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Vibrational analysis of structures with stochastic interfaces in
the medium-frequency range: Experimental validation on a
touch screen

Philippe Rouch?, Claude Blanzé"

2 LBM, Arts et Métiers ParisTech, 151, boulevard de I'hdpital, 75013 Paris
b Structural Mechanics and Coupled Systems Laboratory, Cnam Paris, 2 rue Conté, 75003, Paris

ABSTRACT

This paper proposes a dedicated approach and its experimental validation when dealing
with structures (including stochastic parameters, such as interface parameters) in medium-
frequency vibrations. The first ingredient is the use of a dedicated approach - the Variational
Theory of Complex Rays (VTCR) - to solve the medium-frequency problem. The VICR, which
uses two-scale shape functions verifying the dynamic equation and the constitutive relation,
can be viewed as a means of expressing the power balance at the different interfaces
between substructures. The second ingredient is the use of the Polynomial Chaos Expansion
(PCE) to calculate the random response. Since the only uncertain parameters are those which
appear in the interface equations (which, in this application, are the complex connection
stiffness parameters), this approach leads to very low computation costs. This method is
validated on a new kind of touch screen. The simulated mobilities are compared with
experimental ones obtained with a laser vibrometer and a good agreement is founded on a
large medium-frequency bandwidth.

1. Introduction

Today, the main numerical modeling techniques for the analysis of medium-frequency vibrations [1] are most commonly
based on the finite element method (FEM) or the boundary element method (BEM). In order to represent small-wavelength
phenomena in complex structures (such as car chassis, satellites or ships), these techniques require huge numbers of
degrees of freedom, since at least seven elements per wavelength are required to represent oscillating solutions properly [2].
In addition, the solutions obtained are highly sensitive to the material properties and boundary conditions. Moreover,
damping is often localized at the structural connections; its measurement is very difficult and very error-prone. When
we add to these difficulties, the will to take into account the variability inherent to mass production, the problem becomes
very complex. In order to obtain the stochastic response of the structure, one must carry out a large number of costly
computations. The use of high-frequency approaches, such as Statistical Energy Analysis (SEA) [3] or any of its
improvements, appears unsuitable for medium-frequency vibrations: the vibrational behavior becomes too global and, in
general, the coupling loss factor cannot be calculated in a predictive way. This paper proposes efficient techniques to obtain
effective quantities when dealing with complex structures involving stochastic parameters, such as interface parameters.
The first ingredient of these techniques is the use of a dedicated approach - the Variational Theory of Complex Rays (VTCR)
[4] - to solve the medium-frequency problem. The VTCR, which uses two-scale shape functions verifying the dynamic
equation and the constitutive relation, can be viewed as a mean of expressing the power balance at the different interfaces
between substructures. The second ingredient is the use of the Polynomial Chaos Expansion (PCE) [5-9] to calculate the
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random response. Since the only uncertain parameters are those which appear in the interface equations (which, in this
application, are the complex connection stiffness parameters), this approach leads to very low computation costs [10].

The application presented here concerns a new kind of touch screen (Fig. 1). Based on the recognition of vibrational
signatures, this system is able to detect impact position in a very accurate way (accuracy: + 0.1 in, resolution 25 ppi)
without the classical drawbacks of resistive or capacitive technologies.

The detection process uses two piezoelectric sensors that are connected to the glass that is clamped to its frame. They
measure in real time the vibrational state of the rectangular plate and compare these signals to previously recorded
signatures on a fine grid of the screen. A dedicated algorithm matches the signal with a signature included in the database
and sends back to the system the impact point position.

In order to isolate the screen from parasite noise, the glass plate has its four edges sealed between two viscoelastic seals
in a screen frame. As these seals have a stiffness and a damping factor that strongly depend on the compression ratio, the
dynamic behavior of the touch screen can be greatly affected by the frame. The goal of this application is to simulate the
influence of the seals properties in the screen dynamic signature and to compare the prediction with experimental data in
the medium-frequency range (in this case 1.3 kHz-6.5 kHz).

The paper will detail step by step the approach used for the simulation of the stochastic behavior of the screen: the
model, the discretization, the polynomial chaos expansion, the parametric stochastic modeling, the numerical aspects and
finally the experimental validation.

