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COMMON HYPERCYCLIC VECTORS AND DIMENSION OF THE
PARAMETER SET

FREDERIC BAYART, FERNANDO COSTA JR., AND QUENTIN MENET

ABSTRACT. We investigate the existence of a common hypercyclic vector for a family
(Tx)ren of hypercyclic operators acting on the same Banach space X. We give positive
and negative results involving the dimension of A and the regularity of each map \ €
A—=Tiz,z€ X, neN.

1. INTRODUCTION

Among the many problems arising in linear dynamics, that of finding a common hy-
percyclic vector for an uncountable family of hypercyclic operators is one of the most
prominent. Let us introduce the relevant definitions. Let X be an infinite-dimensional
and separable F-space and let T' € L(X). A vector x € X is said to be hypercyclic for T
if its orbit under 7', {T"x : n > 0} is dense in X. The set of hypercyclic vectors for T’
will be denoted by HC(T'). We refer to the two books [3] and [7] for the standard theory
of hypercyclic operators.

Given (T )xea a family of hypercyclic operators acting on the same F-space, it is natural
to ask whether (o, HC(T)) is nonempty. The first result in that direction is due to
Abakumov and Gordon who showed in [1] that (),., HC(e*B) is nonempty, where B is
the unweighted backward shift acting on £, p € [1,400) or on ¢y. Soon after, Costakis
and Sambarino in [5] came with a criterion for proving the common hypercyclicity of some
families, which allow them to extend the results of [1] to other families of shifts or to
translation operators.

The paper [1] also contains an important negative result, granted to Borichev: the two-
dimensional family (e*B x ebB)(a,b)e(O,Jroo)z acting on ¢y X f3, does not admit a com-
mon hypercyclic vector. It turns out that most of the examples of families admitting
a common hypercyclic vector are one-dimensional families, with two notable exceptions:
the Leon-Miiller theorem [9] which allows to introduce an extra parameter of rotations,
and translation operators which have some redundant properties (see for instance [4]).
Even for one-dimensional families, several intriguing problems remain. For instance, if
A C (0,+00)? is a monotonic Lipschitz curve, then (e?B x ebB)(aJy)eA possesses a common
hypercyclic vector, whereas this is unknown for (e'B x €' B)cq1 9 (see [2]).
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Our ambition, in this paper, is to revisit this problem and to shed new light on common
hypercyclic vectors. We begin with a review of the results we intend to prove. In what
follows, the parameter set A will always be a subset of R? for some d > 1 and R? will be
endowed with the sup-norm.

1.1. Products of multiples of the backward shift. Our first result is an answer to
the problem of [2] we just recalled. More precisely, we will prove the following.

Theorem 1.1. Let X = (,(N), p € [1,+00), or X = ¢o(N), and let A C (0,+00)¢ be
a Lipschitz curve. Then (6)‘(1)3 X oee X ek(d)B))\eA possesses a dense Gg set of common
hypercyclic vectors.

The way to delete the assumption ”A is monotonic” in Theorem 1.1 will be to obtain a
characterization for the common hypercyclicity of a family of products of weighted shifts
acting on a Fréchet sequence space, when these shifts satisfy some natural conditions. This
condition, which is rather technical, takes a much more pleasant form when we apply it
to multiples of the backward shifts. We will apply it in order to get Theorem 1.1.

1.2. Borichev result revisited. Borichev’s result can be rephrased in the following more
precise way:

Let A C (0,+00)? be such that Naper HO(e*Bx e’ B) is not empty. Then

A has measure zero.

If we analyze the proof of this result, it turns out that a key point is given by the fact that
if (e?B)™u and (e B)"u are both close to the same nonzero vector (e.g. e), then |a — d/|
has to be small, precisely |a — a’| < C'/n for some constant C'.

We will show that this can be put in a more general framework, replacing sets of zero

Lebesgue measure by sets of small Hausdorff dimension.

Theorem 1.2. Let A C R%, let (T\)xea be a family of operators acting on the Banach
space X. Assume that there exist « > 0, v € X, § > 0 and C > 0 such that, for all
M €A, foralln € N and all u € X satisfying

[Tu — | <& and |Tjju—v|| <4,
then
ITPu — T2l = Cn®l|A — g

If Mxen HC(Ty) # @, then dimy(A) < 1.
In particular, this can be applied to the family (B 1)) X -+ X Bw(A(d))))\e(Q_i_oo)d where
(w(a))a>0 is defined by wi(a)-- - wy(a) = exp(an®) for some o > 0 and for all n € N.
Corollary 1.3. Let X = {,(N), p € [1,+00) or X = ¢o(N). Let a € (0,1], let (w(a))a>0
be defined by wy(a) - - - wn(a) = exp(an®) for alln € N and let A C (0,400)%. If (Byr1)) X
o+ X Bya@))aea admits a common hypercyclic vector, then dimg(A) < 1/a.
In view of the previous corollary, one may ask if the converse holds true, namely if the
condition dimy(A) < 1/a, or dimy(A) < 1/a, implies that (N cp HC(Byoay) X -+ X
Buyad))) # 9. More specifically, we may ask if a < 1/d implies ﬂ)\E(O,—l—oo)d HCO(By\1)) X

X Byn)) # 9. The study of these questions motivates the remaining part of the
paper.
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1.3. A common hypercyclicity criterion in dimension greater than 1. In the
remaining of this introduction, we will always assume that X is a separable Banach space.
We discuss now common hypercyclicity criteria for a family (7))aea of operators acting
on the same Banach space X. We will always assume that the following assumptions are
true:

e the map (A, u) — Thu is continuous from A x X into X;
e there exists a dense set D C X such that each operator T has a partial right-
inverse Sy : D — D, that is T)S\(u) = u for all u € D and all A € A.

These assumptions are for instance satisfied if T’ is defined as the product of weighted
shifts By, 1)) X+ X By@@y): X = ¢3(N) or X = ¢(N), p € [1,+00), and, for each
i=1,...,d and each n € N, a — w (a) is continuous (we will call this a continuous
family of weights).

When A is an interval of the real line, one of the most useful result to get common
hypercyclic vectors is the Costakis-Sambarino criterion:

Costakis-Sambarino Theorem. Let A be an interval of the real line. Assume that for
every compact interval K C A, every u € D,

(CS1) there exist m > 1 and (cx)g>m @ summable sequence of positive real numbers such
that
(a) HT/{HkSﬁuH <cp foreveryn e N, k>m, p <X\, p,A € K
(b) |TSutFu|| < ¢, for everyn €N, k> m, p> X, p, A€ K;

(CS2) for all € > 0, there exists T > 0 such that, for alln > 1,

0<pu—A< KN 1T3S) (u) —ul <e.
n
Then (aep HC(T)) is a dense Gs subset of X.

We look for a substitute for this theorem when A is not an interval of the real line and
in particular if the ”dimension” of A is greater than 1. The continuity condition (CS2) is
naturally implied by the following Lipschitz estimate: for all u € D, there exists C > 0
such that, for all n > 1, for all A\, u € A,

|75 8w — T Shul) < Cnl|x — pll.
Nevertheless, if we have the opposite inequality
|73 Spu — T7Spul = CnllA -l

then Theorem 1.2 essentially says that the Hausdorff dimension of the set of common
hypercyclic vectors cannot exceed 1. Hence, to get common hypercyclic vectors for subsets
of R? of bigger dimension, we will need a stronger condition, at least something like

-
A= pll = 5 = ITXSu(w) —ull <e

for some a € (0,1). Under this last condition and an appropriate substitute for (CS1),
we will be able to prove a common hypercyclic criterion when A C R? possesses some
regularity and has ”dimension” less than 1/a. The notion of dimension we need is a kind
of homogeneous box dimension. For r > 1, we define I, = {1,... ,r}.
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Definition 1.4. Let A C R¢ be compact. We say that A has homogeneous boz dimension
at most v € (0,d] if there exist r > 2, C(A) > 0 and, for all m > 1, a family (Ay)xerm of
compact subsets of A such that for all m > 1,

e for all k € I, diam(Ay) < C(A) <r11/w>m;

e AC UkEI{” Ak;

o forallk € I”", Ap, ko CAiyke

m—1"°
The homogeneous box dimension of A is defined as the infimum of the v € (0, d] such that
A has homogeneous box dimension at most v and will be denoted dimpg(A).

