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A multiscale “Trefftz”” computational method for
medium-frequency vibrations of assemblies of heterogeneous
plates with uncertainties

L. Blanc *, C. Blanzé, P. Rouch

LMT-Cachan, ENS Cachan/CNRS/Paris 6 University, 61 avenue du Président Wilson, 94235 Cachan Cedex, France

A new approach, called the “Variational Theory of Complex Rays”, is being developed for the calculation of the vibrations of slightly
damped elastic plates in the medium-frequency range. In this approach, the resolution of a small system of equations which does not
result from a refined spatial discretization of the structure leads to the evaluation of effective quantities (deformation energy, vibration
amplitude, . ..). This theory has already been validated for assemblies of homogeneous substructures and extended to the case of hetero-
geneous substructures. In this paper, we propose some improvements to deal with sensitivity analysis. The objective is to evaluate the
influence of discontinuities with uncertain positions, sizes or directions on the structural response. A specific partial inversion of
the constrained system of equations enables multiple resolutions for combinations of the parameters defining the possible shapes of the

discontinuity to be carried out at low cost.
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1. Introduction

The modeling and analysis of the vibrational response of
elastic structures are undoubtedly among the key issues
which arise in the design of satellites or car chassis. Today,
at least concerning modeling and analysis, there remain no
major difficulties in the low frequency range, even for com-
plex structures [6]. Concerning high frequencies, computa-
tional tools quite distinct from those used for low
frequencies do exist, particularly the SEA method [26,27].

Conversely, the modeling and analysis of medium-fre-
quency vibrations, which constitute the topic of this paper,
continue to cause certain problems. Difficulties are experi-
enced in extending the SEA method, which is appropriate
mostly for high frequencies. In particular, the scale on
which space is described is too coarse for medium-
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frequency analysis since the spatial aspect disappears
almost entirely. The difficulty in attempting to extend low
frequency methods to this context is that the lengths of
variation of the phenomena being studied are very small
compared to the characteristic dimension of the structure.
Therefore, the finite element calculations involved would
require an unreasonable number of degrees of freedom.
Apart from these serious numerical difficulties, the quanti-
ties involved in the calculations remain associated with
small variation lengths which are not very significant.
These are not “effective” quantities, i.e., they are not repre-
sentative of the vibratory response of the structure on the
time and space scales being considered. Therefore, they
lead to results which are very sensitive to inaccuracies in
the data. Nevertheless, various improved finite element
approaches have been studied, in particular in [1,14,5,2,
9,15,16,12,13,34-36,24,25,30].

There have been only few works dedicated specifically to
the calculation of medium-frequency vibrations. For rods



and beams, the problem was solved in particular in
[7,11,29]. For more complex structures, such as plates or
shells, boundary element methods were proposed in [§]
and methods based on the use of specific reduced bases
can be found in [28,32,33]. Most of these works are closely
related to finite element methods and the quantities calcu-
lated are still not effective quantities. Therefore, in our
opinion, these are not “true’” medium-frequency methods.
On the contrary, the theory initiated by Belov and Ryback
[3]1s built upon the concepts of effective energy density and
effective power flow. However, despite the improvements
proposed in [17], this theory still faces theoretical obstacles.

The approach followed here is the Variational Theory of
Complex Rays (VTCR), a predictive tool designed specifi-
cally to deal with medium-frequency problems which was
first introduced by Ladeveze [19]. This is a true medium-
frequency method in the sense that the calculations are per-
formed on effective quantities. Previous works have already
validated this strategy for two-dimensional and three-
dimensional assemblies of elastic homogeneous plates with
low damping [20-22].

However, most industrial structures present some kind
of structural heterogeneity, whether intentional (such as
portholes or equipment connections) or unintentional
(such as cracks). Their vibratory response in the medium-
frequency range is very sensitive to these structural discon-
tinuities. Although the VTCR was originally based on the
assumption that the structure is an assembly of homoge-
neous substructures, an extension to the VICR enabling
the designer to take heterogeneity into account has already
been proposed [23]. This paper goes one step further and
deals with three-dimensional assemblies of homogeneous
and heterogeneous substructures in an uncertain context.

