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The quantum correlations of N noninteracting spinless fermions in their ground state can be
expressed in terms of a two-point function called the kernel. Here we develop a general and compact
method for computing the kernel in a general trapping potential in terms of the Green’s function for
the corresponding single particle Schrodinger equation. For smooth potentials the method allows
a simple alternative derivation of the local density approximation for the density and of the sine
kernel in the bulk part of the trap in the large N limit. It also recovers the density and the kernel of
the so-called Airy gas at the edge. This method allows to analyse the quantum correlations in the
ground state when the potential has a singular part with a fast variation in space. For the square
step barrier of height Vj, we derive explicit expressions for the density and for the kernel. For large
Fermi energy p > Vp it describes the interpolation between two regions of different densities in a
Fermi gas, each described by a different sine kernel. Of particular interest is the critical point of
the square well potential when p = V. In this critical case, while there is a macroscopic number
of fermions in the lower part of the step potential, there is only a finite O(1) number of fermions
on the shoulder, and moreover this number is independent of p. In particular, the density exhibits
an algebraic decay ~ 1/z%, where z is the distance from the jump. Furthermore, we show that the
critical behaviour around p = V4 exhibits universality with respect with the shape of the barrier.
This is established (i) by an exact solution for a smooth barrier (the Woods-Saxon potential) and
(ii) by establishing a general relation between the large distance behavior of the kernel and the
scattering amplitudes of the single-particle wave-function.
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Recent developments in trapping techniques for cold atomic systems [1], along with the possibility of visualizing
individual atoms using quantum Fermi microscopes [2-4] have lead to a resurgence of theoretical interest in the

equilibrium and dynamical properties of confined systems of fermions.

In particular the rather idealised case of

spinless noninteracting fermions is experimentally relevant as magnetic traps are based on polarising the spin degrees
of freedom of cold atoms and furthermore in the spin polarised state interactions are weak due to the suppression of
s-wave scattering. The interactions can further be suppressed experimentally by suitably tuning Feshbach resonances.
This noninteracting case, at zero temperature, still presents interesting theoretical challenges since nontrivial statistical
behavior arises because of the Pauli exclusion principle.

The statistics of spinless non interacting fermionic systems can be encoded in a two point kernel from which the
local density, as well as all the higher order correlation functions, can be expressed, in essence via Wick’s theorem for
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FIG. 1. Square well potential of height Vp within an overall confining potential V' (z). The critical regime where the Fermi
energy i, the height of blue region, coincides with V4 is shown. The physics near the edge can be described by zooming at
the edge, as shown on the right side of the figure. Two examples of barrier potentials are shown: a) The square step barrier
studied in Section IV, b) a smooth barrier, varying over a scale A, such as studied in Section V.

fermions. For bulk systems, where a large number of fermions are confined by an external potential, the regions where
the local fermionic density is large can be studied using the local density approximation or LDA [5, 6] which is based
on the approximation that the trapping potential can be treated locally as constant in space. The LDA allows the
calculation of the bulk density. Together with more controlled approaches, the LDA also predicts that, in the bulk and
at scales of the order of the typical inter-particle distance, the kernel takes a universal form, independent of the details
of the potential, given by the sine-kernel [5-10]. The LDA can be used to predict its own downfall in regions where
the density of fermions becomes small. This occurs, by definition, at the edge of the trapped atomic cloud. Here, the
form of the density and kernel is modified and one finds that the edge physics is described by fermions in a linear
potential, as the trapping potential can in general be expanded as a locally linear potential near the edge [7—11]. The
associated kernel near a locally linear edge is called the Airy kernel and the fermions in this region referred to as the
Airy gas [7-11]. Tt can be shown to be universal for a broad class of smooth potentials. However, other edge regimes
and edge universality classes exist, notably when the trap has an infinite hard wall or a continuous but divergent
wall potential [12, 13], but also when the Fermi energy coincides with the maximum of a double well potential [14].
Interestingly, while the kernels appearing in the aforementioned problems arise from quantum mechanical problems,
most of them also arise in the context of random matrix theory, where they describe the eigenvalue statistics of certain
random matrix ensembles [7-10, 15].

The LDA is based on the assumption that the trapping potential is locally constant, i.e. that it varies very slowly
on the scale of the typical inter-particle distance. If the potential has fast variations on this scale, e.g. if it is
discontinuous, the LDA will fail, even if the fermion density is large. Similarly, we can expect the edge universality
classes to be modified. The main goal of this paper, and of a companion paper [17], is to analyse the statistical
properties of non interacting fermions when the trapping potential exhibits a local singularity on top of an overall
smooth confining shape. An important question is what replaces the sine-kernel in the bulk near the singularity,
and how far the effect of this singularity can be felt. A related question is what effect does it have on the counting
statistics, such as the fluctuations of the number of fermions in a given region.

The main goal of this paper is to address these questions. For this, we consider N noninteracting fermions in a
globally confining trapping potential and focus on the large IV limit. On top of this, we assume that the potential has
a singularity at some point in space (see Fig. 1). We zoom in near the singularity and study a class of fast-varying
potentials (see Fig. 1), which include the square step barrier as well as other continuous barrier potentials, such as
the Woods-Saxon potential [16], well known in nuclear physics. Our goal is to describe how the quantum correlations
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FIG. 2. Density profile p(z) vs z for different values of the dimensionless parameter r = % For r > 1, in the sub-critical

phase, p(z) ~ e~ /%" vanishes exponentially as ¢ — 400 on a scale & ~ 1/4/r — 1. For r < 1, the super-critical phase, the
density approaches a constant p(z) ~ \/2u(1 — r) as x — +o00. Exactly at the critical point 7 = 1, p(x) vanishes algebraically
as 1/2%, as ¢ — +o0.

in the ground state are modified in the vicinity of the singularity — as opposed to the smooth potential case. In order
to carry out the analysis of such fast-varying potentials we develop a method based on the single particle Green’s
function associated to the Schriodinger equation in the presence of a general trapping potential. As a preliminary
benchmark, we first show how this method can be used to derive well known properties of smooth potentials such as
the LDA and the Airy gas physics. This already allows us to discuss the limitation of the LDA which, as we find,
fails when the potential varies too fast in space.

We then apply this Green’s function method to obtain the exact form of the kernel, and the statistics of fermions,
near a square step barrier of height V{y, as shown in Fig. 1. For Fermi energies u > Vj it describes the interpolation
between two regions of different densities in a Fermi gas, each described by a differently-scaled sine kernel. We examine
in particular the case where the Fermi energy coincides with the top of the step potential, u = V5. This mimics a
macroscopic system of fermions confined in a finite square well potential within an overall trapping potential - an
everyday analogy being that of a swimming pool of fermions which is full to the edge - see Fig. 1. Said otherwise, the
swimming pool is on the point of overflowing a bit like in an infinity pool. The statistics of the number of particles in
the region outside the square well potential (on the pool edges) have rather interesting properties when V5 = p. In
particular, we analyse the mean, variance and third cumulant of the number of particles Ny, to the right outside the
pool is independent of p and can be computed exactly.

In fact, we find that a critical behavior emerges as a function of the dimensionless control parameter r = Vy/u > 0
which is summarised in Fig. 2. We find a sub-critical behavior for r > 1 where the local density profile decays
exponentially p(z) ~ e~%/¢ for & — +o0o. The decay length diverges as &. ~ 1/y/r — 1 as r approaches the critical
point 7 = 1 from above. Exactly at the critical point we find an algebraic decay p(z) ~ 1/2% for x — +oco. On the
super-critical side r < 1 the density approaches a non-zero constant /2u(1 — r) for x — +oo.

To explore the universality of this critical behaviour with respect to the shape of the barrier, we explore more general
smooth barriers of the type V(x) = Vv(x/A) where v(z) smoothly interpolates between 0 and 1 as z increases from
—00 to +0o. Here A is the characteristic length scale describing how fast the barrier varies in space (see Fig. 1
b)). We find that indeed this critical behavior near » = 1 is universal and sets in whenever &,. > A. For example,
the density profile in the vicinity of the transition is described by a universal scaling function, up to a non-universal
amplitude that depends on A. This result is obtained by an exact solution in the case of the Woods-Saxon potential as
well as through an analysis valid for more general barrier potentials. This analysis unveils a general relation between
the scattering amplitudes of the single particle wave functions and the asymptotic behaviour of the kernel at large
distances from the barrier.

The rest of the paper is organised as follows. In Section II we introduce the Green’s function method to compute the
kernel for arbitrary potentials. In Section III we study the case of a smooth trapping potential (without singularity)
and show how to recover the standard scaling forms for the kernel both in the bulk (LDA and sine-kernel) and at near
the edge of the Fermi gas (Airy-kernel). In Section IV, we obtain the exact expression of the kernel for the square step



barrier and discuss the critical behaviour. We also obtain the first three cumulants of the total number of particles to
the right of the barrier. In Section V A., we obtain asymptotic formula for the kernel for a general barrier potential
in terms of the corresponding scattering amplitudes. In Section V B., we study the Woods-Saxon potential, for which
exact formula can be derived, before we conclude in Section VI. Some technical aspects are presented in Appendices.

II. GREEN’S FUNCTION FORMALISM TO COMPUTE THE KERNEL

A. The kernel - basic definitions

We consider N non interacting spinless fermions confined by a potential V(z). The single particle Hamiltonian

is H = % + V(x), where m is the particle mass. We denote by ¢ (z) the eigenstates of H and € the associated
energies. The zero temperature kernel can be written in terms of the Fermi energy u as

Ku(z,y) = 00— ex)vi(@)ve(y). (1)
k

Here 6(z) denotes the Heaviside function, and p is considered as a continuous parameter, the total number of fermions
being related to pas N =Y, 6(; — €;) [18]. By construction, the kernel (1) is real and symmetric. , i.e. K,(z,y) =
K, (y,x) [19]. We also consider below cases of non confining potentials V(z), i.e. fermions on the whole line with
a continuous spectrum for H, as limiting cases of (1) for large system sizes. In this case N is infinite and p is the
control parameter.

The kernel encodes all of the statistical properties of an N body system as all n-point correlation functions can
be constructed from it [7, 15]. These correlations can be computed using Wick’s theorem for fermionic fields or
equivalently by noting that the particle positions are described by a determinantal point process [21]. In particular,
for the purposes of the current work, we note that the number density of fermions is given by

ple) = Kyu(x, x), (2)

which means that the number of fermions in a region Z, denoted by Nz, has the average value

(Nz) = /I dz K, (z,7), (3)

while the variance of Nz is given by [7]

Var(Nz) = (N7) - / / dudy K, (x, ). (4)

In what follows we explain, formally, how the single particle Green’s function can be used to compute the kernel.
Some of these results were previously derived by other methods (such as by direct evaluation of the kernel by computing
and summing the wave functions or by using the Euclidean propagator associated with H [7]), but here we use a new
Green’s function method that turns out to be technically advantageous compared to other methods, in particular in
computing the limiting kernels for discontinuous potentials, as demonstrated later in the paper.

B. Kernels via Green’s function

Differentiating Eq. (1) with respect to p gives

SR ) = 3 00— )i )6 0) (5)

k

whose diagonal part is the local density of states of H at energy p. Now we use the well known formula

1 1 1
— = 1i = T P- 6
z — 10T eg(r)lJrz—iE mid(2) + z’ (6)



interpreted in terms of distributions, where P indicates that one should use the Cauchy principle part in any integrals.
We will use everywhere below the notation z — 0T to denote the limit ¢ — 0 at the end of the calculation. We thus
find
1 1
o(p—e)=—-—Im———. 7
(=€) = Shm— 7)

Now, as the terms involving the wave function are real, we can write

) 1 1 x
%Ku(zyy) = ;Imzk: md’k(l’)?/fk(y)- (8)
This gives
0 1
gy fn(@y) = I Gu(z,9) 9)

where G, is the resolvent of the operator H, evaluated at yu — 40" just below the real axis, in operator notation
G, = (u—i0" — H)™" (10)

Hence it is in general a complex quantity. The imaginary part of its diagonal component gives the local density of
states of H at energy pu. Equivalently, G, (z,y) is the solution of

(p—1i0" — H)Gp(z,y) = 6(z — y), (11)

with proper decay at infinity. Hence G, is the Green’s function corresponding to the single particle Schrédinger
equation of Hamiltonian

He -2 Ly, (12)

2m Oz2

with V(z) the trapping potential. In other words, G, (z,y) is the solution of

h? 82

3 72 Ol y) + (1 = 0" — V()G y) = 6(z —y). (13)

It is important to note that when integrating Eq. (9) to recover the kernel we have the boundary condition, or
completeness condition,

H—>00
as in this limit the sum in Eq. (1) is over a complete set of states. We also note the trivial identity

Ku(z,y) = (z —y) Zeek— Vi (@) (y), (15)
which yields

Ko =8 =9) = [ ShKeteid =8 =) = [ Zm () (16)

which will be useful in what follows. An alternative integration formula is

L (2,9) /a/ xydu—/ dqumG (z,9) (17)

which obviously holds as long as the ground state of the system is bounded from below. In what follows we will always
denote by p the Fermi energy (which we assume is fixed) and denote by u' the running Fermi energy used in the
integrands of the representations given in Eq. (16) and (17). These two representations can also be used to represent
the kernel in terms of a kernel corresponding to a locally constant potential (so exact far away from the step) plus a
term due to the variation of the potential. The derivation is rather technical and is relegated to appendix A.