2. Basic aspects of the VTCR
2.1. The reference problem

Here, in order to simplify the presentation and to introduce the interface relations, the problem will be formulated for an
assembly of only two substructures, but this can be easily generalized to an assembly of n substructures. As an illustration,
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Fig. 1. New technology touch screen.
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Fig. 2. Reference problem.



let us consider two thin, homogeneous, isotropic and elastic Kirchhoff-Love plates and study the steady-state vibrations of
this assembly. Classically, all quantities are defined in the complex domain and depend only on the space quantities x: any
complex quantity q(x) is associated with q(x,t) by the relation q(x, t) = q(X) - exp(imt) where w is the fixed angular frequency
and t is the time.

Let S, and S, be two plates solicited harmonically at a fixed angular frequency , dS; and 0S, their respective boundaries,
and I'q, the interface between S; and S,. By considering that [ is the number of the studied plate, the boundary conditions
are the following: prescribed deflection w{ on part ow,S1 of Sy, prescribed slope ng on dwn, S, prescribed bending moment
M{ on om,Si and, finally, prescribed Kirchhoff shear Ki on ok, Si (Fig. 2). The quantities of interest are the deflections w; and
the moments M,.

For each plate S, let us introduce the admissible space Sgd of the displacement-moment pairs s; = (w;, M) defined on S,
such that

wyeUd (set of finite—energy displacement field H'(S)))
M, eS (set of finite—energy moment field [L*(S)]?)
V22w, —klw; =0 on S

20 ..
M, :T (1 +l?]l) Kple(Wl)

for 1=1,2

N ES’ad S

4 3po*(1-1})

with k= : 1)
LT (U tinEh?

where k; is the wavenumber and p,, v, 1, E; and 2h, designate respectively the density, Poisson's ratio, structural damping
coefficient, Young's modulus and thickness of plate S;. Kps, is the Hooke's tensor for plane stress and X is the curvature
operator. The fields of Sfad are admissible in the sense that they verify both the local equilibrium and the constitutive relation
exactly. The reference problem is

Problem 1. Find s; such that: s;e S}y

wy=wi on  ow,S

Wy =Ww on I
Wi, =Wi  on dwn,S ! 2 12
Win, =Wy, ON Iy

d
Mlnl :M, on 0Mdsl M]n, :1\/12112 on F12
Kln, :K? on adel K]nl :Kznz on Iy
for 1=1,2
with M[m =n;-Mn;, and Kln, =n; - div[M;]+(t; - M,n,)’tl (2)

where n; and t; are respectively the external normal and the tangent of each edge.

2.2. Variational formulation associated with the VTCR

The VTCR is primarily a global formulation of the boundary conditions and transmission conditions in terms of both
displacements and forces. With this understanding, the problem becomes

Problem 2. Find s; such that

NES Slad

2 (Aas,(851,5) — Las(85D) + X.Cr,, (851, 51, 6Sm. Sm) = 0
l Lm

(3)

I<m

vesjeShy for 1=1,2 m=1,2

with the boundary conditions:

Aos, (851, 51) — Lo, (85)) = Re{ —iw <—/

Iy

5Kln,(wl — W?)* dL+/ s on; - M,n,(w,,nl — Wﬂn, )* dL
! Awny St

+ / (n; - M, — M{)ow}, dL— / (i, — Kow} dL)} (4)
oMy Si ’ K, S,

Kg=1



and with the transmission conditions on I'y, (for a perfect interface, continuity of the displacement and surfaces forces):

. 1
Cr,, (351,51, 85m, Sm) = Re{ —iw (/ 5 [— 8 (Kin, — Kinny, W) — Wi )* + 8 (1 - Mymy + 1y, - My ) (Wi, + Winn,, )
I

im

+ (@ - My — Dy - My n)3(Wi g, — Wiy, )* — (K, + Koy, )W) +Win)¥] dL> } (5)

Re[.] and [.]* designate respectively the real part and the conjugate.

In practice, the VTCR procedure consists of two stages: first, one builds admissible fields; then, one introduces the
boundary conditions through the discretization of the variational formulation associated with a set of admissible fields
chosen among the elements of S.;.

