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QUASI-STATIC LIMIT FOR THE ASYMMETRIC SIMPLE EXCLUSION

ANNA DE MASI, STEFANO MARCHESANI, STEFANO OLLA, AND LU XU

ABSTRACT. We study the one-dimensional asymmetric simple exclusion process on the
lattice {1,..., N} with creation/annihilation at the boundaries. The boundary rates are
time dependent and change on a slow time scale N~ with a > 0. We prove that at the
time scale N'T@ the system evolves quasi-statically with a macroscopic density profile
given by the entropy solution of the stationary Burgers equation with boundary densities
changing in time, determined by the corresponding microscopic boundary rates. We con-
sider two different types of boundary rates: the “Liggett boundaries” that correspond to
the projection of the infinite dynamics, and the reversible boundaries, that correspond to
the contact with particle reservoirs in equilibrium. The proof is based on the control of
the Lax boundary entropy—entropy flux pairs and a coupling argument.

1. INTRODUCTION

The one-dimensional open asymmetric simple exclusion process (ASEP) is one of the
most interesting models in non-equilibrium statistical mechanics, in particular because
its stationary state can be explicitly computed (cf. [9, I3, 14, B]). Particles perform
asymmetric random walks on the finite lattice {1,..., N} with the exclusion rule (the
jump is suppressed if the site is occupied), and at the boundaries particles are created
and absorbed with given rates. The dynamics is then characterized by 5 parameters (the
asymmetry of the random walks and the 4 boundary rates).

In a seminal article [I0], Liggett introduced special boundary rates such that the cor-
responding dynamics approximates optimally the dynamics of the infinite system with
different densities at +0o. These boundary conditions correspond to the projection of the
infinite dynamics with respect to the Bernoulli measures with different densities on the
left and on the right of the system. Under this choice of boundary conditions Bahadoran
[1] proved the hydrodynamic limit for the density profile: under the hyperbolic space-time
scaling the density profile converges to the unique L> entropy solution of the Burgers equa-
tion satisfying the Bardos—Leroux—Nédélec boundary conditions [2] in the sense of Otto
[T1]. In [I] Bahadoran also proves the hydrostatic limit, i.e. the macroscopic limit of the
stationary profile satisfies the stationary Burgers equation with same boundary conditions.
This is the solution of the variational problem maximizing the stationary flux in case of a
density gradient with opposite sign to the drift generated by the asymmetry, or minimizing
the stationary flux in the other case. This is consistent with the phase diagram proved in
[9 13]. The proof in [I] relies on an extension of the coupling argument used by Reza-
khanlou in [I2] in the infinite dynamics, and on the particular boundary conditions which
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are such that at equal density (balanced case) the stationary measure is known explicitly
(given by the Bernoulli measure at the boundary density). As far as we know there is no
proof of the hydrodynamic limit for general boundary conditions.

In this article we study the quasi-static hydrodynamic limit for the open ASEP. This
limit is taken in a time scale that is larger than the typical one where the system converges
to equilibrium. Changing the boundary condition at this time scale, the system is globally
close to the corresponding stationary state. Quasi-static evolutions are usually presented
as idealization of real thermodynamic transformations among equilibrium states. They are
necessary concepts in order to construct thermodynamic potentials, for example to define
the thermodynamic entropy from Carnot cycles. Here we are interested in the quasi-static
evolution among non-equilibrium stationary states. These quasi-static hydrodynamic lim-
its have been already studied in the symmetric simple exclusion as well as in other diffusive
systems [4]. We are here interested in the asymmetric case where currents of density do
not vanish in the limit. Since in ASEP the typical time scale of convergence to stationarity
is hyperbolic, we look at larger time scales changing the boundary rates in this time scale.
Consequently, at each instant of time the system is close to the corresponding stationary
state determined by the varying boundary conditions. We prove that the density profile
converges to the entropy solution of the quasi-static Burgers equation with the correspond-
ing boundary condition, now time dependent. We prove this quasi-static evolution for two
types of boundary rates:

(1) Liggett boundaries: if p > 1 is the probability of jumping to the right in the bulk
of the system, at a macroscopic time ¢ we choose [pp_(t), (1 —p)(1—p_(t))] as rates
of creation and destruction on the left side, [(1 — p)(1 — pi(t)), pps(t)] on the right
side.

(2) Reversible boundaries: we choose [p_(t),1 — p_(t)] as rates of creation and destruc-
tion on the left side, [p,(t),1 — py(t)] on the right side, by accelerating this bound-
ary rates and the symmetric part of the exclusion process in the bulk. These rates
correspond to contact with reversible reservoirs of particles at the corresponding
densities pL(t), and are independent from the asymmetry bulk parameter p. Even
when p_ = p, and time independent, the stationary probability distribution is not
a product measure in general.

The proof of the result for both cases will proceed as follows.

We first prove it in the balanced but time dependent cases (p_(t) = p4(t) or p_(t) =
p+(t)). Surprisingly this is the most difficult part, and it is proven by controlling the time
average of the microscopic boundary entropy flurz. The unbalanced situation is then proven
by a coupling argument.

The use of the microscopic entropy production associated to a Lax entropy—entropy flux
pair is already present in the seminal article of Rezakhanlou [12]. J. Fritz and collaborators
combined this idea with a stochastic version of compensated compactness in order to deal
with non-attractive dynamics [6,[7]. Otto [I1] introduced the boundary entropy—entropy flux
pairs in order to characterize the boundary conditions in the scalar hyperbolic equations.
The main point of this article is to prove that, in the balanced case when we take the same
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density on the boundaries, the time average of the microscopic boundary entropy flux is
negligeable in the quasi-static time scale, even when boundary conditions change in time
(see Propositions Rl and B2)).

Acknowledgments. This work was partially supported by ANR-15-CE40-0020-01 grant
LSD.

2. ASEP WITH OPEN BOUNDARIES

For N > 2, the asymmetric simple exclusion process (ASEP) with open boundary con-
ditions is the Markov process on the configuration space

Qn = {77 = (m,m2,---,mn), mi € {0, 1}}7 (2.1)
with generator
Lyf=XLexef + A-L_f+ AL, (2.2)
where A\g, Ax > 0, f is any function on €y, Ley. is the generator of the simple exclusion:
N-1
Lexef := Z Ciit1 [f (Ui’iﬂ) - f(n)] )
i=1
¢ij o= pni(1—mn;) + (1 = p)n; (1 —n,),

where 1/2 < p < 1, n»"*1 is the configuration obtained from 7 upon exchanging 7; and
Miv1. L+ are the generators of creates/annihilates processes at the boundaries ¢ = 1 and
1= N:

(2.3)

L_f:=[p-(L—=m)+ (L—p)m] [f(n") — F(n)],
Lif=[pr(1—nn)+ 1= p)nn] [f(0™) = f(m)],

where p. € [0, 1], n* is the configuration obtained from 7 by shifting the status at site i
from 7; to 1 —n;. Notice that L, are reversible for the Bernoulli probability with density
p+, respectively.

(2.4)

Remark 1 (Boundary rates). To relate the boundary parameters to the ones used in [14] 3],
define

P entry rate from the left,

(1—po) exit rate to the left,

(1 — p+) exit rate to the right,
entry rate from the right.

A
A
\ (2.5)
ALp

o,QQ Q
i

Note that \_ = o+ and Ay = v+ § give the total rates at left and right boundaries.

Remark 2 (Stationary states). Following [3], defining

1
o= o (2p—1—a+’y+\/2p—1—a+”y) +4ory>

Ty = 215 (2p—1—5+5+\/2p—1—5+5) +455>

(2.6)
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then if the following conditions are satisfied (see [3])
min(a, 8) >0, 7_=71;", (2.7)

the stationary state of Ly is given by the Bernoulli product measure with homogeneous
density
1 T+

7-7+1:7-++1.

(2.8)

2.1. Liggett boundaries. A special choice of the boundary rates has been introduced by
Liggett [I0]: given pi € [0, 1], choose the parameters in ([22]) as

A=1 A =pp-+1=p)(1—=p-), Ar=p—pi)+(1—-pps,
) vp- - (2.9)
Tt A-p-p) T ) (- pay
This means to choose the boundary rates in (23] as

(. 8,7,0) = (pp—,p(1 = py), (L =p)(1 — p_), (1 — p)py)- (2.10)

This choice of boundaries correspond to the projection on the finite interval [[1, N]| of the
infinite ASEP dynamics with Bernoulli distribution with density p_ on the left of 1, and
with density py on the right of N (see formulas (5) and (6) in [I]). Liggett’s motivation
for this choice was to give the best approximation to the infinite dynamics of the ASEP

p—

With the above choice of boundary rates, for p_ = p, = p, the corresponding stationary
measure 1s

v = TLvatm). voln) = 91— ). (2.11)

Observe that in this case generally p_ # p,, but for p — 1/2 we have pL — p.
These are the boundary conditions chosen in [I] for the hydrodynamic limit.