2. The basic aspects of the VITCR
2.1. Principle

In the general case of a structure composed of several
substructures, the first step of the VTCR consists in asso-
ciating each substructure with a superelement described
by degrees of freedom which correspond to local basic
modes. These basic modes, which are defined on two scales
and verify the dynamic equations (local equilibrium and
constitutive relation) exactly, have a strong mechanical
meaning and are called complex rays. They can be divided
into families related to interior, edge or corner zones. In the
vicinity of a point, the solution is assumed to be properly
described locally as the superimposition of an infinite num-
ber of such local vibration modes. The unknowns are large-
wavelength quantities, each representing the amplitude of
the basic mode with which it is associated.

Next, an appropriate variational formulation enables
the boundary and transmission conditions to be verified
in an average sense. Our choice of reasoning on a superel-
ement’s level requires the formulation to allow approxima-
tions within the substructures which are a priori

independent of one another. These approximations must
not necessarily verify the transmission conditions a priori.
In practice, the variational formulation associates each
superelement with an elementary matrix which represents
the interaction among the fields and a right-hand side
which represents the interaction between the fields and
the boundary conditions. The transmission conditions
at the interface are taken into account automatically during
the assembly stage.

The last characteristic of the VTCR is that from the cal-
culated discretized amplitudes it retains only effective quan-
tities related to the elastic energy, the kinetic energy, the
dissipation work, etc.

2.2. The reference problem

Here, in order to simplify the presentation, the problem
will be formulated for an assembly of only two substruc-
tures, but this can easily be generalized to an assembly of
n substructures. For the purpose of illustration, let us con-
sider two thin, isotropic and elastic Kirchhoff-Love plates.
First, we assume that they are homogeneous.

Let us study the steady-state vibrations of this assembly.
Classically, all quantities are defined in the complex domain:
an amplitude O(X) is associated with Q(X)-exp(iwt?).

Let S| and S, be two plates, 0S5, and 0S5, their respec-
tive boundaries solicited harmonically at a fixed angular
frequency w and I'y, the perfect interface between S; and
S>. The boundary conditions are as follows, with /=
(1,2): deflection w on part ,,4S; of 3S;; slope w*, on 8,45
bending moment MY on ,,,S;; finally, Kirchhoff shear K¢
on 0g4S; (Fig. 1). The quantities of interest are the deflec-
tions w; and the moments M,.

For S, let us introduce the space ¥, of the displace-
ment-stress pairs s; = (w;, M;) defined on S; such that:

s1€U xS (setof finite-energy fields)
A'AW[ 7kz}W[ =0 OIlS/

$1€ESL gt = .
l “ M; = (1 +in,) Kps 2 (1)

forl/=1,2
. 4 3p1w2<l—nu%)
with kl - (H—im)E/h%

(1)
where k; is the wave number and p,, v, #;, E; and h; desig-
nate respectively the density, Poisson’s ratio, structural
damping coefficient, Young’s modulus and thickness of
plate S;. Kpg; is Hooke’s tensor for plane stress and % is

bl

S1 Ss
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Fig. 1. The reference problem.



the curvature operator. Let us express M; and % in carte-
sian coordinates:
Mlx

M) = | My, (2)
Mlxy

Ox?

O*w
X=-| — 3
7l=-| 5 ()

o*w
| OxOy |
then, Kpg; is defined by:

1 vV 0
El;

Kesi] = — " v 1 0 4)

RO, o

The fields of ¥, are admissible in the sense that they
verify both the local equilibrium and the constitutive rela-
tion exactly. The reference problem is:

Problem 1. Find s; such that:

51 € Laal

w;=w? on 9,45,

Wi = WZ/ on 0,,4S;

My, = M{  on dyuS,

K, = K¢ on 0S|

with [=1,2 (5)
w; =wy, on I,

Wi =Wy, onlh

M, +M,,=0 only,

Kiy +Ky, =0 on Iy

with M, = n,Mn,
and Kln, = ﬂm[Ml] —+ (QMIQ),U’

The reference problem has, at the most, one solution if:

e Hooke’s tensors are positive definite.
* 1> 0.

