N
N

N

HAL

open science

Proximal operator for the sorted 1 1 norm with
application to testing procedures based on SLOPE
Xavier Dupuis, Patrick J C Tardivel

» To cite this version:

Xavier Dupuis, Patrick J C Tardivel. Proximal operator for the sorted 1 1 norm with application to
testing procedures based on SLOPE. 2021. hal-03177108v1

HAL Id: hal-03177108
https://hal.science/hal-03177108v1

Preprint submitted on 22 Mar 2021 (v1), last revised 19 Feb 2022 (v3)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-03177108v1
https://hal.archives-ouvertes.fr

Proximal operator for the sorted [; norm with application to
testing procedures based on SLOPE

Xavier Dupuis and Patrick J.C. Tardivel

Institut de Mathématiques de Bourgogne, Université Bourgogne, Dijon, France.

Abstract

A decade ago OSCAR was introduced as a penalized estimator where the penalty term, the
sorted [1 norm, allows to perform clustering selection. More recently, SLOPE was introduced as
a penalized estimator controlling the False Discovery Rate (FDR) as soon as the hyper-parameter
of the sorted [y norm is properly selected. For both, OSCAR and SLOPE, numerical schemes to
compute these estimators are based on the proximal operator of the sorted /3 norm. The main
goal of this note is to provide a short and simple formula for this operator. Based on this formula
one may observe that the output of the proximal operator has some components equal and thus
this formula corroborate that SLOPE as well as OSCAR perform clustering selection. Moreover,
our geometric approach to prove the formula for the proximal operator provides insight to show
that testing procedures based on SLOPE are more powerful than step-down testing procedures
but less powerful than step-up testing procedures.

1 Introduction

Octagonal Shrinkage and Clustering Algorithm for Regression (OSCAR) (Bondell and Reich, 2008)
and Sorted L-One Penalized Estimation (SLOPE) (Bogdan et al., 2015; Zeng and Figueiredo, 2014)
are both penalized estimators based on the sorted Iy norm. First introduced in the particular case
where the loss function is the residual sum of squares, these estimators are defined as follows

. 1 P
B € argmin S[|Y — Xbl5+ D> Ailbilyi where [bi[y1 > -+ > [bi] - (1)
bERP P

For OSCAR the hyper-parameter A = (A1, ..., Ap) has arithmetically decreasing components. SLOPE
is both an extension of OSCAR where the hyper-parameter satisfies Ay > 0 and A; > --- > A\, > 0 and
an extension of the Least Absolute Shrinkage and Selection Operator (LASSO) (Chen and Donoho,
1994; Tibshirani, 1996). Indeed, when A\; = --- = X, > 0 then the penalty Y 7_, A\;i|b;|;; coincides
with the /; norm ; the well known penalty term for the LASSO. With respect to other penalized
estimators, when A\; > --- > A, > 0, SLOPE (and a fortiori OSCAR) has the particularity to perform
clustering selection, namely some components of the SLOPE estimator are equal in absolute value
(Bondell and Reich, 2008; Schneider and Tardivel, 2020). Moreover, in the linear Gaussian model, by
taking Ay = 0@~ 1(1 — a/2p),..., A, = 0@ (1 — a/2) (where & is the standard normal cumulative
distribution function) SLOPE estimator allows to controls the False Discovery Rate at level « in the
particular case where X is an orthogonal matrix (Bogdan et al., 2015). Note that the above hyper-
parameter also called BH sequence coincides with thresholds given in the seminal article introducing
the Benjamini-Hocheberg’s procedure and controlling the FDR (Benjamini and Hochberg, 1995).
Numerically, like many penalized estimators where the loss function is smooth and the penalty
term is non-smooth, one may solve SLOPE or OSCAR with a backward forward proximal gradient



algorithm (see e.g. Parikh and Boyd (2014)). This method relies on the computation of the proximal
operator for the sorted [; norm. This operator is also a very important tool for the development of
the approximate message passing theory (Bu et al., 2020; Zhang and Bu, 2021).