3. QUASI-STATIC EVOLUTION

3.1. Quasi-static Burgers’ equation. Let p € (0,1] and consider two C' functions
p+ : [0,00) — [0,1]. For some technical reason (see Section M), we assume the follow-
ing condition: for any 7" > 0,

[0, T] — Uizlli U Ao,

1)

(3
where Ay is a Lebesgue null set and [;’s are closed intervals such that either p, (t) > p_(t)
on I; or pi(t) < p_(t) on I,.
The L*° entropy solution of the quasi-static conservation law
9o (p(x,1)) =0, x€(0,1), J(p)=pp(l-p) (3:2)

with boundary data
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is defined as the unique limit, for ¢ — 0+ of the L> entropy solution of
eOp®(z,t) + 0, JJ(p°(x,t)) =0,
S0, =5 (), #F(1) = el

The definition, existence and uniqueness of the entropy solution of (3.4]), given an initial

condition, follow from the work of Otto [LI], by the characterization of the boundary
entropy fluxes:

(3.4)

Definition 3.1. A boundary Laxz entropy—entropy fluz pair for [34) is a couple of C?
functions (F,Q) : [0,1] x R — R? such that

J ()0, F(u,w) = 0,Q(u,w), F(w,w)=Q(w,w)=0,F(w,w)=0 (3.5)

for all uw € [0,1] and w € R. Moreover, we say that the pair (F,Q) is convex if F(u,w) is
convex in u for all w € R.

Otto’s boundary conditions reads in this case as

esslim / QUi (t.7), - (£) A1)t < 0,

r—0t

. (3.6)
eselim / QUpF (1 — 1), e (1)) B(1)dE > 0,

r—0t

for any boundary entropy flux @ and 5 € C(0,T") such that 5(t) > 0. In the case of bounded
variation solutions, this coincides with the Bardos-Leroux-Nédélec boundary conditions

[2].
The existence and uniqueness of the quasi-static limit p° — p as € — 0 is proven in [§].
Moreover, the p = p(x,t) satisfies the variational conditions ([9, 13| 1], §]):

o = 45wl (p)ip € [P+ (t), p- ()]}, 3 p-(2) > P (1),
Helot) {inf{J<p>; o€ 15 (0,5 O]}, i (1) < p (1), &1)
Observe that on the line

0 :={(a,b) € [0,1*}a < 1/2,a+b=1}, (3.8)

p(x,t) may attain two values and it may be not constant, while if (p_(¢), p+(t)) ¢ O, then
p(x,t) = p(t), i.e. is constant in x and it is explicitly given by
p(t), if p_(t) <1/2, p_(t) + p4+(t) < 1 (low density),
o)) = {5 (0), W5 () >1/2 () + 5 (f) > 1 (high density), (3.9
1/2,  if p_(t) > 1/2, po(t) < 1/2 (max current).

In particular if (p_(t), p4(t)) € ©, the solution may not be unique.
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3.2. Quasi-static hydrodynamic limit. In this article, we consider time dependent
parameters py(t) € [0,1] and A.(t) > 0. As in ([Z2]), define the Markov generator

LN,t - >\0Lexc + )\_ (t)L_7t + >\+(t)L+7t, t Z O, (310)

where L, are operators defined by (2.4]) with py replaced by pi(t). We multiply Ly,
by N'*@ for some a > 0 and study the macroscopic limit of the corresponding dynamics.
We now distinguish two cases: the Liggett boundaries, where we only have speed up
the generator by N1 to the quasi-static time scale, and the general reversible boundaries
where there is a further speeding of the symmetric part of the generator and of the boundary
rates.

3.2.1. Liggett boundaries. In this case, we fix \g = 1 and take two C' functions py :
[0, 00) — [0, 1] satisfying the condition expressed in ([B.1) for p(¢).
Define p = 2p — 1 > 0, then the exclusion part of Ly, can be rewritten as

1— 5
)\OLGXC = thasep + TpLssepa (31]‘)

where Lgep and Liasep are respectively given by

N-1

Lssepf = Z [f (Ui’iﬂ) - f(ﬁ)] )

i=1

= (3.12)
Ltasepf = Z 7]2(1 - 77i+1) [f (UMJA) - f(ﬁ)} :

Define also Ly, by ([Z4]) with (Ay, pr) = (Ax, p+)(t) given by ([2.9).
For some a > 0, denote by n(t) = (ni(t),...,nn(t)) € Qn the process generated by
N[y, Let y;n be the indicator function

Xi,N(x) = 1{[L,L l+i)ﬂ[0,1]}(l‘)’ Ve [O, 1]. (313)

N 2N’N ' 2N

For each N, define the empirical density (y = (y(x,t) as

Cv(z,t) == Z Xan(@)m(t), (z,t) €[0,1] x Ry. (3.14)

Our aim is to show that, as N — oo, (y converges to the L> entropy solution of the
quasi-static conservation law [B.2)-B.3]) with pL(t) = p+(t).

Denote by Py the distribution on the path space of 7(:). Let Ey be the corresponding
expectation. For p € [0, 1], recall that v, is the product Bernoulli measure with density p.
Given a local function f on €y, denote

()= [ fiv, (3.15)
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Theorem 3.2 (Liggett boundaries). Suppose that py satisfies BI) and (p—,py) ¢ © for
almost all t > 0, where © is given by [B.8). Assume further that a > 1/2, then for local
function f and ¢ € C(]0,1] x [0,00)) we have the following convergence in probability: for
all T >0,

]}Eﬂm /OT% Z ® (%t) f(mm(t))dt = /OT {/01 @(x,t)dx] (f)(p(t))dt, (3.16)

i=1
where T; is the shift operator, [[1,k¢]] is the support of the local function f, and p(t) is
given by @) with p(1) = pa (1)

3.2.2. Rewversible boundaries. In Liggett boundary rates, Ai(t) and p(t) are chosen in
accordance with p. To deal with more general case in which the boundary rates are
independent of p, we need to speed up the boundary operators. We also need to apply a
speed change at symmetric exclusion. Let oy and oy be two sequences satisfying

lim 2 =0, lim oy =00, lim 227N — (3.17)

N—oo N N—o00 N—o0o \/N
Fix some p € [0,1] and C! functions
As:[0,00) = (0,00), px:[0,00) = [0,1].

Define the generator Ly, with the following choices of parameters

1 p o
)\OZCTN, P = 5‘%%, )\:I:(t) :UN)\:I:(t)- (318)

Notice that with the generators defined in (3.12]),

on — T
)\OLexc = ﬁLtasep =+ NTpLssep- (319)

Hence, o and oy correspond to the speed of the symmetric part of the exclusion dynamics
and boundaries, respectively. These are necessary in order to obtain the macroscopic quasi-
static law. Observe that this dynamic is not the so called weakly asymmetric exclusion,
since with our choice of the parameters the asymmetry is always strong.

For a > 0, let n(t) = (m(t),...,nn(t)) € Qun be the Markov process generated by
Nt e[y and some initial distribution py . We show that (y defined by ([B.I4]) converges,
as N — oo, to the L™ entropy solution of the quasi-static conservation law (B3.2])-(B.3))
with pi(t) = p(t). Observe that the macroscopic limit equation, and in particular the
boundary conditions, do not depend on the choice of A+ ().

Theorem 3.3 (Reversible boundaries). Assume that py satisfies B1) and (p—,py) ¢ ©
for almost all t > 0. In additional, assume [B.IT) and

lim N* 2oy = 0. (3.20)

N—00
Then, the convergence in ([B.I6) holds for local function f, ¢ € C([0,1] x [0,00)) and
p = p(t) given by BI) with py(t) = p+(t).
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Remark 3. Observe from BI1) and B20) that, if a is large enough, the sequence oy
does not have to grow with N.

4. PROOF OF THE MAIN THEOREM

In this section we give the proof of Theorem and as a consequence of three
main steps that will be proven in the following sections. Fix some 7" > 0 and denote
Y =1[0,1] x [0,T7.

By a Young measure v we mean a family {v,; (z,t) € X7} of probability measures on
[0, 1] such that the mapping

(1) > / F (@t y)vaaldy)

is measurable for all f € C(Xr x [0,1]). Denote by ) the set of all Young measures,
endowed with the vague topology, i.e. a sequence v — v if for all f € C(X7 x [0,1]),

JL%O//ET dxdt/olf(x,t,y)y;t(dy)://ETda;dt/Olf(x,t,y)yx,t(dy). (4.1)

Under the vague topology, ) is metrizable, separable and compact.
Recall the empirical distribution function (x = (n(z,t) defined in (BI4). Since (y €
[0, 1] for any N, the corresponding Young measures

N = vy = ey (2.1) € Br} € V. (4.2)

Denote by Qy the distribution of " on Y.

Since Y is compact, the sequence Qy is tight, thus we can extract a subsequence Qy,
that converges weakly to some measure 9 on ), which means that for all f € C(X7 x [0, 1])
we have

Ex, { / /E T f(x,t,CNh(x,t))dxdt] _ g, { / /E dedr /0 1 f(x,t,y)yx,t(dy)}
— ER U/ET da dt/ol f(:c,t,y)yx,t(dy)}

In both Liggett and reversible cases, it suffices to show that any limit point Q of Qy is
concentrated on d,.¢ with p(z,t) = p(t) the entropy solution of [3.2)-([B.3) characterized

by (B:QI)EL ie.

