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This paper presents a profit model for equipment leased with a warranty contract. During the warranty period, the lessor (who owns the equipment) performs and pays for repairs at failure and for preventive maintenance (PM) actions whenever the equipment reliability reaches a certain threshold. After the warranty expires, repairs and PM actions are still performed by the lessor, but they are billed to the lessee (who leases the equipment). Furthermore, in case the number of repairs exceeds a certain pre-specified value over the lease period, a penalty is supported by the lessor. This type of contract generates a profit for the lessor. A mathematical model is developed to determine the PM intervals, maximizing the expected total profit over the lease period. A numerical example is provided to demonstrate the effectiveness of the proposed model and a sensitivity analysis is carried out.

INTRODUCTION

Nowadays, many businesses choose to lease equipment rather than buy them, mainly when dealing with expensive industrial, medical, mining, or transportation equipment. Furthermore, equipment is leased with a warranty contract which plays an important role in reassuring the lessees by offering them protection against early failures [START_REF] Darghouth | Investigating reliability improvement of second-hand production equipment considering warranty and preventive maintenance strategies[END_REF]. The warranty is known as a contractual obligation offered by a lessor, which begins at the start of equipment leasing and terminates at the end of the warranty period. The purpose of this obligation is to establish responsibility between the lessor and the lessee if the leased equipment breaks down. In a sense, it guarantees to the lessee that the equipment will perform its intended functions for a specified time [START_REF] Bouguerra | A decision model for adopting an extended warranty under different maintenance policies[END_REF]. If it fails to do so, the lessor will repair (in case of minor failure) or replace (in case of catastrophic failure) the equipment during the warranty period at no cost or at a reduced cost to the lessee depending on the terms of the warranty contract. According to [START_REF] Darghouth | Investigating reliability improvement of second-hand production equipment considering warranty and preventive maintenance strategies[END_REF], the warranty is also considered as a marketing tool to attract more customers since it reflects the quality and reliability of the equipment. In practice, a better warranty strategy generally means higher equipment quality and reliability. A review of major publications considering warranty policies can be found in [START_REF] Murthy | New Product Warranty: A Literature Review[END_REF], [START_REF] Wu | Warranty Data Analysis: a Review[END_REF], and [START_REF] Wang | Two-dimensional Warranty: A Literature Review[END_REF].

The equipment is not reliable in the sense that it eventually fails. In this context, the maintenance service is considered as the most important part to be negotiated between the lessor and the lessee under a lease contract.

The purpose of this service is to keep equipment availability and reliability at an appropriate level [START_REF] Shafiee | Maintenance models in warranty: A literature review[END_REF]. In practice, warranties and maintenance are closely interlinked. Indeed, carrying out PM actions over the warranty period can help reducing the likelihood of failure and, therefore, the warranty servicing cost from the lessor's perspective (see [START_REF] Kim | Warranty and discrete preventive maintenance[END_REF][START_REF] Darghouth | Investigating reliability improvement of second-hand production equipment considering warranty and preventive maintenance strategies[END_REF]. From the lessee's point of view, PM efforts during the warranty period can have an important influence on the maintenance costs during the post-warranty period, which must be borne by the lessee. In the literature, the optimization of maintenance policies incorporating warranty coverage has received extensive attention; readers are referred to [START_REF] Kim | Warranty and discrete preventive maintenance[END_REF], [START_REF] Chattopadhyay | Development of lifetime warranty policies and models for estimating costs[END_REF], [START_REF] Chien | A new warranty strategy: Combining a renewing free-replacement warranty with a rebate policy[END_REF][START_REF] Chien | Optimal age for preventive replacement under a combined fully renewable free replacement with a pro-rata warranty[END_REF], [START_REF] Shafiee | Maintenance models in warranty: A literature review[END_REF][START_REF] Shafiee | Maintenance models in warranty: A literature review[END_REF][START_REF] Chien | On optimal preventive-maintenance policy for generalized polya process repairable products under free-repair warranty[END_REF].

