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QUASI-STATIC LIMIT FOR BURGERS EQUATION
STEFANO MARCHESANI, STEFANO OLLA, AND LU XU

ABSTRACT. We study the quasi-static limit for the L™ entropy weak solution
of the one-dimensional Burgers equation with boundary conditions. The quasi-
stationary profile evolves with the quasi-static Burgers equation, whose entropy
solution is determined by the stationary profile corresponding to the boundary
data at a given time.

1. INTRODUCTION

Quasti-static evolution refers to dynamics driven by external boundary con-
ditions or forces that change in a time scale much longer than the typical time
scale of the convergence to stationary state of the dynamics. In the time scale of
the changes of the exterior conditions the system is very close to the correspond-
ing stationary state. This ideal evolutions are fundamental in thermodynamics
and in many other situation. We are interested in studying dynamics where the
corresponding quasi-stationary state is of non-equilibrium, i.e. it presents non-
vanishing currents of conserved quantities.

In a companion article [4] we study the quasi-static limit for the one-dimensional
open asymmetric simple exclusion process (ASEP). This is a dynamics where the
stationary non-equilibrium states are well studied [5, 8, 9]. The macroscopic
equation for the ASEP is given by Burgers equation on the one-dimensional fi-
nite interval [0, 1]:

o+ 0z (u(l —u)) =0, (1.1)

with boundary conditions, eventually time dependent, u(t,0) = p_(t),u(t,1) =
p+ (1), resulting from the interaction with external reservoirs. For time indepen-
dent boundary conditions and a special choice of the dynamics of the reservoirs
for the open ASEP, equation (1.1) is obtained as hydrodynamic limit in [1]. More
precisely the hydrodynamic limit generates the L* entropy weak solution of (1.1)
in the sense of [6].

Let us consider now the situation when the boundary conditions change in a
slower time scale: for ¢ > 0 small, consider for (1.1) the boundary conditions
u(t,0) = p_(et),u(t,1) = p,(et). In order to see the effect of the changes in
the boundaries, we need to look at the evolution in this time scale, i.e. defining
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us(t,z) = u(e ', x), it will satisfy the equation
{56,&5 + 0y (U (1 —uf)) =0,
us(t,O) = p—(t)v ua(ta 1) = p-‘r(t)

The main result in this article concerns the convergence of u° to the entropy weak
solution of the quasi-static equation (see section 3.1 for the definition)

59&J(u) =0, u(t> 0) = p_(t), u(t> 1) = p+(t). (13)
It turns out that such solutions can only achieve two values with at most one
upward discontinuity (shock) in the interior of the interval [0, 1], so they are
necessarily of bounded variation (see Proposition 3.1). Outside the critical line
{p_(t) + p+(t) = 1,p_(t) < 1/2} the solution is unique and constant in space
(see Proposition 3.2). On the other hand on the critical line there are infinite
many entropy solutions, corresponding to different position of the single shock,
associated to the same value of the current. Consequently we can prove the con-
vergence of u® to the unique quasi-static solution of the quasi-static equation only
if (p—(t), p+(t)) remains outside the critical line for almost every ¢ (see Theorem
3.5). On the critical line we can only prove the convergence to a measure-valued
solution (cf. Remark 4.4). In all cases the quasi-stationary current J(¢) is con-
stant is space, and its value is determined by a variational problem (cf (3.11)): the
entropy quasi-stationary solution minimize J(p) = p(1 — p) when p_(t) < p4 (%)
(drift up-hill) and maximize it when p_(t) > p, (¢t) (drift down-hill).

(1.2)

2. BURGERS EQUATION WITH BOUNDARY CONDITIONS

Consider the following initial-boundary problem of Burgers equation on the
one-dimensional finite interval [0, 1]

ow(t,z) + 0 J (v(t,x)) =0, t>0, xe(0,1),

v(t,0) = p—_(t), v(t,1) = p+(1), t>0, (2.1)
v(0, ) = vo(x), z € [0,1],
where J(v) = v(1 —v), ps € CY(R,), vg € L*([0,1]). Assume that the boundary
and initial data are essentially bounded: ||p+[0 < 1 and |vg|e < 1, where | - o

denotes the L* norm. The solution v € L¥(Ry x [0,1]) is intended in the weak
sense: for any T'> 0 and ¢ € C;°([0,T] x (0, 1)) such that (T, z) = 0,