(4.3)

Q{ves = pu), (z,1)-as. in Tp} = 1. (4.4)

The uniqueness of the entropy solution implies the uniqueness of the limit of Qy and thus
the convergence in probability.
The proof of (@) is divided into several steps.

Hereafter jpi(t) = pu(t) for the Liggett case and ji(t) = p(t) for the reversible case.
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First step: macroscopic current. The microscopic currents are defined by the conservation
law Ly ¢[ni] = ji—1i — Jiis1 for i =1, 2, ..., N. In Section [fl we show that for a.e. ¢ € [0, 7],
there exists J(t) < oo such that

J(t) = lim En[jiis1(t)], Vi=0,...,N. (4.5)

N—o0

J (t) relates to the current J(p) = pp(1 — p) in (B.2)) in the following way:

= { / dx / PVt dp] t-a.s. in [0, 7. (4.6)

Formula (Z£.0)) is obtained in Section [[Il The proof relies on the estimates on the Dirichlet
forms and the mesoscopic block averages. These results are established in Section [6l and [7]
respectively.

Second step: the balanced case. Next, we show the result for the balanced case, i.e. when
p—(t) = p+(t). The following lemma is proved in Section

Lemma 4.1. If p_(t) = p4(t) for all t € [0,T], (&) holds.

The proof exploits the boundary entropy—entropy flux pair defined in B In fact in the
balanced case we expect equality in (3.6]), and we prove in section Bl that the time average
of the boundary entropy flux on the microscopic scale is negligible, see Proposition and
3.2l
Third step: coupling. With Lemma (1] and a coupling argument with the balanced dy-
namics, we show in Section [0 that the limit Young measures concentrate in the interval
between p_(t) and py(t):

Lemma 4.2. The following holds Q-almost surely:
Ve {I[p-(t), o+ ()]} =1, (x,t) -a.s. in Sy (4.7)
where I[a,b] is the closed interval with extremes a and b.

Meanwhile, the same coupling argument applied to the current [J(t) yields the following
proposition:

Proposition 4.3. If p_(t) > p.(t) for allt € [0,T],

/0 J(t)dt = /0 sup {J(p); p+(t) < p < p_(t) }dt. (4.8)

IF5-(t) < oy (8) for all t € [0,T),
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Proof of Theorem and From the third step we have all the information to conclude
the proof of the main theorems.

Proofs of Theorem[3.3 and[3.3. First observe that if p_(s) — p(s) does not change sign in
0,¢], (E4) holds up to time ¢. Indeed, suppose that p_ > p, for s € [0,t], then p = p(s)
given by (B.9)) is the unique solution such that

J(o(s)) = sup {J(p), 51 (5) < p < (5)}. (4.10)
Therefore, by (L8], fot J(s)ds = fot J(p(s))ds. This together with (46]) yields that

t
=
0

Since J(p) — J(p(s)) <0 for all p € [p4(s), p—(s)], the Young measure can only be concen-
trated in its zero set, more precisely: with Q-probability 1, v, , = d,.) a.s. in 3,. For the
case p_(s) < pi(s), since (p_,py) & O, p = p(s) is the unique solution such that

J(p(s)) = inf {J(p), p-(s) < p < ps(s)}, (4.12)

and the argument is similar.

For general py(t), by B1), p+ — p— keeps its sign in each I; = [t;, t}]. Denote by py,, the
distribution of n(¢;) on Qy. Consider the process generated by N'™ Ly, 0 < s <t} — ¢
and initial distribution iy ,,. As the arguments above are valid for any initial distribution,
the result holds almost surely in each I;, and hence in the whole interval [0, 7. O

L pps)
/ dx/ [J(p) — J(p(s))]va,s(dp) | ds = 0. (4.11)
0 p+(s)

5. MICROSCOPIC CURRENTS

The microscopic currents j; ;41 associated to the generator Ly, are defined by the con-
servation law Ly [m:] = ji—1; — Jii+1 and they are equal to

- pp O+ -pA—p Nm, i
i1 = & D01 = migr) + 52 (0 — niga), 1<i<N -1, (5.1)
[p(1 = p(t) + (1= p)ps(t)]ny — (1 = p)ps(t), i=N.

in the case of Liggett boundary rates and

A0 (1)~ m), i=0
Jiit1 = ngl —Niy1) + 252 —miq), 1<i <N -1, (5.2)
on A+ () (v — p+(2)), i=N.

in the case of reversible boundary rates.
Follow the argument as in [0, Section 2], for i = 1, ... N —1 define the counting processes
associated to the process {n(t)};>o generated by N'**Ly; by
hy(i,t) := number of jumps i — i+ 1 in [0, ¢].
h_(i,t) :== number of jumps i + 1 — 7 in [0, ¢]. (5.3)
h(i,t) := hy(i,t) — h_(i,1).
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These definitions extend to the boundaries i = 0 and 7 = N as
hy(0,t) := number of particles created at 1 in [0, ¢],

h_(0,t) := number of particles annihilated at 1 in [0, ],
hi(N,t) := number of particles annihilated at N in [0, ],
h_(N,t) := number of particles created at N in [0, ¢].

(5.4)

The conservation law is microscopically given by
n;(t) — n:(0) = h(i — 1,t) — h(i,t), VYax=1,...,N. (5.5)
Furthermore, for i = 0,..., N there is a martingale M;(t) such that

t
}@Q:M“/hm@%+%@-
0

As |n;(t)| < 1, (&3) yields that |h(i,t) — h(i',t)| < | — ¢'|. Therefore,

t/
Ey / (Jiir1(s) — jiwsa(s))ds| = O(N™%), Vt<t.
t

Hence, there exists J(t) < oo such that (£H) holds for all 0 < i < N.
In particular for the reversible boundary rates,

InA- (OB () = p- (0] = =T (#) + O(N™),
NN (DR [ (1) — p4 (D] = T (1) + O(N™).
Since generally J(t) # 0, we obtain that for the reversible boundaries case that

B (0] - p- ()] + 817 T (0)] - . (0] < =

This means the acceleration of the boundary rates (65 — 00) obliges the boundary condi-
tions p(t) in this microscopic sense. Observe that this is not true in the Liggett boundary
case.

(5.6)

6. MICROSCOPIC ENTROPY PRODUCTION: BOUNDS ON THE DIRICHLET FORMS

For any p € [0,1], let v, be the product Bernoulli measure on Qy = {0, 1} with rate p.
In particular, for the time dependent parameters p. = pi(t) denote

via(n) = () = [ o= [1 = pe(®)] 7", v e Q. (6.1)

Recall that 7(t) is the process generated by N'™*Ly; and denote by py, the distribution
of n(t) in Qu. For N > 2, define the Dirichlet form

Dexen(t) == % Z Nzl (, [ pin g (it 1) — /,UN,t(U))Q- (6.2)

nEQN =1
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Let fit be the density of jin,; with respect to vy ; and define the boundary Dirichlet forms

as
D (1) :=§fo—"1 (1= (T = JIam) v,
©+N Z~1 nN (1—py)™ (\/f;\?t \/th ) V+t n).

In this section we estabhsh some useful bounds for these Dirichlet forms. We start from
the Liggett boundaries in which p4(t) = p+(t) and prove the next result.

(6.3)

Proposition 6.1 (Liggett boundary). For allt < t', there exists C' such that

/ (D N (8) + Dexen(8) + Dy n(s)]ds < C (6.4)
for all N. Moreover if p_(s) = py(s) for all s € [t, ], then
[ [0+ Do) + (o) < 65

Proof. In this proof, any function f on Qy is viewed as a local function on {0,1}% in the
standard way.

Given any probability measure p on €y, for a given ¢ > 0 we extend it as a measure
foon {0,1}2 ~ Qn X [Tigq1, {0, 1} where outside {1,.., N} is a product measure with
a{n; =1}y = p_(t) for i <0 and u{n; = 1} = p4(t) for i > N.

Recall that Ly, is the generator with Liggett boundary rates in (2.9]). Also define for
all local function f on {0, 1}Z

Licf =Y coonr [F (") = F] . ey = pmi(1=my) + (1= p)m; (1 = o).
€L

LZ . generates the asymmetric simple exclusion process on {0,1}%. As obtained in [I0, p.

exc

244] in the proof of Theorem 2.4, for a function g = g(n,...,nn),

Lysg(n) — L.9(n)
= [p(p— = mo)(L =m) + (1 = p)(no — p—)m] [g(n") — g(n)] (6.6)
+ [(1=p)(ps — nve) (X =) + Py — p)nw] [g(n™) — g(n)].

Observe that the integral of the right hand side is 0 with respect to a measure fi on {0, 1}%
obtained by extending any measure y on {1y as above.