2.3. The variational formulation associated with the VTCR

The VTCR is primarily a global formulation of the
boundary conditions and transmission conditions in terms
of both displacements and forces across I'j,. With this
understanding, the problem becomes:

Problem 2. Find s; such that:

$; € L aar
> (Aas,(0s1,8) — Los(0s1)) + > Cr,, (951,81, 08, 8m) = 0

! Im
I<m

Vos; € L par
for I=1,2 m=1,2

with the boundary conditions:

Ags, (0s1,51) — Las, (9s1)

= Re{—iw (—/ oK, (W, — w‘l’)*dL
aw,[S[

*
d
+/ 5&M1E<W}m - Wl,n,) dL
OwnaS1

+ / (ﬂM;ﬂ - M‘f)éw}‘_nldL
OraS1 ’

_ /ams] (K, — K;f)(sw;*dL) } (7)

and with the transmission conditions:

CZ/m (5sl7slv 5sm,sm)

) 1 .

= Re{lw (/ — [75(1{1”1 7Km,1m)(wl — Wm)
T'im 2

+ 5(ﬂM1ﬂ N n_mMm@)(Wl,nz - Wmﬁnm)*

*

+ (mMyn; 4 1, My, ) 0(Wi i, + W)
o (Kln/ + Km,,m)é(w, =+ Wm)*}dL> } (8)

Re[Q] designates the real part of Q and Q™ designates the
conjugate of Q. Note that the terms which appear in this
formulation are powers.

In practice, the VTCR procedure consists of two stages:
first, admissible fields are built; then, the boundary
conditions are taken into account through the discretiza-
tion of the variational formulation associated with a set of
admissible fields chosen among the elements of % ,;.

2.3.1. Construction of admissible fields

In practice, the first stage of the VTCR consists in build-
ing admissible fields. Let us define a subset of .%,4 which
can contain local interior vibration modes described using
complex rays of the nth order. If the damping coefficient #;
(1< 1) is small, the basic mode associated with the wave
vector P; can be written as:

M](X7&)
P € G,

(1 +i171)KPSIJ (W )_() 1))7

The admissibility relation requires that the locus of the end
of P; be a curve %,; characteristic of the material.
[V(X, P)]afP))] is a polynomial expression of degree n in
X. The small-length part appears explicitly. The unknown
generalized amplitudes @(P;) are independent of X and,
therefore, are large-length quantities. The edge and corner
modes are built in the same way.

For the interior zone, we take into account all the
admissible directions of the rays. The solution w5 is writ-
ten as:



W (X) = / wi(X, P))d%. )
6 adl

The integrals are calculated along the curve %,q.
Clearly, w' depends on the generalized amplitude g, rela-
tive to P, defined on % ;.

2.3.2. The discretized form of the VTCR

In order to derive approximations from the VICR, one
discretizes the curve €4 using finite elements; for example,
P;— a/P)) is assumed to be constant within each element.
In other terms, a? is associated with 4"/, (i.e., €, discret-
ized with r; elements). The subspace ¥, of the approxima-
tions deduced from &, yields a discretized variational
formulation leading to a system of equations of dimension
> ;71 in the complex domain:

[A"]ld"] = [L3)], (10)

[d"] designates the column of all the amplitudes al.
2.4. Effective quantities

For relatively high frequencies, only effective quantities
associated with the generalized amplitudes are meaningful.
Indeed, the precise spatial distribution of s/ is meaningless
from a mechanical point of view. On a given substructure S
with a characteristic dimension L, the quantities involved
are expressed as ¢(X), which can represent, for example,
the elastic energy, the kinetic energy or the dissipation
work; in the vicinity of any test point Xj, the associated
effective quantities are defined on a square patch Sy, with
side L by: o

qerf()&): l/ g(X)dsS. (11)

L Jsy,
These effective quantities are large-wavelength quantities.
Compared to classical quantities such as the displacements
of points, which can vary considerably due to slight varia-
tions of input data, they are much less sensitive. Effective
quantities can also be defined on the edge of S.