JT Jl [vop + J(v)0yp|da dt + Jl vo(x)(0, z)dx = 0. (2.2)
Furthermore, 1? sa(t)isﬁes the entropy inequaulityO
LT Ll [S(v)dip + Q(v)dup]dz dt > 0 (2.3)
for all pairs of functions (S, @) such that
S, QeC*R), S">0, Q@ =J9 (2.4)



and ¢ € C((0,7) x (0,1)) such that ¢ > 0. Functions (S, Q) satisfies (2.4) is
called a Lax entropy—entropy flux pair associated to (2.1). Observe that (2.3) im-
plies the Rankine-Hugoniot jump condition for (2.1): inside the interval eventual
discontinuities must be upwards shocks.

Notice that discontinuities can appear in v at the boundaries. The boundary
conditions in (2.1) are satisfied in the following sense. Assume for the moment
that v(t) are of bounded variation for each ¢, so that the limits

U_(t) = xli%lJrv(tax)a 'U+(t) = xhﬁl{lﬁ'l}(t,l‘)

are well-defined. Then the Bardos-LeRoux—Nédélec boundary condition [2] of
the entropy solution v reads for all t > 0,

sign(v_(t) — p_(O)[J(v_ (1)) — J(R)] <0 (25)
for all k e Ilv_(t), p_(t)] and

]
sign(vs () — pu (1)) [J (v (8) = J(k)] > 0 (2.6)
for all k € I[v,(t), py(t)], where I|a,b] denotes the closed interval with extremes
given by a and b.

The characterization of boundary conditions is extended to general entropy
solutions v € L* in [6]. A pair of two-variable functions (.5, Q) is called a boundary
entropy—entropy flux pair if S, Q € C*(R?), (S, Q)(-,w) is a entropy—entropy flux
pair for any w € R and

S(w,w) = Q(w,w) = 0,S(V,w)|y=w =0, YweR. (2.7)
The boundary conditions in (2.1) are then given by

esslimf Qv(t,r), p_(t))p(t)dt <0,

r—0+

(2.8)
esslim L Qult, 1= 1), py (1)) B(H)dt > 0,

r—0+

for any flux @ and g € C([0,7]) such that 8 > 0

The entropy solution v of (2.1) introduced above can be obtained through the
viscous approximation. For § > 0, let v° = v°(¢, ) be the classical solution of the
viscous problem

{aﬂﬁ + 0, J(V°) = 80,,0°, >0, z€(0,1), 29)
P0) = ps 1) = prs 090, = v,
where the mollified initial value vy s € C*([0, 1]) satisfies that
6l_igl+ Ll lvos5(x) — vo(x)|dz =0 (2.10)
and the compatible conditions
005(0,0) = p_(0), 1050, 1) = - (0). (2.11)



By [7, Theorem 8.20], v — v in C([0,T], L'[0,1]) for each T > 0.

3. QUASI-STATIC EVOLUTION

3.1. The quasi-static equation. For ¢ > 0, let u* € L*(R; x [0, 1]) be the
entropy solution of
{eé’tug + 0 J (u¥) =0,
W(10) = p (), w(t1) = pi(t), uS(0,2) = uo(w)

in the sense of (2.2), (2.3) and (2.8).
Our aim is to prove that, as ¢ — 0, the entropy solution u® of (3.1) converge
to some u € L* that is the entropy solution of the quasi-static conservation law

Oz J(u) =0, wu(t,0)=p_(t), wu(t,1)=ps(t). (3.2)

The L* entropy solution of the quasi-static problem (3.2) is defined as a function
ue L*¥([0,T] x [0,1]) such that, for any function ¢ € C°((0,T") x (0,1)),

T
J J J(u)0pp dx dt = 0. (3.3)
0o Jo
Furthermore for a flux function @ associated to some convex entropy S,

JT fl Q(u)drpdrdt >0, YeeCF((0,T)x(0,1)), ¢ >0, (3.4)
o Jo

while the boundary conditions are satisfied in the same sense as in (2.8) with
respect to a boundary entropy flux Q(v, w).

(3.1)

Proposition 3.1. Let u(t,x) be L entropy solution of (3.2). Then there exists
a(t) € [0,1/2] such that

u(t,x) € {a(t),1 —a(t)}, (t,x)— a.s. (3.5)
Furthermore, or u(t, z) is a.s. constant in x € (0,1) for almost every t, or there is
at most one upward jump from a(t) to 1 — a(t) inside (0,1). In particular u(t,x)
is of bounded variation.