2.3. Construction of admissible fields

Let us define a subset S™, of S!;. The VTCR uses two-scale approximations. In the vicinity of a point x of S, the
displacement field is described as a superposition of rays which can be written as follows:

W (%, K) = exp(k.x)a;(K) = we, (X, K)a;(k) (6)
where we (X, k) represents the “fast” part of the field (it is defined explicitly) and a;(k) (that is the unknown)represents the

ray amplitude which is a “slow” part. k denotes a vector which characterizes the local vibration ray and is calculated such
that the ray verifies the dynamic equations. The moments are deduced from the constitutive relation:

M (%, K) = (14 i) Kps, X (W(X, K)) (7)
As the rays belong to the admissible space S.; , they must satisfy the admissibility relation
V2V2W,—k/W;=0 on (8)
We have then:
(kk)?? =K/ (9)

There are many possible such choices, which depend on the kind of rays that one would like to use for the solution

approximation. The VTCR distinguishes the interior rays W™, the edge rays Wle‘]lg and the corner rays W{°":

Wint(x, k) = wit(x, kyaj" (k)
W (x, k) = welE(x, K)aS*¢(k)

Wi, k) = we' (x, k)af° (k) (10)

e

For example, if we would like to use interior rays, the locus of the end of the admissible vector k is a curve C™,
depending on the material characteristics. For interior rays, this curve is a circle of radius r (Fig. 3). Following the circular
path, each direction of propagation within the plate is taken into account.

Fig. 3. Admissible vector for interior rays.

Oo®

Fig. 4. Admissible edge rays for a plate.
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Fig. 5. Discretization and polar representation of continuous and discretized solution.

The definitions of corner and edge rays are very similar. The loci of the end of the admissible vector k are denoted as Ce“lg

and Cj°'. Examples of edge rays can be seen in Fig. 4.
One of the advantages of the VTCR is to take into account all admissible ray directions. The solution wf"‘ on the plate [ is
then searched as

wiol(x) = / adowi (x, k) ds+ / Edg(l()wf;dg(x, k) ds
cint

1

+ / a*' ®we (%, K) ds (11)
csor

2.4. Discretized form of the VTCR

In order to get a finite dimension problem, one discretizes the curves ¢, CEdg and Cj°" into a finite number of elements
which can be of different sizes. For example, in Fig. 5(b), ¢t is dlscret1zed mto 16 elements of variable size in order to
describe with the smallest number of degrees of freedom the continuous solution Fig. 5(a). The amplitude a"(k) is
considered to be constant along angular sectors 9““ and is denoted a‘“t as represented in Fig. 5(c).

Then the discretized solution w, in the plate l is defined by

i=1

whx)= Y an / wir(x, k) ds+ 2 aECIg / . weds(x, k) ds
+ 2 ag™” / we(x, k) ds

— 2 aintwin (x) + z aBw )+ 2 45w () (12)

where the generalized amplitude a”‘t is associated with the basis function w‘"t(x) corresponding to the integral of an
elementary interior ray over an angular sector 0”“ related to CI"* (equivalent wr1tmgs are defined for the edge and the
corner rays).

Once discretized, the VTCR formulation leads to a system of linear equations of finite dimension in the complex domain:

ca=f (13)

where c is the coupling matrix, a is the generalized amplitudes vector and f is the generalized forces vector.
3. Modeling of the interfaces

In industrial structures, most of the damping is localized in the different joints connecting the substructures [11,12].
These joints, whether welded, riveted, bolted or glued modify the structure's response. Since these joints are usually
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Fig. 6. Joint between two plates.

distributed along the edges of the sub-structures, we propose to introduce them by using distributed interface parameters.
The generic joint behavior is then modeled by interface relations depending on elastic and/or dissipative joint parameters
represented by a complex stiffness. Two main cases can occur: joint between two substructures or joint between a
substructure and the frame.

