calculations: problem with a single interface (PC: Pentium III proc. 1.1 GHz, 512
MB RAM).
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Fig. 9. Comparison between the direct and LATIN calculations: problem with two interfaces (PC: Pentium III proc. 1.1 GHz, 512 MB
RAM).

Fig. 9 presents the same type of example, this time with two interfaces. In this case, the number of
random variables is L = 2 and the order of the PCE is p = 3. Thus, there are 10 functions (P = 9) in the
expansion (see Appendix A). The higher efficiency of the LATIN method is also observed on this example.

7. 2D example

Let us consider an assembly of three parts (Fig. 10) with two adhesively bonded joints (Tong and Steven,

1999; Van Straalen et al., 1998).

The dimensions, in millimeters, are shown in Fig. 10. The three parts have different material properties:
the base (1) is made of cast iron (E; = 120 GPa, v; = 0.3), the L-shaped connecting part (2) of steel
(E; = 200 GPa, v, = 0.3) and the vertical part (3) of aluminium (£; = 70 GPa, v; = 0.3). Part (3) is sub-
jected to a vertical traction force F = 250 N. The quantities of interest are the displacement of point 4 at the
top of part (3) and the maximum stresses in the bonded joints.

The adhesively bonded joints (denoted I and II in Fig. 10) are modeled by interfaces. The normal (k)
and tangential (k) stiffness of each interface can be derived from the adhesive’s characteristics:
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Fig. 10. The assembly with two bonded joints.

E E
==  h=s——
e T 2(1+v)e
where E is the Young’s modulus, v the Poisson’s coefficient and e the thickness of the adhesive. The
Young’s modulus is assumed to be random:

E(0) = E(1 + 6£(0))

The two bonded joints (I and II) have the following characteristics:
E; =500 MPa; v; =045, e =03 mm
F]] = 1000 MPa, Vi = 0457 en = 0.3 mm

The mesh is composed of 17,820 four-node elements and contains 37,174 degrees of freedom.

Fig. 11 shows the probability density functions of the displacements at point 4 obtained by the LATIN
method. These are compared to the solution obtained by a classical Monte Carlo method (10,000 draws).
The results are very close. The LATIN results are the same as those obtained by direct resolution using the
PCE.

Fig. 12 shows the convergence of the estimate of mean and variance obtained by the Monte Carlo
method. They are compared to those obtained by the polynomial chaos method (fat dashed line). For a
given accuracy, the number of draws is given asymptotically by the central limit theorem. For example, the
estimate of U, is given by:

0.0275n

U,) = —0.02051 +
e VN
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Fig. 12. Convergence of the mean and variance of the displacement U, at point 4 (6; = 0.2 and J;; = 0.25): comparison between the
LATIN solution and the Monte Carlo solution for a confidence level of 0.95 (n = 2) for various sample sizes.

where n = 2 for a confidence level of 0.95 and N is the number of draws. We can notice the very good
estimation by the polynomial chaos method both for the mean and the variance of U,.

Table 1 compares the computational costs of the Monte Carlo method, the direct PCE and the LATIN
method. One can appreciate how considerably shorter the computation time is using the LATIN method
for this type of problem.

Fig. 13 shows the probability density functions of the maximum forces on the two interfaces. The
construction of these functions requires no computational effort because the forces are explicit variables
(represented using the PCE) in the LATIN resolution. These probability density functions were obtained
using 20,000 Monte Carlo draws of the variable &.