There is a particular case under which the proximal operator of the sorted [; norm is explicit;
when y; > - >y, >0and y1 — A1 > ..., >y, — A, then the proximal operator is simply given by
((y1 = A)4s--+, (Yp — Ap)+). Except for this particular case, the proximal operator of the sorted I
norm was believed as tedious to compute explicitly. When components of y are non-increasing and non-
negative, an algorithm computing the proximal operator for the sorted /; norm is given in Bogdan et al.
(2015) (see algorithm 3). This algorithm suggests to first identify a sub-sequence y; — A;,...,y; — A;
non-decreasing and non-constant (where i < j) and then to substitute 1) (y;,...,y;) by (Oi—; wi)/(G+
1), .o, (X u)/(G+1—14)) and 2) (Ns, ..., A7) by (X7 M)/ G+ 1 =)o, i, M) /(G +1—1)).
Whereas correct, we believe that this algorithm is difficult to implement because it is not easy to
identify iteratively non-decreasing and non-constant sub-sequence.

The main motivation for this note is to provide a short and simple formula for the proximal operator
of the sorted [; norm. The proof for this formula is based on recent advances on sub-differential
calculus for the sorted I; norm and on the description of the sign permutahedron polytope (the sign
permutahedron is the sub-differential of the sorted I; norm at 0) (Schneider and Tardivel, 2020). We
also illustrate that some sub-differential calculus rules give geometrical insights for testing procedures
based on SLOPE. In particular there is a geometrical way to understand why the testing procedure
based on SLOPE with the BH sequence is more conservative than the seminal Benjamini Hochberg’s
procedure.

1.1 Notation

Given a hyper-parameter A = (A1,...,A,) where A\; > 0 and Ay > ..., A, > 0 the sorted /; norm J) is
defined as follows:
Va € RP7J,\(.’E> = )\1‘$L'|J,1 + -4 )\p|1“¢p

where |x|;1 > -+ > |z]}, are sorted components of z with respect to the absolute value.
Given an sorted [; norm, the proximal operator is defined as follows:

1
Vy € RP, prox; (y) = argmin slly = |3 + Ja(z).
xeRP

Hereafter, we also use the following notation

o Let x = (21,...,2p) € RP and I C {1,...,p}, the writing x; represents the vectors (z;)icr.
Moreover, the notatation x 11 =+ 2 Ty, represents sorted components of x.

e The notation S, represents the group of permutations in {1,...,p}.

2 Proximal operator for the sorted /; norm

Given an orthogonal transformation (for all u,v € R?, w'v = ¢ (u)'9(v) or equivalently ¥'¢p = I) such
that whatever u € RP, Jy(¢(u)) = Jx(u) then one may quite easily prove the following identity
prox, (y) = ¢’ (prox,, (¥ (y))).

One may observe that the orthogonal transformation ¢(x) = (€1Z(1), ..., €pTr(p)) Where 7 is a permu-
tation of {1,...,p} and €1,...,¢, € {—1,1} is also an isometry for the sorted {; norm (independently
of A\). Specifically when |y|; = ¢(y) then one may obtain the following equality

prox;, (y) = ¢'(prox;, (ly[,))-

Consequently, in Proposition 1, one may restrict our statement to the particular case where y; > --- >
yp > 0 as already pointed out by Bogdan et al. (2015).



Proposition 1. Let y € R? such that y; > --- >y, > 0, A € RP such that Ay > 0 and Ay > --- >
Ap > 0.

Using the Cesaro sequence (C;)1<j<p where Cj = % zzl(yi — Ai), one may compute explicitly the
first components of prox j, (y). Specifically, let k € {1,...,p} the largest integer for which the Cesaro
sequence reaches its maximum. Then, the proximal operator satisfies the following formula:

(0,--.,0) i C, <0
((G/ CkvpronkHl

(2)

provs ) = { ay (Ukt1, -5 Yp)) otherwise
2.1 Proof of Proposition 1

Let A € RP such that A; > 0 and Ay > --- > A, > 0. Sub-differential calculus of the sorted /; norm
satisfies the following properties given in Propositions 5 and 8 in Schneider and Tardivel (2020) and
in Lemma A.2 in Tardivel et al. (2020).

Sub-differential at 0: sign permutahedron The following inclusion holds
01, (0) = conv((01Ar(1), -+ OpAr(p)); 01, .- -, 0p € {—=1,1},m € Sp).