3.1. Jjoints between two substructures

If two plates are connected in the same plane by interface 'y, as presented in Fig. 6, the relations governing the coupling
can be expressed using two types of equations:

® the equilibrium of the interface
—-n;-Min;+n, - Mpn, =0 (14)

Kin, +Kan, =0 (15)
® the constitutive relations governing the interface
3 (M - Myng +ny - Mony) = ky(1+inp) (W1, +Wan,) (16)
%(Klnl —Kon,) = ke(1+1in) (W1 —wy) (17)
where k; and 7, are the stiffness and the damping associated to the complex rotational spring while k; and #, are the stiffness

and the damping associated to the complex translational spring.
The variational form on interface "y, of these conditions is given by

. -1 .
C[“lz = Re{ —lw ( — 55[(K1n] - l<2n2) - l([(l +17]t)(W1 —Wz)](Wl —W2)=I¢ dL
'
1 *
- j(Km +Kon,)5(Wq +ws)* dL
JI2
1 .
+ 55[(111 -Miny +m; - Mamy) — ky(1+in,) (W1 n, +Wa ) )I(Wi g, +Wa,)* dL
I'2
1 .
+ i(nl -Min; —ny - Momy)s(Wy 5, —Wa,)* dL)} (18)
I'12

This term replaces the perfect interface formulation part expressed at Eq. (4).

3.2. Joints between a substructure and the frame

If a substructure is connected to the frame via a joint as presented in Fig. 7, the relations governing the coupling are given
by two local constitutive relations:

n; - My —kr(1+in)wy, =0 (19)

Kin, = ke(1+in)w; =0 (20)
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Fig. 7. Joint between a plate and its frame.

The variational form on the corresponding edge 95S; of these conditions is given by

A(;35’ —L(;3sl = Re{ — 1a)< (n; - My, — k(1 +i'7r)wl,n, )(3an’ dL)

Jass,

— [ @i =kt +ingwpon dL)} 21)
935

This term replaces the part of at Eq. (4) corresponding to S, edge.

4. Discretization in random space

The efficient propagation of uncertainty from model parameters to model predictions (forward problem) is a central
challenge of uncertainty quantification. A simple approach is Monte Carlo simulation: sampling known distributions of the
model parameters to obtain statistics or density estimates of the model predictions. Again, each sample requires a solution
of the forward model, and with complex models, this sampling approach is computationally intensive.

Perturbation approach or Neumann expansion is other useful way of quantifying the structural response uncertainty. In
perturbation methods, the random fields are expanded via Taylor series around the mean values [13]. Neumann expansion
has been used by some researchers instead of Taylor series for manipulation of the stochastic system properties and
response [14]. The main inherent limitation of these methods is that the uncertainties cannot be large, i.e. the deviations of
structure response cannot be too large compared with the nominal values.

A useful alternative is to employ spectral representations of uncertain parameters and field quantities, specifically
polynomial chaos expansions (PCEs) for random variables and stochastic processes. The polynomial chaos [5] was first
defined by Wiener [15]; successive polynomial chaoses give rise to a functional basis consisting of Hermite polynomials of
Gaussian random variables [16]. Ghanem et al. [17] describe the implementation of polynomial chaos in a finite element
context. These stochastic finite element approaches have found numerous modeling applications, including solid or
structural mechanics [18,6,9]. Xiu et al. used generalized polynomial chaos for uncertainty quantification in fluid-structure
interactions and in diffusion problems [19].

4.1. Polynomial chaos expansion (PCE)

The discretization of random variables by projection on polynomial chaos is recalled next. Let (£, 7, P) be a probability
space, where @ is a simple space, F is a g-algebra over £, and P is a probability measure on F . Also, let {&(0)};. ; be a set of
orthonormal standard Gaussian random variables on 2 . Any square-integrable random variable X : @ — R has the following
representation:

X(©)=aolv+ '21 ail' (&) + ‘21 '21 al2(&i, &)
1= 1=1]=

+
i

I ™M

iJ

> X el 3(EL & G+ (22)
1j=1k=1
where I'p is the Wiener polynomial chaos of order p. This expansion may be re-written in a more compact form:

o0
X©O)= X xi¥i0) (23)
i=0

where there is a one-to-one correspondence between the coefficients and functionals in Eqs. (22) and (23). For the standard
normal random variable ¢ chosen above, orthogonality of successive I, requires that the I, be multivariate Hermite

polynomials; both these and the corresponding v may be generated from univariate Hermite polynomials by taking tensor
products.