III. SMOOTH POTENTIALS

Before applying the Green’s function method to obtain new exact solutions (for any p) for discontinuous potentials
in the next section, we show how the method can be applied to analyse the well studied case of smooth potentials.
In the bulk we recover the prediction of the LDA (which is exact for potentials constant in space) and identify the
validity of the LDA via this method. We then examine, the again well known, edge Airy gas behavior, based on a
local linear approximation to the potential (the method being again exact for purely linear potentials).

A. The bulk regime and the local density approximation

Here we use the Green’s function to derive the LDA or Thomas-Fermi approximation which is the standard theo-
retical tool used to study the bulk thermodynamics behavior of free fermionic systems. In our derivation we identify
the two key regimes where the approximation fails, the first regime is where the conditions for bulk behavior do not
apply, notably near the edge of the system in continuous potential where the density becomes small. The second case
occurs when the potential is not continuous, or varies too fast in space.

The basic approximation consists of computing the Green’s function at two points * = xg + z and y = x¢ + 2’. We
focus here on the bulk, hence one has V(zp) < p. Assuming that z and 2z’ are small, we can make the approximation
V(x) = V(xo) in Eq. (13) and write

102 .
5 5 G+ 2,0+ 2) (1 =107 = V(wo)|G (w0 + 2,0 + #) = 8z = 2, (18)
where we have introduced the running Fermi energy p/ which will be integrated over. To simplify notation we have
set h = 1 and m = 1. The dependence on A?/m can be reintroduced by making the rescalings G — m/h? x G and
(u=V)—=m/h®x (u—"V).

Let us consider p/ > V(zg). For z < 2’ we have

Gu(zo+z,20+2)=A_exp (z'\/2,u,’ — 0t — 2V (o) z) . (19)

We have used that for a > 0, va — 0T = /a — 07, hence the r.h.s. tends to zero as z — —oo as required, due to the
small imaginary part regulator —i0*. Similarly for z > 2’

Gu(xo+ z,20 +2') = Ap exp (—i\/Qp’ — 0t — 2V (z0) z) . (20)

Matching at z = 2/, taking into account the delta function on the r.h.s. of (18), we obtain

iexp (—i\/Qu’ — 0T — 2V (z9)|z — z’\))

Gh’ (xO + 2,20 + Zl) = 2/-/ QV(J? )
- 0

: (21)

where the small imaginary part has been neglected in the denominator. This result is sufficient to derive the kernel
in the bulk.

For the computation of kernels away from the bulk it is useful to derive an equivalent representation for the Green’s
function. For y > z, (so 2/ > z) Eq. (21) can be rewritten in terms of z and y for |z — 2’| small as

iexp (—z\/?u’ — 0t — 2V () (2 — z))

Gul (ZL’O + Z,To + Z/) =

20— 2V (w0)
B iexp ( if; \/2u — 0t =2V (2o + s) ds)
2u' — 2V ()
N iexp ( \/ZM — 0T — 2V (z) — 2V'(x0)s ds)
2u" — 2V (zo)
iexp ( SV’ gy (2K — i0T — 2V (xg) — 2V'(x0)s )3/2} :/)

2u' — 2V (x0)



and thus to the same order this can be written as

Gu(xo+ 2,20 +2') = Y_(2)Y(2), (23)
where
Viexp (~igpzy (2 = i0F =2V (20) =2V (20))"'?)
Y_(2) = 7 ; (24)
(2u — 2V (xg) — 2V'(xp)2)
and

. B Viexp ( 3V/( 5 (2u' — i0" — 2V (z0) — 2V’(x0)z)3/2) .
+2) = (2 — 2V (o) — 2V"(0)2) ' (25)

Adding the extra z dependence in the numerator above does not change the basic small z approximation and extends
the basic plane wave approximation to the more general WKB form which will be useful when we will discuss the
behaviors of kernels near a linear edge and matching plane wave solutions with Airy functions.

Returning to Eq. (21) we find that the kernel in the bulk can be written as

iexp (—iy/21 — 0T — 2V (x0)]2 — /| V20 =2V (z0)|z — 2/
0 % N1 ( ): cos(y/2u' — 2V (xo)|z — 2 |) (26)

(xo+ 2,20+ 2") = —Im

o T 2u" — 2V (xo) T/ 2p — 2V ()

Integrating over u’ then gives

K, (xo+ 2,20+ 2") =

%Z,‘ sin(/20 — 2V (@92 — #']). (27)

7|z

The constant of integration has been determined by using the identity

1
lim — sin(kx) = 6(z). 28
lim = sin(kz) = 6(2) (28)
Note that strictly speaking the analysis is only valid in the case where p’ > p (assuming that already p — V() is
large enough to justify the analysis), however one sees that the analysis can be restricted to the case p' > p by using
the representation of K, given in Eq. (16) as opposed to Eq. (17). We have thus recovered the well known sine kernel
for the kernel in the bulk. It is often written as

1 .
Ku(zo+ 2,20 +2) = p P sin(pu(o)|z — 2)), (29)

7|z
where

pul(o) = /21— 2V (9) , (30)
is the local Fermi momentum at xg. Finally the density of fermions at the point xg is obtained as

pu(-rO)

pu(T0) = K (0, 20) = (31)

Let us now discuss the validity of the LDA. Its validity depends on the accuracy of the approximation where the
spatial dependence of the potential V() is neglected about the point . The correction to this potential to give the
exact one is AV (z) = V(zg + 2) — V(x0) = 2V’ (x) for small z. The exact Green’s function is given by

Gu=(p—Hppa—AV)™! (32)

where Hrpa = ,%637; + V(xo) is the approximate form of the Hamiltonian used in the LDA and so

(w—Hrp A)*l is the corresponding Green’s function. The first order correction to the LDA Green’s function is thus
(in operator product notation)

LDA _
G,

AG, = GIPAAVGLPA. (33)



Now making the approximation AV (z) ~ 2V’ (zg), so assuming that the derivative of V(z) exists, we find
AG,(z,7") = V’(xo)/duu GﬁDA(z, u)GﬁDA(u, 2. (34)

From this we obtain the estimate |AG(z,2)| & [V/(x0)|/pu(20)*. However we have seen that GEP4 ~ 1/p,(zo) and
so the condition that the relative error in using the LDA is small can be written as [20]

[AG(z, 20 [V (z0)]
[Grpa(z,2)|  pul2o)’

<1 (35)

Note that this condition agrees with the more heuristic argument that the potential should vary little on the scale of

the inter-particle distance, which is 1/p,(x¢), i.e. that |V'(zo)/pu(z0)| < V(xo) ~ p = M (since in the bulk V
is of the order of u).

We thus see that the LDA is valid in the bulk where the density p(zo) = p,(z0)/7 is large. The LDA fails at the
edge where the bulk density vanishes. The behavior of the kernel near this edge has been derived in several works by
various methods [7-9]. In the following section we will show how the edge behavior can be derived using the Green’s
function method. As one might anticipate, we will see that the LDA also fails when the potential is discontinuous.
What happens in this case has been much less studied, and in Section IV we will provide an analysis of the kernel
for the cases of the step like potentials. This analysis is exact, as we can obtain exact expressions for the Green’s
function.

B. The edge regime and the Airy kernel

Let us now study the Green’s function near the edge points x. which are defined via the vanishing of the LDA
prediction of the density, i.e. as the solutions of the equation

p=V(ze) =0, (36)

and we note that in general the function V(z) — V(z.) will vanish linearly near z.. Thus the Green’s function will
locally obey the equation

2
oG (e, + (= V() = 2V (20) G (2 #) = (= — ), (37
for z and 2’ in the neighborhood of ¢ z.. Here, for notational simplicity we denoted p/—i0" by u’ hence we temporarily
assume that p/ has a small negative imaginary part. Without loss of generality we assume that V'(z.) > 0 (so we are
considering a right edge). From Eq. (37) we see that when u/ > V(z.) we can ignore the term linear in z and repeat
the bulk calculation. However when p’ = p the conditions necessary for the validity of the bulk calculation no longer
hold and so we keep the linear correction which can be larger than or of the same order as the constant term. We
define the variable

W= Vize) = 2V'(ze) = —a(, (38)
where « is a constant determined below. The equation (37) becomes

02 2a3 Q ,
T@Gu’(QC)—WCGM'(C,C)=2m5(C—C)~ (39)

3 .
We choose % = 1, which fixes « as
e

a= [V ()% 213, (40)
This yields

0? 2a
TCQGH’ (<7 C) - CGM'(Ca C) = V/(xe)

3(¢ = ¢ (41)
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We therefore have

no_ 2 no_ V/(Ie) ’
GH’(C?C) - V/(we)g(C’C) - ag 9(674)7 (42)
where g(¢, (') is the solution of
2
5396,¢) = Gal6.¢) =3¢ = O (43)

i.e. it is the Green’s function of the Airy operator. Note that the resolvent of the Airy operator has a branch cut
on the real axis, and here we consider its value, g(¢,¢’), for infinitesimal negative imaginary part (corresponding to
' — p' —i0T above). The derivation is given in Appendix B. The final result is

/ —mAi(()[—iAi(¢") + Bi(¢")]  for ¢ > ¢
A 44
26 <) {—WAi(C’)[—iAi(C) +Bi(Q)] for ¢ < (¢ (49)

Hence, for any ¢, (’ we have
Im [g(¢, ¢")] = wAi(Q)AI((). (45)

Using the general relation (9) between the kernel and the Green’s function, together with (38), (40), (42), and the
result (44), we obtain

0 V' (x.) | . o
o o) = L5 AIOANC)

Viwe) \. ((@—ze)V'(@e) —p' + V(we) \ . ((y—x)V (@) — p' 4+ V(2e)
= 5 Ai Ai )
@ @ a
(46)
where here p/ is real. Using Eq. (16) now gives

Koo ) =0 ) - V00 /; Al ((w SIOCORTE: v<xe>> N ((y OOV, vm)) o

Recalling that . is the edge, such that = V(z.), we can change variables to p/ = p + au and obtain

L0 — 7. —z,
HnJ—oo N i

where we have introduced the width of the edge regime [7]

w, = a/V'(z0) = (2V'(20)) /3. (48)
Finally, using the completeness identity for Airy functions
o
/ du Ai(u + x)Ai(u +y) = d(z — y), (49)
we recover that the kernel near the edge takes the following scaling form in terms of the Airy kernel Ka;

1 - Jde - Jde oo . .
Kﬂ(m,y):KAi<x Te ¥ x) 7 KAi(a,b):/ du Ai(a + uw)Ai(b + u). (50)
0

wy, Wy,

C. General fast varying potential: perturbation theory

One way of treating rapidly varying potentials which cause a breakdown of the LDA is via perturbation theory,
valid when they are rapidly varying but weak. We take H = Hy + 0V (x) where 6V (x) < Hy is a rapidly varying
potential of a general form. If it varies notably on scales of the inter-particle distance its effect will be in general
difficult to calculate. However we can study its effect via perturbation theory for the Green’s function assuming that
0V (x) is sufficiently weak. Here we find to first order

Gule,y) = Goule,y) + /dx'GOu(%x')5V(x’)GOM(w’7y) +0(0V?). (51)
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Hence the change in the kernel due to the perturbation is given by

1 +o00
AK,(z,y) = —;/ dy’ Im/dm’Gouf (z,2")0V (2")Gop (2, y) + O(5V?). (52)

m

Let us study it in the bulk, as in Section ITT A. Using (21) and dpdifzo) = pu(xo), we obtain for z,y near a given zo,
w
the general formula

1 [T d
AK,(z,y) = —;/ - ;p da' SV (x') exp (—ip|lz — 2’| — iply — 2'|) + O(6V?). (53)
PulZo

We thus see that the result is quantitatively significant if 61/ () varies on scales of order or shorter than 1/p, (o).