Recall the Bernoulli measure v, ; defined in (6.I]) and the corresponding density function
fit: UNt = f]\iﬁtyi,t. Consider the relative entropy Hy n(t) given by

Hen(t) = > i (n)log fa,(mvein) = > log fx,(n)pne(n).

neQN neQN
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Using Kolmogorov equation and ([6.6]), we obtain for the entropy production that

d _ _d
SH_n(t) = N Y7 Lvllog fyy e = D fyyve
neQy neQn
= NlJra Z exc[longt luNt Z thdt —t (67)
ne{0,1}2 neQN
N1+a Z th exc[longt V* Z thdtV*h
ne{0,1}% neQn

where 7_y = [T,c v ¥5_ ) (i) [ Lis v V5, 1) (1) Observe that the last term in (6.7) is bounded
by C'N. -
Exploiting the inequality z(logy —log x) < 2y/x(\/y—+/z) for all , y > 0, and denoting
that p=2p—1, gy, = (th)l/z,
Z th exc longt Iz t< 2 Z gNt exc gN,t]D*,t

ne{0,1}2 ne{0,1}2

SN [ 50— )] om0 = gx] g7 (6.8)

ne{0,1}~ i€Z
=L +1 + 15+ 1y,
where the right-hand side reads

L= 3 3 o) — axaln)] o),

ne{0,1}% i€Z

12:_; > Do) [an) = sl )

ne{0,1}2 €Z

Z Fre ) [P (™YY = 5 ()],

776{0 1}2

Z Z — Mit1 gNt<77i’i+1)9R/,th,t

776{0 1}2 i€Z

D _ _ - _
=35 E (v — TIN)QN,t(’f?N’NH)gN,t [’/f,t(TIN’NH) - Vf,t]7
ne{0,1}%

Py Y = mn) [=(gn) ()] - u(n) = p[ps(t) — p-(8)].

ne{O 1}2 i€Z

Notice that Z,, Z3, Z, are uniformly bounded in N and they vanish when p_ = p,. On the
other hand, since fy , depends only on {ny,...,nn},

T = Dexen(t) — Ty — Iy,
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where 7, ; and Z, , are computed respectively as
1 _ _ 72
Tii=5 D [owa") = gn, v—e(n) Y (m(1 =) +m (L= 10)) (0 (0)

neQN 70

= LS (O =)+ 1 = p-0) [, 0") — g o = D 1),

neQN

1
T =35 D loma™) = gv) voan)

neEQN

Z (v(L = vs1) + v (L= nn) ) v ) (Mv4a) > 0.

NMIN+1
Hence, from (6.8)) we obtain a constant C' > 0 such that
Z f];,thxc[log f]:ﬂt} Vot < _D—,N(t) - £DeXC,N(t) + C.
716{071}2

Plugging this into (61) and integrating in time,

/Ot [977]\/(8) —+ Qexc,N<3)] ds S C

The proof of (€4 is completed by repeating the argument with H;\L,,t.
Now suppose that p_(t) = p4(t), then v_; = v, ; and we have Z; , = ©®, (). Therefore,
(6.8) yields that

Z fN,thxc[log fN,t] v < =9 N(t) — Dexen(t) — Dy n(t).

NEL

Since Hy(0) = O(N), (63) follows similarly. O
For reversible boundaries pi(t) = p+(t), the following estimate holds.

Proposition 6.2 (Reversible boundary). For allt < t', there exists C' such that

[ [&IN)\,(S)Q,JV(S) -+ UN®exc,N<3) —+ 5N5\+<8)®+,N<S>:|d8 S C (69)

for all N. Moreover if p_(s) = py(s) for all s € [t, ], then
t/

[ONA_($)D - N(5) + ONDexe,n(5) + OnAL(5)D 4 n(s)]ds

S—

‘g 7 o . . (6.10)
<2 Js) | I8 ds+ - <C' | =+ |-
on Jo [A_(s) Ai(s) Na oy N@
Proof. Similarly to (6.7]), we obtain for the entropy production that
d u N _
T H_ N (1) < NN fy Lallog fy Jv-i + CN. (6.11)

neEQN
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Applying the argument used in (6.8,
Z I (Lne — 0wy (t) Ly ) [log Indvoi

neQN

< — oA ()D_N(t) — ONDexen(t) +P Z (v —m) [y v

neQN
In view of (B.6]), the last term can be bounded as

Y~ mlia = [p+< )= o (t)+ 5}‘&“20 ' a];yx(f)@} L

For L, 4, since fN’tl/_,t = fN’tl/jL,t,

_ _ _ 1%
> fviLadllog fylv—s < =D () + > friLe [bg (Vi)] Vo
n n -

Standard manipulation shows that

o (2)] - 2] ] -
Let F(p) = plogp+ (1 — p)log(1 — p), so that F'(p) =log(p/(1 — p)). By [E.8),

D Swili [log (Zi)} vy < ~[F(pr () — F(p(t)] LTI

oNA+(t)

Putting all these estimates together, we obtain from (G.I1]) that

L (t) < = N (25 A (0D (1) + onDerey(t) + 253 As (1D (2)]

dt
+ N [C(ps, 1) + 05 C(As, 1)] + ON,
where C(px,t) and C(\y,t) are constants given by
Clpsst) = Blps(t) = p-(0] — TO[F'(p+ (1) — F(p-(1))].
C(s,t) = pT (NLH(0) + 221 (0)].

We can then conclude (G9) by integrating in time. For (GI0), it suffices to observe that
C(px,t) =0 when p_(t) = pi(t). O

Remark 4. The condition p_(s) = p4(s) is necessary for C(p+,s) = 0. Indeed, in view
of Proposition I3}, if ps(5) < p(5), T(5) = suplJ(0); ps(5) < p < p_(5)}, 0

B p—(s) T (s) o B p—(s) M
Closs) = /MS) (p(l —p) p) = /p+<s> oi—p 70

Meanwhile if py(s) = p-(s), T (s) = nf{J(p); p—(s) < p < p4(s)}, s0

B P+(s) B T(s) B p+(s) M
Clos,s) = /p_(s> ( p(1 - p)) = /p_(s> oi-p 70
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Hence, better bounds are available only when p_ = p,.

7. BLOCK AVERAGE ESTIMATES

For 1 < k < N, define the left-sided uniform block averages by

k—1
1 .
ik = E iy, Vi=kk+1,...,N. (7.1)

1'=0

Recall that py, is the distribution of n(t) on Qy and v, is the Bernoulli measure with
rate p. In this section we show that, in both Liggett and reversible cases, py; on the k-
block {7;i—_g+1,...,m:} can be estimated by vy, with errors bounded by the corresponding
Dirichlet forms in Section [6l The main results are stated below.

Proposition 7.1. Given a local function f = f(no,...,n:) and a vector
Wi = (wk,o, e awk,k—l); define

k-1
Fir =D wi(fomie = (F)(irerse))-
/=0

Then there is a constant C' independent from N, t, k or £, such that
N—¢ ,
/ Z | Fi| dpne < Cllwiel P[0k + 0)*Dexe,n (t) + N, (7.2)
i=k

where || - || denotes the Euclidean norm.

Typically we will apply Proposition [l for choices of wy, such that ||wy||* ~ k1.
The next proposition deals with the blocks located at the boundaries.

Proposition 7.2. There is a constant C' independent from N, t or k, such that
/ }gi.k}Qd,uN,t S C||Wk||2 [kaQGXC,N(t) + kD:I:,N(t) + ]-} (73)

for any wi, = (wy1, ..., we ) € R*, where

k k
G k= Z wii(mi = p-(t), Gyx= Z Wi (MN—ki — p+(t)).
i—1

i=1

Proof of Proposition[7.1. For p, € {i/k;i =0,1,...,k}, let v*(:|p.) be the uniform mea-
sure on

Qg p, = {?72 (M, ) €

%Zm:p*}- (74)

i=1
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Fori=Fk, k+1, ..., N, define the measures

_ik )
MN,t(P*) = UN g A (Mickt1s -5 M) € Qep, )

bk BN (Mimgrts 1) (7.5)
MN,t(Th'—kH, CoMips) = — _
MNt(p*)

By the relative entropy inequality, for each ¢+ = k, k + 1,..., N — ¢,

/’fzk} d,uNt_ZNz—i—ék-i-ﬁ (r, /}}"@k’ duz-}—ék-ﬁ-ﬁ (1ps)

gg A o (g ) @

P
+ log/exp {alf@-,kIQ}dVW(-lp*)}, Va>0,

where H is the relative entropy: for two measures p, v on ), ,_,

H(p;v) = /(log,u — logv)dp. (7.7)

The logarithmic Sobolev inequality (Al yields that there is an universal constant Clg,
such that for each 7, k and p;,

H (Jf £ L2 M pa)) < Cus(h + 0PN (1), (73)

where the Dirichlet form in the right-hand side is defined as

O, (1) : Z Z(\/M ("4 p.) — M?’v'ft(n|p*))2- (7.9)

UEQk

Plugging (C.8) into (Z.6) and summing up for i > k, and using Schwarz inequality, we
obtain

a

N—¢
Crs(k + 0)3
/Z ’fi,k}QdﬂN,t < %Qexc,N(t)

.- Z / fin " (dp.) log / exp {a| Fii*}dv* (- [p.).
The desired estimate then follows if we can show that

log/exp {a|Foi?}d/* (- ps) < C, Va< (7.10)

1
(€4 Dllwl

where C' is a universal constant C'.
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We are left with the proof of ([ZI0). Without loss of generality, we assume that the local
function f € [0, 1]. By Hoeffding’s lemma, for all p € [0, 1],

2
log/e“[f”P(f)]dyp < %, VaeR. (7.11)

As f o is independent from f if |i| > ¢ + 1, by splitting the family {f o 7,_»} into
independent groups and applying Cauchy—Schwarz inequality,

k—1 2,2
log/exp {aZwk,i/(f O Ti_i — <f)(p)) } dv, < (€ + I)LLWICH . (7.12)

Hence, if a™' > (¢ + 1)||wg]|?,

k—1
Zwk,i’(f O Tj—it — <f>(P))

log/exp {a

In order to get (T.I0) it suffices to replace v, with its conditional measure v¥*¢(-|p,). Tt
follows from an elementary estimate that

2
} dv, < 3. (7.13)

(gl =i | p.) < Cvp.(nlr = 1) (7.14)
forall ' C {z —k+1,..., 2+ (} such that |I'| < 2k/3. O

Proof of Proposition[7.3 Without loss of generality, we show the result for G_ ;.. The proof
goes similarly to the previous one. Denote by M?\Ct the distribution of {n;,...,m} at time
t and let f]lf,t = ,u?w /v;s_. By the relative entropy inequality,

Ey, [g%k} < 2 [H(lev,té 1/57) + log/eagz,kdyﬁ] , Va>0.