Because maintenance requires highly skilled labor and expensive tools, equipment lessee tends to outsource maintenance actions to the lessor [START_REF] Ben Mabrouk | A quasi-optimal inspection strategy for leased equipment[END_REF]. In such situations, proposing an effective maintenance strategy as an integrated package under a lease contract is the responsibility of the lessor. The goal is to minimize the number of failures and associated penalties during the lease period. Numerous works have been published on optimal maintenance strategies to be adopted within a specified lease period (see [START_REF] Jaturonnatee | Optimal preventive maintenance of leased equipment with corrective minimal repairs[END_REF]Pongpech and Murthy, 2006;Pongpech et al., 2006;[START_REF] Yeh | Optimal threshold value of failure-rate for leased products with preventive maintenance actions[END_REF][START_REF] Yeh | Optimal preventive maintenance policy for leased equipment using failure rate reduction[END_REF][START_REF] Yeh | Preventivemaintenance policy for leased products under various maintenance costs[END_REF][START_REF] Chang | Joint determination of lease period and preventive maintenance policy for leased equipment with residual value[END_REF][START_REF] Schutz | Maintenance strategy for leased equipment[END_REF][START_REF] Zhou | Multi-phase preventive maintenance policy for leased equipment[END_REF]Ben Mabrouk et al., 2016b;[START_REF] Ben Mabrouk | Optimal hybrid imperfect preventive maintenance policy for leased equipment[END_REF][START_REF] Ben Mabrouk | A quasi-optimal inspection strategy for leased equipment[END_REF]. The above studies focus on developing an optimal PM strategy without considering the product warranty.

In fact, the lessor generally offers a warranty for the leased equipment. So, it is worthwhile studying the PM policies during the warranty period. Notwithstanding the importance of warranty agreement, the works that incorporate the warranty contract into the optimization of maintenance policies for leased equipment are limited. [START_REF] Hajej | A Decision Optimization Model for Leased Manufacturing Equipment with Warranty under Forecasting Production/Maintenance Problem[END_REF] developed a mathematical model to study the opportunity provided to extend the warranty for the lessee. [START_REF] Hajej | An optimal production/maintenance strategy under lease contract with warranty periods[END_REF] developed a method to jointly optimize the production and maintenance plans for leased equipment under a warranty contract. Ben Mabrouk et al (2016a) proposed a model that determines the optimal levels of PM actions to be performed on a leased equipment between successive lease periods considering a given warranty period. Another type of problem that deals with leasing and warranty is studied by Wang et al. (2018). They proposed upgrade and PM strategies for industrial equipment during successive usage-based lease contracts with consideration of a warranty period. In these papers, the cost of PM actions is borne by the lessor or shared between the lessor and the lessee according to the contract adopted by both parties.

Our literature review exposes that all papers that consider the warranty within the lease period model the effect of imperfect PM using a single approach (failure intensity reduction or age reduction). There are no works considering the warranty for leased equipment using a hybrid PM model. Such a model, as the one developed by [START_REF] Lin | General sequential imperfect preventive maintenance models[END_REF], combines the age reduction model introduced by [START_REF] Malik | Reliable Preventive Maintenance Scheduling[END_REF] and the failure rate increase model proposed by [START_REF] Nakagawa | Sequential imperfect preventive maintenance policies[END_REF]. Several publications have used hybrid PM models either in or out of the context of leased equipment (see for instance [START_REF] Lin | Sequential imperfect preventive maintenance models with two categories of failure modes[END_REF][START_REF] Zhou | Reliability-centered predictive maintenance scheduling for a continuously monitored system subject to degradation[END_REF][START_REF] Liao | Preventive maintenance scheduling for repairable system with deterioration[END_REF][START_REF] Khatab | Availability optimisation for stochastic degrading systems under imperfect preventive maintenance[END_REF].