Proof. Since u(t, z) solves 0,.J(u) = 0 in the weak sense, there exists a bounded
function J(t) such that J(u(t,z)) = J(t) almost surely in (¢,z). Since J(u) =
u(1 — ) let a(t) such that J(a(t)) = J(t), and (3.5) follows.

The entropy condition (3.4) yields that 0,Q(u(t, z)) is negative in the sense of
distribution. Observe now that for any 0 < a < 1/2,

mw—@u—@=f_QNMM=J”mw0+aa—wwu

_ f T (w)[S'(w) — §'(1 — u)]du

a

_ f * () Ulu S”(u*)du*> du < 0. (3.6)

a u



Hence, only upward jumps from a(t) to 1 — a(t) can decrease the entropy flux
Q(u(t,z)). This implies that we can have at most one such jump inside (0,1). O

Since, by Proposition 3.1, entropy solution must be of bounded variation, then
the boundary conditions are satified in the Bardos-LeRoux—Nédélec sense given
by (2.5) and (2.6).

Define the critical segment

O = {(a,b) € [0,1]*a < 1/2,a+b=1}. (3.7)
The entropy solution of (3.2) is unique outside © and it can be calculated explic-
itly.

Proposition 3.2. Suppose that (p_(t),p4(t)) ¢ © for almost every t € [0,T].
Then (3.2) has a unique entropy solution u(t,x) given by

p-(t), if p-(t) <1/2, p_(t) + p+(t) <1,
ut,x) = § p+ (1), if p4(t) > 1/2, p_(t) + p4(t) > 1, (3.8)
12, ifp(t) = 1/2, pi(t) < 1/2.

Proof. We have to specify a(t) through the boundary values p4. From the argu-
ment above, u(t, -) has bounded total variation for each ¢, hence

u_(t) = ml_i)r& u(t,z), wuy(t) = xlirgl_u(t, ) (3.9)
are well-defined. Furthermore, uy(t) € {a(t),1—a(t)} and u_(t) < uy(t). Rewrite
(2.5) and (2.6) explicitly as

p-<1/2=u_=p_oru_ce[l—p_ 1],
po=12=u_>1/2
p+ < 1/2=uy <1/2,
pr>1/2=u, =pyoruy €[0,1—p;].

If p- >1/2, py <1/2, then u_ = u; = 1/2 so that u(t,z) = 1/2. If p_ < 1/2,
pr <1—p_, then u_ < uy <max{1/2,p,} <1—p_, sothat u_ = p_. In view
of (3.5), we have a(t) = p_ and u, = p_, hence u(t,x) = p_. The case in which
pr >1/2 p_ >1— p, is proved similarly. O

(3.10)

Remark 3.3. If (p_(t),ps(t)) € © for an interval of time of positive measure,
then the entropy solution is not unique, but for any solution there exists one single
shock with position X (t) such that u(t,z) = p_(t) for x < X(t) and u(t,x) =
pr(t) =1—p_(t) for x> X(t).

Remark 3.4. The entropy solution can also be characterized as the solution of
the following variational problem:

_ Jsun{J(p)ip € [ps(t). p- (D1}, if p-(t) = ps(2),
J(t) = {inf{J(/));p e [p_(t), p+ (O]}, if p(t) < ps (3.11)



This also includes the critical line (p_(t), py(t)) € ©, where the current J =
J(p-) = J(py) is minimal in the interval [p_(t), 1 — p_(t)].

3.2. The quasi-static limit.

Theorem 3.5. Suppose that (p_(t), p+(t)) ¢ ©, for almost every t, then the
solution u® of (3.1) converges to u = u(t,z) defined in (3.8) with respect to the
weak-* topology of L*([0,T] x [0,1]) for all T > 0.

Remark 3.6. As ¢ — 0, J(u(t)) = J(t) given by (3.11). Particularly, in
the case (p—(t), p+(t)) € © we can prove that u° converges weakly-x to a Young

measure concentrated on {p+(t)}, thus J(u®) =~ J = J(p_) = J(py). See Remark
4.4 at the end the the section.

Remark 3.7. Notice that the quasi-static limit in Theorem 3.5 does not depend
on the initial condition ug for u®.