We will discuss later the link between this notion of dimension and more classical ones;
we just observe for the moment that any compact subset of R? has homogeneous box
dimension at most d. Having this notion of dimension at hand, we can prove the following
result.

Theorem 1.5. Let v > 0 and let A be a compact subset of R? having homogeneous box
dimension at most 7. Assume moreover that there exist a € (0,1/7), 8 > a7y and D > 0
such that, for all u € D,

(a) there exist C' > 0, N > 0 such that, for all \,pu € A, for alln >0 and k > N such

that A — || < Dy then

— ij .
(b) for all e > 0, there exists T > 0 such that, for alln > 1, for all \,u € A,

-
IA—pf < = HT)’\LSﬁu—uH <e.
Then (aep HC(Ty) is a dense Gs subset of X.

In particular we get the following corollary, which can be seen as the desired converse of
Corollary 1.3.

Corollary 1.6. Let X = (,(N), p € [1,400) or X = ¢p(N), a € (0,1], let (w(a))q>0 be
defined by wi(a)---wy(a) = exp(an®) for alln € N and let A C (0,+00)?. Assume that
dimyp(A) < 1/a. Then (Bya1y) X+ X By(a))rea admits a common hypercyclic vector.

Example 1.7. Let X = {,(N), p € [1,+00) or X = ¢p(N), a € (0,1/d) and let (w(a))a>0
be the family of weights defined by wi(a)---wp(a) = exp(an®) (resp. wy(a) =1+ —5)
for all n > 1. Then (B, X -+ X Bw(A(d))))\e(O,Jroo)d admits a common hypercyclic
vector.

Theorem 1.5 can also be applied to Holder curves leading to a nice complement to The-
orem 1.1. Indeed, let « € (0,1]. A compact set A C R? is called an a-Hélder curve if
A = f(I) for some function f : [0,1] — R? satisfying

30 >0, ¥(s,t) € [0, 1%, | f(s) = f(O)]| < Cls — 1",

It turns out that any a-Holder curve has homogeneous box dimension at most 1/«. There-
fore, we will also obtain the following example.
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Example 1.8. Let X = £,(N), p € [1,400) or X = ¢y(N). Let A C (0,+00)? be a
p-Holder curve for some 8 € (0,1]. Let o € (0,3) and let (w(a))q>0 be the family of
weights defined by wi(a)---wy(a) = exp(an®) (resp. wp(a) = 1+ ~%5) for all n > 1.
Then (Byya1)) X -+ X By(rd))aea admits a common hypercyclic vector.

1.4. The Basic Criterion. Almost all results of common hypercyclicity rely on the con-
struction of a suitable covering of the parameter space A and on an associated sequence
(ng). What we need is contained in the following basic criterion (see [3, Lemma 7.12]).

Theorem 1.9 (Basic Criterion). Let A" be a topological space. Let (Tx)xen be a family
of operators on X such that
e the map (N, z) — Th(x) is continuous from N’ x X — X;
o there exist a dense set D C X and maps Sy : D — D satisfying ThSyx = x for
every x € D and every A € A'.
If A C N is o-compact and if for every compact set K C A, every pair (u,v) € DX D, every
e >0, there exist A1, ..., \g € N, sets Ay,..., Ay C A and positive integers ny, . ..,ng such
that
(BCZ) UkAk DK,
(BC2) || 22k Sipvll <,
(BC3) for allk=1,...,q and all A € Ay, || 30, ., TY* Sy vl <,
(BC4) for allk=1,...,q and all X € Ay, |T\*ul| <,
(BC5) for allk =1,...,q and all A € Ay, |T\*S\Fv — o] <e,
then (Nyep HC(Ty) is a dense G subset of X.

2. CHARACTERIZATION OF FAMILIES OF PRODUCTS OF WEIGHTED SHIFTS ADMITTING A
COMMON HYPERCYCLIC VECTOR

In this section, we work in the context of a Fréchet sequence space X, namely X is a
Fréchet space endowed with a family of seminorms (|| - [|,), contained in the space CN of
all complex sequences and such that each coordinate functional (zy,), — Z,, is continuous.
Such a space can be endowed with an F-norm || - || defining the topology of X (see [7,
Section 2.1]). Such an F-norm can be defined by the formula

“+00

1.
lz] = o min(d, flzllp)-

p=1

In particular, an F-norm satisfies the triangle inequality and the inequality
(1) VYA eC, Ve e X, |[\x|| < (|A] + 1)]|z]],

a property which replaces the positive homogeneity of the norm. We will also need the
following property of a Fréchet sequence space in which (e,) is an unconditional basis (see
[8, Theorem 3.9]).

(UNC) If (x,) € X and (ap) € l, then (apz,) € X. Moreover, for all € > 0, for all
M > 0, there exists 6 > 0 such that, for all (z,) € X with ||(z,)] < 4, for all
sequence (ay,) € lo with [[(ap)]|co < M, then (apz,) € X and ||(anz,)| < e.
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Theorem 2.1. Let X be a Fréchet sequence space in which (ey) is an unconditional basis.
Let I C R be a nonempty interval and let A C I be o-compact. Let (Bw(a))ae[ be a con-
tinuous family of weighted shifts on X and assume that a € I — wy(a) is nondecreasing.
Assume also that there exist a nondecreasing map F': N — N and ¢, C > 0 such that, for
all n > 1, denoting by fn(a) = > p_; log(wk(a)),

¥(a,b) € I?, cF(n)la—b| < [fu(a) = fa(b)] < CF(n)]a— |

V(a,b) € I?, wn(a) > c.
wy, (b)
Then the following assertions are equivalent:
(a) (Bwx1)) X By(a(d)))reA possesses a dense Gis set of common hypercyclic vectors
in X9
(b) (Buwiry) X+ X Bya))aea admits a common hypercyclic vector in X4,

(c) For all T > 0, for all N > 1, for all € > 0, for all K C A compact, there exist
N<ni<ni+N<ng<---<ng1+N <ng and (Ag)k=1,..4 € 1% such that
. d . . .
(i) K < U T M) — 7 M)
(ii) For alli=1,...,d,

en. || <E.

k

1 1
; w1 (Ak(4)) -+ wny (Ak(i))
(iii) For allk=1,...,q—1, foralli=1,...,d, for alll =0,...,N,
Zq: Wny—ny+1+1(Ak (7)) - - w41 (Ak (7))

- - €ni—n <E.
W g (@0) - WOy (1) e

j=k+1

To simplify the notations, we will do the proof only for d = 2 and we shall denote by
A = (a,b) any element of R% For A\ = (a,b) € I?, we shall denote by T) the operator
By X Bu(p) acting on X x X and by S the operator Fy,—1(,) X Iy-1(), where F,-1(
denotes the forward shift associated to the sequence (w;,!(a))n,.

Proof. We first assume that (T))xecp admits a common hypercyclic vector. Let 7 > 0,
N > 1, > 0 and K C A compact. We set K; the projection of K onto the first
coordinate; K is a compact subset of I. We consider 0 < 1 < min (%, %) satisfying also

the following two technical conditions:

(2) < 1 » 1
1 | |,{<;V:1 max (17 SUPge K, wk(a))

(3) c inf wi(a) X 1= il

> .
a,a’ €K, wl/(a/) 1+ n 1-— n
Le{l,..,.N+1}

By continuity of the first N + 2 coordinate functionals and by (UNC), we may find 6 > 0
such that, for all z = (z,) € X and all a = (o) € lo,

IGa)ll <6 = Vi€ {0,...,N+1}, |al <n

[(za)ll < 6 and [[(an)]| <2 = [[(anza)] <e.
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Let u = (z,y) be a common hypercyclic vector for (T))aea. We may always assume that
max{||z|, |ly||} <0 and we set

N N
v = Z €j, Z €l -
j=0  j=0
Let (ng) be an increasing enumeration of
{n>1: ||T{u —v|| < ¢ for some X € K}.