Applying Proposition [A] proved in Appendix [Al

H(piy 5 v5.) < 07162 > ki (\/ el =/ fj’“v,t(n))2 v ()
neQy j—1
S i oy () — ) v )

with some constant independent of N, t or k. Therefore,
H(,uﬁ,,t; v;_ ) < Ck*Dexen(t) + CkD_ n(1).

Similarly to (CI0), we can bound the exponential moment as

log/exp {alG_*}dv;_ <3, Va< ToelP

We only need to put these estimate together and integrate in time. O
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7.1. Macroscopic current. A direct consequence of Proposition [Z1] and the bounds on
the Dirichlet forms is the explicit formula (48] for the macroscopic current function J(t)
defined in (ZH). Define empirical density corresponding to 7; ; by

Cni(z,t) ZXW ) iik(t),  (z,t) € [0,1] x R, (7.15)
Observe that for any 7' > 0 and ¢ € C'([0,1] x R,),

/0/0w(xat)(CN(x,t)—CN,k(x,t))dde% (7.16)

where (y is the density in (8.14]). Recall the distribution £ on the space of Young measures
defined in (£.3). From the observation above, for fixed k or k = k(N) < N, one can view
Q as the weak limit of the same subsequence (y ;. To prove ([L0), we distinguish the two
cases.

Liggett boundary. Recall the (microscopic) currents j; ;41 given by (B1]). For 1 <i < N—1,
we can furthermore write that

_ 1— _
Jiit1 = Jiit1 — Vﬁz, Jiiy1 1= pm(l - 77@'+1)- (7-17)
Direct computation then shows that for fixed k,
s,
j = ]\}1_1310 AT Zl KNt jz z+1 - ]\11_1330 N Zl EuN,t [Ji7i+1]
‘ - (7.18)

N-1 =
:]\}EI]OONZEZ KNt ’LZZZ+1]
=k
Choose ¢ =1, f = pno(1 — 1) and note that

fori=Ji, ()(p)=J(p)=pp(1l-p) (7.19)
Now take arbitrarily ¢, ¢ € [0,T] such that ¢ < ¢’. Applying Proposition [.T] with w; =
(k=Y,... k') and using the estimate in Proposition 6.1}
v N-1|q k-1 2 N
_ 2
[ dS/ ; E % Jifi’,ifiurl — J(ni+1,k+1> d,UN,S S C <k -+ ?) . (720)

Dividing the above estimate by N and let N — oo, we get
t N—-1

t/ B C
[ goyis— pim | > Bl isssc | < 5. (7.21)
for any £ > 1. From ([DEI) and the discussion below it,
a C
j Jds — FE ds dx p)vzs(dp) || < = (7.22)
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As t, t' and k are arbitrary we conclude (4.6]).
Reversible boundary. In this case, j; ;41 is given by (B.2]) and

ji,i-i—l = Ji,i-i-l — O-NT_pV'fh, Vi= 1,....,N—1 (723)

Note that from [BI7), oy = o(N) so that (ZI8)) remains valid. By applying Proposition
[T in the same way as before and Proposition [6.2]

o N-1
/ ds / Z
t i=k

Hence, (6] can be proved similarly to the previous case.

2

K2 N
duns < C (— + —) : (7.24)
ON k

k—1
1 _
I Z Jicit it — J(le‘+1,k+1)
/=0

8. THE BOUNDARY ENTROPY

This section is devoted to the proof of Lemma ET] under both Liggett and reversible
boundaries. Throughout this section, K > 1 represents some mesoscopic scale that is
growing with N such that K = o(N).

Define the smoother weighted averages by

K i
TA]Z‘,K = Z U}J‘T]i,j, wj = KQ‘j‘ . (81)
il <K

Recall the non-gradient current J; ;41 in (ZI7) and let
ji,K = Z iji,j,i,jJrl. (82)
|j] <K

The empirical process py = pn i is defined by

on(et) = 3 xen @ik, (5,0) € 0,1 x Ry, (83)

1=K+1

with x; v in (BI3). Observe that 7, and ny do not appear in py, so that the boundary
generator does not contribute to the time evolution.

Remark 5. Recall the function (y defined in [BI4) and observe that

| [ ettt - putot)dnde < S5, (8.4)

for any T > 0 and ¢ € C'(X7). As K = o(N), pny can be identified with x in the limit
N — o0, in the sense that ([A3)) holds with (x replaced by py-.
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8.1. The boundary entropy production. Recall the boundary entropy—entropy flux
pair (F,Q) defined in Definition Bl For ¢ € C(Zr) and w € C'([0,T]), define the
boundary entropy production as

XF 1/}, =N— // pN7 0t1p + 8 F(pN, )U}IQ/}] dx dt

(8.5)

+/ Q(pn, w)0,1 dz dt,
3

where py is defined in (R.3)).
From now on we fix an arbitrary C' smooth function p = p(t) on [0,7] such that
p(t) € [0,1]. Our aim is to prove the following results.

Proposition 8.1 (Liggett boundary). Assume that p_(t) = py(t) = p(t) and a > 1/2.
With K = K(N) satisfying that

VN < K < min{N® N}, (8.6)
we have
HUN,0 F
lim BR[| X5, )] =0, (8.7)

for any initial distribution uy o, boundary entropy—entropy fluz pair (F, Q) and ¢ € C*(Xr)
such that ¥(-,0) = (-, T) = 0.

Proposition 8.2 (Reversible boundary). Assume that p_(t) = p(t) = p(t) and BI7),
B20). With K = K(N) satisfying that

max {\/N, O'N} < K < min{N%y,on0Nn, N}, (8.8)

the result in Proposition [81) still holds. Observe that (BIT) and [B20) assure the exis-
tence of such K(N).

The proofs of Proposition and are similar, and are postponed to Sections and
R3 From (1) we can conclude the proof of Lemma [£.1] as follows.

Proof of Lemma [l Given any boundary entropy-entropy flux pair (F, (), define the
boundary entropy flux of a Young measure v € ) with respect to boundary data w €
C([0,T]) as the functional

O vy w) = / [ we.odea / Qy, w(®)veddy), Yo €C(Sr).  (8.9)

Let 2% be the Young measure associated to py, i.e. Dﬁt =9 Since F' and 0, F are

PN (z,t)
bounded and a > 0, for all ¢ € C*(X7),

lim BR [|Q0u50w, ) — XE(0.0)|| =0, (8.10)
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where p(t) = p4(t). Since the map v — @(aﬂ/}; v,p) is a bounded linear functional on Y,

it is continuous and consequently the set {v;|Q(0,¢; v, p)| < €} is open. Recall that the
distribution of 7V converges (along a subsequence) to Q. By (87) we have

Q (‘@'(axw; " p)‘ > 5) <liminf Py (|X5 (0, p)| > ) =0 (8.11)

for any € > 0 and ¢» € C?*(X7) such that ¥(-,0) = ¢(-,T) = 0. Hence, the following holds
with Q-probability 1:

Q(z,t) == /0 Q(y, p(t))vee(dy) =0, (x,1)-as. in T (8.12)

To prove Lemma ET], it suffices to show that v, ; = d, if (812) holds for all boundary
entropy flux (). We make use of the boundary entropy

L AL
Fluyw) = N2~ wElwnsg), (8.13)
0, u € [wA 5, 1],
The corresponding boundary entropy flux is
1y 0.wA L
Qu,w) = Jwng) =), uelbw . 2): (8.14)
0, u € [wA g, 1].

As Q(u,w) > 0 for all (u,w) but Q(z,t) = 0, we conclude that v,; concentrates on the
zero set of (), which is [p(t) A 1/2,1]. Similarly, choose

0, u € [0,wV i,
F(uvw): 1 12
U—U}\/§, UE(U}\/§,1]7

0, uE[O,w\/%],
J(w)—J(wV3), ue (wVs,1].