IV. SQUARE STEP BARRIER, EXACT RESULTS
A. General setting

Here we apply the Green’s function method presented above to analyse fermion statistics in the presence of a finite
square step potential located at z = 0 which can be written as

V(z) =0 for x < 0; V(z) =V, for z >0, (54)

and is shown in Fig. 3. For the potential (54) the basic formalism of section II can be implemented without any
approximation for any p without resorting to any approximation, because the Green’s function can be computed
exactly.

Let us introduce

pE=pE(w) =21 , pE=pR) = (2u—2V); (55)

the Fermi momentum in the regions z < 0 and z > 0 respectively, where (), = max(x,0), and we work here at fixed
1.
There are two main cases:

(i) u > Vi, which we will refer to as supercritical in what follows. Here very far from the barrier, at distances much
greater that 1 /pIL,’R , the Fermi gas has two different uniform mean densities for x < 0 (left -L) and = > 0 (right -R),
given by

L R
PLZZDl:@ ; 032&272@ VO)<PL~ (56)
T 7r T 7r

(ii) 0 < p < Vp, which we refer to as sub-critical, in which case only the left half space is filled for all z, with, far
from the barrier, the uniform mean density pr. The mean density vanishes for > 0 at distances z > 1/1/2Vy — 24.

These are however only the behavior of the system far from the step and we wish to calculate the behavior at
distances ~ 1/ pIL;’R from the step. Hence we are interested in the crossover between the behaviors of the two bulk
Fermi gases.

The cases (i) and (ii) are separated by a transition, for u = V;, which we call the critical case, where the Fermi gas
on the left is at the brink of overflowing. It has a very interesting behavior, that we analyse below.

The general scaling form that the kernel takes can be obtained by using simple dimensional analysis. The units of
the kernel are length™'. The most general way to construct such a quantity in this system is

_lo(zry 1 Ve _
Ku(xay)_ g"{r(gag) ) ; =pPL = T 3 7"—‘/0//,6 (57)

where k, is a dimensionless function. The cases r < 1, r = 1 and r > 1 correspond to the supercritical, critical and
subcritical cases respectively. As a result, the density takes the scaling form
1 (a:) 1 o

== ny(a) = kr(a,a). (58)



12

FESUD. <« e e e e

Mo mmmmmmmmmmmmmmmeees 1

N N IS
Yo

0 x=0

FIG. 3. Locally square well potential with barrier of height Vi situated at x = 0. The Fermi energy u for p = p. = Vo as well
as the sub-critical case p = psup < Vo and the super-critical case 1 = psup > Vo.

B. Green’s function

The computation of the Green’s function is long but straightforward. It is performed in Appendix C for completeness
and also to detail the needed analytic continuations. One can also find a formula in the reference book on path integrals
[23]. Here we give the results for the imaginary part, which is what we need to compute the kernel.

For p/ < 0 one has Im G,/ (z,y) = 0, which is natural since there are no energy eigenstates for negative energy.
Next there are two cases, either 0 < u’ < Vg or p/ > V.

We start with the case where 0 <y’ < Vp. In the region z,y < 0 we find

[Vocos (\/27/ (x—y)) + (21" — V) cos <\/2TL’ (:c-i—y)) =2/ (Vo —u’)sin( (x+y )},

(59)

1
G ) =

which obeys the symmetry G(z,y) = G(y, z) of the Green’s function. For z > 0 > y we find

Im Gy (z,y) = V2exp (_ 2Vo =20 x) {\/ﬁcos ( 24/ y) —/Vo — ' sin ( 20/ y)} ) (60)

Vo

and the behavior for y > 0 > z is obtained from the symmetry of the Green’s function. In region x,y > 0 one finds
the decaying solution

Im G,y (z,y) = \/‘? exp (—\/QVO —2u (x+ y)) . (61)

We now consider the case where /' > Vj. For x,y < 0 we find

[Vo cos (\/ﬂ ) (\/> \/M)Q cos (\/T,u’ (x+ y))] , (62)

1
G (eo9) = 3

while for y < 0 < x we find

VI — NI =2
Im G (z,y) = H 7 H Yo cos (\/Q,u’ —2Vy x — 2u’y) . (63)
0
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Finally, for z,y > 0 we find

Im G (z,y) =

[Vocos (VBT =20 (= 9)) = (Vi = Vi = Ta) oos (VB = 275 (o +9) .

(64)

1
Vov2p' =2V

These forms for G,v can now be used to compute the kernel.

C. Infinite barrier and the hard wall kernel

Let us start with the simplest case of an infinite barrier Vj — co. In this limit we see that when both points are to
the left of the wall, z,y < 0, one obtains from Eq. (59)

1 / /!

i G (9) = s [eos(v/ 207 (2 =) = cos(v/ 207 (z )] (65)

By integrating Eq. (64) over p’ one finds from Eq. (9)

sin(VI (z =) sin(y (= +1))
m(z —y) m(z +y)

which is the reflected sine-kernel that describes the infinite, or hard wall, potential barrier. This result is well known
and has been derived in the literature using different methods [12, 13].

Kﬂ(zvy) = ; (66)

D. Super-critical case (or overflow) u > Vj

Let us study the case p > V where the mean densities far on both sides are both positive, pr, g > 0. The square
barrier thus acts as a perturbation inside the bulk of the Fermi gas. Using (62) and (64), it is easy to see that the
integration of Eq. (9) leads to

Ku(x’y) — W _ /OO dul(\//?_ Vi _:‘(22\;2075\/27// (x+v)) . 2,y<0 (67)
_ sin(v2p =2V (z —y)) = W = Vil = To)? cos(v2i — 2V (z +y))
K, (z,y) = prp— +/M dp Voo =2V , x,y>0.

The result in the region > 0 > y can be obtained from integration over x' of (60) from 0 to Vp, and of (63) from Vj
to u, but is not displayed here.

The results in (67) describes the deviations from the sine kernel forms, which hold deep in the left and right
bulks, due to the barrier at = 0. These deviations are written as integrals, which are convergent at large p’ since

(Vi — ' —Vp)? ~ Vi for w' > Vp, and which decay far from the barrier. The Eq. (67) can be written in the

— Ay’
scaling form (57) where for r < 1,

sin (7 |a —b]) . o0 w(\/@—\/w—l)Qcos(ﬂ' rw (a + b))
wla=tl V) N ’

sin(ﬂ'\/l—r(afb)) > (\/E_Vw_l)QCOSGT\/T(w_l) (a+b))

d
7 (a—0b) v 1/r v 2vw — 1

a,b<0 (68)
kir (a,b) =

a,b>0. (69)

We recall that the mean density is given by p(z) = K,(x,z). We find that the density at = 0 can be expressed
in terms of the densities p;, and pg far from the barrier given in (56) as

2p, +ph+pLpr  pLtpr | 1 2 3
0)=2 = - O(pr — . 70
(0) 3 on+pn 5 T 1201 (pr — pr)” + O((pL — PR)”) (70)

Far from the barrier the density decays to its asymptotic values as

- —Vo)?sin(v/2p 2)x — pr sin(2mpy |z
oy o VTV ST e g pnsinplel) -
27V || pr+pr 27z

w— o — Vp)?sin(+/2n — 2V5 22 — prsin(2mprx
P(fC)ZPR—(f 2> ( )sz—pL prSICMORT) (72)
mVox PL + PR 2rx
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E. Kernel in the critical — just overflowing — case

For the square barrier one obtains a new form of edge when the Fermi energy intersects the potential, for y = py. =
Vo, see Fig. 3. The picture is that the bulk of the Fermi gas on inside the potential well for x < 0 is on the point of
overflowing out of the well for z > 0.

Let us first study the region z,y > 0. Setting u = Vj in the second equation in (67), we see that the first term
vanishes and we find

- T — /i = p)?%cos T— z
Ku—v,(z,y) = Kc(z,y) :/ d/i/(\/ﬁ \/W;W (x+y))
- / ™ g YLE Y = Vo) cos(V20 Vil + )
T Jo V2o

where we have set u/ = (1 + v). This integral can be evaluated and one find that the kernel takes the scaling form
(57) where the critical reduced kernel k.(a,b) = K,=1(a, b) is given by

2 Ly(m(a+b)) — Iz(m(a+ b))
/@c(a,b) = g + (a + b) )

, x,y>0 (73)

a,b>0 (74)

where L, denotes the modified Struve function and I,, the modified Bessel function [22].

It is worth noticing that Eq. (74) can also be obtained, using (17) and (9), by integrating Eq. (61) between ' =0
and p/ = p, since there are no states for ¢/ < 0 hence Im G,/<o(z,y) = 0. Upon inserting Vy = p and setting
' = u(l —v) we obtain again (57) together with the alternative, more useful, representation of the kernel

Ke(a,b) = /01 dv V1 —vexp(—vor(a+b)) , a,b>0. (75)

Consider now the region z,y < 0. Setting p = V; in the first equation in (67), we find

= @) _ e} 7 __ 7 _ 2 . 20
i) = B0 [ B TPV ) -
m(z —y) u TN 24
The integral can be evaluated and the result takes again the scaling form (57) with now
sin(m(a — b)) sin(w(a + b))
(6] Y b =
re(a,b) m(a —b) + m(a+b) (")
1 m(a +b) cos(m(a + b)) — sin(mw(a + b))
4 _

+ Tath) (a1 b)? nJa(m(a+0b))| , ab<O

where J,, is the Bessel function of the first kind [22]. Finally the kernel for > 0 > y, not displayed here, is obtained
upon integrating (60) between p/ =0 and ¢/ = p.

The mean fermion density is thus given by Eq. (58) with n. (a) = n,—1 (a) = k. (a,a). On the left side < 0 it is
obtained from (77) and it reaches its uniform limit p(z) = py, for © — —o0, i.e. for a — —oo, by oscillating as

sin(2wa

1
nc(a):1+m+0<|a3/2> , a— —00. (78)

On the right side > 0 the density is obtained from (75) and we find that it decays to zero as a power law

ne(a) = —— — 3 +0(a16>. (79)

2n2a?  8miat

The behavior of n.(a) is shown in Fig. (4). At the barrier we find that n.(a) and its derivative are continuous (as
they must be). In addition we have n.(0) = 2/3.

It is interesting to study the total number of fermions N outside the well, i.e. on the right side > 0, together
with its fluctuations. Using Eq. (3) we see that its average is given by

(Ng) = /0+<>O plx)dx = /000 ne(a)da = /01 %m: %, (80)
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FIG. 4. The behavior of n.(a) vs a. The density normalised by the bulk density, at the critical point where u = p. = V.

where we used the representation (75) of the kernel. It is finite, and independent of p, which may be surprising a
priori. This independence on p is an interesting consequence of the scaling form (58) together with the convergence
of the integral of n.(a) at large a. Recall that as soon as p > Vj, the mean number of fermions on the right, (Ng),

becomes infinite (with a density pr = /2u — 2V, /7).
Using Eq. (4), and again the kernel representation Eq. (75), we find that the variance of Ny is given by

> 1 ! —vv1l—u
Var(Ng) = (Ng) —/0 dadb k.(a,b)* = i - %/O dv/o dum = % (81)

and where computation of the last integral above is explained in Appendix D. Given the small value of (Ng) it
would be tempting to assume that the number of fermions outside the well has a Bernoulli distribution, i.e. Ng =1
with probability p and Ng = 0 with probability ¢ = 1 — p. This would imply from Eq. (80) that p = 1/4 and so
Var(Ng) = pq = 3/16 = 0.1875. However our exact calculation finds Var(Ng) = % = 0.202642. Hence the actual
random variable Ny fluctuates more than a Bernoulli random variable, and the above result shows that the probability
that Ng > 2 is strictly nonzero. A similar calculation for the third cumulant (see Appendix E for the details) gives
<N }3%>C =0.1281169.... Here too one can see the difference from the Bernoulli distribution, whose third cumulant is
p(1—p) (1 —2p), which for p = 1/4 would give 3/32 = 0.09375.