The V-polytope PE(A1,...,Ap) := conv((01 (1), - - OpAn(p)), 01, - .-, 0p € {—1,1},m € 5p), so
called sign-permutahedron can be described as a H-polytope as follows:

J J
PEA, .. 0) = {xERP:VjE{1,...,p},Z|x|¢j SZ)\Z}.
i=1 =1

For the H-description of the sign permutahedron one may see Godland and Kabluchko (2020)
and references therein. Finally, whatever z € RP, 9y, () C P%(\1,...,\,) (this fact is also
reminded and proved in Lemma 2).

Sub-differential at a constant vector: permutahedron Let ¢ > 0 then the following inclusion
holds
01,(c,...,¢) = conv((Ar(1)s-- > An(p))s T € Sp)

The V-polytope P(A1,...,Ap) := conv((Ar1), .-+, Ar(p)), ™ € Sp), so called permutahedron can
be described as an H-polytope as follows:

P P J J
P(Ar,. o) = {xeRP DY =Y NandVie{l,...,p—1}) xy gZAi}.
i=1 i=1 i=1

i=1

For the H-description of the permutahedron, one may see Godland and Kabluchko (2020) and
references therein.

Computation rule for sub-differenjial calculus Let z € RP such that z1 > --- > xp > zp41 >
c->x, >0, I={1,...,k}and I ={k+1,...,p} then
95, () = 05, (1) x 05, (7). (3)

Proposition 1 is a consequence of Lemma 1 below, which mainly reminds some results hidden in
Tardivel et al. (2020). Proofs are shortened and, contrarily to the seminal article of Tardivel et al.
(2020), the closed-form formula for the proximal operator of SLOPE is derived from H-descriptions of
permutahedron and sign-permutahedron.



Lemma 1. Let y € R? such that y; > --- >y, > 0 and let f be the following function

1
fizeRP — §||y*x||§ + Jx(z).

Let (Cj)1<j<p be the Cesaro sequence defined by C; = 1 g=1(yi — \;) then the following properties

J
hold:
i) The unique minimizer of f, denoted x*, satisfies x7 > --- > x5 > 0.
it) The unique minimizer of f is * = (0,...,0) if and only if the Cesaro sequence is non-positive.

ii) If the unique minimizer x* of f satisfies 27 = --- = x;, = ¢ > 0 then C, = c and the Cesaro
sequence reaches its maximum at p. Conversely if the Cesaro sequence reaches its mazximum at
p and Cp > 0 then z* = (Cp,...,C)).

i) If the unique minimizer x* of f satisfies x7 = -+ =z} = ¢ > x5, > -+ > x; > 0 then
c = Cy and the largest integer for which the Cesaro reaches its mazimum is k. Conversely,

if the largest integer for which the Cesaro reaches its maximum is k < p and Cj > 0 then

v) If the unique minimizer x* of f satisfies x7 = --- =xp > xp, | > -+ > x5 > 0 then x%, where

I={k+1,...,p}, is the minimizer of the function
_ 1
i €K o Dlyr = alld + (2.

Proof. 1) We remind the proof already given Bogdan et al. (2015). Let € RP. Let us prove the
following inequality

1 1
Slly = a3 = Ja(z) 2 Slly = el [I5 = Ia(lely)-

Since Jy(z) = Jx(|z|}) and ||z|% = |||z];||2 we have

1 1
sy ==l3+ (@) = Slly = lelyllz + Iadel),
&y —al3 > lly = |zl ]I3,
e 2y <|z|)y.
Now, clearly 'y < |z|'y where |z| = (|z1],...,|®p|). Finally, due to the rearrangement inequality

(Hardy, 1952) one may deduce that |z|'y < |z||y. Therefore the minimizer z* of f satisfies f(z*) >
f(J*[}). Since this minimizer is unique, one may deduce that z* = |z*[; and thus z7 > --- >z > 0.

ii) The minimizer of f is 0 if and only if y — 0 € 95, (0) = P¥(A1,...,\,). Due to H-description
of the sign permutahedron, one may deduce the following equivalences:

J J
y € PE\,...,0) e Ve {1,...,p},2yi < ZA,» <Vied{l,...,p},C; <0.
i=1 i=1
iii) If 2* satisfies x7 = --- = 25 = ¢ > 0 then y — 2™ € 9, (z*) = P(A1,..., ). Consequently, due to
the H-description of the permutahedron, one may deduce the following inequalities:

> i1 (Yi —4302‘) =i (Y — C) =2\ and
Vi < p, Ele(y - x*)u = 23:1 (yi - C) < 2321 i '

P P /\i j_ i /\z
= c= 21—1(2?/) ) = C, and Vj < p, Lz (¥ =)

y—ar e P(A,...,\p)

:ngc.