As Q(u,w) < 0. the condition Q(z,¢) = 0 then implies that v, concentrates on [0, p(t) V
1/2]. Hence, v, +(A;) = 1 almost surely on X7, where

1 1
A= [olt) A o) v 5 (.15
Finally, to close the proof we choose
Fu,w) =|u—w|, Q(u,w)=sign(u—w)(J(u)— J(w)). (8.16)
If p(t) < 1/2, Q(u, p(t)) > 0 on A, = [p(t),1/2] and the only zero point is p(t), so that
Q = 0 implies v = dp4). If p(t) > 1/2 the argument is similar. O

Before proceeding to prove Proposition R and B2 we prepare some notations. For each

N>1,
2K +1 2K —1
By = [0, - ) U [1 _ ,1] . (8.17)

2N 2N
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Observe that for G : X7 — R and w: [0, 7] — R,

G(pn(,1), Z Xin ()G (0 i w(t)) + G0, w(t) 1py (2).

i=K+1

For ¢ : Y7 — Rand each i =1, ...; N,

T O T R e ) (5.13)

We shall fix some boundary Lax entropy—entropy flux pair (£, Q) and write Xy instead of
XT for short. We also omit the arbitrary initial measure iy and denote the expectation
with respect to {n(t);t € [0, T]} by Ey.

8.2. Proof of Proposition[8.1l Throughout this part we assume the conditions in Propo-
sition 8.1

Lemma 8.3. Xy satisfies the following decomposition:
4
Xn(p,w) = My (v, w) — > AY (¥, (8.19)
i=1

where My is a square integrable martingale and Ag\i,) are given by

T N-K

AR = / > GO i, w) V" [ Jie = T(iire)|
0 i=K+1
T N-K
A(2 / Z 00 F (1 10, w) AR g dL,
PRk (8.20)
7 N—K
A(3 N/ Z w@ ZK+€ZK / Q(0,w)0,) dz dt,
i=K+1 By
T N-K ~
A%) = / Z [@/)iauQ(ﬁi,K,w)V*ﬁi,K - V%Q(ﬁLK,w)} dt.
0 i=K+1
Here 551}( and 552}( are respectively given by
NZ+K 1 1 ) )
SV (pnﬂrT) O2F (s aco w) (W3 = i)™
j=i—K (821)

P = N[V I (i) — I (i) Vil ] -

~ . . . A A 1
where 1; ; k 15 some intermediate value between 1); x and nﬁj .
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Proof. We omit in this proof the dependence on w in (F, Q). By applying an integration
by parts in time and recalling the fact that py is independent of 7; and 7y, (83) can be
rewritten as

Xy, w) = Xp N, w) + Qn (¢, w) + My (¢, w), (8.22)

where X n, Qn are respectively given by

7 N—K

Xin(,w) - / Z Ui Lexe[F (i 1)) dt,

1=K+1

T N K
and My is a square integrable martingale. For each 1,

. T
77@K>Vwidt+/o ; Q(0)0,% dx dt,

= K+1

i+ K—1 _
R B 1—p L X
Ll Pl = 3 (m+ 257 [F (257 = o)

j=i—K

= 0uF (i, i) Lexe |7,k + N’lef}(

. 1—5
= 0, F (k) (V*J@K + TpAﬁi,K) + N_lez(,lz)o
where the last equality follows from (Z.I7)). Moreover,
Vs =V ok = G| T 00k Vi + N el (5.23)

Therefore, we can rewrite X y as

T N-K
Xiathow) == A9 a0 =5 [ 5 i (h+ ) e
i=K+1
7 N—-K
_/ > G0 F (i) T (i) Vi e .
i=K+1
The conclusion follows from ([822) and that J'0,F = 0,Q. O

To show Proposition Rl we evaluate each term in the right-hand side of (8I9). We
begin with the martingale My.

Lemma 8.4. Ifa > 0, limy_.o Ex[|My (¢, p)|] = 0.
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Proof. By Dynkin’s formula, the quadratic variance of My satisfies that

TN-1 rN-K 2

j,7+1 ~ ~

o= [T 42| 3wt - roo)| @
Li=K+1

TN L[ N-K 2
= N1+‘1/ Z ?/’iauF(fh,jK)(??ﬁ: —ﬁz‘,K)] dt,

Li=K+1

where 7); ; x is some intermediate value between 7); x and nj 71 Direct computation shows
that

X . Vin; . L
nf?l—nm—sgn(—]—§)75, j-K+1<i<j+K (8.24)

and otherwise 77] I+ i,k = 0. Hence, define the block
A= {K+1<i<N-K}n{j-K+1<i<j+K)} (8.25)

Since |A;| < 2K, we obtain from (824) the estimate

|8 FI2 T AJ JHl s )2
(My) < Tires | 222 v D (il — ) dt
;]\1{ zfA i€ (826)
C’|8 F|% — C’|8 F|%
< S [ X vt = SR Wl
j=1 icA,
The conclusion then follows from Doob’s inequality. O]

To estimate the other terms appeared in the right-hand side of (8I9), we make use of
the following block estimates.

Proposition 8.5 (One-block estimate). If p_ = p; fort € [0,T],

T N-K R 2 K2 N
e — J(F < = 4 )
Ex | | EK [J%K J(nsz)] dt| < ( o K), (8.27)

with some constant C' independent of K or N.

Proposition 8.6 (Two-block estimate). If p_ = py fort € [0,T],

<C <— + %) (8.28)

T N—-K

Z V'rhK dt

with some constant C' independent of K or N.

Ey
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Proposition 8.7 (Boundary estimates). If p_(t) = p.(t) = p(t),

T ]
Ex [/ mKJrl,K - p(t)’th <C <
0 -
T )
~ 9 K 1
Ex [/0 }TIN—K+1,K - p(t)’ dt_ <C <ﬁ + E) :

. :
Exy U |Vigpx | dt| < C
0 J

. -
2 1 1
E Vin— dt| <C —
N|:/O | Vin—k41.k] |= <N‘1K+K3)’
with some constant C' independent of K or N.

Remark 6. From Propositionl6.1 and the proofs below, the factor N—% in the upper bounds
in Proposition [8.3H87] is available only when p_ = p,. Without this condition we obtain
these estimates with N~ replaced by 1.

Proof of Proposition[8.4. In Proposition [[ 1l take f =y, k = 2K — 1 and

K—-|j—K+1 )
WK —-1,j = ‘jK2 |, jZO,l,,QK—Q
Then (f)(p) = p and for 2K —1 <i < N,
2K -2
Fik = Z Wog—1;(Miej — Mi2k—1) = NieK+1,K — Ti2K—1-
=0

Therefore, we obtain some constant C' such that
N—K+1 N
/ Z [Nk — 77@'+K71,2K71)2 dpny < C [K2©exc,N(t) + ?] . (8.29)
i=K

Similarly, take f = pno(1 — 1), k = 2K — 1 and the same vector wy, as above, we obtain
that (£)(p) = J(p) and

N-K ) N
/ Z (Ji,K - J(ﬁz‘+K,2K)) duns < C' |:K2£Dexc7N(t) + ?} . (8.30)
i=K
Note that for each 4, |7y k2 — vk —1,2c—1] < K, so the conclusion follows from (8.29),
(B30) and Proposition [6.11 O
Proof of Proposition[8.8. Observe that for alli =K, K +1, ..., N — K,

K
In Proposition [Tl take f =1y, k = 2K and

1 1
sz,j:ﬁSgn(K_j_ﬁ) J=0,1,....2K -1,
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we have F; , = V1), k. The result follows again from Proposition O

Proof of Proposition[8.7]. In Proposition take £ = 2K + 1 and

1 K 1 K-1
o)

Wok+1 = (07ﬁ7...7ﬁ:?’77...

The first inequality then follows from Proposition [6.1l The other estimates can be proved
in the same way. O

Now we bound each term in (820) under the condition p_ = p,.
Lemma 8.8. Assume a > 1/2 and (84, then

Jlim B [|AQ (6, p)[*] = 0. (8.32)

Proof. By summation by parts and the intermediate value theorem,

AP = A+ A 4 4G AL

7 N-K

A0 _ / S° VEDF (e 1)) [k — I (o)
0 i—Kk+1
T N-K R
AQ?) = /0 > 0LF (S, p() Viliie [Ji,K B J<ﬁi’K)] at,
i=K+1

T
Ag\lf,f) _ /0 @KH@uF(TA}KjLLKaP(t)) [JKvK - J(ﬁKK)] at,

T
A%ﬂ - / QﬁN_KJrlauF(ﬁN—K“vK’p(t)) [JN_K’K - J(ﬁN_K’K)] .
0

where &; i is some intermediate value between 7);  and 7,41 k. By the one-block estimate
in Proposition B

K2 1
Ex |[AV[] < CloswlZlonriz ( e g) - (8.33)

For Ag\l,z), using Cauchy—Schwarz inequality, Proposition and B.0],
K? N? )

N% KA

For the boundary terms, recall that 0,F (u, w)|,—, = 0, then
OuF (41,10, (1)) = O F (0, p(t)) (k1,5 — p(1)), (8.35)

for some intermediate value 7_ between 71 x and p(t). Hence,

Ex [J447 ] < clulezr ( (.30

Bx 441 < cluiletrt (o + 5 ) (830
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thanks to Proposition and the boundedness of J. The right boundary term Ag\l,’ﬂ can
be estimated similarly. When N — oo, all the upper bounds vanish since K is chosen to

satisfy (B4). O

Lemma 8.9. Assume a >0 and K > N3, then

hm_ENUA%%mpﬂ}zo. (8.37)