Let Ay = {)\ e K: HT;\”“u — UH < 5}. Since u is a common hypercyclic vector for the
family (Th)xerx, since K is compact and each Ay is open, there exists ¢ > 1 such that

q
K C U Ag.
k=1

For each kK =1,...,q, we define a; and b; by

ar :=sup{a: 3b, (a,b) € Ay}

b :=sup{b: Ja, (a,b) € Ay}
and we set Ay = (ag,br). We first observe that ny > N. Indeed, since ||BZl(al)x —
Z;‘V:o ej|| <6, we know that

wi(ay) - wp,y (a1)|xn, | >1—n>1/2.

Assume that n; < N. Then

bl acK1
whereas
wi(ay) - - wpy (ar) > wi(ay) - - wp, (a1) [ |
€
2n’
which contradicts (2). We now show that we also have ng1—ny > N forallk =1,...,¢—1.

On the contrary, assume that there exists some k such that ngi1 — nx < N. We set
p=ni+ N —ngy1 € {1,..., N —1}. Then using that ||BZIZ;;+1)x - Z;VZO ejll <6, we get

{ |wp1(ak11)  Wop e N(Apg1) TNy — 1] <
<

n
[wpt2(ar+1) - -+ Wngt N41(Ak41) Tryt N1 — 1 1.

Since we also know that HBZ’E%)JU — Z;-V:o e;ll <90, we also get

3

{ lwnt1(ag) - wp N (a)Tp v — 1] <
lwn2(ag) - - Wy N41(ak)Tny N1 <

=

Taking respective quotients, these inequalities lead to

wN—i—Q(ak)"'wnk—i—N—f—l(ak) < n
Wpr2(apy1) - WoyN+1(akr1) — 1—n
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wy1(ag) - wp, yn(ag) S 1—n
Wpt1(ag41) -+ WognN(akr1) — 1+7

Consequently we obtain

L—n wyensi(ar) | wWpriarsn)
L+n  wpean+i(awsr)  wnga(ag) — 1=

This again leads to a contradiction, with (3).
Let us now prove (i). We consider A\ = (a,b) € A for some k = 1,...,q. The choice of §
ensures that for any 0 <[ < N,

{ lwis1(ak) - woyri(ar)Tpsr — 1 < 7
lwi1(a) - wpyi(@)Tn, 0 — 1] < 7.
Hence,
lwi(ag) -+ wny, (ar) —wi(a) - - wn, (a)] - [2n, | < 2n.
On the other hand,

wi(a) - - wny (ar) = wi(a) - - wp, (a)

Nk

= wi(a) - wn (a) [ exp | 3 loglwy(ar)) — 3 log(wy(a)) | ~ 1
j=1 =1

j
> wy(a) - - wn, (a) (exp (cF(ng)(ar — a)) — 1)
> cwi(a) - wp,(a)(ar — a)F(ng).
Since we also know that w(a) - - - wy, (a)|z,,| > 1/2, we finally get
4n T
< < .
cF(ng) — F(ng)

The same is true for the second coordinate and we get (i). In order to prove (ii), we define

(o) by

0<ar—a

1 e . _
D ST A R CTS e if n =ny for some k=1,...,q
0 otherwise.

Observe that ||a|s < 2, hence

+oo
= E anTpenl|l < €.
n=0

It remains to prove (iii). We fix k =1,...,¢—1and [ =0,..., N, and we now set

Zq 1
enk
— wi(ag) - wn, (ar)

1 . o .
5 — Y o ] o e if n =mn; —ng +1 for some j > k +1,
0 otherwise.

Again ||B]|co < 2 and writing BZ’E%)(:U) - Z;V:o e; as (zn)n, one gets

q

W~y 141(ak) -+ W1 (ag)
S 3
n

ikt wir1(ag) - - wn;1i(ay)

since n; —ng > N for all j > k + 1. The result follows again from the choice of 9.



COMMON HYPERCYCLIC VECTORS AND DIMENSION OF THE PARAMETER SET 9

It remains to show that (c¢) implies (a) since (a) = (b) is obvious. To this end, we shall
apply the Basic Criterion. Let K C A be compact, let D C X? be the set of couples of
vectors with finite support and let (u,v) € D x D. We shall write

E we; and v(1 E Ve

for some N > 0. We fix e > 0 and 7 > 0 (conditions on € and 7 will be imposed later) and
we consider the two sequences (ng)r=1,... 4 and (Ag)g=1,... 4 given by (c) with A := (ax, by).
We set A, = KN ([a —7/F(ng), ar] % b, — 7/F(ny), b)) so that | J, Ay O K and we show
that the assumptions of the Basic Criterion are satisfied for the sequence my = ny — N.
First, we observe that

q
mi

w l(ak)

1 1
Z )enk*(Nfl)

1 w1 (ax) nkf(Nfl)(ak

N
< (ul+1)
1=0

We fix a € I and we claim that for all [ =0,..., N,

q q
1 Tkl
€n €n
Zlerl(ak)"'wnk—(N—l)(ak) (N =) (Z wi(ay) - -+ wp, (ax) k)

for some sequence (zy ) € oo With

erelloe < (%)N,

where M = max{1, |wj(a)] : 0 < j < N,(a,b) € K for some b}. Provided this has been
shown, it is easy to adjust € so that (BC2) is satisfied, using the continuity of B, and

k=1

the unconditionality of (e,). The proof of the claim follows from a rather straightforward
computation:

1

1 w1 (ax) -+ Wy, (N1 (ak

M=

) Enp—(N-1)

B
Il

™)
e .
* Wny, (ak) "

The proof that the other conditions of the Basic Criterion are satisfied is rather similar.

Indeed, for k =1,...,q and (a,b) € Ay,

- Zq:wl . wz(ak)wnk_(N_l)H(ak) - wnk(ak)BNTl <
Wiy~ (N—-1)+1(@) - wn, (@) @ \wy(ag) -

q

Y Bty Fatiay @) = D0 Bul Futi,, (1)

7k j=k+1

N
Zq Z n]fnk+l+1( a) -+ Wn;+1-N(a)
- enjfnkJrl-
i=k+1 (=0

w41 ( ag wanrlfN(aj)
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For each 0 <1 < N, we now set

wnjfnk+l+1(a)"'wnj+l (a) wnj+l7N+1(a’j)"'wnj+l(a’j) ifn= nj — ng +1
a(l) = wnjfnk+l+1(ak)”'wnj+l(ak) wnj+l7N+1(a)“'wnj+l(a) for some j>k+1 2
n
0 otherwise.

Therefore, since |[a®)|5 < CLN (because a < aj) and since

n] nk+l+1( k:) to wanrl(ak)
Wi41 a]) wnj+l(aj)

Enll,

> Buty e oy (D) m\ +1)
J#k
(BC3) follows from the unconditionality of (e,) if € is sufficiently small.
We observe that (BC4) is empty and finish the proof by showing (BC5). Let k=1,...,q
and (a,b) € Ag. Then

HB;”(’; Ey g (0(1) = v(l)H < i(,vl‘ 1 H( w1 (a) - wnk—(N—l)(a)) B 1) ‘.