Consequently, C, = c and the Cesaro sequence reaches its maximum at p.

Conversely, when the Cesaro sequence reaches its maximum at p and C, > 0, let us show that z* =
(Cp,...,Cp). In other words, we have to prove that y — z* € P(\1,...,\,) where z* = (C), ..., C)).
One checks hereafter that y — x* satisfies inequalities of the permutahedron:

p p p p
Dwi—Cp) = D wi—> Wi—X)=)_\
i=1 i=1 i=1 i=1
J J J J J J
Gep—13 - =S m-C) £ SNw-C) =3 m- 3 m- =3 A
i=1 i=1 i=1 i=1 i=1 i=1
iv) If the minimizer x* of f satisfies 2} =--- =z} =c¢ > Ti, > >z, >0 then

y—a* €05(a") =P(A,..., A\) x O (27).

Let I ={1,...,k}. Since yy —z} € P(A1,...,Ax), due to the H-description of the permutahedron, one
may deduce the following inequalities:

Sy — ) = S, (3 — ¢) = i, A and
Vi <k, Z§=1(y - JT*)u = Zzzl(zi - C) < Zg=1 Ai 7
S (Y — ) T (i =)

= o= S=ELET0 = Cpand Vj < F, i=1

yr —x7 € P(A1,..., k)

:ngc.

Consequently, Cx, = c¢. Now, let us achieve to prove that the Cesaro sequence reaches its maximum at
k. Because y — x* is an element of the sign permutahedron, one may deduce the following inequalities:
Dlm=h_q o s,

J J
ViskYy yi—al <> N o= Vi>k ;

i=1 i=1

Conversely, when the largest integer for which the Cesaro sequence reaches its maximum is k& where
k < pand C) > 0 then let us prove that 27 = --- =z} = Cy > 2,y > -+ > x,. Because C) > 0 and
k < p, according to ii) and iii), one may deduce that * # 0 and z* is not constant. In addition, be-
cause components of x* are decreasing and non-negative, one may deduce that, there exists an integer

le{l,...,p} such that ] = --- =] > x4 > -+ > x, > 0. The first part of the proof shows that
the largest integer for which the Cesaro sequence reaches its maximum is [ and z} = --- = 2} = (.
Consequently k =l and 2] = =ap =Cy > a5, > > 2, > 0.

v) Let I = {1,...,k} and let us remind that I = {k + 1,...,p}. Because the minimizer of f sat-
isfies x] =+ =2y > x> >z, >0, according to (3), one may deduce that

y—a €0,,(x") =0y, (7) X 8J>\T(x§) = y; — T7 € 8J>\7($§).

The last belonging implies that :c; is a minimizer of f7.
O

3 Comparison between procedures based on the ordinary least
squares estimators and procedures based on SLOPE
In this section we consider a linear regression model Y = X + ¢ where X € R"*? is an orthogonal

matrix, § € RP is an unknown parameter and € € RP is a random noise (for instance, one may assume
that ¢ has iid NV(0,0?) components).



Since X is an orthogonal matrix, SLOPE estimator solution of (2) satisfies Bslepe = prox I (BOIS) and
moreover |35°P¢|| = prox ;, (]3°%,) where 3°% = X'Y. Some components of SLOPE are exactly equal
to 0 and thus one may provide a testing procedure based on SLOPE by rejecting the null hypothesis
HY : B; = 0 (for some i € {1,...,p}) when B?lOpc # 0 (Bogdan et al., 2015; Kos and Bogdan, 2020).
Actually, the multiple testing procedure based on SLOPE rejects at least k null hypotheses (associated
to the k—largest components of 3°% in absolute value) when | BSIOPC\ 1k > 0 and this procedure rejects
exactly k null hypotheses when |35°P¢| ;. > 0 and |35°P¢| ;.1 = 0.

Proposition 2 is useful to compare multiple testing procedures based on BOIS with procedures based
on SLOPE.