F. Kernel in the sub-critical regime

We now consider the case where y < V4. The physics here has similarities with the critical case, with additional
off-critical features near the transition, which we now analyse. We will focus on the region =, y > 0. We integrate
Eq. (61) over y' from p’ = 0 to g/ = p and obtain that the kernel takes the scaling form (57) in terms of the reduced
kernel, for r = % > 1

kr(a,b) = 1/0 dv Vvuexp (—mvr—v(a+b)) , a,b>0. (82)

r

The critical kernel £.(a,b) in (75) is recovered setting » = 1. The density takes the scaling form (58) where

ny(a) = kr(a,a) =n, (a) = K, (a,a) = %/0 dv Vv exp (—2mavr —v). (83)

Remarkably, x,(a,b) is only a function of the sum a + b. In particular, it satisfies ,(a,b) = n,((a + b)/2). The
rescaled density at a = 0 is given by n,.(0) = 327 One can write this result together with Eq. (70), in the form

2prg(r) 1r r>1
P (O) = ) g (’I") =N 2—r+/1—1 . (84)
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1.5/

g(r)

0.5}

FIG. 5. The function g(r) that describes the density at = 0, see Eq. (84). The marked dot is the point g(r = 1) = 1 which
corresponds to the critical case. Note that g(r) is non-analytic at this point 7 = 1 [see Eq. (85)].

In the vicinity of » = 1, the function g(r) exhibits the singular behavior

g(r)=

{1—|—(1—7“)—|—(1—r) +... r—1l«1 (85)

1+(1-r)—Q=r)* 24 1=r?+... 1-r<1

The function g(r) is plotted in Fig. 5. For large a > 0 and fixed r > 1 one finds that the density decays exponentially

ny(a) ~ <\/r71 +0 <:2)> exp (—2mavr—1) , a— +oo. (86)

war

Hence for r = Vi /p > 1 the density p(z) decays exponentially for z > 0, with a decay length &. = ¢/(2my/r — 1)
which diverges at the transition with a square root singularity. Around the transition, in the double limit » — 1 and
a — +o0o, with ay/1 — r fixed, it is easy to see by performing the change of variable v = 1 — (r — 1)w in the integral
(82), that the reduced density takes the scaling form

ne(@) = (r = 1)vraVT—r) (@) = (1 +a) exp(~a) (s7)

which describes the crossover between the exponential decay (86) and the algebraic decay (79) at criticality.
In this regime Vy = ru, r > 1, we find that the average number of particles outside the well is given by

oo 1_ Vr—1 _1)3/2 +
(Ng) Z/ ny(a)da = 1 [7"sin1 <1> —Vr— 1] = = TOr-1 Bt (88)
0 2nr VT 737”{3/2 +0(r=5/2) | r — 400

which tends to zero as a power law for large r and to 1/4 as r — 1. Eq. (88) is plotted in Fig. 6 together with its
asymptotics. The variance is given by

Voyu
VIt =)

= e - 7 (") (39)

Var(NR):<NR>7W/O dv/o du( "

where

cos™! (\/Z) [2 (1-24)/A(1 — A) +cos™! (\/Z)} —(A-1)3A+2AInA-2)

F(4)= - L e0)

and the computation is explained in Appendix D.

As r — +o0o the second term in Eq. (89) behaves as ~ —1/(972r3) and is thus small compared to the first one.
Consequently we see that Nr becomes a Bernoulli random variable in this limit, because it satisfies Var (Nr) =~
(Ng) — (Ng)? [see the second line of Eq. (88)].

The kernel K,,(z,y) in the other regions z,y < 0 and « > 0 > y, not displayed here, are obtained by integrating
(59) and (60), respectively, for u’ from 0 to p, and can be studied similarly.
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FIG. 6. (a) The mean number of particles on the right side of the step Ng, see Eq. (88) (solid line), plotted together with its
r — 17 and r > 1 asymptotic behaviors (dotted and dashed lines respectively). (b) The variance of Ng, see Eq. (89) (solid
line), together with its > 1 approximation Var (Ng) ~ (Ng) — (Ng)* (dashed line) that corresponds to a Bernoulli random
variable. Inset is a zoom in on the regime r ~ 1 where the result clearly deviates from the large-r approximation. At r = 1 the
mean and variance are 1/4 and 2/7® respectively.

V. SMOOTH BARRIER, UNIVERSALITY AND SCATTERING AMPLITUDES

In this section we consider potentials which become asymptotically constant far from the origin. Without loss of
generality we write

V(z)=0asx — —o0; V(z) =V as x — oo, (91)

where the convergence occurs beyond a typical scale which we call the barrier width. The discontinuous step potential
is thus a special case which corresponds to zero barrier width. In what follows we show how the kernel can be obtained
from scattering solutions, first via the Green’s function method and then by a direct summation of the eigenfunctions.
We obtain formulas for the kernel valid at distances larger than the barrier width, and for a general barrier potential,
in terms of the coefficients of the scattering solutions. These formula recover the exact result in the case of the
discontinuous barrier. In a second part we give the exact solution for a special smoothened step potential, known as
the Woods-Saxon potential in the context of nuclear physics, and show the convergence to the aforementioned large
distance formula. In that part we identify which features of the transition at p = Vj are universal, i.e. independent
of the details of the shape of the barrier.

A. General representation for a barrier in terms of scattering solutions

Here we determine the Green’s function for a general barrier, and from it we derive the kernel. In general in one
dimension the Green’s function can be written as

Gu(z,y) = Arw (y) PR (x) for x >y,  Gu(z,y) = Arw (y)orw (x) for y > x; (92)

where ¢,/ (z) and ¢,/ (z) and are solutions to the homogeneous equation (1 — 0" — H)¢,/ (x) = 0 respecting the
boundary conditions ¢/, () — 0 as x — —oo (L) and as 2 — +o00 (R). Now matching the solutions at x = y gives
the result

 2¢0rw (2)prLw (y)
w

_ 20 (y)¢Lu’ ()

G#/(‘T7y) = W

forz >y, Gu(z,y)= for y > x, (93)
where W = Widry, ¢rpw| = brw(2)¢7,(x) — ¢rup(2)¢R, (¥) is the Wronskian and is constant for differential
equations having no first derivative term as is the case here. However as the potential becomes constant away from

the barrier, we must find the bulk solutions which are given up to a constant prefactor by

G (x) ~ exp (i\/Qu’ — 40t x) , as x — —00, (94)
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and
Oy (@) ~ exp (—i/20 =107 =2V x), as @ +ox, (95)

in the case y’ >V, and

dru (z) ~ exp (—\/ZVO —2u/ 4+ i0* x) ,as & — 400, (96)

in the case p' < V. This means that if we write k = 1/2u/ — i0+ — 2V}, the region 2’ — 0T — 2V, > 0 gives values
of k along the positive real axis whereas when 2u’ — 2V < 0 we obtain k = —ik’ where k' > 0.

The Green’s function for i/ >V and the supercritical case.

In the case ' > Vj, we can use the solutions 1, (x) of the Schrédinger equation (k%/2 — H)vy, = 0 corresponding
to the energy p/ = k?/2 which have the asymptotic form of plane waves far away from the barrier. For potential
barriers, eigenstates are often expressed in terms of the scattering of a plane wave coming from the left of the barrier.
The incoming momentum to the left of the barrier is k& = /2u/ — i0+ and the outgoing momentum to the right is
ky = \/2p' —i0t — 2V, (we added the —i0T for future convenience when discussing the Green’s function). Such a
plane wave is partially transmitted and one writes

i Ca(k1,k2) )
exp (ik1x) + Ty ©XP (—ikiz) , @ — —oc
1/’k1 (l‘) = (97)
m exp (Zka) 5 T — 400 ,
N Ca(ki,ks) - _ . 1 B |
with p = 5- = 3 + Vo. Here ACRIE the reflection amplitude and AT the transmission amplitude, both of

which depend on the precise form of the barrier. The reflection probability is then given by

2

Ca(k1, ko) (98)

R(ky, ko) = 701(]{17 kz)

and the transmission probability is T'(k1, k2) = 1 — R(kq, k2).
The above wave function clearly does not satisfy the correct boundary conditions for either ¢g, or ¢r,, however,
comparing with Eq. (95), we see that we can write

¢R/A’(x) = 1/};1 (:L‘), (99)

as, if ¢, (z) is an eigenfunction then so is ¥} (), one just has to verify that it is not the same eigenfunction. Now
if we write ¢r,/(z) = ¥x, (z) + By, (x), the asymptotic condition given in Eq. (94), i.e. ¢r.(z) ~ exp (ikix), as
xr — —oo then gives

k = —ik B —ik = = k =A k 1
exp (ik1z) + AR exp (—tkiz)| + B |exp (—ik1z) + Crlhn o) exp (ik1x) exp (ik1x), (100)
where A is a constant. Note that since k; and ko are real we denote C;-‘(kl, k2) := (Cj(k1,k2))* [see the discussion
around Eq. (114)]. This yields B = —Cg(/{il, kg)/cl(kl, /€2) and thus
Co(k1,k2) |,
(x) = r)— ————= x). 101
b110(0) = 0 (0) = G U (0 (101)

From this we find that the Wronskian is given by W(é,/r, ¢, ] = W[} ,¢r,]. However as this is a constant we can
evaluate it in the regions * — +oo where its is known, i.e.,

2iko
WIYr vk, | = . 102
[¢k)1 ¢k ] Cl(kl’kz)cf(khkz) ( )
On the other hand, the evaluation of the Wronskian as x — —oo yields
Co(ky, ka)C5(k1, k
W, ] = 2iky [1— C2UFR2) G, ko) (103)

Cy(k1, k2)C5 (K1, k2)
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Equating the two expressions for the Wronskians yields the Wronskian identity, which is the well known formula
corresponding the the conservation of current,

k2 |Ca (K, k2)|?
B R e NS 104
AR A S (104)
which can be written as
k
T(k1,ka) =1— R(ky, k) = ——— (105)

" k1|C1 (k1 k2))?

From the above relation we see that when ks vanishes ¢ and 1y, correspond to the same wave function as the
Wronskian vanishes - physically this is due to total reflection of the incoming wave. The case k2 < 0 must thus be
treated separately and will be considered at the end of this section.

Putting all the above results together and using Eq. (93), we obtain, for z > y,

CQ(kla k2)

1/11:1 () |, (y) — md’il ¥)] (106)

1Cy (K1, k2)C (K1, k2)
ko

Gu/ (:E, y) =

where we emphasize again that here, for y/ > Vj, k1, ko are both real and positive. This is an explicit formula for the
Green’s function in terms of the scattering eigenstates.

Although the function ¢y, (z) is not necessarily known everywhere, its asymptotics can be read of from Eq. (97).
As x, y — 400, with & > y, we find

. Ca(k1, ko)

G o k) exp(—iko(z + 1)) . (107)

i .
Gu(x,y) = T exp(—ikz(z — y))

This gives, using Eq. (A5)

__ sin(kar(z —y))

1 e k2 + 2V, k
K, (z,y) ~ +-Im [ idks o'k + 2V, k) exp(—iks(z + y)) (108)

m(z —y) T Jhar Cr (k3 + 2V, ko)

where kop = /21 — 2V and where we have used dy’ = kadks. (108) should be valid for z,y > 0 much larger than
the barrier width when the asymptotics for above the wave-functions hold. The notion of a barrier width will be
quantified in the next Section (and called A) in the concrete example of the Woods-Saxon potential. In addition, one
can perform a second asymptotics if furthermore = 4+ y > 1/kop (a scale which can become much larger than the

barrier width near criticality, here the integral is dominated by the vicinity of ks & kop and we obtain (see Appendix
A for details)

sin(kor(z —y))  [Calkir, korp)| sin(kar(z +y) — d12)

Bulo ) > = T ki kel n@+y)

; (109)

where @19 = arg(Co(k1r, kar)/C5 (kir, kor)). We thus see that at large distances from the barrier, the kernel takes
the bulk sine-kernel form, plus an oscillatory correction with an amplitude that decays algebraically with distance
from the barrier.