=0 w1 (ax) - - nkf(Nfl)(ak

and it is easy to show that this becomes small provided 7 > 0 becomes small enough,

using that |a — ag| < that F' is nondecreasing, that

F(" )’
wiy1(a) -+ - Wy —(v—py(a) _ exp(fr,—(v-1)(@) = fr—(n—1)(ar))
wiy1(ag) -+ Wy, —(v—py(ar) exp(fi(a) — filax))
and that for every a,b € I

(@) = fu(b)| < CF(n)|a -],
O

The previous statement shows clearly that if (F(n)), grows slowly, there is more hope
to get a large set A C R? such that (T))xen possesses a common hypercyclic vector.
Of course, the simplest examples of weights satisfying the assumptions of Theorem 2.1
(when I is a bounded interval) are given by wi(a)---wy,(a) = exp(aF(n)) where F(n) is
nondecreasing and F'(n + 1) — F'(n) is bounded, which includes the case of the multiples
of the backward shift. For this last example, Theorem 2.1 takes the following easier form.

Theorem 2.2. Let A C (0,+00)? be o-compact, X = £,(N), p € [1,+00) or X = c(N).
The following assertions are equivalent:

(a) (MVB x - x eMIB)\ep admits a common hypercyclic vector.
(b) For all T > 0, for all N > 1, for all K C A compact, there exist N <ny <n;+ N <
ng < -+ <MNg-1+ N < Ng and ()\k)kzl,...,q € (07 +Oo)d such that
(i) K © U T, M) = 2 (0]
(ii) for allk =1,...,q—1, foralli=1,...,d,

)‘k—I—l( )nk_,_l )‘k( )nk > N.

Proof. Without loss of generality, we can assume that A C I¢ for some bounded interval
I C (0,00). That (a) = (b) then follows directly from Theorem 2.1. Indeed, let us
apply it for K C A compact, N > 1 and ¢ = e to get (ng)k=1..4 and (Ag)g=1.. 4
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We need only to verify (ii). From (c) (iii) of Theorem 2.1 with [ = 0, we know that, for
k=1,....,q—1,fori=1,...,d,
exp(nk)‘k(i)) o w”k+1*nk+1()‘k(i)) T Wy ()‘k(z))
exp(p1 e+1(1)  wi(Me1(9) - Wiy, A1 (2))
and we conclude by taking the logarithm. The converse direction is slightly more difficult.
We fix K C A compact, 7 >0, N > 1 and € > 0 and we apply (b) for K, 7 and Ny > N

whose value will be precised later. Let a > 0 be such that A(¢) > a for all A € K and all
t=1,...,d. Then, foralli=1,...,d,

g 1

2 wi(Ae(i)) - -+ wny (Ak(9)

k=1

<€:67N

q
<2 plans)

—+00

< 2 o

provided Ny is large enough. Regarding (iii), for all k£ = 17 ...,q—1,allt=1,...,d and
alll=0,...,N,

q

W 141 (A (1)) - - W, 11 ( Ak (7)) )
2 Wit (@) wa (@) T

j=k+1
+o0

< Z exp ( — (()\j(i)nj — )\k(z)nk)))

j=k+1

Now,

> (j — k)No.

Again, provided Np is large enough, we get that condition (c) (iii) of Theorem 2.1 is
satisfied. U

Remark 2.3. If we work with the family of weight (wy(a))a>0, with wy(a)- - wy(a) =
exp(an®), a € (0,1), we still have a necessary condition for common hypercyclicity if we
replace (b) (i) by: forall k =1,...,q—1,forall j=k+1,...,q,foralli=1,...,d,

(A (1) = e(@))ng + Ae(i)(ng — ng)™ > N

and this condition is even sufficient on ¢y. The lack of linearity when « # 1 prevents us
to go further.

We are now ready for the proof of Theorem 1.1.
Proof of Theorem 1.1. We may assume that A = f([0, 1]) with f satisfying
3C >0, V(s,t) € [0,11%, [|f(s) = FB)[l < Cls — |-

Let 7> 0, N > 1 and let M > 0 be very large (at least M > N). We set ny = kM for
k> 1. We also define the sequence (t;)r>1 by t1 = 0 and t41 =t + CLnk Let ¢ > 1 be
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the greatest integer such that ¢, < 1 and define, for k = 1,...,¢ — 1, I = [tg, tx41] and
I, =[tg,1]. Forall k =1,...,q, we set Ay, = f(I) and for ¢ = 1,...,d, we define \;(i) as
the maximum of the i-th coordinate of the elements of Aj. The Lipschitz condition on f
implies that

d
. T .
Vk = 17"'7q7 Ak - H |:)‘k(1) - n_k;’)\k(Z)

i=1
) ) ) 2T
Vk = 1, ey g — 1, Vi = 1, e ,d, |>\k+1(2) - )\k(l)| S C|tk+2 - tk;| S m
Therefore,
, , , 27 ,
Mt (D11 = (@)1 2 A1 = 5mmern = Ak(@)n
2

> ()M — ﬁ x (k+1)M

> Mg (i) M — 4r.
Provided M is large enough, we can ensure that (c)(ii) of Theorem 2.2 is satisfied. O

3. ON THE SIZE OF THE PARAMETER SETS FOR COMMON HYPERCYCLICITY

We will prove a slightly more precise result than Theorem 1.2. Let us recall the relevant
definitions (we refer to [6] and [10] for more on this subject). If ¢ : (0,4+00) — (0,400) is a
nondecreasing continuous function satisfying limg+ ¢ = 0 (¢ is called a dimension function
or a gauge function), the ¢-Hausdorff outer measure of a set E C R is

HO(E) =lim inf > ¢(diam(B)),

e—0 T‘ER&(E) Ber

where R.(E) is the set of (countable) coverings of E with balls B of diameter diam(B) < e.
When ¢(z) = ¢s(x) = x°, we write for short H* instead of H?s. The Hausdor{f dimension
of a set F is defined by

dimy (E) :=sup{s > 0: H*(E) > 0} = inf{s > 0: H*(F) = 0}.

Theorem 3.1. Let A C R%, let (T\)xea be a family of operators acting on the Banach
space X. Assume that there exist a function ¢ : N — (0,400), v € X, § > 0 such that,
for all A\, € A, for alln € N and all u € X satisfying

[TXu =l <6 and ||T)u—v| <4,

one has
1TXw — T ull > (n)|A — pll.

If Nyepr HO(Ty) # @, then HP(A) = 0 for any gauge function ¢ such thaty.,, ¢ (%) <
+00.

Proof. Let 1,v,d be given by the assumptions and let u € [,cp HC(T)). Define A, =
{Ae A:||TVu —v|| < 6}. Then diam(A,) < 2§/ (n). Indeed, pick A, u € A, and observe
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that
Y(n)[A = pll < [[TXw — T ull
< TXw — ol + [[T7u — o
< 26.

In particular, since the condition ) ¢ <%) < oo implies that ¢(n) — +oo, the
theorem follows from the fact that, for any N > 1, A C Un2 N A O
Theorem 1.2 follows directly from the above theorem by considering ¥ (n) = Cn® and

¢(x) = x® for any s > 1/a. Moreover, we can easily apply this to families of weighted
shifts.

Corollary 3.2. Let X = (,(N), p € [1,400[ or X = ¢o(N). Let I C R, let (w(a))qer be
a family of weights. Assume that there exist C,a > 0 such that, for any n > 1, for any
a,bel,

Zlog wj(a) — Zlogwj(b) > Cn%la — b|.
j=1 j=1

Then, for any A C I,

() HC(Bypay % -+ X Bupay) # 2 = dimy(A) <
AEA

Proof. Let v = (ep, -+ ,e9). Let ,pu € A, n € N, u € X x--- x X be such that

QI+

1

n 1 n
[(Bugay % -+ % Bugyay) " v = vf| < 5 and [ (Bugu) * - % Buguay)" v =] < 3.

Let 1 <k < d. Looking at the k-th coordinate, we get
[wi(A(K)) ... wp(A(k))un (k) — 1] < 1/2 and |wi(u(k)) ... wn(p(k))uy (k) — 1] < 1/2.