2.5. Example

A three-dimensional assembly of plates is used to model
a part of the hull of a ship (Fig. 2). The 13 plates are
made of sheet steel. Their mechanical properties are:
E=210GPa; n=2%; v=0.3; p=7800kg/m’;, h=
2 mm. The harmonic excitation is a distributed momentum
M, on the edge P7P15: M;=1Nm/m; /=500 Hz. All
boundaries are simply supported. We used the program
CORAY-MF (COmplex RAYs for Medium Frequencies)
developed by Rouch at LMT-Cachan to compute the
VTCR solution. This solution and the solution obtained
with finite elements are very similar (Fig. 3).

3. Extension of the VI'CR to heterogeneous structures
3.1. The reference problem

Here, we focus on the construction of the superelement
associated with an isolated heterogenous substructure
(Fig. 4). Let us consider the steady-state vibrations of a
thin, isotropic and elastic Kirchhoff-Love plate with local
heterogeneity. Each type of heterogeneity imposes specific
conditions on its boundary. In order to test our strategy,
let us consider the case of a plate with an arbitrarily-shaped
hole. Its boundary I'y is assumed to be free. Therefore, the
boundary conditions on I'y are M?=0 and K?=0. The
notations are the same as before, except for dropping the
suffix / in order to simplify the equations. The space &4
is defined exactly like &, in the first part. The reference
problem becomes :

Problem 3. Find s such that:

S € L

w=w? on 0,45

W, = WZ on 0,48

M, =M? on 0,8

K, =K% on 0gS (12)

M,=M*=0 onT,
K,=K'=0 onT,

with M, = nMn

and K, = ndiv[M] + (tMn),

3.2. Direct application of the VICR

3.2.1. The variational formulation associated with the VTCR
The first option is to treat I'y like 0S. This leads to
Problem 4:

Problem 4. Find s such that:

S E€ L
(Aos(0s,8) + Ar,(0s,5)) — (Los(ds) + Ly (ds)) =0 (13)
Vos € L

with:

Ar,(0s,s) — Lr,(ds)

= Re{—iw (/ nMnow" dL —/ K,,éw*dL) }
Iy ’ Ty

The term (Aas(ds,s) — Las(ds)) was developed while defin-
ing Problem 2 in Eq. (7).

3.2.2. Limitations of the direct formalism

While the influence of heterogeneity is taken into account
through the terms integrated over Iy, we would like the
treatment of local heterogeneity to be distinguished from
that of the master structure. Indeed, from a mechanical



Points location (dimensions in meters):

pl =0. 0. O
p2 =1. 0. 0.
p3 =1. 01 0.
p4 =0. 01 0.
p5 =1. 06 0.
p6 =0. 06 0.
p7 =0. 0. -05
p8 =1. 0. -05
p9 =1. -

Fig. 3. VTCR solution (left) and FE solution (right): |w| (m).

Fig. 4. The reference problem.

point of view, the hole creates only a perturbation of the
vibratory response. One should note that this interpretation
is not valid for all types of heterogeneity: for example, a
long stiffener would behave differently. The case of stiffeners
will be developed in a subsequent paper.