Ben [START_REF] Ben Mabrouk | Optimal hybrid imperfect preventive maintenance policy for leased equipment[END_REF] is the only work having considered hybrid PM for leased equipment but without considering warranty. To the best of our knowledge, no research that integrates the warranty contract and maintenance policies in the context of equipment leasing involving hybrid PM actions has been reported. Hence, based on the results of our work in Ben [START_REF] Ben Mabrouk | Optimal hybrid imperfect preventive maintenance policy for leased equipment[END_REF], the goal of this paper is to determine the hybrid PM intervals maximizing the expected profit over the lease period from the lessor's perspective considering that warranty is offered in the lease contract.

The remainder of this study is organized as follows. Section 2 defines the proposed strategy. In Section 3, a mathematical model expressing the expected total profit over the lease period is developed. Section 4 presents a numerical example and a sensitivity analysis. Finally, the conclusion and some future research directions are given in the last section.

Throughout this paper, the following notation will be used: λ(t) initial failure rate of the equipment which is initially assumed to be a new one Ʌ(t) cumulative failure rate L w lease period warranty period n nw npw number of PM actions to be performed during L number of PM actions to be performed during the warranty period w number of PM actions to be performed during the post-warranty period

j ordinal of PM intervals, j = 1, 2, …, n Tj length of the j th PM interval, j = 1, 2, …, n τj instant of the j th PM action, τj = ∑ T i j i=1
Rth equipment reliability threshold that triggers a PM action Nmax N(Tj) N Nw Npw maximum number of failures allowed before a penalty has to be paid expected number of minimal repairs during the j th PM interval expected number of minimal repairs during L expected number of minimal repairs during the warranty period expected number of minimal repairs during the post-warranty period aj age reduction factor corresponding to the j th PM action (j = 1, 2, …, n) bj failure rate increase factor corresponding to the j th PM action (j = 1, 2, …, n) x P r C M C P Re pw time interval between the last PM action and the end of the lease period L expected total profit expected warranty cost expected penalty cost during the lease period L expected revenue generated during the postwarranty cr cost of a minimal repair following failure cf penalty cost for each failure beyond a given contractual threshold cp αp αr cost of a PM action profit margin associated with each PM action performed profit margin associated with each repair action performed

STRATEGY DEFINITION AND WORKING ASSUMPTIONS

In this work, we consider a repairable equipment leased for a period L with a warranty period w. Hence, the lessor gives the lessee a guarantee for the proper functioning of the equipment over the warranty period. Maintenance actions are delegated to the lessor and have negligible durations. The lessor has to prepare the terms of a maintenance service contract to be submitted and negotiated with the lessee. The lessor is then in charge of prescribing an effective maintenance strategy to keep the leased equipment functioning in an economical way. In order to reduce the frequency of failures, the contract 1 Rth stipulates that a PM action is performed whenever the equipment reliability reaches a reliability threshold Rth over the lease period L (Figure 1). A PM action reduces the effective age of the equipment and changes the slope of the failure rate function simultaneously. Failures are minimally repaired keeping the equipment failure rate at nearly the same level as before failure. From the lessee's perspective, the equipment is maintained free of charge during the warranty period. However, he will have to support repairs and PM actions at his own expenses during the post-warranty period. In case the threshold number of failures are exceeded, penalty costs are always supported by the lessor. It is assumed that all costs are considered as known and constant. At the end of the lease period L, the equipment is returned to the lessor.

Reliability

Figure 1: The maintenance policy during the lease period

Our objective is to find the PM intervals durations Tj* (j = 1, 2, …, n) corresponding to equipment's reliability threshold Rth* which maximize the expected total profit during the lease period considering the warranty.

MATHEMATICAL MODEL

Recall that a PM action is performed when the reliability of the equipment reaches a predetermined level Rth. Using a hybrid PM model means that, right after the j th PM action, the failure rate function becomes bjλj(ajTj+t) when it was λj(t) just before performing the j th PM, where aj (0 ≤ aj ≤ 1) and bj (1 ≤ bj ) are the age reduction factor and the failure rate adjustment factor respectively, and t ≥ 0.