Now, setting n = [ (Buxu) X+ X Buga)" # = (Buguqy) * -+ X Buu(@))" u
en 2 [w1(A(K)) - - wn(A(R)) — wi(u(k)) - - - wn(u(k))] - [un (k)]
Assume for instance that wq (u(k)) - - wp(u(k)) > wi(A(k)) - - wy(A(k)). Then

wi(u(k)) - - wa(pu(k
X

, we get

wilp(k) = wnR) | NN ) - S  log .
'w1()\(k))---wn()\(k:)) B 1' - &Xp (;1 g w;(u(k)) ;1 g ](A(k))) 1
> exp (Cn®|\(k) — u(k)]) —1
> Cn®|A(k) — u(k)].
We conclude by applying Theorem 1.2 -
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In the case of the multiples of the backward shift, we get the following result:

Corollary 3.3. Let d > 1, A C (0,400)? and X = £,(N), p € [1,400) or X = ¢o(N). If
Mxea HC(EWB x ... x M) B) = & then dimy (A) < 1.

Fixing o € (0,1], we can also apply Corollary 3.2 to the more general case of weights
defined by w1 (a)---wy(a) = exp(an®) or by wy,(a) = 1 + %5 for all n > 1 in order to
get Corollary 1.3. We point out the following example which will be useful later.

Example 3.4. Let a € (0,1], and X = ¢,(N), p € [1,+00) or X = ¢p(N). Let (w(a))a>0
be the family of weights defined by w1 (a) - - - wy(a) = exp(an®) (resp. by wy(a) = 1+ —+5)
forall n > 1. If nAe(O,—I—oo)d HC(Bw()\(l)) X X Bw()\(d))) 75 J, then a < 1/d.

4. A COMMON HYPERCYCLICITY CRITERION IN SEVERAL DIMENSIONS

4.1. Why this statement? Why this proof? This section is purely expository. We
intend to explain the assumptions of Theorem 1.5 and to talk a few words to introduce
its proof. Let a € (0,1/2) and let w be the weight defined by wi(a) - - wy,(a) = exp(an®).
In view of Corollary 3.4, a plausible statement is that (Bw(a) X Byyb))(ab)e[1,2)2 admits a
common hypercyclic vector. To prove it and apply either the Basic Criterion or Theo-
rem 2.1, we need a covering of A = [1,2]?. A natural covering is given by the set Iy, of
the closed dyadic cubes of width 27". We have to order these cubes, I'y, = (Ag)k=1,..am,
to fix Ay = (ar,br) € Ay and to associate an increasing sequence (ny)g=1,. 4m to this
covering. Because we are working on R2, it is not clear how we have to order the dyadic
cubes. Figure 1 shows three natural candidates.

FIGURE 1. How to order the dyadic covering (m = 2)

A1z A1y A5 Age A A5 Mg Asg A A5 Az A
Ag Ao A Axg Ag Ao A Axo A1z A1y Ag Ago
As As Ar Ag As A Ag  As Ay As As As
A Ay As Ay A Ay As Ay A Ay A Ag
(A) First ordering (B) Second ordering (C) Third ordering

This order and the associated sequence (ny) are very important and we know that they
at least have to satisfy the following conditions:

e ng, cannot be greater than 2™, so that Ay C B(\, C/nj) for some C > 0 and for
all k=1,...,4™ (see Theorem 2.1 (c) (i));
e forallk=1,...,4" —1landall j=k+1,...,4™,

(aj — ak)n?‘ + ak(nj —ng)* >0
(bj — bk)n? + bk(nj —ng)* >0
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(see Remark 2.3).
The last conditions are always satisfied if a; > a; and b; > by, but are relevant if there is

a backward jump between Ay and A;, namely if either a; < aj or b; < by. Suppose for
instance that a; < a;. In that case a small computation shows that we must have

1 1
ng >

(4) n; > = ng.

1— (ak_aj)l/a 1— (ak_aj)l/a
al/a 91/
k

Let us now discuss what this implies on each of the three orderings.

1. for the first ordering, there are 2" — 1 backward jumps of size around 1, say at least
1/2, between two consecutive dyadic cubes, namely we must have

1
npgm41 = (ﬁ) ng.gm
22/

forl=1,...,2™ — 1. Hence we will have at least

9m 1
1
Nngm > | ——— ny
1= 57

which is much bigger than 2™/,

2. for the second ordering, we have 2! backward jumps of size around 1, say again at
least 1/2, now between the cubes A@ig1).2m41 and A(gqg).om, for [ =0,... ,2m—l .
Therefore we must have

1
N(21+2).2m = <171> N(2041)-2m+1>
- 22/
1=0,...,2™ 1 — 1, which again implies that n4m will be much bigger than expected

since
—1

om
1
nygm 22 'i——————jf—— Tl2w14,1.
~ 7w

3. An important part of the proof of Theorem 1.5 will be to show that the third way
to order the covering is much more economical from this point of view (heuristically
speaking, because the big backward jumps are not consecutive, see A1g, Ais, A1 and
A16). More specifically, we will be able to exhibit an increasing sequence (ny) such that
there exists some D > 0 satisfying

L (6%
(5) V1<k<j<A™ YA€ VueEA, H)\—MH§D<M>
n
and such that n{. is smaller than 2.
Thus the third way to order the covering is very well adapted to the problem of finding a
common hypercyclic vector for the family (B ) X Bu@s))(ap)e1,22- That is why we will

use this ordering in the general case, so the assumption (a) in Theorem 1.5 becomes very
natural.
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4.2. About the homogeneous box dimension. In this subsection, we discuss the
property of having homogeneous box dimension at most . We first recall the classical
notion of the upper box dimension. Let A C R? be compact. Its upper box dimension is
defined by
dimg(A) = lim sup M,
0 log(1/e)

where N () denotes the smallest number of cubes of size € > 0 which are needed to cover
A. We do not change the definition if we only allow € to be equal to cp™ for some ¢ > 0,

some p € (0,1) and all m € N. Namely, for all p € (0,1),

dimp(A) = lim sup w.
m—+oo —mlogp

Let us now have a look on the property of having homogeneous box dimension at most
~. The first two conditions could be easily rephrased by saying that A has upper box
dimension at most v: setting p =1/ /7, for each m > 1, you can cover A by 1 /p7™ balls
of radius C'(A)p™. The last condition adds the homogeneity requirement: the covering of
depth m should be, in a precise sense, a refinement of the covering of depth m — 1.

It is therefore clear that

It turns out that, in many cases, one has equality or at least we can prove that A has
homogeneous box dimension at most v. Also, any compact subset of R? has homogeneous
box dimension at most d: we may assume that A C [0,1]¢ and we define r = 2% and Ay
as the intersections of A with the dyadic subcubes of [0,1]¢ with width 27™.

We can also provide positive results for compact selfsimilar sets. A compact set A C R¢
is called selfsimilar provided there exists r similarities si,...,s, with respective ratio
p1,---,pr € (0,1) such that A = |J;_, si(A). For k € I'"", define sk = s, o---o0sy,. Let v

be defined by
{— logr . 1 }
y=maxq——: i=1,...,1rp.
log(pi)
Then setting Ax = sk(A), one can show that A has homogeneous box dimension at most .
If all the ratios are equal to the same p, then A has homogeneous box dimension at most
—logr/log p, and when A satisfies the open set condition (namely there exists V' C R?
open such that |J;_, s;(V) C V and s,(V) N s;(V) # @ for i # j), it is well-known that
the Hausdorff dimension of A equals this value. Hence, in that case
—logr
logp -
Another interesting example is that of Holder curves. Assume that A = f([0,1]) where
f:10,1] — RY satisfies

dimy(A) = dimp(A) = dimpp(A) =

1f(s) = fFOI < Cls —t]%,
C>0,a€(0,1). We set r =2 and for k € I, we define Iy as the dyadic interval

m m

k; —1 ki —1 1
I = Z Zgi ’Z 221' +2_m

1=1 =1
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Then define Ax = f(Ix). We get immediately that
1 m
diam(Ak) < Cdiam(Ix)* = C <2—a> .
Therefore, A has homogeneous box dimension at most 1/a and there are well-known

examples where the box dimension of such a curve (hence, its homogeneous box dimension)
is exactly equal to 1/a.