Remark 3.8. For § > 0, let v° = v°(t,x) be the classical solution of the quasi-
static problem associated to the viscous equation (2.9):

Op J (V) = 00,,0°,  0°(1,0) = p_(t), v°(t,1) = p,(1). (3.12)

When (p_(t), p+(t)) ¢ O, it is not hard to see that v° also converges pointwisely
to the function u given by (3.8):

611%1 V(t,x) = u(t,z), VYre(0,1), (3.13)
—0+

and the convergence is uniform on [vy,1 — | for any v > 0. On the other hand,
on the critical segment (p_(t), p4(t)) € ©, v° is explicitly given by

1 1
V(t,x) = 5T dC'(6,t) tanh [0(5, t) <x - 5)} : (3.14)
where C' = C(6,t) is such that C'tanh(C/2) = 6 1(2p,(t)—1). Thenv® converges
pointwisely to the profile with an upward shock at 1/2:

Jim 0%(t,2) = p (1)1 3)(2) + o (13 (x), Vore [0,1], (3.15)

and the convergence is uniform on any closed interval does not contain 1/2.

4. PROOF OF THEOREM 3.5
For e > 0, § > 0, consider viscous approximation of (3.1) given by
edu? + &EJ(ua"S) = 00,,u°’, t>0,x€ (0,1),
{ue’é(tvo) =p-(t), w’(t,1) = ps(t), u(0,2) = uos(),

where ug s is the mollified initial function satisfying (2.10) and the compatible
conditions. Let u®% = u®(t, z) be the classical smooth solution of (4.1). We first
present a priori estimate for |0,u®?| 2.

(4.1)



Proposition 4.1. For any t > 0, there is a constant C' = Cy such that

1

0

Proof. Denote by G(u) a primitive of uJ’( ) = u —2u? Multiply (4.1) by u®°
and integrate over (0,¢) x (0,1) to obtain

% JO u(t, x)*dx — % L uo,s()*dz + L [G(p+(s)) — G(p—(s))]ds w

= 5J0 [P+ (8)0,u™%(s,1) — p_(s)0u(s, 0)]ds — 5[](5wu575)2d:p ds.

In order to estimate the last line of (4.3) we test (4.1) against (s, z) := p_(s) +
x[p4(s) — p_(s)], obtaining that

e\fl[¢mt,x)u6ﬁ(t,x)-—~¢(o,x)u0ﬁ(x)]dx-—E;J]~UQ555¢(tnds

0

| 0w es) = To-(sp-(o))ds ~ | [ J0 )0, dnds

0

t
= 5f [p+(8)0,u"°(s,1) — p_(s)0,u™(s,0)]ds — & ff 0, u*° 0,00 da ds.

0
Then, Young inequality allows to estimate

‘J p+(8)0,u’(s,1) — p_(s)d,u™(s,0)]ds

C+4JO O(t, z)dr + < JJ (0,u (s, 2))*dxds,

which, inserted into (4.3) gives the conclusion. O

In the following we denote Qr = [0,T] x [0,1], © = R, x [0,1]. As stated in
§2, for each fixed € > 0,

1mﬂ¢@@ﬂmww@WMﬁ:HQ@@ﬂmww@mmu

6—0

for all '€ C(Qr x[0,1]) and ¢ € L'(Qr), where u¢ € L*(Q7) is the entropy solu-
tion of (3.1). Observe that u® is uniformly bounded: |u®|r»,) < 1. Therefore,
we can extract a weakly-* convergent subsequence:

£%ﬂwmwmgm@@mw=”@@@KMMMMWWMﬁ

where {144 (d\)} ¢t 2)cq, is the limit Young measure.
It suffices to show that 14, coincides with the delta measure concentrated on
u(t,x) given by (3.8). To this end, given boundary entropy—entropy flux pair



(S, Q), define the boundary entropy production

Qult.)i= | QU pe@)ria(dV),  (t,2) € . (4.4)
The following proposition is the key argument.
Proposition 4.2. For any boundary entropy flux Q,
Q_(t,z) <0, Q.(t,x)=0, (t,z)— as. (4.5)
Moreover, @Céi < 0 wn the sense of distribution.