In the region to the left of the barrier as z, y — —oo one finds

Ci(k1, k2)Cy (K1, k2) { C3(k1, k2)Ca(k1, ko)
G T, =3 1 ’ ’ 1— ) ’
) ks Ci (k. ha) Cr (k. )
C3 (k1, ka)
C (K1, k2)
where we have used the Wronskian identity Eq. (104). Using Eq. (Ab), it leads to
sin(kip(z —y)) 1 < Ok, K2+ 2V))
—_— 22— —Im ’Ldk’l
m(z —y) T Jhr Cy(ky, VK3 +2V0)

where k1p = 1/2pu. A similar calculation as above (see Appendix A) then yields

sin(kir(z —y))  |[Co(kir, kor)| sin(kir(z +y) — ¢1,)
m(z —y) |C1 (k1 kor)| Tz +y|

} <exp(—ik1(x —1)) G5 (ky, ko) exp(iki(z + y)))

_|_ R
Ct k1, ko)

= ki <exp(—ik:1 (x—vy))+

: explik(z + y») , (110)

K, (z,y) = exp(iki(x + y)) (111)

Ku(z,y) ~ : (112)
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where ¢, = arg(Ca(k1F, kor)/C1(kiF, k2r)). The above formula agrees with Eq. (71) for the density of the square
well when one sets x = y and uses the corresponding scattering coefficients given in Eq. (G4).

The Green’s function for p/ < Vj and the subcritical case.

We now turn to the case where k3 < 0, here two solutions can be found by analytic continuation of the previous
solutions. Recalling that ko = /2y — 10T — 2V}y where the positive root is taken we see that when V > p’ the

continuous branch of square root is ko = —ikg = —iy/2Vy — 21’ + 90T as this choice has a positive real part and
negative imaginary part in the region where pu’ =~ Vy. The analytic continuation of the Green’s function given in Eq.
(106) is then, for z >y

*Cf(kl, 72‘1432)01(1431, 775/"»'2)
K2

Cg(k'h 7’”’132) (2)

AT R (113)

G,u/ (I, y) =

2 (z) [w,i? (v) -

where here and below we denote the complex conjugate function

7, =ina) i= (O )l pen) (114)

ko——ik2 '
In other words f*(k1,k2) is calculated by taking first the complex conjugate of f(k1,ks) with ki, ko real, and then
performing analytical continuation in ks. Note that this is the usual definition, which satisfies (f(z,w))* = f*(z*, w*),
e.gif f(z,w) = az + bw then f*(z,w) = a*z + b*w.

In Eq. (113) we have denoted the analytic continuation of 9y, by 1/112) and ¢y by w,(fl). The analytic continuations
have the asymptotic forms

. C. (k}l,—il‘ﬁg) .
exp (ik17) + - exp (—ikix) , * — —00
=y e (115
O, i) OXP (ko) T — 400,
and
. Cy (k)l,—iﬁg) .
exp (—ik1z) + Fp-—rs exp (ikir) , o — —o0
2 (k1,—ir2)
v () = X e : (116)
T, =iy &P (—kox) | T — 400.
It is easy to see that these two functions used to construct the Green’s function have the Wronskian identity
2K ) Ca(ky, —ika)C5 (k1, —ika)
W@ M) = o2 = 2k |1 22 i 117
[wkl wkl ] Cl (/ﬁ, —ZKZg)CT(k‘l, —Z/ig) ! Cl(kl, —ZKIQ)OT (lﬂl, —Zﬁlg) ( )
Now returning to the Green’s function, in region x ,y — oo we find, for z > y,
1 1 Co(k1, —ika)
G AR —— — — Ry e — 118
w(z,y) - exp(—rz(z —y)) + s P exp(—rz(z +¥)), (118)
where we recall that here ky = /2y’ — i0% and ko = \/2Vy — 2/ +i0F. From this we find
exp(—ka(z +vy)), Caolki,—iks)
Im G,/ (x,y) = Im . . 119
" ( y) Ko Cf(kﬁl, —Zlig) ( )
This then gives the kernel as
1 [k exp(—ka(x +vy)). Ca(k1,—ik2)
K ~— k1dk I 120
H($7y) ™ /(; ! ! K2 mCT(k1,*iH2)7 ( )

where ki1 = /21 and ke = \/2Vy — k? in the integrand above. An important identity is derived in Appendix F

Ca(ky, —ik2) _ k2 1

Imi. = T T~ T . 95
Cf(kl,—ll*i2) 2k1 ‘Ol(kl,lﬁjz)P

(121)



21

Hence we see that an alternative formula for the kernel (at distances much larger than the barrier width) is

k
P dky eXp(—K/Q(-T + y))
P dky ' . 122
u(z,y) /0 21 |C1(ky,ik2)]? -

This form is the one naturally obtained in the alternative method which uses the summation over the eigenstates, as
we will see in the next Section, see formula (133).

Further asymptotics can be performed if z + y > 1/kop, where kop = /2V) — 2u. Again this scale can be much
larger than the barrier width if one is near criticality p ~ V5. In the region @ + y > 1/kop the integral in Eq. (120)
is dominated by the region near k1 = k1r (equivalently ko near ko), due to the exponential decay of the integrand.
Expanding the integral about ki = ki using ki1dk; = kodks, yields the asymptotics for the kernel as xz,y — +oo as

exp(—ror(z +y)) | Colkip, —ikor)
m(x +y) Oy (kip, —ikar)’

where we recall that kip = /2u and kep = /2Vp — sz = /2Vy — 2u. Let us emphasize again that the above
calculation requires that kop > 0. The critical point where ko = 0 will be discussed below.

In the region z ,y — —oo, for > y, we can analytically continue Eq. (110) to find

Gyl - (exvl-ita (o~ ) + 2T explit(a+1)) ) (124)

Note that C(k1, —ik2) = (Cj(k1,ik2))*, j = 1,2. Using Eq. (A6), we obtain

Ku(z,y) =~ (123)

sin(kip(z—y)) 1 /’“F C3(k1, —ika) )
K, (z,y) ~ 2P Y)) | 2 dleyIm (4220 782) ik 7 125
.U‘(m y) ﬂ'(a:—y) + 7 Jo 11m sz(k’l,—Zlﬂlg) exp(l 1($+y)) ( )
where ki1 = +/2u. This can also be written using Eq. (A5) (and analytically continuing he coefficients C; and C5) as
Sin(k‘lF(l‘ — y)) 1 /oo Cg(k'l, —ilﬂ;g) .
K N —— — — dkq1 B k . 126
A ETT w S MG G, iy PR HY) 120

Using the same method as in Appendix A, the asymptotic behavior of K, (z,y) in (126) for =,y — —oo is given by

sin(krp(z —y)) | |Colkrr, —iror)| sin(kir(z +y) — d1,)
m(z —y) |C1(k1r, —ikar)| m(z +y)

Kyu(z,y) = : (127)

where (b/12 = aI‘g(Cg(kilF, iKQF)/Cl (kle, Z'KJQF)).
The critical case.

Here the critical case corresponds to kop = 0. If we use the representation in Eq. (122) the kernel at the critical
point, for z, y > 0 much larger than the barrier width, can be written as

1 [l 1
K ~— dk) ——— — 128
o) 5o [ g ep(omala ) (128)

with ko = \/kir — ki in the integrand. This kernel has the following asymptotics as z + y — +o0o. The dominant
contribution in that limit comes from ks &~ 0 and so k1p ~ k1 and using this we find
1

K ~
ul@:y) 27|C1(k1r, 0)2kip(z 4 )2

(129)

and so we see that the large distance 1/(x + y)? decay of the kernel at the critical point is universal. This will be
confirmed below from an exact solution for the Woods-Saxon potential [16].

B. Direct summation of eigenfunctions and the Woods-Saxon potential

We now analyze a fully solvable model of a smooth barrier, described by the Woods-Saxon potential [16]

Vo

Viz) =17 exp(—2)

(130)
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such that V(x) — 0 for x — —oo and V(z) — Vj for & — +oo. The length scale A thus controls the width of the
step, and for A — 0 one recovers the square step barrier. The method we use here is a direct summation over the
eigenstates. This will allow us to (i) connect with the previous subsection where we obtained the asymptotics far
from the barrier using the Green’s function method (we will see how these asymptotics emerge in this second method)
(ii) explore the universality of the transition at p = Vj with respect to the shape and width of the barrier. We will
investigate here the situation where A and the typical inter-particle distance, ¢, are of the same order.

In this subsection we restrict to the case pu < V4, i.e. subcritical and critical. We will only sketch the main results,
the details are given in the Appendix H. Using the standard solution [35] for the eigenstates for energies €, < Vp, one
finds (see Appendix H) the exact expression of the kernel for any z,y and for u < V;

V21 gk
Kulo) = [ GOk M)k res (0)0res s W) exp (ks +9) o w2 = 2Vo =k (131)
with

T(—ik1 + k2)D(1 — iky + ko) 2
F(*QZkl)F(l + 2%2)

(132)

¢]€1,H2($) = 2F1 (Zkl + K2, —ikl + 1432,1 + 2,%2, — exp (—%)) s B(k/’hfiz) = ’

and o F} is the standard hypergeometric function. For A — 0 one has @, ax, (z) — 1 and B(Mkq, Aka) =~ 4k3 (k3 +K3)
and one recovers the result for the square step barrier, in the form given in the appendix in (G5).

Let us first study the region x,y > 0, i.e. the penetration of the fermions in the classically forbidden region. We note
that for  — 400 the function ¢, «,(x) approaches unity exponentially fast, i.e. ¢g, x,(x) =1— % exp(—z/\) +
O(exp(—2z/X)). Hence for z,y > X the kernel takes the form

V2 dk,y
K, (z,y) ~ / ﬁB()\kl, Aka)exp (—ke(z +y)) . (133)
0
Since B(Mk1, Akg) = 1/|C1(k1,ik2)|? in terms of the scattering amplitudes given in (H4), the formula (133) is thus
consistent with the result obtained in (120) and (122) by the Green’s function method, for a general barrier in terms
of their associated scattering amplitudes.
At criticality u = Vj, one can shift to ko = /2 — k7 as integration variable, and one sees that the kernel decays
as a power law at large distance, as

\/ﬁdlig K2 2A 1
K, (z,y) ~ 22 B A/2u— K2 - ~ "2 coth (mA\/2 O—
u(,y) /0 o Jap ( \ 21— K3 @) exp (—rz(z +y)) Trr (Tr u) + <(x+y)3>

(134)
since for large x + y the integral is dominated by r2 & 0 and we used that B(A\\/2u,0) = 47A/2u coth(mA\\/2pu).
Hence, comparing with (79), we see that the inverse square power law decay at large distance appears to be universal,
but that the overall amplitude depends on the width of the barrier in units of inter-particle distance A\y/2u = wA/L.
Again this is consistent with the general result obtained by the Green’s function method in (129). The exact formula
Eq. (131) allows one to also obtain all sub-leading corrections.