4.3. Examples. Before proceeding with the proof of Theorem 1.5, let us show how this
theorem can be applied to a direct sum of weighted shifts. Let X = £,(N) or ¢o(N), p €
[1,400), I C R compact and (w(a))qecr be a continuous family of positive weights. We keep
the notations of Section 2, namely for A € I¢, we denote by Ty = Buy) X - X By
and by S\ = Fy,-1(a1)) X == X Fyy=1(x(q))- We also set D = Cgo and we endow X¢ with

[ull = max([[u(D)]], ..., [uld)]])-

We first point out that (b) of Theorem 1.5 is implied by a Lipschitz inequality on f,, where
fn(a) = > 1, log(wg(a)) as in Theorem 2.1. Indeed, suppose that there exist o > 0 and
C > 0 such that, for all a,b € I,

n

(6) [fu(@) = Fa(®)] = D (logwj(a) —logw;(b))| < Cn®la —b].

j=1
Then observe first that (6) implies that, for all L > 0, there exists C' > 0 such that, for
all a,b eI, for all l € [0, L],

n—+l

Z (logwj(a) —logw;(b))| < C'n%|a — bl.
j=l+1

Let u = (u(1),...,u(d)) € D and consider L > 0 such that the support of each u(7) is
contained in [0, L]. For all A, u € I,

Wit (A@) - win(A@)

wig1 (7)) -+ wign (i)

n+l

< llull max - max exp ’Zl;l (log wj(A(i)) — logw;(p(i))) | —1
]:

< [lull (exp(C'n|[A = pll) — 1).

HTQSZU_UH < Hu”,‘g?}.{d 1=0.....L

Clearly, for all ¢ > 0, we can choose a sufficiently small 7 > 0 (depending on ¢, ||ul|, C")
for all n > 1, if [|A — p|| < 7/n®, then

T3 Sju —ul| <e.
Hence, it is enough to assume (6) to get (b) of Theorem 1.5. Let us now turn to (a), under
the assumption (6). What we need is the product wi(a) - - - wy(a) not to be too small.
Lemma 4.1. Let a € (0,1] and assume that there exist C1,Cy and Cg > 0 such that
o aclw "  log(wj(a)) is Cin®-Lipschitz;
o inf,crwi(a) - wy(a) > Cyexp(Csn®).
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There exists D > 0 such that, for all u € D, there exist M > 0 and N > 0 such that, for
all A\, € I, for allm >0 and k > N such that ||\ — || < D(n+k)w then

M
HT;LJrkSﬁu < = and “T}\‘Sﬁ+ku“ < =
Proof. Again we fix L > 0 such that the support of each w(i) is contained in [0, L].
Choosing N > L, we will have T;\HRSZU = 0 provided k£ > N. On the other hand,

ntk,, ull max max U)Wk (A0) 1
S = T 282%0 % w0 () s p0) ™ 0 O0) kO]
Fy I

We write

wiA@) - Wik (A(0) | wi(p(d)) - - wi(p(i))
wi(p(0) - Wi (p(@) - wi(AQ@) - wi(A@))
<exp (CL((I+n+k)* + 1A — )

< exp (201 (n + &)*|A = )

provided N, hence k, is large enough. If we add the assumption ||A — pl| < we get

n+k)a’
F1 S exp(2DClko‘).

On the other hand

L
F, < | sup sup max(1,w;(a)) iexp(—C’gk:O‘).
a€l 1e[1,1)] Cy

Hence
HTKLSLLHCUH < Mexp((2DCy — C3)k“)

for some constant M depending only on u and on the weight, but not on k and n. Thus,
we get the result by picking D sufficiently small. O

Summarizing we have obtained the following readable corollary.

Corollary 4.2. Let v € (0,d] and let A C I be a compact set with homogeneous box
dimension at most . Let a € (0,1/7) and let (w(a))aer be a continuous family of positive
weights. Assume that there exist C1,Co,C3 > 0 and N > 0 such that, for alln > N,

o a€lw " log(wj(a)) is Cin®-Lipschitz;

o inf,crwi(a)---wp(a) > Coexp(Cs3n®).
Then Myen HC(Buwa)) X =+ X Bya))) 15 a dense Gs subset of X4,

Corollary 4.2 yields immediately Corollary 1.6 stated in the introduction. Combining
Example 1.7 and Example 3.4, we get the following interesting corollary.

Corollary 4.3. Let d > 1. There exists a family of operators (14)ac(0,400) 07 £p(N),
€ [1,+00), or on X = ¢o(N) such that (Tx1) ® - @ Tx(a)) xe(0,400)2 admils a common
hypercyclic vector but (Tyq) @ --- @ T\(d+1))ae(0,4-00)d+1 does not.
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Proof. Choose T, = B,,(q) With wi(a)---wy(a) = exp(an®) and
1 1

d+1 -~ 7w

Observe that Example 1.7 and Example 3.4 do not settle the case o = 1/d.

Question 4.4. Let d > 2, X = (,(N), p € [1,400), or X = ¢o(N) and let (w(a))a>0
be the family of weights defined by wy(a)---wp(a) = exp(an'/?). Does (Buwan)) X -+ X
Buy(\(d)))A0,400)¢ admit a common hypercyclic vector?

Note that it is also possible to have a family of operators (74)qe(0,+00) Such that for every
d>1, (T\qy @@ TA(d)))\e(O,Jroo)d admits a common hypercyclic vector.

Example 4.5. Let d > 1, X = (,(N), p € [1,400), or on X = ¢o(N) and (w(a))g>0 be
the family of weights defined by wi(a) - wn(a) = 2"n® Then (¢ (g too)s HC(Buwr)) X
o X Byaa)) # 9-

Proof. Let a € (0,1). By definition, a € (0,400) — >_1  log(w;(a)) is log(n)-Lipschitz
for all n > 1. In particular it is Cyn“-Lipschitz if C'; is big enough. We then observe that
wi(a) - wp(a) = 2"n®* > exp(Cyn®) for some sufficiently small Cy > 0. Hence the result
follows from Corollary 4.2. U

Following the same lines we can generalize the previous example by taking p > 1, a > 0
and defining wi (a) - - - wy(a) := p"" n®

Corollary 4.2 can also be applied to products of weighted shifts, in exactly the same way,
when A € R? is a S-Hélder curve, leading to Example 1.8 since a S-Holder curve has
homogeneous box dimension at most 1/5. When = 1, this last result is slightly weaker
than Theorem 1.1, leading to the following question.

Question 4.6. Let A C (0,4+00)? be a B-Hélder curve for some 8 € (0,1). Let (w(a))a>o
be the family of weights defined by wy(a)---wp(a) = exp(an®) for all n > 1. Does
(Buwa)) X =+ X Byd))aea admit a common hypercyclic vector?

Now let us focus on the case wy(a) = 14 %. The product wy(a) - - - wy,(a) behaves like n?,
therefore a — Y1 | log(w;(a)) is log(n)-Lipschitz. In particular, it is Cn®-Lipschitz for all
a > 0, which means that we may verify (a) of Theorem 1.5 with arbitrarily small values
of 8. Nevertheless the product wq(a)---wy(a) does not grow sufficiently fast in order to
apply Corollary 4.27 This leads us to the forthcoming result, suitable for weights with
slow varying weights.

Corollary 4.7. Let X = (,(N), p € [1,400), or X = ¢y(N) and let (w(a))asecr be a
continuous family of positive weights. Assume that there exist C1,Cy,k > 0 and N > 0
such that, for alln > N,

o aclw 3"  log(wj(a)) is Cylog(n)-Lipschitz;

o infyerwi(a)---wy(a) > Can”.