3.3. Modification of the VTCR in order to deal with local
heterogeneity

3.3.1. The new modified formulation

The modification consists in taking the perturbation due
to local heterogeneity into account as soon as the admissi-
ble fields of .%,, have been built. The idea is to develop a
priori, once and for all, families of admissible fields which
verify the boundary conditions resulting from each type
of heterogeneity. Therefore, let us define the set &, (i.e.,
corrected & ,,) of the pairs s such that:

Seyad
M,=M'=0 onT, (14)
K,=K=0 onlI,

This leads to Problem 5:

C
s€ S, =



Problem 5. Find s such that:
se€ Sy
g (35, 5) — Les(ds) = 0 (15)
Vos € I,

3.3.2. Principle of construction of the corrected admissible
fields

We want to build fields which correspond to the new
definition of admissibility. Thus, we seek s¢ € &, among
the admissible pairs 5 in the sense of %,; which already
exist. 5 is a nth complex ray which results from the linear
combination of elementary complex rays s, = (#W., M),
associated with the amplitudes a,:

=3 WX, Pad(P). (16)
e=0

Each 5, has a unitary amplitude. The corresponding correc-
tion field 3, is calculated so that the sum s of 5, and 3,
verifies the boundary conditions resulting from hetero-
geneity. Of course, this correction must belong to &,
too. One can view each s¢ as the superimposition of an inci-
dent field 5 and a diffracted field 5 due to heterogeneity:

(W, ME) = (e, ML) + (i, ML,). (17)

3.3.3. Practical construction of the corrected admissible
fields

For our reference problem, the corrections 3, (X, P) asso-
ciated with an incident field of unit amplitude 5.(X, P) are
defined by Problems 6 and 7:

Problem 6. Find 5, such that:

ge S eg)ad:
Men = _Men|1"“7 (18)
i(en = _I_(enlr0~

In order to take into account the radiating aspect of the
wave diffracted due to heterogeneity, we wish to calculate
3. in polar coordinates with an origin located at the “center
of gravity” of the hole. In order to do that, we define an
“equivalent circular hole” with appropriate boundary
conditions: this is an imaginary circular contour I’y with
radius R, centered at the origin of the polar coordinates sys-
tem and containing the heterogeneous property (Fig. 5).
Then, w, is sought in the classical form:

We(r,0) = Zcf’" VH 7 (1, 0) (19)
meZ
S=12
with Hﬁ” = H,(r{)(@fk}")eime and o = i, Oy = 17 (20)
where H'") and H?’ denote the Hankel functions of the first

and second kind respectively. The solution is a combina-
tion of an outbound propagating wave and a boundary
wave which decreases rapidly. Both waves are emitted by

~ =

Fig. 5. Definition of the imaginary circular contour.

I'y and neither reflects at infinity. The coefficients Cy, are
determined through the boundary conditions on I'y, which
are relocated on I'gc. These relocated boundary conditions
are the restrictions to the contour I'yc of the solution to
Problem 6. In fact, outside I'yc, the solution to Problem
6 is the same as the solution to Problem 7.

Problem 7. Find 5, such that:
Se € L ud
We = W, (21)
Wen = 1’~V‘eln|roc

Problem 6 can be solved by a boundary element method
(e.g., [18]) or an extension of the VICR to unbounded
media which is currently under development. Then, w4|,.

and w¢ |, ~are expanded into Fourier series:
W (R,0) = X i (R)e”
meZ
o o am lm (22)
e, (R, 0) = 3 Wi (R)e™
meZ
with  W(R) = & [7Fe i (R, 0)d0, 23
im 21 —im
and Ww"(R) =5 [;"e "W (R, 0)do.

The coefficients Cy;, are calculated by inverting linear sys-
tems of dimension 2:

CinH\V (ikr) + Co,, H? (kr) = W' (R),
C‘lm

' (iker) +c2,,,H<2 (kr) = Wi (R).
This can be expressed in matrix form by introducing the
operator Cr,/r,.: it can be considered as a projection
operator of the correction on the basis of the functions
Hp,. which are associated with the contour I'y¢:

va(r, 0) = [Hfoc (I”, 0)] [CFO/FOC (WE)]' (25)

The expression of the field w¢, adapted from the elementary
complex ray w,, is:

Wo(X, P) = w.(X,P) +

(24)

[HF(JC (}", 6)} [Cro/roc (Wg)], (26)

and the complete corrected complex ray can be expressed
as:

WC()_(vg) = ([W()_(v 1_))] + [Hfoc (l”, 9)][CF0/FOC (W)]) [Q(B)]

(27)
In short, the superelement corresponding to a hetero-

geneous substructure includes a family of additional basic
modes, weighted in order to verify conditions on the



boundary of the discontinuity a priori. The weights corre-
sponding to ranges of non-dimensional parameters asso-
ciated with each type of local heterogeneity are processed
and stored in advance in sorts of “libraries”. This approach
can be generalized to two or more zones containing local
heterogeneities.