In computations, one truncates the expansion both of order p and in dimension n by choosing a finite subset
(&) = {&,}! _, of the infinite set {&}{Z {, @; € N. The total number of terms P in the finite polynomial chaos expansion

P
Xp(0) = .Zoxiyli(g) (24)
is
!
P+1= (”nfp’?)' (25)

Polynomial chaos expansions (PCEs) have been generalized to broader classes of orthogonal polynomials in the Askey
scheme, each family resulting from a different choice of distribution for the & [19]. For each of these choices, orthogonality
of the polynomials y(¢) with respect to the inner product on [?(Q) is guaranteed:

(i) = / Yi(E©)(£(0)) dP(©) = / ViEO)(EO)YW() de
=5(y?) (26)

where, in the second integral, w(¢) denotes the probability density of & This property can be used to calculate the truncated
PC representation of a random variable g e [?(€2) by projecting onto the PC basis:
N P X
§O= 3 gano), g =B (27)
k=0 <Wk>
This orthogonal projection minimizes the error llg—g|l on the space spanned by {y;}k_, where llel is the inner-product
norm on L?(Q).
The stochastic interface parameters «(6) lead to a discretized linear system similar to Eq. (13):

k(a(0))a0) =f (28)

where a(®) is the unknown generalized variables and f is the environment load considered deterministic for simplicity's
sake'.

a(d) can be expressed formally as a nonlinear functional of the set {£;(¢#)} used to represent the material's stochastic
property. As it has been noted previously [16], this functional dependence can be expanded in terms of polynomial chaos.
Then, the truncated PCE of the response takes the form:

a0) = i a;7i(0) (29)
i=0

where {¥;(0)} are polynomials in the Gaussian random variables {&;}. The number of polynomials P depends on the order p of
the PCE and on the number n of stochastic parameters. Let us assume that the material parameters are constant along an
interface. If this were not the case, a Karhunen-Loeve expansion could be used to represent the spatial randomness of the
interface's characteristics [17].

4.2. Parametric stochastic modeling

Stochastic modeling consists in constructing (as objectively as possible) the probability law of the input parameters a(9)
(for example the probability density function (pdf)). Some available information has to be taken into account such as:

® (0) has to be a positive-valued random variable

® (0) has to be a second-order random variable: E(a?(0)) < co
® the mean value is given: E(a(9))=a >0

® the solution a(d) has to be a second-order random variable

When no other information is given (no experimental data for example) the pdf could be constructed using the maximum
entropy principle [20]. For example, for a given bounded support [a, b], the maximum entropy principle yields to a uniform
random variable.

In this study, we want to represent the input parameters on the Wiener Chaos expansion. Therefore we want to express
each parameter as a function of the set {(9)}. Although the well-known Box-Muller transformation express a uniform
random value U as a nonlinear function of two Gaussian random variables {&;, &} such as

U = arctan 2_1

2

1 If the environment load f is random or uncertain, it has to be modeled by a random vector: this case is usual and without special difficulties



the number of & needed is twice the number of parameters. So we choose to represent each stochastic input parameter ()
by a nonlinear function of a single gaussian random variable:
. X
2 arcsin (Erf (— > )
V2 (30)

v —8+72

where @ is the mathematical expectation of «(d), § is the coefficient of variation (standard deviation divided by the
expectation) and &(0) is a standard normal random variable: &)~ N(0,1) and g is a nonlinear function so as to have a
compact support for the probability density function of a(9) as presented in Fig. 8. This transformation ensures to have a
positive values for the damping and the stiffness random variables.

In our application, the mean of the translational and rotational stiffnesses (k; and k;) and the translational and rotational
loss factors (5, and 5,) will be the ones identified in the ten frequencies steps. Regarding only the translational stiffness for
sake of simplicity, its representation is a frequency dependent random variable as represented in Fig. 9.

a(0) = a(1+56g(&©0))) with gx) =

4.3. Assembling procedure
Following the assembly procedure, this leads to the corresponding expansion of the matrix K(6):
Ka(0) =Ko+ 3 8G0)k (31)
where Ky denotes the matrix corresponding to the mean material properties and the other terms are related to the random

fluctuations about this mean. The number of stochastic parameters is n. Expanding the generalized parameters a(¢) with
respect to the polynomial chaos basis and substituting Eqs. (31) and (29) into Eq. (28) leads to

P P n
.20 ¥i(0)koa; + 420 .21 g&)Pi0ka; =1 (32)
j= =0i=

An equality (in a weak sense) can be derived by projecting Eq. (32) onto the subspace spanned by the polynomial chaos
subset used in the approximation; this process results in the following equations where (e) represent the mathematical
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Fig. 8. Comparison between a's and &'s PDF.
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Fig. 9. Random translational stiffness.