Then Nyeza HC(Buyy) X -+ X Bupa)) # 2-
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Proof. We follow the proof of Corollary 4.2. Let Cy, Co, k, N be given by the assumptions.
Let a € (0,1/d) be such that k/a > d and let 5 € (0,x) be such that 3/« > d. Condition
(b) of Theorem 1.5 is clearly satisfied. To prove (a), we keep the same notations. Provided

A=l < %, we may write

Fy < exp (201 log(n + K)||A — p]))
< exp <2D01 log(n + k)(n—lf—ik)ﬂj .

log(n+k) -
(n+k)a 1S

Now, provided k is large enough (we require awlogk > 1), the function n —
decreasing on [0, +00), so that

Fy <exp(2DCilogk) = k2PCr
This implies that
F1F2 S ClkZDcl—K S Clk—ﬁ
provided D has been chosen so small that §+2DC4 < k. Hence, condition (a) of Theorem
1.5 is also satisfied. O

Example 4.8. Let X = /,(N), p € [1,400), or X = ¢y(N) and let (w(a))s>0 be
the family of weights defined by wp(a) = 1+ £ (resp. wy(a) := (1 4+ 1)). Then
Mre,+o0) HC(Buay) X+ X Byay)) # 2.

Let us also show how we may apply Theorem 1.5 to get a common hypercyclic vector for
(e*B x ebB)(a,b)eA with A a classical fractal set.

Example 4.9. Let X = /,(N), p € [1,400), or X = ¢9(N). Let A be a homogeneous
Cantor subset of (0,+00)? with dissection ratio p € (0,1/4). Then Napyen HO(e*B x
e’B) # 2.

Proof. We may apply Corollary 4.2 since A has homogeneous box dimension at most
—In4/Inp < 1 (we apply the definition with r = 4). O

Corollary 3.3 and Example 4.9 leave open the case of the Cantor set with dissection ratio
p = 1/4. More generally, for A a compact subset of (0, +00)?, we know that
dimy(A) >1 = (| HC(e"Bx¢'B) =2
(a,b)EA
and dimgg(A) <1 = (| HC(e"B x ¢’B) # @.
(a,b)eEA
It is natural to ask whether we can go further. In the first implication, we cannot replace

the Hausdorff dimension by the homogeneous box dimension.

Proposition 4.10. There exists a compact subset A C (0, +00)? with dimyg(A) = 2 such
that ﬂ(a,b)eA HC(eaB X ebB) % .

Proof. Let I =[1,2] x {1} and for any n > 1, any 0 < k < 2", I, , = {1+ Qﬁn} x [1,1+2].

We consider
A=1T1U U U Lk

n>10<k<2n
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We first remark that A is closed and thus compact. Let (A, ftm)m>1 C A be a sequence
converging to (A, i) € [1,2]%. If p,, = 1 infinitely often then p = 1 and thus (\, u) € A. If
we now assume that p,, # 1 for any m, then (A, ftm) € In,, 2k,,+1 for a unique n,, > 1 and
a unique 0 < k,,, < 2"m~!—1. In particular, y,, € [1,1+ #] Therefore, if sup,,, n, = oo,
we get (A, ) € A since p = 1 and if sup,, n,,, < 0o, up to an extraction, the sequences
(Pm)m>1 and (K, )m>1 are ultimately constant and (A, p) € A since each I, j; is closed.

Since A is a countable union of Lipschtiz curves, it is a consequence of Theorem 1.1 that
Napyer HC ("B X e?’B) # @. It remains to show that dimyp(A) = 2. Note that it

suffices to show that dimp(A) > 2. Let m > 2. How many cubes of size 2%” are needed to
cover A? To cover each fiber I;,_14, 0 < k < 2=l we need at least 2™ /(m — 1) cubes
of size 27™. Note that such a cube cannot intersect another fiber of the same generation
I,y with [ # k. Therefore, in order to cover | Jj.pcom-1 Im—1,k, and thus A, we need at

least (2m~! —1).2™/(m — 1) cubes of size 2~™. We conclude that

4m
N2™™) > c—
m
for some ¢ > 0. Therefore,
_ log4 —1
Tmp(A) > lim Tlosd—logm
m—+0o0 mlog 2

However the following question is open.

Question 4.11. Let A be a compact subset of (0,+00)? such that dimy(A) < 1. Does the
family (e*B x ebB)(a,b)eA admit a common hypercyclic vector?

At least, we can show that the condition dimy (A) < 1 is not sufficient to obtain a common
hypercyclic vector.

Proposition 4.12. There exists a set A C (0,+00)? such that dimy(A) = 1 and never-
theless ((qpyen HC ("B x e’B) = @.

Proof. Let ¢(x) = x/log?(x). Applying Theorem 3.1 as in the proof of Corollary 3.2, we
know that H?(A) = 0 for any A C (0,+00)? such that Napyen HO(e"B x e’B) # @.
Consider now for A the Cantor set starting from [1,2]? and with non-constant dissection
ratio % X (]JJF—QI)Q Namely, A = ﬂmZI A, where A,, consists in 4™ squares of width
()™ (m + 1)2. Then dimy(A) = 1 and using the mass transference principle as in [6,
Example 4.3], H?(A) > 0. Hence, Napyen HO(e"B x e’B) = @. O

For this last example, it is easy to show that one also has dimpg(A) = 1.

4.4. A lemma on sequences of integers. We now proceed with the proof of Theorem
1.5. Let us start with A a compact subset of R with homogeneous box dimension at most
v € (0,d]. In order to apply the Basic Criterion, we will need a covering of A. Natural
coverings are given by the definition of the homogeneous box dimension, namely by the
sets (Ax)kerm for a given value of m. As pointed out above, the way we order these sets
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is very important. We will choose the ordering obtained by endowing I/ with its natural
lexicographic order:

(’il,...,im) < (]1,,]m) <~ dpe {1,...,m}, 1 =J1,.,0p—1 = Jp—1 and Jp > ip.
We first define the sequence (ny)kerm.

Lemma 4.13. Let a > 0, p € (0,1) and 7 > 2 be such that p*/“r < 1. Then there exist
c1 > 0 and co > 0 such that, for all m > 1, for all ny > 1, for all A > 0, the sequence

(nx)kerm defined by

ni..1=n
1
nkl,...7km - mnklv---vkpflvrwnvr + A
forp=1,....m, kpy1=---=ky =1, ky, # 1 satisfies

Np,..r < c1ny + cor™A.

A key point of this lemma is that ¢; and ¢y depend neither on m nor on ni nor on A.
We will do the proof by induction on m. Nevertheless, we need to introduce auxiliary
sequences to keep track of the involved constants at each step.

Lemma 4.14. Let a > 0, p € (0,1) and r > 2. Let also B € (0,1, m > 1, n; > 1 and
A > 0. Then the sequence (nx)kerm defined by

ny,.1="n1

1
nkl"“’km - W”kl7...7kg)—l,r,...,7‘ + A
forp=1,....m, kpy1 =--- =k, =1, k, # 1 satisfies

ny,..r < C(m,B)n; + D(m, B)A,

where
1 r—1
C(l’B): (1—Bl/ap1/a> )

D(1,B) =7 <;)H,

1— Bl/apl/a

1 r—1 .
C(m,B) = (m) C(m—1,Bp)",
1 r—1 .

Proof. We proceed by induction on m. To simplify the notation, let ¢p = m.

The first step m = 1 is easy. Indeed, for k =1,...,r — 1, we have
ng+1 < gpng + A

what leads to )
—
ne < qp i+ Y qhA,
=0
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which itself gives the (nonoptimal) values for C(1, B) and D(1, B) as in the statement.
Let us now assume that the property is true at rank m — 1 and let us verify it at rank m.
Fork € It andi€ {1,...,r}, define

M () 1= Mgy, ks

and observe that, for p=1,...,m —1 and k, # 1,
My, k1,1 (1) = Mgy, k1,1

= A
= |12 BUaporD/a kb=l |

1 .
= \‘1 — (Bp)l/app/a mkl,...,kpl,r,...,r(Z)J + A

Therefore, the induction hypothesis yields, for each i = 2,...,r,

Nip..r < C(m -1, Bp)ni717...71 + D(m -1, Bp)A
< ggC(m —1,Bp)ni_1,, »+ (C(m—1,Bp) + D(m — 1, Bp)) A.