We now show that, up to this overall amplitude, the scaling function v defined in (87) is universal. It describes
the decay of the kernel and of the density at large distance in the critical region, i.e. r — 1 < 1 and x,y large of the
order of the decay length &, = ¢/(2m+/r — 1) introduced above (87). Note that as r — 1, £ becomes much larger than
the width of the barrier, hence it is natural to expect universality. Let us define k1 = /vy/2u, ko = /7 — v/2u with
r = Vo/p > 1 and we see that the kernel can be put in the scaling form (57), with ¢ = \/é the typical inter particle

~ 2
distance, and A = \\/2u = A/

Lo (ry ) R s —/To(atb)
K’*(w’y)—ZKM(Z’Z) , fir,/\(a,b)—/O mB(AﬁJVr—U)@ ,oa,b> N/ (135)

If we take A — 0 we have B(A\/0, \Wr — v) ~ 4 and one recovers (82). Let us now write v = 1 — (r — 1)w and
perform an expansion in r» — 1. We obtain

1/(r—1)
K, 5(a,b) = (r—1) / dw (TAcoth(mA) + O(Vr — V1 +w) e ™1V T+wlatd) (136)
0

~ wAcoth(wA\)(r — Dv(r(a+b)vr—1) , v(a)= ;—2(1 +a)exp (—a) (137)
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hence in the critical region z,y = O(&,.) the kernel and the density take the same scaling form as in (87). Note that
inside the subcritical phase the decay is exponential with a rate predicted by (137) for any r. However, away from
the critical region, that is for large a,b > 0 and fixed r > 1, the amplitude of the large distance decay is given by

K, 5(a,b) ~ #jrlb)B(X MWr—1)exp (—m(a+b)Vr—1). (138)

The above is the analog of (86), but exhibits a non-universal r-dependent amplitude.
Let us now discuss the region z,y < 0 for 4 < Vj. From (H3) the wave functions are oscillating for =,y — —oo,
and for —x, —y > A, the kernel takes the form

2 dky ‘ sin/2u(z — y) V2l dfe ,
K ~ kq(z — ReB* iki(z+y) | — K Yy / IR e Hki@ty) (139
)= [T (cosh (@ =) + Ref e ) = SV [T R e (139)
where we recall that ko = \/2V) — k% and
Cg(kl,ilig)
. = 22\, the) 140
6’617 2 Cl(klyll‘iQ) ( )

is the reflection amplitude (whose modulus square |3|? is the reflection coefficient of the barrier, here equal to unity).
In (139) the second term (the reflected kernel) gives the far away correction to the sine kernel of the bulk due to the
presence of the barrier. Note that the asymptotic form (139) for x,y — —oo, and the expression of the reflected part
of the kernel, is very general for any barrier. It is in perfect agreement with the formula (125) obtained by the Green’s
function method. In the case of the Woods-Saxon potential

F(22/\k1)F(—z>\k1 + )\K,Q)F(l — ik + )\K,Q)
T(—2iMk1)C(iMky + Aa)D(1 1 iMEr + Aro)

ﬁkl,ﬁz = (141)

The limit of the square barrier is recovered for A — 0 in which case i, ., = Zi;zzz Note that for any A in the limit
Vo — 400 one has Bk, x, — —1 and one recovers the infinite wall reflected kernel (66). From (139) we can extract
the asymptotics of the mean fermion density as x — —oo. In that limit the integral is dominated by the vicinity of

k1 = kr = \/2p leading to the general formula for p < Vj

1 .
p(x) ~ pr + =——1Im [ﬁm’mexp(%kﬂﬂ)} , T — —00 (142)
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which, for the square barrier gives

p(x) ~pp + #(Mlm {(\/ﬁ — i\/m)zexp (22kp|:17|)] , T — —00 (143)

i.e. the continuation for p < Vp of the formula (71) (which was valid for g > Vp). The similar asymptotics were
derived for a general barrier in terms of scattering amplitudes for g > V, using the Green’s function method in the
previous subsection.

The density p(z) = K, (z,z) for the Woods-Saxon potential in the critical case, with 4 = V5 = 1, is plotted in
Fig. 7 together with its x — oo asymptotic behavior (134). For a broad barrier (which, for the Woods-Saxon potential
corresponds to large A), the density is described correctly by the LDA, because the potential varies slowly in space.
This is seen in the figure even for the moderately large value A = 2. Likewise, the density correlations are described by
the sine kernel (29). Note that even for large A, there is ultimately a power law decay of the density a large distance,
as seen in the inset of Fig. 7.

VI. CONCLUSIONS

In this paper we studied the quantum correlations of spinless non-interacting fermions in their ground state. We
introduced an alternative Green’s function method to compute the kernel which does not rely on an explicit summation
over eigenstates. We first showed how it allows to recover the known results for smooth potentials. It allows one to
derive, in a compact way, the kernel in the bulk, which is given by the LDA approximation, and to ascertain the
validity of this approximation. We also showed how the same basic method can be adapted to study the properties
of the Airy gas at the edges of the Fermi gas.
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FIG. 7. Solid lines: The density p(z)/pr = Ku (x,x) /pr vs. z, for the Woods-Saxon potential (130) with 4 = Vo =1 (so r = 1,
the critical case) and three different values of A: 1/2, 1 and 2, obtained via a numerical evaluation of Eq. (131). Dashed line:
The prediction of the LDA, Eq. (31), for A = 2. Inset: The large-x tails of the density (solid lines) compared to the asymptotic
(134) (dashed lines).

The method is particularly useful when one has exact results for the single particle Green’s function. This is the
case for a system in the presence of a finite step in the potential for which we have obtained the kernel and the
fermion density analytically. We have analyzed the cases where the Fermi energy is below the height of the step
(the sub-critical case) and above the height of the trap (the super-critical case). Of particular interest is the critical
case where the step height coincides with the Fermi energy. Here the kernel takes a particularly simple form and
one can show that the number of fermions N to the right of the edge is of order 1, even though the system itself is
macroscopic. The analysis of the second moment shows that the distribution is not Bernoulli in most cases, showing
that more that than one fermion may leak over the edge. However as the Fermi energy is lowered below the step
height, we find that the distribution of the number of fermions becomes Bernoulli, but with a probability of presence
p that becomes very small. For completeness, we have shown in the Appendix B how to recover the kernel for the
step potential from a direct summation over eigenstates, focusing for illustration on the simplest case p < V. This
method, which also allowed us to analyze the case of a step of finite width, has its advantages, but it requires a careful
treatment of the normalization factors and selection of the proper eigenstates which contribute, technical details
which are automatically taken into account in the Green’s function method. Furthermore, in a companion paper,
this Green’s function method will be applied to treat the case of delta impurities for which again it turns out to be
particularly well adapted.

Next we considered the case of a general smoothed potential and showed how the asymptotics of the Green’s
function (far from the region where the potential varies) can be written in terms of generic scattering coefficients of
plane waves arriving from the left. From this we were able to derive asymptotic results for the kernel and density far
from the step in the potential, in particular we were able to show that the algebraic decay 1/x? of the density, far
to the right of the step, is universal at the critical point © = V. The behavior of the density close to the step does
however depend on the shape of the step. For the Woods-Saxon potential we have given an integral expression for the
kernel and density in the subcritical and critical regimes and explicitly verified that for this potential, at distances
greater than the step width A, the general asymptotic results derived here hold.

This study opens up a number of perspectives for further research. In particular achieving close to zero temperatures
in experiments is still an on going challenge. The effect of finite temperature can be incorporated in a straight forward
manner at finite temperature and in the grand canonical ensemble. Here the kernel is given by [7, 10, 15]

1
1+ exp (B(4 — ex))

Ka(z,y) =Y

k

Vi (@)Yr(y), (144)

where i is the chemical potential, which becomes the Fermi energy in the zero temperature limit. Applying the results
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presented here it is straightforward to see that

1 , 1
Ki(z,y) = - /d,u T oxp (37 — ﬂ))ImG#/(x,yL (145)
From this formula the effect of a finite temperature for a step potential can be analysed, in particular one can ask
how the distribution of fermions to the right of the step in the critical and sub-critical regimes will depend on the
temperature.

It would also be interesting to investigate the properties of the Wigner function [25, 26] for stepwise potentials.
Existing methods based on the extraction of the Wigner function from the kernel have revealed interesting and
universal properties at the edges of trapped systems both for statics [27] and dynamics [28] and the methods proposed
here might facilitate further studies.

In a similar vein, the determinantal properties of trapped fermionic systems allow one to study extreme value
statistics, typically answering questions such as what is the distribution of the farthest fermion from the center of
a trap [7, 15, 29]. For one dimensional smooth traps these statistics are given by the celebrated Tracy-Widom [30]
distribution [7, 15], while in higher dimensional systems with eigenstate degeneracy Gumbel type distributions are
found [29]. In principle extreme value statistics can be determined from knowledge of a Fredholm determinant involving
the kernel [7, 15, 21], however the computation of the Fredholm determinant presents a daunting mathematical task.
It is however possible that the simple form of the critical kernel given by Eq. (75) may allow further analytical
progress.

Acknowledgments: NRS acknowledges support from the Yad Hanadiv fund (Rothschild fellowship). This research
was supported by ANR grant ANR-17-CE30-0027-01 RaMaTraF.

Appendix A: Alternative integral representations and asymptotic analysis of the kernel
1. Integral representations of the kernel

In this Appendix, we derive alternative integral representations for the kernel which are useful to study the asymp-
totics discussed in the text. When considering Green’s functions for systems which have variations in their potentials
in localised regions, for instance step like potentials, we will see that the Green’s function for a Hamiltonian H takes
a generic form

G,u/ (I,y) = GOH/ (Iay) + AG,U/ (Qj’y), (Al)

where G,/ (z,y) is the Greens’ function for a bulk system with constant potential, with Hamiltonian Hy. Here
AG,y (z,y) represents the change in the Green’s function due to the variation of the potential. The function G, (x,y)

has poles at p' = eg)) + 407", where e,(co) are the energy levels of Hy, and G,/ (z,y) has poles at ' = € + i0T ,where ¢,

are the energy levels of H. We thus see that AG,/(x,y) can generally have poles at p/ = e,(co) +i0% and ' = ¢, +i07.
The important point is that the poles of AG,/(x,y) lie infinitesimally above the real axis - as shown in Fig. 8 by the
symbols x’s. If Ko,/ (x,y) represents the bulk kernel then we have two representations of the kernel. The first (i) is

obtained from Eq. (16) and reads

> 1
K, (z,y) = Kou(x,y) —/ du’;ImAGw(m,y). (A2)

12

The second (ii), obtained from Eq. (17), gives

Kuo,n) = Konleo) + 3 [ i/ I AGyo(,0) (A3)
This means that the change in the kernel due to the variation of the potential
AKy(z,y) = Ku(z,y) = Kou(x,y), (A4)
has two representations
Representation (i) : AK,(z,y) = —%Im /:O dp' AG, (z,y). (A5)

o
Representation (i) : AK,(z,y) = %Im/ dp' AG (z,y), (A6)
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FIG. 8. Contour integrals used in the integral representations of the kernel. Crosses, X, indicate the poles of the Green’s
function which are just above the real axis. I'y = [u, 00] is the contour used in representation (i) and I'y = [—oo, u] that used
for representation (ii). The contour I's is used to close the contour I'y UT'2 and is taken to be a semi-circle in the lower half of
the complex plane whose radius is taken to oco.

and note that the imaginary part can be taken outside of the integral as the integration range is real. The integration
ranges are shown in Fig. (8) as contours I'y and I's. If we denote by

I = [ d AG, (o). (A7)
T

where T is an arbitrary contour in the complex ' plane, then representation (i) is equivalent to AK,(x,y) = %Im Ir,
and representation (ii) is equivalent to AK,,(z,y) = —%Im Ir,. The equivalence of the representations corresponds to
Im[Ir, 4+ Ir,] = 0. This can be seen by applying Cauchy’s theorem to the contour I's UT'; UT's, in the limit where T'3
shown in Fig. (8) is extended to an infinite semi-circle. Due to the absence of poles in the lower half of the complex
plane we find It, + I, + Ir, = 0. However we can formally write, for u/ € I's

(H — Ho)

AG = (W —H)™" = (' —Ho) ' = 2

(A8)

and thus we see that Ir, = 0, as AG, decays as 1/p/? on I's. Furthermore the integral over any subset of Ir, is also
clearly zero. We thus recover the equivalence of representations (i) and (ii) from the, stronger, identity It, + I, = 0.

However H — Hj expressed in terms of the eigenfunctions of H and Hj is an infinite sum, for instance H =
Dok Vi (2)Yi(y) is clearly not convergent as by definition €, increases with k and the number of states is not
bounded. It is perhaps possible to use the above argument using a finite dimensional lattice model, however in what
follows we propose a solution in the continuum setting. Omne proceeds by examining the behavior of the Green’s
function which for large |p’| in the complex plane. It is approximately given by the free Green’s function, see Eq.
(21) with V' =0, (as we can ignore the potential for |u'| — 00)

Guany) = V=), (A9)
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x X xX Xx

FIG. 9. Contour integrals used in the integral representations of the kernel in terms of the variable k£ = /2. Crosses indicate
the poles of the Green’s function in the complex plane of k. The contours I'; for i = 1, 2, 3 correspond to the contours I';
when mapped into the k plane. The contour I'y = [kr, kr — i00], which is useful for asymptotic analysis, is also shown.