Proof. Recall that v is the classical solution of (4.1). For w € C([0,T]) and
boundary entropy—entropy flux (S Q),

£0,S (U™, w) = £0,5(u™’, w)Ou’ + £0,S (u°, w)w'
= 0028 (u°, w) — 5635(’@ ’ ,w)(&mus"s)2 — 0,Q(u W) + £0,S (U, w)w'.
Therefore, for ¢ € C*(Qr) such that ¢(0,z) = (T, z) =0,

H [25(u=®, w)op + Q(uE?, W)y + 20, (s, w)w'g]da dt
- f f [0,S(uF W) + 028 (u™, w)(Epu™) ] da dt
+ JT [Qu™(t,1),w(t)) — 60,5 (u™(t, 1), w(t))](t, 1)dt
- JT [Qu™(t,0),w(t)) — 60,5 (u™(t,0),w(t))](t, 0)dt.

Taking w = p_, since u=’(-,0) = p_ and Q(w,w) = d,S(w,w) = 0 for all w € R,
the last line above is 0. Hence, choosing ¢ = ¢, such that

(er(tv 1) = 07 90+(O7'r> = 07 90+(T7 .T) = 07 (46)
we obtain for any convex boundary entropy S that
U [eS(u™, p_)0ps + Q(u, p-)Oatps + €0 S (U, p_)p_ 4 |da dt
ff 0uS (u _)0pu® 5(3$<p+d:v dt.

Let 6 — 0+ and apply the priori estimate in Proposition 4.1,

Jf [eS(u®, p-)orps + Qus, p_) oy + €0 S (s, p_)p" s |da dt > 0.

Eventually, let ¢ — 0+ along the convergent subsequence,
Jja(t, x)0pp4 (t, x)dx dt > 0. (4.7)

8



Since this holds for all nonnegative, smooth test function ¢, satistying (4.6), we
conclude that Q_ < 0 almost everywhere and 0,Q)_ < 0 as a distribution. For
Q.., we replace (p_, ) with (py,¢_) such that

©-(,0)=0, ¢_(0,2) =0, ¢_(T,z)=0, (4.8)
and repeat the same argument. U

Theorem 3.5 follows directly from the following consequence.

Corollary 4.3. The followings hold for a.e. (t,x):

(1) If p—(t) < 1/2, p—(t) + p4(t) <1 then viy = 0p_q),
(2) If p+(t) > 1/2, p_(t) + p+(t) > 1 then viy = 0y, 1),
(3) If p—(t) = 1/2, p(t) < 1/2 then vy 5 = 01/2.

Proof. Consider the following boundary entropy

1 1
wAs;—u uell,wAas
Sty - [T webwnd)
0, uew A g, 1].
Note that S is not smooth, but it can be approximated by convex, smooth func-
tions easily. For instance, let s € C*(RR) be such that

s(u) = —u, Yu < —1, s(u) =0, Yu>1, s(0) =0, s >0.
Then S,(-,w) — S(-,w) as a — 0+, where
So(u,w) == as(a™ (u—w)), a>0.

The flux corresponding to S is
Qu,w) = {J(w A3)—J(u), uwel0,wn i),

0, uwewn g, 1]

Since Q(u, p—) = 0 for all u € [0,1] and @_ < 0, we know that v, concentrates
on its zero set [p_(t) A 1/2,1]. A similar argument yields that 14, concentrates
on [0, p+(t) v 1/2]. Hence, 14, concentrates on the interval

1 1

I - [p_@) N NRUIE

Case 3 follows directly. In order to prove case 1 and 2, we choose

Sl w) = [u—wl,  Qulu,w) = sign(u — w)(J(u) — J(w)).
In case 1, Q4 (u, p_(t)) = 0 on I, and the only zero point is p_(t). As Q_ <0, we
know that v, = 6,_. In Case 2, Q. (u, p+(t)) <0 on I; and the only zero point

is p4 (t), so the conclusion holds similarly. O

Remark 4.4. Concerning the case (p—, p+)(t) € O, Q«(u, p+(t)) has opposite sign
in I except two zero points py(t), therefore vy, concentrates on {p_(t), p+(t)}.

Suppose f(t,x) = v ,(p+(t)), then
(@) = [1 = F(E )15, 0 (dN) + F(8,2)5,, ) (dN). (49)

9



Observing that J(p;) = J(p-), so that
1

Tt 0) = [ TOaldh) = o) = Tpul0), e =0, (410)

as stated in Remark 3.J.
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