Hence, proceeding as in the initial step and using a last time the induction hypothesis for
1 =1, we find

Np,...r < (QBC(m - 1,B,0))T_1n1,r,___,r
+(r = 1)gy ' (C(m —1,Bp) + D(m — 1, Bp)) A
< q};lC(m —1,Bp)'ni + qulC(m -1, Bp)rfl(l +D(m —1, Bp))A.

Proof that Lemma 4.14 = Lemma 4.13. A simple induction yields

m 1 (7"—1)~rj’1 00 1 (7’—1)-7"7"1
C(m,1) < ]131 <m> < Jl;[l (m) =: ¢,

the last infinite product being convergent by the assumption p/%r < 1. More precisely,
we have

logC(m,B) < —(r—1) Zlog(l _ Bl/ozpj/a)rj—l
j=

<(r-1)- CZBl/O‘pj/O‘rj_l

J=1
< ClBl/a

for some constants C, C’ > 0 which only depend on p, a and r (recall that B € (0, 1]). We
use this bound to estimate D(m, B):

D(m, B) < rC(m,B)(1+ D(m —1,Bp)) < rexp(C'BY*)D(m — 1, Bp) + r exp(C'BY®).
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By another induction, we get

m—2

D(m,B) < r™ lexp (C'Bl/o‘ Z pj/o‘>D(1,Bpm_1)
=0

m—2 i
+r Z 7 exp <C/B1/a Zpi/O‘).
j=0 1=0
The convergence of > y 0/ yields the existence of ¢z, depending only on o, p and r, such
that D(m, 1) < cor™. O

4.5. A covering lemma. We now produce the desired covering together with the se-
quence of integers. We thus fix A a compact subset of R¢ with homogeneous box dimen-
sion at most v € (0,d]. Let r > 2 and C(A) > 0 be such that, for all m > 1, one can
construct the compact sets (Ax)kerm as in Definition 1.4. We also fix p = (1)1/“/7 D >0,

T

a € (0,1/v) and 8 > a. Let ¢, c2 be the constants given by Lemma 4.13. We will
assume in this subsection that

D
7 CA) < —r—r.
( ) ( )— (201)04701/7
Lemma 4.15. For all 7 > 0, for all 6 > 0, for all N > 1, there exist ¢ > 1, an increasing
sequence of integers (ng)k=1,..q, @ sequence of parameters (Ag)r=1,..4 C A, a sequence
(Ak)k=1,..q of compact subsets of A such that
(a) n1 = N, njy1 —n; > N;
() A=Uj_; Ay and, for allk=1,...,q, Ay C B(\g, 7/ng);
(c) for all1 <k < j <gq, for all X\ € Ay, for all € A,

Ir -l < PO,
>~ n.(]x ’
(d) for allk € {1,...,q}, Zﬁékm < 6;
() 0, L <.
J

Proof. The inequality ay < 8 implies that p%/®r < 1. We consider x > 0, s > 0, A > N
and m > 1 satisfying the following constraints:

7_1/04

" e ()

+oo 5
reB Z(Tpﬁ/a)p < 3
p=s
Ts+1

1
Z 1B AB < 3’
=1

1 - 1/a 1/8 Co
el > Z Apm ]
{261 (me(A)> J = e << ) 2 ClAT N

STINV]
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Observe that the conditions imposed on p, «, 5 and r allow us to define successively s, A

e | ()|

and we consider the sequence (ny)xerm defined by Lemma 4.13. We first remark that (a)

and m. We set

is satisfied since ny > N and n;41; —n; > A for every j > 1. We then set ¢ = r"" and we
observe that

max(nk ke I:n) =Ny r

1 T la
< - - m
T2 (me(A)> edr

- 1/a
< | — -2
—<w@m0 “

- 1/a
<92 <[ — .
—“m—<w@m0

We then consider the covering (Ayx)kerm of A given by Definition 1.4 and we fix A\x € Ay.
Since
diam(Ax) < p™C(A) < ia,
ng
we get (b). Let now k,j € I/" with k < j and let A € A, 1 € Aj. Let p be the biggest
integer such that k1 = j1,...,k,—1 = jp—1 so that k, < j,. Then A and p both belong to
Akl,...,kp,l which has diameter less than pp_lC(A). On the other hand the definition of

the sequence (n;) ensures that

1
. — > I
ny —ng > <1_pp/a 1> Nk

> Pl
/o
S P

- 2¢

15

so that (c) is satisfied, since

n—nll < S

< €0 (=

n;

ni —ne \ &
§D<J7k> )
nj

Let us now prove (d) and (e). For j # k € I", we denote by ~(j, k) the biggest integer
p such that k1 = j1,...,kp—1 = jp—1, with v(j, k) = 1 if k; # j;. In particular, if we fix
ke I and p € {1,...,m}, we can observe that

card ({j € " = 7(j,k) = p}) <rmHP
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Moreover, if v(j,k) = p, then the computation done above shows that

Ing — ni| > pP/%ny
> pp-(m-n)/a,

We then split the sum appearing in (d) into two parts. On the one hand, using this last
estimation,

nf Z B pm=r)B/a

> <
o _"k’ p=1 7k
v(G.k)<m—s 7v(.k)=p
m—Ss
< Tﬁfﬁ(rpﬁ/a)mf

1

—+o0

1)

<rk P Z(rpﬁ/o‘)p < 3
p=s

S
Il

by the choice of s. On the other hand, we observe that there are at most r+-- - 47 < r5t!
elements j € I/ such that j # k and v(j, k) > m — s+ 1. Moreover, the difference between
two consecutive terms of the sequence (nj) is at least A. Thus,
s+1
1 — ! 5
D Ir S
B T B AB

o |nj — nk| — IPA 3

’Y(j,k)ZWL7S+1

This achieves the proof of (d) with the stronger bound 26/3. Moreover, we can use this
improved estimate to get easily (e):

Z — + Z —\nk—m 1’ﬁ<6.

kelm "k 1 1 kelm
k>(1,...,1)

4.6. Proof of Theorem 1.5.

Proof. We shall prove that the assumptions of the Basic Criterion are satisfied. Let r > 2
be such that, for all m > 0, there exists a sequence of compact sets (Ay)xerm satisfying
the assumptions of Definition 1.4. Since for each m > 1 and each k € I'™, the set A’ = Ay
m !
satisfies the same assumptions as A with C'(A") = C(A) (ﬁ) (just define, for j € I™,
A3 = Ay ;) and since the assumptions of Theorem 1.5 are satisfied by A’ for the same
constants «, § and D, we may assume that
D
CA) < ———+.
() < (2¢1)ort/v
Let e >0, u,v € D. Let C,7 > 0 and N € N be such that the assumptions of Theorem 1.5

are satisfied for both u and v. We then consider the sequences (ng), (Ax) and (Ag) given
by Lemma 4.15 applied with 7, N and § = ¢/C (we may always assume that C' > 1). It
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is now an easy exercise to prove that the assumptions of the Basic Criterion are satisfied.
The most difficult point is to prove that, for all k € {1,...,q}, for all A\ € Ay, one has

ZT;\%S:;(U) <e.
J7#k

When j > k,

_7WJQ

@
J

n
Ih =l < D

so that

> TS| < Z —

i>k ]>k

whereas, when j < k,

x -y < plt = 1)

k
so that
Sl <Y
X ng n_]
i<k ]<k
Property (d) of Lemma 4.15 now finishes the job. (]

Question 4.16. Condition (b) of Theorem 1.5 does not perfectly match (CS2) of the
Costakis-Sambarino theorem because we cannot take o = 1/v. Is it possible to cover this
last case (changing if necessary condition (a))?

Observe that in the previous proof the condition o < 1/ was needed to get the conver-
gence of the infinite product defining C(m, 1).
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