expectation:

P n
‘20 ((Y’j(H)Y’/<(9))ko+ ‘Z] (g(fi)?’j(9)T/<(9))ki> aj=(¥@O)f k=0,1,..P, (33)
j= i=

This system can be rewritten as

i i c,-jkk,»aj = 5Okf k=0,1,...P, (34)

j=0i=0
where the coefficients cyy, denote §;(¥;(6)¥(9)) and coefficients c;; denote (g(&)¥;(0)¥k(0)) for i>0. They need to be
calculated only once. This system of linear equations must be solved for the unknown a; of the PCE. The details of this
procedure were published in [5] and its implementation issues addressed in a number of other references [17,18]. These
equations can be assembled into a matrix of size (P+1)n x (P+1)n (n being the number of degrees of freedom) of the form:

k% . kO kO /ag f
R X # = 6 (35)
K0 K K a.p 0
where
k9 = 'znjoc,‘jkk,- (36)
i

4.4. Resolution: numerical strategy

The new linear problem related to Eq. (35) can be written as
KA =F (37)
K is a symmetric block matrix even if K" are nonHermitian matrices. Its structure is sparse and its dimension is usually
rather large as explained above. In our application, as the initial size of a VTCR problem is very small (n is very small), the
dimension of K is very acceptable by classic linear solvers. Despite everything and regarding its particular structure, we have
used the iterative solving method GEMRES [21]. With this solving method, we have used a preconditioner P:

ko -1

P= djko with dj = (Tj(9)2> (38)

dpko

The method has several advantages:

® it does not invert the global system (only kg is inverted).
® it allows a large gain in memory (it only stores 1(0"1, Ki, ciji and <9v,»(a))2>).
® it only use MATVEC products.

In summary, this approach consists in expanding the random response process about a basis of the Hilbert space of random
variables and calculating the coefficients of this expansion. The result is a convergent expansion of the response in terms of
multidimensional orthogonal polynomials. Although the methodology used is becoming widespread, serious obstacles have been
encountered from a computational point of view in practical implementations. In large realistic problems, the methodology is
either cumbersome or computationally intensive. Some numerical strategies, such as iterative algorithms, have been devised to
overcome the numerical difficulties which arise in this context [22]. Our proposed approach does not present such drawbacks: it
uses very small elementary matrices, thus leading to very small problems, and since the evolution of the generalized amplitude is
relatively smooth it can be easily represented by the Hermitian polynomials of the chaos expansion.

5. Experimental validation on a the touch screen
The goal of this application is to demonstrate the ability of the VTCR to compute stochastic frequency response function

and to compare this simulation with experimental data in the medium-frequency range. According to the definition of
[23,24] using the Modal Overlap count (MO) this bandwidth is between 1.3 kHz and 6.5 kHz. As it is impossible to test



enough different touch screens in order to generate the experimental variability, we will build a setup allowing us to have a
wide range of clamping conditions between a single screen and its frame and we will make the assumption that this
variability range is representative of the one that could be observed on a real industrial production. The approach will be
decomposed in three steps:

e we will identify the joint properties on a calibrated setup.

® we will use this values as mean values for the numerical probabilistic model.

® we will then compare the numerical variability domain with the experimental one obtained by modifying the clamping
conditions on the setup.

5.1. Problem modeling

We are modeling a 17 inch touch screen presented in Fig. 10. The characteristic dimensions of the glass are given by:
a=320 mm, b=245 mm, h=2.85 mm. The glass structural parameters will be the one provided in [25]: E=64 GPa, v = 0.22,
p=2520kg m~3.

. y
(1+in,) a
k,(H“ir] P 1 Rectangular glass plate
Airtight seal
b A $h / @
F 4 i
. A e
kiI+in ) — \ Isolation seal / =
1| X
‘ Screen frame
"k (1+in,) ,
k(1+in,)
@. I/_l 7! .
Sk(+n)  k(14N)Z

Fig. 10. Touch screen boundary conditions modeling.
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Fig. 12. Experimental setup including variable distance /; between the two frames.