In this paper, we adopt the same modelling approach as in [START_REF] Khatab | Availability optimisation for stochastic degrading systems under imperfect preventive maintenance[END_REF][START_REF] Ben Mabrouk | Optimal hybrid imperfect preventive maintenance policy for leased equipment[END_REF] to determine the length of the j th PM interval Tj (j = 1, …, n) corresponding to the reliability threshold Rth. Tj can be obtained in the following recursive way:

T j =Ʌ -1 ( Ʌ(A j ) - ln R th B j
) -A j for j = 1, 2, . . ., n

where

• Ʌ(T j )= ∫ λ j (t)
T j 0 dt represents the cumulative failure rate in the j th PM interval and Ʌ -1 ( .) is the inverse function of Ʌ(. )

• A j = ∑ a i T i j-1 i=1
such that A 1 = 0 and

B j = ∏ b i j-1 i=1 such that B 1 = 1
The expected total profit P r is calculated by subtracting the expected warranty servicing cost C M and the expected penalty cost C P from the expected revenue Re pw generated during the post-warranty period. It is given by the following expression:

P r = Re pw -C M -C P (2)
We develop below the terms of the expression of the lessor's expected total profit P r during the lease period L with the consideration of the warranty period.

The expected revenue

The expected revenue Re pw generated during the postwarranty period is obtained by calculating the sum of the expected revenue generated from the imperfect PM actions (the first term) and repairs (the second term) performed during the post-warranty period. It is expressed as follows:

Re pw = n pw c p (1+α p )+N pw c r (1+α r ) (3) 
where n pw = n -n w and N pw = N -N w

The number n of PM actions to be performed during L and the number n w of PM actions to be performed during the warranty period w are determined using the numerical algorithm developed below (see figure 2).

In order to calculate the second term of equation ( 3), we need to compute the expected number N of minimal repairs (failures) during the lease period L. Following Ben Mabrouk et al. (2017), N can be obtained as follows:

N = ∑ N(T j ) n j=1 +B n b n ∫ λ(t)dt A n +a n T n +x A n +a n T n (4) where x = L -∑ T j n j=1
Equation ( 4) is equivalent to:

N = ∑ B j ∫ λ(t) T j +A j A j dt +B n b n ∫ λ(t)dt A n +a n T n +x A n +a n T n (5) n j=1
This equation is composed of the sum of the expected number of minimal repairs during the n cycles and the expected number of minimal repairs during the time We also express the expected number Nw of minimal repairs during the warranty period by reasoning similarly to equation ( 5):

Nw = ∑ B j ∫ λ(t) T j +A j A j dt +B nw b nw nw j=1 ∫ λ(t)dt (6) A nw +a nw T nw +xw A nw +a nw T nw
where xw stands for the time interval between the last PM action during the warranty period w and the end of the warranty period. It can be expressed as follows xw = w -∑ T j nw j=1 .

The expected warranty cost

The expected warranty cost C M is given by:

C M = n w c p + N w c r (7)
where the first term represents the total cost of the imperfect PM actions performed during the warranty period w and the second term expresses the expected total cost of repair actions during the warranty period.

The expected penalty cost

In case the number of failures exceeds a specified contractual threshold N max during the lease period L, a penalty is incurred by the lessor.

Let ψ be the following binary variable:

ψ = { 1 : if 𝑁 -N max > 0 0 : otherwise
The expected penalty cost during the lease period is expressed as:

C P = ψ c f (N -N max ) (8)
Hence, equation ( 2) can be rewritten as follows using equations ( 3), ( 7) and ( 8):

P r = n pw c p (1+α p )+N pw c r (1+α r ) -n w c p -N w c r -ψc f (N -N max ) (9)
The numerical iterative algorithm presented below has been developed to determine the optimal strategy for any given set of input parameters. The optimal PM intervals Tj (j = 1, 2, …, n) can be obtained from equation (1). By maximizing the expected total profit P r , the threshold Rth* for the optimal PM intervals can also be obtained.