Fig. 14 shows the evolutions of the expectation and standard deviation of the displacement U, at point 4
when the coefficients of variation J; and oy vary between 0 (deterministic problem) and 0.4. One can
observe that this displacement is influenced by the stochasticity of both interface variables but the influence

Table 1
Comparison of the computation costs on a PC (AMD Athlon proc. 1.4 GHz, 1.6 Gb RAM)

Calculation CPU time (s)
Monte Carlo (10,000 draws) 75,700
Polynomial expansion—direct 780
Polynomial expansion—LATIN 185
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Fig. 13. Probability density functions of the maximum normal (Fy) and tangential (Fr) forces at the interfaces (6; = 0.2 and oy = 0.25).
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Fig. 14. Evolutions of the expectation and standard deviation of displacement U, at point 4 with the coefficients of variation.

of the interface I is more significant because its stress type is dominating for the displacement at point A4.
Fig. 15 shows the evolutions of the expectation and standard deviation of the maximum normal force F, at
interface I when the coefficients of variation J; and Jy; vary between 0 and 0.4. Since the boundary con-
ditions are expressed in terms of prescribed forces, one can observe that the stochasticity of the variable at
interface II has nearly no influence upon the maximum forces at interface I: the forces applied on interface I
remain nearly constant whatever the stiffness of interface II is.

As in the one-dimensional example (see Fig. 7), the results obtained by the LATIN method and by the
direct SSFEM are the same. Therefore, they are not valid for large coefficients of variations as shown of the
1D example (Fig. 7).
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Fig. 15. Evolutions of the expectation and standard deviation of the maximum normal force F; at interface I with the coefficients of
variation.

8. Conclusions

We presented a computational strategy suitable for the calculation of the random response of assemblies
of structures containing non-deterministic connections. This method is based on a decomposition of the
assembly into substructures and interfaces. Our computational strategy, based on the LATIN method,
allows the treatments of the random problem and of the global problem to be uncoupled. A polynomial
chaos expansion is used to obtain the random solutions. The examples presented showed the numerical
efficiency of the proposed approach compared to the Monte Carlo method and to the direct SSFEM for
two-dimensional assemblies containing random elastic bonded joints.

Since the uncoupled treatments of the local and global problems lead to a drastic reduction in problem
size, the numerical efficiency of the proposed approach can be very high. Another important point is that
the linear systems for the substructures are independent of one another and could be solved in parallel very
efficiently. The prolongation of this work will address non-linear interface behavior, such as contact and
friction conditions.

Appendix A. Basis functions of the polynomial chaos expansion

Table 2 presents the expressions of the basis functions of the PCE for the orders p = 0—4 when only one
random variable ¢ is used (L = 1).

Table 3 presents the expressions of the basis functions of the PCE for the orders p = 0-3 when two
random variables &, and &, are used (L = 2).

Appendix B. 1D example: the reference solution

In this particular case, an exact solution is available and can be used to check the accuracy of various
numerical techniques. The characteristic equation of the uncertain interface is given by:

Table 2

One-dimensional polynomial chaoses and their variances (L = 1)
i ¥ (¥ P
0 1 1 0
1 4 1 1
2 —14+& 2 2
3 -3+ 6 3
4 36824 ¢ 24 4
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Table 3
Two-dimensional polynomial chaoses and their variances (L = 2)

i ¥, () p
0 1 1 0
1 & 1 1
2 & 1
3 -1+ & 2 2
4 && 1
5 -1+& 2
6 (=348 6 3
7 (~1+ &6 2
8 &(-1+8) 2
9 &H(-348) 6
. Fy
1

k() is the interface stiffness, which depends on a random material parameter £(6). A standard normal
distribution £(0) ~ N(0, 1) is chosen for ¢ and d represent the coefficient of variation according to Eq. (15).

k(0) = k(1 + 6£(0))  with (£(0)) =0 and (£(0)*) =1 (B.2)
The displacement u; is an explicit function of the random variable ¢:
1 1
= = F —_ - d = -1
m=gE)=Fr & MTepn 5€)> and ¢=g ' (u)

The distribution of u, is known and its density function f,, is related to the density function f; by the
following equation:
_ J9)

ﬁlz(uZ) - |dg_(§)|
dé

The expectation of u, is given by:
1 1 1
= U = F —_— = Y 1 h Y = —
<l/l2(9)> 75} 0<k1 +k< >> wit l+5f

and the standard deviation of u, by:
i} A\
(on(0) = ") = (32 ) 40 = (1))
Fig. 16 presents the density function f: of the standard normal variable £(0) and the density function f,, of

the displacement u,. The Monte Carlo results (10,000 draws) for the two variables are also presented on the
same figure.