The point is now that the branch of the square root must be chosen such that Im /2u’ < 0 as the Greens function
must decay for large |z —y| (this is a guiding principle throughout the paper). However as |p/| — oo along I's we thus
have Im /2p/ — —oo and so clearly G,/ (z,y) — 0 as |u/| — 0o exponentially quickly, but only so long as z #y ! So
we are obliged to treat the case x = y specifically. Note that from Eq. (21) we can write the Greens function with a
potential V' as (again when |p/| >> [V (z)] )

Gy (z,x)= S (A10)

V2u =2V (z)

From this we see that
) )

AG R —
H (.’E,-r) 2/,6/ — 2V($) 2,[1/

(A11)

and so on the contour I's we find that AG/ (z,z) decays as V(z)/(1/ )2, so slower than 1/42 but nonetheless ensures
that the integral along I's is zero.

In the analysis of an arbitrary barrier the Green’s function is conveniently expressed in terms of wave vectors
k = \/2u. For p/ < 0, the fact that the Green’s function must decay at large distances will be shown to imply that
k = —ik’ where k' > 0, thus determining the branch of the square root on the negative real axis. The contours I in
the p/ plane are mapped to their images IV in the complex k plane and are shown in Fig. (9), as well as the positions
of the poles of the Green’s function after this transformation, again marked by a x.

The values of the integrals are of course not changed, that is to say I, = I/ (the integration measures being
related by kdk = dy'). In particular in the limit where the contour I's is extended to infinity we have I, = Ir, = 0.
This means that the representation (i) which now reads

1
AK,(z,y) = ;Im Irr, (A12)
can be rewritten using Cauchy’s theorem It/ + I, = Ir, = 0 where I‘;* is the subset of the contour I'j which starts
where I1., intersects the real axis and terminates where It intersects Ir,. However as the integral along Iy is zero

for any subinterval of I'j as it moves out to infinity, we find

1 1 1
AK,(z,y) = ;Im Ir, = ;Im It = ;Im Ir,. (A13)
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Now writing AG,(z,y) = AG(k,z,y) (where recall k = /2’ and so dy’ = kdk) we can write

1
AK,(z,y) = ——Im | kdk AG(k,z,y), (A14)

s Ty

along the contour I'y = [kp, kg — i00). This result will turn out to be useful to explore the properties of general step
like potentials in terms of their scattering coefficients in section (V A) as the integral decays exponentially as one
moves along the contour T'y.

2. Asymptotic analysis

Starting from Eq. (108) in the text and using the representation of AK, (with a rotated contour) given by Eq.
(A14), we can also write an alternative formula which is more amenable to an asymptotic analysis

o _ 1 ko —i00 /12 D) k
K, (r,y) ~ sin(kar (@ — y) + —Im idko Co(Vky + 2V0, k) exp(—iks(x + y)) (A15)
m(z —y) T Jhar Cr (/K3 + 2Vo, k2)
k — )2 4+ 2V, kap — @
~ —Sm(kQF( —Im/ du 2r —w)* + 2Vo, kor zu) exp((—iker — u)(z +y)) (A16)
m(z — ng—zu) + 2Vh, kop — iu)

with kop = /2 — 2V}, Note, with reference to the discussion in section A, that first term in Eq. (107) corresponds
to what we referred to as G,/(x,y) and yields the sine kernel for free fermions in a constant potential Vj, while the
second terms corresponds to what we referred to as AG,/(x,y).

We now perform the asymptotics for  + y > 1/kop. Here the integral in Eq. (A16) is dominated by the region
u = 0, as the integrand clearly decays exponentially with u, and find Eq. (127).

Appendix B: Derivation of the Airy Green’s function

Here we provide a derivation of the solution of (43) given in (44). We look for a solution of (43) in the form

(€.¢) = {A*U*(O for¢ > ¢ (B1)

A_U_(¢) for ¢ <,
where UL (¢) are solutions of the homogeneous equation, i.e. the Airy equation associated with the Green’s function

82
({TCQU(C) —¢U(¢) =0. (B2)
This leads to

_ UL (QU-(¢ 9 for ¢ > ¢’
9(¢.¢) = ) (B3)

_Y QUL (N for ¢ < ¢,

where Wf,g] = f(2)g'(z) — g(2)f'(z) denotes the Wronskian between the functions f and g, which is a constant
here, i.e. independent of (.

The two linearly independent solutions of the Eq. (B2) are given by the Airy functions Ai(¢) and Bi(¢). For ¢ > ('
we must have U, (¢) = Ai(¢) as the wave functions vanish outside the bulk region. For ¢ < ¢’ we note that both the
solutions Ai and Bi decay as { — —oo to leading order as [22]

sin(2(-0% + 1) TEOTQ)  cos2(-0f - 2) T(HI()

Ai(¢) ~ T T (B4)
VA-OF o VA-OT

L eosG-0 +3) TONY) | snG(-0f - 3) TEHI()

POET Aol T TR0l i
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However from Eq. (24) we see that, up to an overall constant ¢, we must have for { — —o0, i.e. in the bulk region

coxp (~igpasy (20 = 2V (2.) - 2V/(2)2)} )
(2 — 2V (20) — 2V (20)2) T '

Y_(2) ~

Now, recalling that u' — V(z.) — 2V'(2.) = —a(, matching with the solution in the bulk implies that for ( = —oco
one must have

/

c 2
U-(¢) = Texp <—Z3(—O

[SI[)

). (56)

(=¢
where ¢’ is again a constant independent of (. Then using Eq. (B5) and Eq. (B6) it is easy to show that
U-(¢) = —iAi(¢) + Bi(¢), (B7)
and ¢ = exp (—in/4) //7. Now using W[Ai, Bi] = 1/ [22], we find
N 1
WU, U-] = - (B8)

This leads to the result for the Airy Green’s function given in (44).

Appendix C: Green’s function for the square barrier

It is interesting to relate the Green’s function G, (x,y) defined in the text to the Euclidean propagator in the time
domain (which we will denote by another letter) G(z,y,t), solution of

. ., 102 A
0G = —HG = 555G -V(@)CG , Glay,t=0)=d—y) (C1)

This propagator was extensively discussed in [7] Where it was shown that the kernel K, (x,y) can be obtained as the

inverse Laplace transform of %é(w, y,t), ie. K, fc 2§lfdG x,y,t), where C' is the Bromwich contour. For the
square barrier that we consider now, i.e. V(x ) VOG( ) it has also a nice application to Brownian motion. Let us
define T}, , ( fo dr 0(x(7)) the total time spent on the positive axis z > 0 between time 0 and ¢ by a Brownian
motion (7 ), started at 2(0) =  and ending at z(t) = y. Using the Feynman-Kac formula, one easily sees that the
Laplace transform w.r.t. the parameter V; of the probability distribution P, ,(T) of the random variable Ty, , () is

precisely the propagator [31, 32]
+oo
Gay.t) = Blexp (VT (1) = [ dTexp(-VT) Puy (1) (©2)
0

leading e.g. to the famous arcsine law [33] for P;, .(T). For an explicit expression for G in real time for a step
potential see e.g. [34].
For the square barrier the propagator is most easily studied via its Laplace transform w.r.t. time G(z,y;s) =
f0+°° dt exp (—st) G(x,y;t), which satisfies
32

with proper decay at infinity in space. Thus one has G = (s + H)~! and the relation to the Green’s function in the
text is

Gu(z,y) = —G(z,y,s = —p +i07) (C4)

The equation (C3) is easily solved in terms of plane waves. Since it must decay for |z,y| — 400, and it must be
symmetric G(z,y, s) = G(y, z, ), one looks for a solution in the form

A_(s)exp (—V2slz —y[) + B_(s)exp (V2s(x +y)) z,y <0
G’(m,y,s) = C(s) exp (\/ﬂy —2(s+ Vo)x) , y<0<z (C5)

() exp (—V20 +To)lr —3]) + Bi(s)exp (V264 W) +9)) oy >0
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The unknown functions A4 (s), Bi(s) and C(s) are determined as follows, from (C3). The continuity in =y = 0
requires that A_(s) + B_(s) = A+( )+ Bi(s) = C( ) the continuity of 9,G at x = 0 requires that v/2s(A_(s) —

—(8)) = /2(s+ Vp)C(s) and /2(s + V) A+ (5)) = v/2sC(s), and finally the jump condition for the first
derivative (from the delta function), [QcG]z_ = —27 gives A_( )W2s =1 and A (s)\/2(s + Vo) = 1. These conditions
are compatible and lead to

1
Al) == .« Bo9)- %\/»Z\f\/s—i—Vo—Vo—Qs (C6)
B 1 S_25+V0—2\/§\/5+V0 s—i . s
Al = s o B =T g o CO=pVAVsr -V ()

We now use (C4) to obtain G, and its imaginary part.

For y/ <0, /s =+/—p' —i0F and /s + Vo = y/—p’ — i0T + Vj and one finds that G, < has a vanishing imaginary
part.
For 1/ > 0 we must replace everywhere /s = i/’ — i0t. As in the text we must distinguish two cases. If p/ < Vg

we must replace v/s + Vo = /Vy — ¢/ + 0%, while if p/ > Vi we must replace /s + Vo = i/p/ — Vp — i0t. This leads

to the following expressions.

(i) For 0 < u/ < Vp (where, on the Lh.s. we denote y/ — 0" simply by u')

G (,y) = mexp( zmw—m)——(o—zu—zxfW— exp (iV2/(z+y))) , wy<0  (C8)
Gu/(m,y)=—70ﬁ(v%—u—2f eXp( 2uy)eXp( 2(Vo—u’)w) , T>0>y (C9)
Voexp (—v/2(Vo = 10)|e = 1) + exp (—v/2(Vo — )@ + 1) ) (~20v/i Vo = 1 + Vo — 24¢)

G (r,y) = — , x,y>0

V2Vo/Vo — W

(ii) For u' >V, (where, on the Lh.s. we denote p/ —i0" simply by u')

Gu(z,y) = meXP< Z\/ﬂlz—y\)—* Vo — 2’ + 2¢/p/\/ 1 —v) exp(\/ﬂa?vLy))) ;o zy<0  (Cl1)
Gy (z, __7\[ 20/ — Vo — /1) exp( 2,uy>exp< 2(u’—%)m> , >0>y (C12)

.  Voexp (<iv2la — ylVIr = Vo) + @VEVIT= Vo + Vo — 2u) exp (—iy/2(0 = Vo) + )
w(z,y) =1 NN , x,y>0
(C13)

together with the formula obtained by the symmetry in z,y. Taking the imaginary parts leads to the formula for
Im G,/ (z,y) given in the text (59),(60),(61),(62),(63),(64).

Appendix D: Evaluating the integral in Eq. (89)

Changing variables

in the integral that appears in Eq. (89), we obtain

I(r)= 7r2r2/ dv/ du m\iﬁm /1 o dv/1 1/7~de ,0), fl(a,0)= m (D1)

7 (Vi + o)
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Now using 0505 F (4, 0) = f (4, V) where

o N Vi + Vo
F(a,0) = f% {2arccos (\/&) arcsin (\/{)) —4a (1 —a)log (Jﬁ—!— N 1)

+2/5 (1= 5) (1 — 28) aresin (V&) +2v/a (1= @) (1 - 2a) arcsin (V) +2/(T— ) (1= 0) [2 = 2 (@ + 7) + V/ad]
45 (1 — ) {log (1—\/m+x/%) +2log (1+m+\/%) — 3log (\/ﬁ+x/5)” (D2)

we obtain

I(r):F(T_l), /dv/ dinf (i,5) = F(1,1) — F(1,A)— F(A, 1)+ F(A,4), (D3

r

which indeed yields the expression for F (A) which is given in Eq. (90).