N—o0
Proof. Similarly to Ag\l,), with some &; x between 7; x and 7,41 k,

A5 ) = AR+ AT 1 AED 1A,

1_15 T N—-K B
AGY = == T VO (s, (1) Vi i,
0 =K
1—p TN-K 2
AGY = == ST B0 (e, o) (Vi)
0 =k
o _ _1=p [T~ 7 i
A% :_7f/‘wﬂm@Kmmvaﬂx%
0

1—p [T - . A
R AT L

Due to the two-block estimate in Proposition [R.6]

Ey [[AGV[ +]487|| gcx¢rF)(%:+1)<5%-#£%). (8.38)

For the boundary terms, similarly to (835]),
T
Ex [JA67 ] < CluflotF x| [ (Vion)'d
0

g 2

x Ey { / (. = (1)) dt]
0
1 1
2 92 )2

< CWEIEFE (5 + 7 )

where the last line follows from Proposition B The last term is bounded similarly.
Observe that all bounds vanish under our conditions. O

Lemma 8.10. Assume a > 1/2 and ([84), then AE\?}) (¢, p) — 0 uniformly.

Proof. Observe from (821 and (8.24]) that for any i,

CN|0?F s
i [ < g, S =0 529
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Meanwhile, noting that J = pp(1 — p) and J” = —2p, we obtain that

gg?;() = N|J'(chi—rx + (1 — )i i) — T (x| [ Vi |
CN

K2’

with some & € [0, 1]. Therefore, they vanish uniformly as N — co.

We are left with the integral with respect to By. Recall the definition of By in (817)
and note that it has Lebesgue measure 2K /N, so that

= 2Np(1 — o) |V ik <

T
/ Q(0, p)0, dx dt' < 19: 91| . (8.40)
o JBy N
Thus, this term also vanishes uniformly as N — oo. 0
Lemma 8.11. Assume a > 1/2 and ([84), then
lim Ey [‘A%)(w,p)” —0. (8.41)
N—o00

Proof. Similarly to AE\?), with some &; x between 7); x and 7,41 k,

4 4,1 4,2 4,bd
A (0 = AL+ AL A
7 N—-K

AV = / Z (s — ) 0uQ (M. () Vi i dlt,
0 i—K+1
T N—K R
Ay = - /0 > Gi[0.QUk k. )V ik — V' QUi p)] .
i=K+1

T T
Agé’bd) :/ ¢K+1Q(ﬁK,KaP(t))dt_/ wN—K+1Q(ﬁN—K7K"0(t))dt'
0 0

For Agé’l), direct calculation shows that [¢); — ¥;| < C|9,¥| N1, so that |A§3’1)| <
C(¢,Q)K~!. Meanwhile, |A§3’2)| < C(¥,Q)NK~? because

10,Q s 16, )V i 1 — V* QUi s, p)| < 102Q) o |V i | (8.42)

Therefore, these two terms vanish uniformly if K2 > N.
We are left with the boundary term. Recalling that Q(w,w) = 0 for all w € R, we have

|Q(k.x, p(t))] < 0uQ|oo|Nic,x — p(t)]. Since similar estimate holds for Q(Nn_k k, p(t)), in
view of Proposition 8.7,

K 1
Bx |40 < Clofla (s + 5 )

The desired estimate then follows from (8.G]). O
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8.3. Proof of Proposition Throughout this part we assume the conditions in Propo-
sition B2l The proof goes parallel to the previous case. We here emphasize the difference.
By the same computation as in Lemma B3] Xy satisfies the decomposition formula

(BIT), where AY), i =1, 3, 4 and 5(2}( are given in (820), (821,

T N—K

g ~ ~
Ag\%) = N2 p / Z wiﬁuF(ni,K, w)A7727K dt,
0 i=K+1
H—K 1
1 o 62 7,J+1 ~ 2
8 WK T o Z p77@ (nz,j K,W ) (772 K nZ,K) )
Jj=i—K

with proper intermediate value 7; ; x between 7); ¢ and 'fh it

To continue, we make use of the following block estimates. Observe that they differ
from those obtained for Liggett boundaries in Proposition R.5HR. 7 since the Dirichlet forms
possess different upper bounds here (Proposition [6.2]).

Proposition 8.12 (One-block estimate). If p_ = py fort € [0,T],

<C {KQ (;a + ;) + %} , (8.43)

TNK

/ Jiw — J(ﬁi,K)} St

with some constant C mdependent of K or N.
Proposition 8.13 (Two-block estimate). If p_ = p; fort € [0,T],

/T]sz( (Viox) dt] <C[ <;a+~i>+%] (8.44)

with some constant C' independent of K or N.

Ey

Ey

Proposition 8.14 (Boundary estimates). If p_(t) = p.(t) = p(t),

T -
2 K 1\/1 1\ C
E q — < ) == el
N UO [ snsc = p(t)] _C(UN +5_,N) (Na +6—’N) + 2

T -

2 K 1\/1 1) C
E IN_ — < ) = = el
N UO [N i1k = p(t)] dt _C(oN +5N) <Na +5N) =

+
E /T}VA }2dt-<£ £+L L+L +£
N 0 T’K—H’K ] - K2 ON 5]\/ Na 5]\/ K3’

e :
2 C (K 1 1 1 C

E Vin_ dt| < — [ — + — — + = —,
N {/0 ‘ N K+1,K‘ | = e <O'N +UN) (Na +UN) + 0

with some constant C' independent of K or N.

The proofs are omitted as they are same as the Liggett case. The only modification is
to estimate the Dirichlet forms by Proposition instead of Proposition

To show Proposition B2] it suffices to evaluate each term in the decomposition (8I9).
We sketch the proof in two lemmas.
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Lemma 8.15. Assume (B17), (320) and ([B.8), then
Jim Ey [|MN\ + AV + AP + }A%)\Q] —0.

Proof. For the martingale My, its quadratic variance (My) reads

Nlta /TN 1( ONQ_p) [Nz_:K wl( (A“H) F(ﬁi,K))rdt-

i=K+1

Using ([824)) and the same argument as in proving Lemma [R.4]

7 N—1

0N+p 0N+p)
(My) < —are Zz/ﬂdt —varez 10liamn)-

31

(8.45)

(8.46)

(8.47)

The other terms are estimated by Proposition B.I12H8.14l For AE\I,), applying the argument

we have used in proving Lemma B8]

K? 1 1 1
Ey [’Ag\lf)}ﬂ SCl(waF) |:N0'N (ﬁ + a) + ?:|

K [ 1 1 N 12
reonn £ (e L)+ 2]

rcion[(E2) (k) 4]

For Ag\?;), it vanishes uniformly as

(1) ‘ < CNO’N

)| L CN
B |

_ﬁa

/ dx
Byn

For A%), we can argue similarly to Lemma B.I1] to obtain that

Thanks to (B1I7) and (RS), we have as N — oo,

K K (1 1 N Noy
— =o(1 — | —=+=—) =0(1 — =o0(1 =o(1
which assures the vanishing of all the bounds above.

Lemma 8.16. Assume [BI7), (320) and [BS), then
lim Ey [’Ag\%)(w,p)” = 0.
N—o00

(8.48)
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Proof. With some &; x between 7); x and 7,41 x we have

AE\Z/)(?/},P) :A(Qvl) +A(2’2) +A§\2,’_) +A§\2,’+),
o p T N—K B
AR = <P [T OO0 G o0) D

TNK

ARD = T In P / Zwléﬂ (Eocs (8)) (Vi i)t

_ U - N
AE\Q/ ) _ _9NTF / wKﬁ F nKK7 (t))vnK+1,Kdt7

o — B X R
AT = N2 P/O Nk 10uF (N k1.5, p() Vil -k i dE.

Due to Proposition [R.13] and the assumption oy < N,
2 1 1 N
B [A(g,l) 21422 } < C(b. F On _
v AT+ AT < Ctw F) N V) \Naoy T Fvon K3

1 1 N
gc/(¢,F)<ﬁ+a+ lgf)

We are left with the boundary terms. Similarly to (8.33]),
2,-)|2 g 2
Exy [’Agv’_)} ] <C@W,F) x 0% x Ey l/ (Viik i) dt}
0

« Ex UOT("”_ ) dt]

2
< C'(4, F) KHI‘(’—C]TVN) <J\}+ ! )+;’é§] :

where the last line follows from Proposition 8. 14l As we choose oy < K < N and oy > 1,
this term is bounded from above by

2
Ex [}Aﬁ”’ﬂ < C"(, F) (NlQ = 1 + I]\é) . (8.51)

The right boundary term is estimated similarly. Finally, the proof is completed by noting
that all the bounds vanish as N — oo under our conditions. 0

Remark 7. From the proof above we see that the expectation of AE\Z,) does not vanish if
p_ # pir. Hence, it is responsible for the non-zero entropy production associated to the

solution of (B.2)) and [B3]) in this case.
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9. COUPLING

In this section we prove Lemma and Proposition by a coupling argument. To
establish the result for both Liggett and reversible boundaries, we use the time dependent
entry/exit rate functions (o, 5,7v,d) = («, 5,7,9)(t). For Liggett boundaries, these are
given by

14+p 1+p

(mﬁwﬁ)z( = 2(1—m>15pa—45x1;pm), (9.1)

while for reversible boundaries,

(@, 8,7,0) = an(Ap, Ay (1= py), A (1 = po), Appy). (9.2)

Recall that we have defined in (£.3]) the limit distribution Q and in (&3] the current 7 (¢),
both associated to the boundary rates (a, 3,7, d).