The screen is clamped in its frame using two viscoelastic seals (airtight seal and isolation seal). They isolate the glass
plate and provide the largest part of the dissipation [26]. As the seals width is negligible compared to the glass plate
characteristic dimensions, we have classically [27] modeled the two seals ensemble by a lineic complex spring (as described
in chapter 3.2): k, and 7, are the stiffness and the damping associated to the complex rotational spring while k; and 7, are the
stiffness and the damping associated to the complex translational spring. The values of the stiffnesses and the damping
coefficients are highly dependent on the seal compression ratio and on the frequency as these seals have a nonlinear
viscoelastic behavior associated with their cellular structure (Fig. 11).

For sealing reasons, the manufacturer imposes a minimum compression ratio of 30 percent: the seals work then in a
pre-stress state where a weak variation of compression can generate a great variation of stiffness and damping. The
values of nominal stiffness and damping will then be first identified for the recommended compression ratio (in our case
36 percent).
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5.2. Identification of the nominal seals mechanical properties

Identification tests will be carried out on a dedicated setup allowing various compression ratio including the nominal one
(the setup will be used for the identification procedure and for the comparisons of probabilistic frequency response
functions). A glass screen will then be clamped between two steel frames. The distance between the two frames will be
precisely controlled by 24 cylindrical braces (represented in Fig. 12) held by the 24 screws. 6 lengths of braces (/; fori e[1, 6])
permit to have access to 6 discrete compression ratio: 0, 18, 36, 54, 72 and 90 percent.

A 4808 Briiel & Kjar shaker connected to the screen with a 8001 Briiel & Kjar impedance head will provide a white noise
from O to 6.4 kHz and an Ometron VPI+ 8330 laser vibrometer will scan the screen in order to measure the velocity field on
the glass front face (the distance between the screen and the vibrometer is 2 m). Force and acceleration signals coming from
the impedance head will be conditioned using two 2635 Briiel & Kjer charge amplifiers. The screen will be configured in a
horizontal position in order to minimize the gravity effect. The measurement mesh used by the scanning vibrometer will
contain 29 x 38 points (the spatial resolution is 5 mm). Reciprocity tests with different shaker locations have shown that the
screen has a linear behavior for a fixed compression ratio. Fig. 13 represents the experimental setup, a velocity field at
3500 Hz and a typical mobility function at a given point M.

Table 1
Identified seals properties.

Frequency (Hz) 106 356 560 863 1068 1940 2992 5068 7045 8333
ke (10°Nm™1) 0.13 0.43 0.67 1 1.2 2 2.8 4 4.7 5.1
e (%) 3 10 15 21 25 37 47 55 58 59
k(10N mrad—") 0.1 0.55 0.73 1.06 1.38 3.44 2.84 7.07 5.86 9.71
e (%) 5 15 29 4 28 74 81 58 95 91

N 7

N i

=

\\@

N

w@

Fig. 15. Some of the possible setup configurations.
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Fig. 16. Experimental variability domain at point A for the 66 configurations.



We will not detail the updating procedure of the seals as it has been already presented in the previous papers [28]. We
just will recall that we use as initial value of the parameters those provided by the manufacturer of the seals and that a sub-
structured version of the VTCR [29] is used in order to build a cost function composed of two terms: an interface residual
(which quantifies the satisfaction of the interface equations) and a measurement term (which represents a distance
between the experimental and numerical solutions). The updating procedure is an iterative process that will stop when the
absolute error between the experimental velocity and the simulated velocity will be lower than 10 percent on each point of
the experimental mesh. This updating procedure (Fig. 14) will be carried out for ten values of frequency (106, 356, 560, 863,
1068, 1940, 2992, 5068, 7045 and 8333 Hz) associated to specific shape modes in order to have the evolution of the seal
stiffness and damping as functions of frequency. The values of the seals parameters between these specific frequencies have
been linearly interpolated.

Table 1 provides the values of the seals mechanical properties obtained from the updating procedure.

Once these nominal values are identified, we will associate with each parameter a random variable representing in a
global way the fluctuations which could be related to various phenomena: (compression ratio, temperature, humidity, etc.).
In this specific case, the randomness of the response comes only from the random behavior of the connections [10]: more
precisely, the translational and rotational stiffnesses (k; and k) and the translational and rotational loss factors (5, and 7;)
which may be uncertain, are modeled by a random variable.