3.3.4. Discretized expression of the modified VTCR
The expression of the solution w*' for the heterogeneous
structure is:

Wl (X) = /g W (X, P)d%. (28)

The integral is evaluated over the admissibility domain %,
of the field w. Before discretizing the variational formula-
tion, all the contributions of each correction function to
the correction of all the elementary complex rays defined
over the admissibility domain are put together. Then, the

~

generalized amplitudes a associated with the correction
functions are defined. These generalized amplitudes, con-
sidered as the new unknowns, are linked with the a(P) by

the relation:
)= [ (Crym (WL P)a()de. (29)

The discretization is performed as follows: an approximate
expression of w is obtained by discretizing %, according to
the process described in Section 2.3.2; an approximate
expression of W is obtained by truncating the series of cor-
rection functions to 2 x (2M + 1) terms, M being the max-
imum order of the harmonics kept; finally, the subspace
" of the approximations deduced from %, is defined by:

w(X) = [W'X)][d] + [HF, (. 0)][@’]
M (X) = [A"(X))[d"] + [Z7,, (. 0)][&]

(@] = [DF, r, ]

ch ch
ste Sy =

(30)

D’}O IToc? linking the generalized amplitudes of uncorrected
fields to the ones of correction functions, designates the
correction operator. The modified variational formulation
defined by Eq. (15) and the subspace &, defined by Eq.
(30) lead to a constrained linear system of equations of
dimension r + ¢ in the complex domain, where r° denotes
the number of correction fields:

) [L
U - L_] (31)
Wlth [a_h] = |:D?()/F oc} [a—h]

This formalism enables us to associate each heterogeneous
plate superelement with a stiffness matrix and a right-hand
side relative to uncorrected fields and to correction func-
tions which enrich the space of the basis functions. The cor-
rection functions are adjusted to the discontinuity through
the correction operator Dy, which links the generalized

Zch Kch
Kch ;ch

amplitudes of the uncorrected fields to those of the correc-
tion functions.

The constraint on the generalized amplitudes can be
taken into account during the resolution, for example by
introducing r“ Lagrange multipliers which form the vector
. The new linear system to be solved has the dimension
r+2x ¢ in the complex domain, and its expression is:

Ach Ach _D];“Z;/FOC a_h g
~ = ~h _ Fe
Ach Ach 1 a | = L_dh . (32)
h
Dy 1 0 L 0
3.4. Example

This method can be applied, for example, to the problem
of a rectangular steel plate with length L =1 m, width
/=0.8 m and thickness /= 0.8 mm containing a circular
hole 0.11 m in diameter at the center. The material’s
properties are £ =210 GPa, n=0.001, v=0.3 and p =
7800 kg/m>. The harmonic excitation is a distributed force
F, on one side: f=330Hz; F;=1N/m; the plate is
clamped on the opposite side. The modified VTCR solu-
tion was calculated using 84 interior modes, 48 edge modes
and eight harmonics of the correction functions (Fig. 6).
This solution and the solution obtained using finite ele-
ments (Fig. 7) are very similar.

Fig. 6. VTCR solution: |w| (um).

Fig. 7. Finite element solution: |w| (um).