Lemma 9.1. If a < o, v > 7, on [0,t], then for each y € [0, 1],
ENv,s([y,1)] < E¥ [vas([y, 1])], (2, 8) -a.s. in 3y, (9.3)

where 9, is the Young measure corresponding to (o, 5,7,0). The same result holds for
(e, By, v, 0x) such that 5> B, and 6 < d, on [0,t].

Lemma 9.2. Suppose that a < a,, v > fy* on [0,t]. By J.(s) we denote the current
associated to the boundary rates (o, 3,7, d), then

/j ds</ T (s (9.4)

On the other hand, if 5 > By, § < 6, on [0,t], then

[ aas= [ gas 95)

where J.(s) is the current associated to (v, By, 7y, dx).

The proofs of Lemma and are postponed to the end of this section. We here first
show Lemma and Proposition based on them.

Proof of Lemma[{.3 In Liggett case, let p/(t) = max{p_(t), p;(t)} for t € [0,T]. Define
(v, Byy Ve, 0) through ([@J) with p_ = p, = p/, then o < ., v > 74, > By, § < b,
Denote by 9, the limit point associated to (au, fs, Vs, 0x). Lemma ATl yields that Q.
concentrates on the Young measure v, ; = 6,, . Applying Lemma 0.1]

E [ve4([y,1])] < B [vaa([y: 1])] = Ly < p/(1)} (9:6)

With similar argument, E2[v, ;([y, 1])] > 1{y < min(p_, p;)}. Hence, the proof of Lemma
is completed for Liggett boundaries. The reversible case can be proved in exactly the
same way. 0]
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Proof of Proposition[{.3 As before we prove only the Liggett case. Suppose that p_(t) <
p+(t) for t € [0, T] and let p.(t) € [p—(t), p4(t)] such that

J(pu(8)) = inf {J(1); p € [ (), 51 (D]} 9.7)
Observe that p, is not unique when p_ + p, = 1. In view of ([£6) and Lemma [£2]

J(t) > J(p«(t)). Meanwhile, define (v, B, Vx, d;) through (OQ.1) with p_ = p, = p,.. Since
a < ey Y > Yy B < By, 0 > 0, thanks to Lemma 0.2 and [A.T],

/ J(t)dt < / J.(t)dt = / J(ps(t))dt. (9.8)
Therefore, [ J(t)dt = [ J(p.(t))dt and (@) then follows. The other criteria (€3] is proved
similarly. 0

Both Lemma and Lemma are consequences of the so-called standard coupling
for simple exclusion process. To construct the coupling, define Qy = {{ = n® n';n; <
n,Vi=1,...,N}. For 5 € Qn, let

gt ="t e (), &=t e ()

eVt i= Mo (f)v, V=0t ()N

N = N @ ()N goatl = i+l gy ()il
where for n € Qy, nt* are n™'* are obtained through

Nt = (L, ), n " =0, ),

= (e 1), = (v, 0).

Note ¢b%, ¢NE N and ¢4+ all belong to Q.

Fix some N > 2 and without loss of generality take Ay = 1. Let («a,f,7,d) and
(e, B,7,64) be two groups of boundary rates, such that 6(s) < d.(s) for 0 < s < t.
Define the Markov generator ENS on Qu as

Lys =LY, + LG, + LY, + LY, (9.9)
where for any f defined on Qy,

LY. f = Z (1= mia) + (1= p)nfy (1 =) (F(EF) = f(€))

LY f = al(s)(1 —m) (f — F(&) +()m (F(E5) = £(9))
LY. f=6d(s <1—nN( — f(©) + B (F(EV7) = £(£))
LY f = (8.(5) = 6(5)) (1 +1n — nly) (F(E¥) — f(€)).

Denote by & = £(s) the Markov process generated by Ly . Observe that & couples the
processes associated respectively to (a, 3,7,0) and (o, 3,7, d,). Indeed, if f is a function
on Qy such that f(n@®n') = g(n), it is not hard to verify that Ly.f(n ®n') = Lx.g(n).
Similarly, Ly..f(n@n') = Ly,9(n) it f(n@n') = g(n).
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Proof of Lemmal9.1. We prove here for § = ., § < §,. The other cases are similar. In
the coupled process £ =n @', n;(t) < n.(t), so that pointwisely,

/ [ Fat)g(Cula,t))d dt < / [ @ 0otz i (9.10)

for positive function f € C(3r) and increasing function g € C([0,1]). By subtracting
subsequence and taking the limit N — oo,

Eﬂ/zWMWMAEWASEmU;f@ﬁM@KW%J

As f is an arbitrary continuous positive function,

1 1
ER [/ gdyx,t} < E% [/ gdyx,t} , (z,1) -as. (9.11)
0 0

The conclusion follows since we can approximate the indicator function 1j, ;) by a sequence
of continuous increasing functions. 0

Proof of Lemma[9.4. We prove here ([L9) with f = ., § < .. For the coupled process
£ =nan, let n® = n, —n; be the second class particle process. Recall the counting process
h = hy — h_ defined for n(-) in (E3)-(G4). We define similar counting process h’, b/, and
h2, b2 for 1/(+) and n2(-), respectively. Observe that h$(0,s) =0 for 0 < s <t and

B (i t) — h(i,t) = h™(i,t), 0<i<N. (9.12)

For any n € Qy, let £(0) = n @ n, which means that 6;(0) = 0 for all <. By summing up
(@I2) and noting that in @ particles can enter only from the right,

Z W (i, s)— Z h(i,s) = Z h2(i,s) <0, Vs el0,t]. (9.13)

From the definition of J(s) in (£3]),

t A 4
/0 J(s)ds = ]\}gr‘lx’/o N;Enzv(o) Ui i+1(s)]ds

. 1 ,
> lim < SR = | T(s)ds

The other cases follow from similar arguments. O
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APPENDIX A. APPENDIX: LOGARITHMIC SOBOLEV INEQUALITIES

In this appendix we fix a box of length k. For p € (0,1), let v, be the product Bernoulli
measure on € = {0, 1} with density p. For h =0, 1, ..., k, let v,(n|h) = v(n|h) be the
uniform distribution on

Qkﬁ = {T] € Qk

o)

and 7,(h) be the Binomial distribution B(k, p).
The log-Sobolev inequality for the simple exclusion yields that ([I5]) there exists a uni-
versal constant Crg such that

k—1

S stos srtaln) < 5SS (V) - Vi) sl (a

nEQk h T]er h =1

for any f >0 on Q4 p, such that >° _  fo(n|h) = 1..

In the following we expand (A.I)) to a log-Sobolev inequality associated to the product
measure v, with boundaries. The result is necessary for the boundary block estimates in
Section and R3]

Proposition A.1. There exists constants Crs and C, such that

3" tog Fawp(a < S5 ZZ( 7 V) v)

neQ neQy 1=1 (AQ)

+% S o (VG —VEm) v,

neEQ
for-any f >0 on Qy such that 3, o fv, =1

Proof. In the following proof we define

= > fo(mlh), flnlh) =25

UISYISA

forn € Q. and g =/ f, g = VT g(n|h) = \/f(n]h). Observe that

> flog fu, = Zf () > f(nlh)log f(n|h)o(n|h)
n UISYTA (A.3)

Zf )log f(h)7,(h).
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By (A.) the first term on the RHS of (IEI) is bounded by
k

CLSk? ZJE Z Z (" *|h) — (Tl\h))zﬁ(mh)

h—0 . nEQ,p i=1 (A.4)
CLS]’C Z m+1 (77))2 Vp(ﬁ)'

neQ, i=1

The second term on the RHS of ([A.3) can be written and bounded by the log-Sobolev
inequality for the dynamics where in each site particles are created and destroyed with
intensities p and 1 — p. Since this is a product dynamics, the log-Sobolev constant is
uniform in k. This gives

> F(&m)) log £(E(n))v,p(n)

neEQ,

<0, 3050 A= o [gE)) — 3 v o)

ner =1

(A.5)

where £(n) = Zle n;. Notice that, denoting T, f(n) = f(n™*) and recalling that v,(n) =
L vo(m) =TLA = p)t -7 p™,

T |v((1)) [3(60) = g€’ | = w(G)) [0 = gem)]*. (A6)

This implies, using Jensen inequality,

S ipl*m o) [3(e0r)) = G v(n)

ner =1

=k Y o (1= p)™ [ge(") = a(€m)] vp(m) (A7)

nEQ,

<k P =)™ (9(n") — 9(m) (),

nEQ,

which completes the proof. O]
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