Start

Introduce input data: w, cp, cr, cf, αp, αr, Nmax, L, nmax, Δp j = 1

Initialize: n = 1, nw=0 j = j+1 j n No Compute and store Pr using Eq. ( 9) A numerical example is provided, in next section, in order to demonstrate the use of the proposed model and the numerical algorithm.

n = n + 1 n < nmax

NUMERICAL EXAMPLE

The solving algorithm has been extensively tested with a large variety of input parameters. We present here one of the tested examples. We assume that the repairable equipment is leased for a period L=60 months. The improvement factors aj and bj are evaluated according to the following formulas [START_REF] Ben Mabrouk | Optimal hybrid imperfect preventive maintenance policy for leased equipment[END_REF], as a j = j 3j+7 and b j = 12j+1 11j+1 (j = 1, 2, . . ., n). We can see that aj and bj depend on the number of PM interventions performed.

The length of the warranty period may be influenced by the competition. In other words, due to increased competition, the lessor is obliged to provide to the lessee a warranty period w longer or equal to the warranty period offered on the market for similar leased equipment, even if this is done at the expense of a proportion of his profits (the maximum profit is obtained when w = 0).

The following input data presented in table 1 were arbitrarily selected. However, we consider rather realistic settings.

- 3, we can see that the higher the reliability threshold Rth, the greater the number n of PM actions. Thus, in order to keep the reliability of the equipment high, more frequent PM actions must be performed. Also, for a high value of Rth, n increases since the threshold is quickly reached. This results in an important PM cost. On the other hand, a low value of Rth implies a prolonged and uninterrupted use of the equipment generating, as a result, an increased risk of failures yielding an increase in the number of repairs. The problem is to find a trade-off between the reliability threshold Rth and the number n of PM actions in order to maximize the expected total profit over the five-year lease period. Based on the input data presented in table 1 and the proposed algorithm, the highest expected total profit P r * over the five years lease period is equal to 790.6 $ and the optimal number of PM actions n* is equal to 4. Obviously, this result is obtained when the equipment reliability threshold Rth* is set to 59 %. Once the reliability threshold Rth* is obtained, we can easily determine the optimal PM intervals using equation (1). We recall that the equipment should undergo a PM action whenever its reliability reaches the value Rth* = 0.59. Figure 4 shows that the first imperfect PM action must be performed at T1* = 17.9 months. The second PM should be performed after T2* = 15.7 months and so on. We can clearly note that the hybrid maintenance policy based on the reliability threshold reduces PM intervals over time.

Figure 4: The obtained optimal maintenance strategy We studied the effect of the variation of the warranty period on the expected total profit P r . Recall that all the performed repairs and PM actions are borne by the lessor during the warranty period and charged to the lessee during the post-warranty period. Looking at table 3 below, one can notice that when the warranty period increases, the expected total profit decreases. One can also see that from the lessor perspective, the maximum profit is determined in the case where w = 0. However, the lessor is obliged to offer to the lessee a warranty period w to encourage him to lease the equipment. It is also interesting to observe that the lessor should not offer a warranty period longer than two years beyond which the profit would turn to a loss (we reach zero profit when w is equal to 24.5 months). 1490.7 1473.5 1296.5 790.6 120.7 -1105.5 Table 3: Impact of the variation of the warranty period on the optimal PM policy

CONCLUSION

In this work, a profit model based on a hybrid PM strategy for leased equipment during a finite lease period including warranty has been developed. The lessor performs imperfect PM actions whenever the equipment reliability reaches a certain prespecified threshold. To determine the optimal PM intervals durations, which maximize the lessor's profit, a mathematical model and a solving algorithm have been developed. A numerical example and a sensitivity study of the effect of the variation of the warranty period on the optimal maintenance policy have been presented and discussed. It has been clearly shown that when the warranty period increases, the expected total profit decreases.

For future investigation, this work can be extended to other types of warranty policies (free-replacement warranty, pro-rata warranty, etc.). Regarding the maintenance policy, more realistic settings can be considered: PM and repairs with non-negligible durations and in case a repair duration exceeds a certain prespecified value, a penalty cost is incurred.
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 2 below provides the various components of the profit over the 5 years with w = 18 months.

	-The expected revenue	Repw = 1610.9
	-The expected warranty cost	CM = 393
	-The expected penalty cost	C P = 427.3
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 2 The various components of profit ($)