5.3. Experimental variability

The setup presented in chapter 5.2 has also been used to provide probabilistic frequency response functions. By
combining different length of the braces [; from the 6 possible one, it is possible to generate 66 setup configurations
associated to various discrete compression ratio as various angulations. Some of them are presented in Fig. 15.

Even if 66 different configurations are possible, this setup is not able to generate variability on the four parameters
individually. On an experimental point of view, the four parameters could be not as independent as we would like but we
have assumed that with different size of brace, we will have a good representation of the variability domain.
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In order to build the experimental reference values, we have extracted the velocity in the vicinity of a dedicated point A.
Its location related to the coordinate system defined in Fig. 10 is given by (200 mm, 30 mm).

The measures have been done 2 times for each configuration. Fig. 16 gives the frequency response functions of these 132
measures (in gray) as the maximum and the minimum of them (in black) that will constitute our experimental variability
domain.

5.4. Numerical variability

To compute the numerical variability, we have used for the seals mechanical properties mean values the ones provided in
Table 1. The polynomial decomposition was conducted using second-order polynomial functions (p=2) with four
independent stochastic parameters (n=4). This simple model could be improved with experimental data and the potential
stochastic dependencies between variables taken into account. The second-order decomposition leads to the computation of
15 values a; associated with 15 Hermite's functions ¥;(0)(j =1, 15).

In order to compare the parametric resolution to the VTCR method with polynomial chaos, we show in Fig. 17 the
velocity at the given point A as a function of ¢ for a second order of polynomial chaos. As expected, the PCE yields a good
approximation of the exact solution. The accuracy increases with the order of the PCE but the second order is sufficient
thanks to the smoothness of the solution.

The VTCR-PCE solution has been calculated by subdividing the frequency domain [400, 6400 Hz]| in 50 frequency steps.
The number of draws needed for achieving convergence for each frequency step will be 10* according to the curves
presented in Fig. 18.
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Fig. 18. Convergence of the absolute velocity and number of draws for exact calculation (a) and chaos representation (b) at 1940 Hz.
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Fig. 20. Simulated variability for different values of coefficients of variation.

Fig. 19 shows that the comparison of the probability density function of the velocity at the point A obtained by the VTCR-
Chaos method with that obtained by a classical Monte Carlo method (10* draws). The result obtained with the chaos
representation is almost the same as those obtained by direct resolution.

Simulations will be computed for coefficients of variation going from 0.05 to 0.30 for the four parameters. With these
values, we are able to generate a fluctuation on the parameters going from 50 to 200 percent. These simulated fluctuations
are comparable to the ones observed in experiments on both stiffnesses (Fig. 11) but are smaller than the real ones for both
damping parameters (identification procedures for high compression ratio have shown that the variation of these
parameters is more a factor of ten).

Fig. 20 shows the simulated response of the structure including the stochastic interfaces. These simulations are in good
agreement with the experimental variability domain. The main differences come from frequency bandwidths where the real
variation of the damping generated by the compression ratio is much more important than the one generated by our
associated random variables.

As the efficiency of the approach has been demonstrated on the real touch screen subjected to high variation on the joint
parameters, this method can now be applied to weaker variabilities as the ones observed under the real conditions of
operation. We are now able to provide the simulated stochastic frequency response functions that give us the different
frequency bandwidths where the touch screen behavior is less sensitive to the joint parameters. These frequency
bandwidths must be used in order to provide an accurate and robust detection procedure.

6. Conclusions

The Variational Theory of Complex Rays is a general approach to medium-frequency calculations. Its main features are
the use of shape functions with a sound mechanical meaning and a dedicated variational formulation allowing the use of
independent approximations in the different substructures. For complex structures, the VTCR has a good ability to give
predictive results at a very low numerical cost. It can also take into account complex connections among substructures,
described by stochastic parameters, in order to represent the physical reality at the lowest possible numerical cost. In this
case, the benefit of two-scale shape functions is twofold: first, the global system defined by the PCE is relatively small;
second, the smooth variation of the unknowns (generalized amplitudes) when the connection parameters vary can be easily
represented by a polynomial function. This method has been tested successfully on a new kind of touch screen in order to
simulate the influence of the seals mechanical properties on the vibrational signatures.
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