Appendix E: Third cumulant

Here we calculate the third cumulant <N133>C in the critical case. We begin from the general formula Eq. (D.6) of [36]

for (minus) the third cumulant of the distribution of linear statistics A = Zf\;l ¢ (x;) for any function ¢ and for a
general determinantal point process with kernel K (z,y), which we give here (up for the convenience of the reader

(A%) =Tr (¢’K) = 3Tr (K9’ K) + 2Tr (pKp K oK) . (E1)

The particular case of counting statistics N7 corresponds to an indicator function ¢ = xz, and then the formula

simplifies to
:/K(:U,x)dsz%//K(x,y)dederQ///K(z,y)K(y,z)K(z,m)dxdydz
z IJI zJzJI

= —2(N7) 4 3Var (N7) + Q/I/I/IK (z,y) K (y,2) K (2, x) dedydz, (E2)

where we used Eq. (4) in the last equality. Let us apply this to the particular case of the square barrier potential in
the critical case, for the number of particles Ng to the right of the barrier. Using the results (80) and (81) for the
mean and variance (respectively) of Ng, and plugging in K (z,y) = énc (’lf, %), we obtain <N3> = l + % +27
where 3= [ [° [o7 ke (a,b) ke (b, ¢) ke (¢,a) dadbde. Finally, using the expression (75) for k., we find

/da/ db/ dc/dv/du/dw\/l—v (1—u) (1 —wyexp {—7 [Vo (a+b) + Vu (b+¢) +Vw (a+¢)]}

V(A=) (1 —u) (1 —w) _
/dv/ du/ dw— VNI EN ) = 0.01009491 . .. (E3)

where the last equality was obtained via a numerical integration. Altogether this yields the result for <N f%)c given in
the main text below Eq. (81).

Appendix F: An identity between scattering coefficients

In section V A, for p < Vj, we obtained two solutions of the Schrédinger equation denoted by z/;,il) and 1/1(2)
analytic continuation of the solutions ¢y, and ¢y respectively. The physical scattering solution is ¢,(621) which decays
exponentially as x — oo. Another way to obtain a decaying solution is to start with the solution w,(i) but choose
the branch of the square root of x3 with the opposite sign. That is we take the solution %(cll) with the substitution

Ko — —rKo. This solution which we will call 1/),(3) then has the asymptotic behavior

exp (iki1x) + % exp (—ikix) , ¥ = —00

U (z) =

1
C1 (k1 yira) exp (—HQJL‘) y xr — +00 .
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However as there are only two linearly independent solutions this solution must be proportional to 1/)1(3) (). Hence
there exists B such that ¢,(£) (x) = sz,(fl)(x). Identifying all the asymptotic amplitudes one finds that

B— Cf(k’l, —iﬁg) _ Cz(k‘l, Z'KJQ) _ Cf(kl, —Z'KJQ) _ (Cl (kh i/.gz))* (F2)
C’l(kl,ilﬁ‘,g) Cl(kl,ilig) O;(kl, —iHQ) B Cg(kl,ilig)
The last two identities show that the following ratio has modulus unity
’02(1“’2:”2) - lozi(kl’ ) (F3)
Cl(k’l,llig) Cl (kl, —’LKJQ)

which simply expresses that the wave in (116) is totally reflected. In addition, from the first identity in (F2) we obtain
Cik (kl, _iKQ) = Og(kl, in). (F4)

Constructing a solution in a similar fashion from w,(i) also yields Cf(k1,ik2) = Ca(k1, —ika).
Now, using these relations in the Wronskian identity Eq. (117) we obtain Eq.(121). For instance, eliminating all
C]’f functions, one can check that both relations are equivalent to

Cl(kl, —ilﬁ)Q)CQ(kl, ilﬁ)g) — Cl (klv iHQ)CQ (k‘l, _'L.KJQ) = —Z%f (F5)

These identities may be verified for the square shoulder potential and the Woods-Saxon potential.

Appendix G: Kernel for the step potential via the summation over the eigenstates

In this Appendix we show how to compute the kernel for the step potential by a direct summation over the
eigenfunctions. We will restrict to the simpler case u < Vp, for which the kernel for x,y > 0 was obtained in
Egs. (57), (75) and (82), but the method can be extended to p > Vj. Let us recall the definition of the kernel

Ku(z,y) =Y 0(p — e, V7, (2) bk, (y) (G1)
k1
Here v, (z) denote the eigenfunctions of the Schrodinger equation for the step potential V(x) = V, 0(z)
1 62
—5@1%1 (z) + Vo 0(2)0k, () = ex, Yr, () , (G2)
with eigenvalues e, = k?/2. The eigenfunctions are superpositions of incoming and outgoing plane waves with

different coefficients on both sides of the step (parametrized generically by four amplitudes). For p < Vj, we only
need the eigenfunctions for e, < Vp, in which case there is no incoming wave from the right, and there are only three
non zero amplitudes. In this simpler situation it can be treated as a problem of reflection by a barrier of an incident
wave coming from the left, for which one can write (from standard textbook see e.g. [35])

1 exp (ikix) + 21;:2 exp (—ik1z) , £ <0
Vi, (7) = Nor o , (G3)
7T Ttk €xp (tkaz) x>0,

where the incoming wave vector is k1 and the outgoing wave vector is ko = \/k? — 2V4. In the notation of section
V A the scattering coeflicients are thus given by

k14 ko k1 — ko
Ci(k1, k) = Co(ky, ko) = G4
1( 1 2) 2k1 ’ 2( 1 2) 2k1 ) ( )
In this scattering problem, the incident wave is thus reflected with a reflection coefficient R(kq, k2) = \’;i;ﬁz |2 and
transmitted with a transmission coefficient T'(k1, k2) = 1 — R(k1,k2) = Z—ﬂ kfﬁﬁ |2. Note that the highest allowed

value of ky is kp = /2u. For p < Vj one thus needs only to consider k1 < /2Vj, and ky = iy/2Vy — k‘% is purely
imaginary. This means that the corresponding eigenfunction in (G3) in the region x > 0 is exponentially damped and
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the reflexion coeflicient is R = 1. As we mentioned above, the solution corresponding to —k; with the same energy
€k, = k% /2 is not physically allowed since there is no incident plane wave from the right, for Vo > p. Therefore the
allowed range of ky is k1 € [0, k1] where k1 p = /2p.

Hence, to compute the kernel K, (x,y), we just substitute this expression for the eigenfunction (G3) in Eq. (G1),
and, in the limit of an infinite system with the continuum normalization chosen in (G3), replace Y-, — f(kF 21 (see
the remark below). For simplicity, we just give the expression of the kernel when both x,y > 0. In this case, ¥y, (x)

is simply given by he second line of Eq. (G3). Consequently the kernel reads, for z,y > 0 and any p <V}

1 kr 4]412
K, (z,y) = —/ dky exp ( 2V — k2 (z + )
/J,( y) o 0 |]§1 —f—l\/mP 0 1( y)

v2n 1
/0 iy K2 exp(— <2vo—k%)/<2u>w<a+b>)=€m<a,b> L or=Velu>1  (G5)

1
Vo
and the last equality shows that it agrees with &, (a,b) is given in (82). We have rescaled a = z/¢ and b = y/¢ with

¢ = w/\2p as in Eq. (57) in the main text, and performed the change of variable k1 = /2uv. Alternatively, for
u = Vp, performing the change of variable k1 = 1/2Vjy/1 — v one obtains the critical kernel as

1
K.(z,y) = %/{C(a,b) , where k.(a,b) = /0 dvv1—vexp (—vor(a+b)) , (G6)

Hence the results for p = V) and for u < V4 coincide with the formula obtained via the Green’s function derivation
given in Egs. (57) and (75), (82).

The kernel in the others domains of x,y can be obtained in the same way for p < V. The case p > Vj is slightly
more involved as it involves four amplitudes, but can be done similarly.

Remark. To establish more carefully the normalization we place an infinite wall at x = —L so that ¢y, (—L) =0,
and consider the limit L — +o0o. For €, < V; this is sufficient since the wave-function decays exponentially for
x> 0. In this case the wave functions can be written (with a normalization different to (G3)) ¢, (z) = Ay, (x) with

Yp (x) = (exp (ik12) + cvexp (—ikix)) for z < 0, with « = ];::\/i szz with A a real normalization amplitude. One
can then perform the integral of the norm on the negative axis, and one finds, after inserting in the expression the
boundary condition exp (2ik1 L) = —1/a, that it simplifies into fEL [Vr, (2)]? = A2(L(1+|al?)+0(1)) = A2(2L+0(1))
since |a| = 1 for the case considered. Since the normalization integral for = > 0 is O(1) this gives A = 1/V2L for
large L. On the other hand the boundary condition shows that the quantized values of ky are k; = +¢/L, with n
positive integer. Putting this together we see that at large L one has

L (e 1 e dg
ZG = €k )V, (€)Y, (y) = ;/O dky 5707, (%) 0k, (9) =/0 71%( VR, () (GT)

which justifies the formula given above. If one prefers continuum normalizations, it is also possible to check (using
regulators) that, since |a] = 1, the eigenfunctions given in (G3) satisfy fj;o dgcz/Jkl(ac)z/JZ3 () = 2m)(6(k1 — k1) +
d(k1+ k1)) +0() = (2m)d(k1 — k1) since k1, k] > 0, and to argue that it leads to the same conclusion.

In conclusion we see that in this direct summation method one needs to be careful in choosing the eigenfunctions
that contribute to the sum in the kernel in Eq. (G5) and in determining their proper normalization so that the
discrete sum over states can be given a meaning as an integral in the continuum. Interestingly, in the Green’s function
approach, this is automatically taken care of by imposing appropriate boundary conditions at x,y — Foo.

Appendix H: The smooth step

Here we give some more details on the smooth step barrier potential V(z) = studied in Section V.

VY
14+exp(—z/\)

Following [35] one looks for solutions of the eigenfunction equation (_EW + V(z))¥(z) = ep(x) of the form
: x k3 k3
b(@) = b, (2) = Aexp(ikon) f (—exp(-3)) . e= =10+ (F1)

One finds that f(z) must obey the hypergeometric equation z(1—2)f"(2)+(1—2)(1—2i k) f'(2) + A% (k3 —k3) f(2) = 0.
The solution

f(z) = 2F1 (’L)\(kl — kg), —Z')\(]fl + kz), 1-— 2i)\]€27z) (H?)
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is such that, upon choosing A = m one can explicitly verify that the eigenfunction has the following asymptotics
(using the asymptotics of f(z) for z = —oo and f(0) = 1)

. Ca(k1,ks) .
exp (tk1z) + 2 exp (—ikiz) , € — —00
Dn, (J?) _ ) C.'1 (k1,k2) (HS)
il P (ikox) T — 400,
with scattering coefficients
T'(—2iAk)T(1 — 2tk T(2iAk)T(1 — 2iMk
Cl(kl,kg) _ ( ¢ 1) ( ? 2) Og(k'l,k’g) — ( ? 1) ( ? 2) (H4)

T(—iX(ky + ko)) T(1 — ix(ky + k2)) T(ix(kr — k2))D(1 + ix(ky — k2))

Here we take k1 > 0, corresponding to a plane wave coming from the left, with a reflection amplitude % and a

. . 1
transmitted amplitude R GRIE

Although (H3) is an eigenfunction for any e, we focus here on the case € < Vj. In that case ky = ikg with
Ko = /2Vy — k% and the eigenfunction decays exponentially on the right. The reflection amplitude has modulus one
Cg(k‘l, ilig) P(2Z>\]€1)F(—’L}\k1 + )\Hg)F(l — Z)\kl + )\Iig)

= Ko — B = . . ; H
B = By ks Ci(k1,ik)  T(=2iMk1)T(iMky + Arg)T(1 4 iME; + Arig) (H5)

To obtain the kernel we now need to perform the summation over the eigenstates, with a proper normalization and
counting of the states, which is possible using the asymptotics (H3) (with ko = ik3). The argument given in the
remark at the end of the Appendix G (using a hard wall at © = —L for L — +o00, extends to this case, since the wave
function is also totally reflected for € < Vj. Indeed the normalization integrals differ from those of the square barrier
only up to distances |z| = O()\), hence their O(L) amplitude is not affected. In the L — +o0o limit the kernel, for
u < Vp thus reads

.
K, (x.y) = / Tt () ) (H6)

where the ¢y, (x) are given in (H1) with ko = ika, A = 1/C1(k1,ik2) and f(z) given in (H2). This leads to the exact
formula (131) given in the text for where we denoted B(Ak1, Aka) = 1/|C1(k1,ik2)|?. The formula (139) in the text
is then obtained by inserting the asymptotics for x,y < 0 in (H3) into (HG6).
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