Appendix C. 1D example: direct resolution using the polynomial chaos expansion

Let us interpolate the displacement u(x, §) between the nodal displacement vector u(f) and the shape
function vector N(x):

u(x,0) = iNi(x)u,-(B) = N(x)u(0)
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Fig. 16. Exact probability density functions f; and f,, and the corresponding Monte Carlo results.

By applying the strain—displacement relationship, we obtain:

(Ko + ¢(0)Ky)]u(0) = f (C.1)
The stiffness matrices K¢ and K;, obtained from the element stiffness matrices, are given by:
k+k k0 k5 ko 0
Ky = -k hkh+k —k |; Ki=| k6 ko 0
0 —ky k> 0 0 0

u(0) is the global vector of the unknown nodal displacements and f is the deterministic vector of the
external forces:

u(0) = [w(0) w() wO)]; =0 0 R
The PCE of order p =3 (P = 3, see Appendix A) yields:

u(f) = Zuiaﬂi(e) (C.2)

The vectors u; represent the magnitude of the projections of the nodal displacement vector u(6) onto the
spaces spanned by the successive polynomial chaoses ¥;(0). The dimension of each w; correspond of the
number of dof of the deterministic finite element problem. Eq. (C.2) leads to the following global linear
system (equivalent to system Eq. (21)):

Uy

Ke K, 0 0 f
Ki Ko 2 0 [ [™] o
0 2K, 2K, 6K;||™ 0
0 0 6K, 6Ky||"™ 0

The statistical moments can be obtained directly from the polynomial chaos representation of the solution.
The mean response vector is given by:

(u(0)) = uo
and the covariance matrix Ry, of the response by:

3

Ruy = ((u — () (u— (u)") =D _(P}(E(0)))un!

i=1

where superscript H denotes hermitian transpose.
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Fig. 17. Density function f,, for 6 = 0.15 and 0.25 (expansion order p = 3).

Fig. 17 presents the results of the calculation of the density function f,, for two different values of the
coefficient of variation ¢ using the SSFEM. These results are compared with the exact solution. When the
coefficient of variation is relatively small (6 = 0.15), the SSFEM gives an almost exact solution. For a larger
value of the coefficient (6 = 0.25), the SSFEM solution is less accurate. The complete comparison is shown

in Fig. 7.

Appendix D. 1D example: LATIN method

We will merely review the main equations of the two stages of the LATIN method for this simple 1D

example.
D.1. Local stage: the interface with a random stiffness

We must solve Eq. (43)
(2k(0) + ko) (#12(0) — 11 (0)) = g4(0)
The variables are expanded over the polynomial chaos:

(in(0) — i (0)) = i%(0) = D a?¥,(0) and & =D 2.¥,(0)

Jj=0

If the order of the PCE is p = 3, the size of the linear scalar system to be solved is (P + 1) = 4:

a b 0 07/|a? 8on

b a 2b 0 2 S1n _ _
a 6b Uy &gon

0 0 6b 6a]|uf? &an

Then, the remaining variables are calculated from the system Eq. (48):
1= =1 =5 kot + &)
=, A —fa) ok

~2 2 1 (72 2
uk - ukn +E(,fk _f}»n)

0,...,3
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D.2. Resolution for the global stage

All the quantities / and @ are known from the previous local stage. The system Eq. (52) must be solved
for each substructure i:

ik (ke ON][w,] _ F+ ko)

-k Kk 0 ko w | ff + koi!
Therefore, for each substructure, one must perform P + | = 4 resolutions of 2 x 2 small systems with P + 1
right-hand sides. Let us remember that the matrices remain constant throughout the iterations. Once these

independent problems have been solved, the boundary terms are calculated (Eq. (53)) and the forces are
obtained using the search direction (Eq. (54)).
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