4. Sensitivity analysis
4.1. Definition of the problem

The objective is to evaluate the influence of disconti-
nuities with uncertain positions, sizes or directions on the
structural response. The point of departure is the library
of corrected fields defined in Section 3.3.3. This library
includes the elements, stored in non-dimensional form for
each family of discontinuities (e.g., circular holes), which
are necessary to rebuild the specific corrections dedicated
to particular members of the family (for example, the hole
whose diameter is twice the wavelength of the flexural
waves in the plate). These elements, defined in the local
coordinate system associated with the equivalent disconti-
nuity, constitute the basis of the correction functions and
the projection operator of the correction.

In the case of a perfectly known structure (i.e., in the
absence of uncertainties), using the library to calculate the
superelement requires the positioning of the equivalent dis-
continuity’s imaginary circular contour in the global coor-
dinate system of the structure: then, the polar coordinate
system associated with the correction functions is centered
and oriented with respect to the boundaries of the structure.

When the parameters of the discontinuity vary about
their nominal values, the imaginary circular contour also
varies in the global coordinate system: this may affect its
size (e.g., when the diameter of a hole changes), its position
(when the center of the hole moves) or its orientation (when
the axis of symmetry of an elliptical hole tilts). The expres-
sions of the correction functions in the global coordinate
system depend on the evolution of the imaginary contour;
consequently, the matrix of the interactions among the
basis functions and the right-hand side vector of the inter-
actions between the fields and the boundary conditions also
vary. Then, each set of parameters requires a full calcula-
tion. Because many very similar problems are considered,
the sensitivity analysis is very expensive. It is of paramount
importance to choose a well suited and efficient calculation
method.

4.2. Principle of the method: use of a single imaginary
circular contour

In the framework of structural mechanics, a multiresolu-
tion strategy has been developed: it is dedicated to the
LATIN method which deals with non-linear evolution
problems [4]. The fundamental idea is to exploit the same
basis of functions to describe the solution of similar
problems.

An analogous principle is introduced here. It consists in
using a single imaginary circular contour for all the discon-
tinuities corresponding to the range of uncertain parame-
ters we wish to consider (Fig. 8). The basis functions
which are associated with this contour do not change when
the parameters vary. The interaction matrix and the right-
hand side remain unchanged, which drastically reduces the

CJ\
\\ b

-__,//

Fig. 8. Definition of the single imaginary contour.

time needed for calculating the matrices defining the super-
element of the heterogeneous substructure.

The only change concerns the constraint relations
between the generalized amplitudes of the corrected fields
and those of the correction functions: these are deduced
from the constraint relations which were established when
the equivalent discontinuity was defined in order to build
the library of corrected fields.

4.3. Practical aspects involved in building a model
of uncertain local heterogeneity

The single imaginary contour I’y is chosen such that it
includes all the imaginary contours associated with the
equivalent discontinuities envisaged. The set of parameters
relative to each discontinuity is evaluated using, for exam-
ple, the Monte Carlo method. The origin of the common
coordinate system can be chosen such that it coincides with
the “center of gravity” of the discontinuity with nominal
parameters.

The field s (an adjusted version of field 5 for the partic-
ular discontinuity marked i), whose contour is I', and
whose equivalent discontinuity has the contour I'y., is pro-
jected onto the basis functions associated with the common
imaginary contour through an operator Cri ry defined as
follows:

WX, P) = (WO PY] + Hi, (,0)] [ Cry i, (Hy )]
< [Cryy W] ) e (33)

CFBC /ry can be viewed as an operator which projects the
basis functions relative to contour I'gc onto the basis
functions relative to the common contour I'y. The process
of constructing Crl /T is analogous in every respect to the
process described i in Section 3.3.3 to express the projection
of w onto the basis of the functions Hr,,..

When one discretizes the variational formulation, the
formalism introduced in Section 3.3.4 leads to the use of
generalized amplitudes associated with common correction
functions Hy,, defined by:

[@] = L/ [Crg(j/ruv (Hrgc)} {Crg/rgc (W(X,B))} [Q(B)}ds

= [Dryr, |la(P) (34)



The specificity of the corrections relative to discontinuity i
are taken into account through the operator Drf) Jru-
System (32) can be partially inverted so that u and D

/Ty
remain parameters (Schur method): "
- e
a . A A L_dh _D];‘z/r:)(\
Qh - Zch KC}' I:Zh o I i [H]
(35)
with
(1] = [M]'[V] (36)
where
Ach :ch a — T
M= [l 1] |AT AT PR @)
o/7o0cC Ach Ach I
and
= = =l rych
h Ach Ach Lfd
V)= [-Dlm, IHM o L] o

From here on, for each discontinuity, the only calculation
consists in building the operator DF:] /1, using the data pre-
viously stored in the library: thus, the generalized ampli-
tudes are obtained almost instantaneously through the
inversion of matrix M which is cheap compared to the
inversion of the whole system (32).

The formalism associated with the parametric model of
local heterogeneity lays the foundations of a multiresolu-
tion strategy which is fitted for the VTCR. Coupled with
a response surface technique [10,31], it makes it possible
to deal with many kinds of problems linked to the study
of the sensitivity of the response to a variation of heteroge-
neity parameters: parametric analysis, Monte Carlo simu-
lation, reliability analysis.

4.4. Example

Let us consider a plate with a hole, using the same
dimensions and material characteristics as in the example
of Section 3.4. We wish to know the influence of a variation
in the position of the hole (due, e.g., to manufacturing inac-
curacies) on the vibrational response (Fig. 9).

For the sake of simplicity, let us consider only the possi-
bility of a offset y parallel to the width of the plate. The fre-
quency of the harmonic excitation is f=277 Hz; the
diameter of the hole is D =0.11 m (the ratio between D
and the wavelength 1 is 0.58). Let us assume that y varies
about its nominal value according to a normal centered
Gaussian distribution with standard deviation ¢ = 0.03 m.
A sampling of 50000 possible values of y is obtained
through a Monte Carlo draw (p designates the reduced var-
iable associated with y). Distribution tails are truncated at
+3 0.

First, the response curve giving the global effective
displacement |w| as a function of y is calculated using the

.
>

NN
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.'w

Fig. 9. Variation in the position of the hole.

multiple resolution process we just defined (Fig. 10). It is
an interpolation function built on a small number of values
of the diameter of the hole. This number, of the order of a
few tens, is considered to be enough when the precision of
the interpolated global effective displacement does not
improve significantly by further refining.

Fig. 11 shows the probability density function f},, associ-
ated with |w]|. It reveals three peaks of values of |w| which
are more probable than others around 2.5 pm, 3.75 pm
and 8.75 um. These values correspond to local extrema of
|w|, hence a possible accumulation of the samples of f; asso-
ciated with these values (the maximum of |w(y)| at 17.5 pm
is reached only for values situated in the tail of f;, that is
why the accumulation effect does not happen there). In
other respects, there is no value below 2.5 um and there is
very little chance of getting a global effective displacement
above 8.75 um.

Iw| (pm)
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y
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Fig. 10. Response curve of |w| to an offset of the hole.
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Fig. 11. Approximate probability density function associated with |w|.
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Fig. 12. Approximate cumulative density function associated with |w|.

The cumulative distribution function Fj,, associated
with |w| (Fig. 12) makes it possible to evaluate the proba-
bility of exceeding a critical threshold: then only 2% of
the values of |w| are above 8.75 um.

5. Conclusion

The VTCR initially introduced to calculate the vibra-
tions of slightly damped elastic plates in the medium-fre-
quency range is a very general approach with a strong
mechanical basis. This tool is not only efficient for assem-
blies of homogeneous plates, but also flexible enough to
deal with locally heterogeneous substructures economi-
cally. Moreover, using an appropriate formalism, the
designer can even take uncertainty into account in the con-
text of a sensitivity analysis.

In the near future, the enriched superelement and the
sensitivity analysis procedure will be implemented in the
program CORAY-MF for more general applications.
Afterwards, the capabilities of the VTCR will be extended
from local heterogeneity to other complex cases, such as
multi-stiffened substructures.
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