Proposition 2. Let A = (A1,...,Ap) where Ay > 0 and Ay > Ao--- > N, and let us remind that, in
the orthogonal setting, |3¥°P°|, = prox;, (|3°%|,). The following implication occurs

|BOIS|¢1 > )\1,...,|BOIS|‘|,}~C > )\k = |BSIOpe‘¢}g > 0.

According to the above implication, a step-down procedure based on the ordinary least squares estimator
and thresholds A1, ..., A, is less powerful than a procedure based on SLOPE.
The following implication occurs

1B%Pe| 1 >0 = Ti >k, |5 > A

According to the above implication, a step-up procedure based on the ordinary least squares estimator
and thresholds A1, ..., A\, is more powerful than a procedure based on SLOPE.

For instance, let us chose the hyper-parameter A as in the Holm’s procedure (Holm, 1979) and
Hochberg’s procedure (Hochberg, 1988):

R N (TS T VR s By A o —ap-1(1_¢
A = o0® (1 2p),/\2 o <1 2(p_1)),...,xp o (1 2).

Then, according to Proposition 2, the procedure based on SLOPE is more powerful than the Holm
step-down procedure but less powerful than the Hochberg step-up procedure. Otherwise, according to
the second implication, when the hyper-parameter for SLOPE is given by the BH sequence (namely
AN =0® 1 (1—a/2p),...,\, =P (1 —a/2)) then, the procedure based on SLOPE is less powerful
than the (step-up) Benjamini-Hochberg’s multiple testing procedure.

3.1 Proof of Proposition 2

The proof of Proposition 2 is based on two inclusions given in Lemma 2.
Lemma 2. Let A € R? such that Ay >0 and Ay > --- > Ap.

i) Let x € RP then Oy, (z) C 05, (0) = PE(A1,...,Ap).

it) Let x € R? such that 1 > 0,...,xp, > 0 then, 05, (x) C P(A1,...,\p).

Proof. The proof of i) is already given in Proposition 5 of Schneider and Tardivel (2020). However, we
provide hereafter a proof based on the H-description of the sign permutahedron. Let s € 9, (x) and
let 7 a permutation such that |s;)| > -+ > [sy(p)|. Let h = Zle sign(sx(i))er(i) Where eq,... e,
is the canonical basis of R? and k < p. Because Jy is a norm and s is a sub-gradient, the following
inequality occurs:

k k k
@)+ A = Ja(@) + Ja(h) = Ja(z+h) = Ia(@) + Y seeoysign(se) = Ja(x) + Z B

i=1 i=1



Consequently, whatever k € {1,...,p}, Zle [s]yi < Zle Ai. Thus, s € PE(Ap, ..., \p).

ii) Let s € 9y, (x) and let 1 = (1,...,1). Let us illustrate that s satisfies the H-description of the
permutahedron. For 1 € R small enough the vector x + n1 is component-wise positive and clearly
(x+n1)y = (zy1+m,...,2p + 7). Consequently, the following inequality occurs:

P

Ia(@=n1) =Y Az +n) = (@ +UZ>\ > Iz +UZSz (4)

i=1 i=1

Taking n > 0 (resp. n < 0) small enough in equation (4), one may derive that > | A; > >°F s
(resp. > A < 3P | 's;) implying thus Y7, A, = >°F_ | s;. Let m be a permutatlon in {1,...,p}
such that s;1) > -+ > sz and let h = Zle ex(iy Where k < p. Because Jy is a norm and s is a
sub-gradient, the following inequality occurs:

k

Ia(@) + 3" A = Ja(z) + Ja(h) > Ja(z +h) > Ja(z +Zsm
i=1

Consequently, whatever k£ € {1,...,p — 1}, Zle sy < Zle Ai, which achieves to prove that s €
P(A1, .., ).
O

Hereafter, we provide the proof of Proposition 2.

Proof. Let us prove the first implication by contradiction. If |3s°pe| 1k = 0 then kg := min{i €
{1,...,p}  |B¥°Pe|y; = 0} clearly satisfies kg < k. Because |3%°P°|, = prox;, (|3%|,) then, using
sub-differential rule described in (3) and Lemma 2, one may deduce the following inclusion:

PEAp,. . Np) if kg =1

Bols _ leope cd leope C )
S b €9 W) P, A1) X PEkgs -0 Ap) if kg > 1

Since a vector in Pi()\ko, ..., Ap) has its first component smaller in absolute value than A, one may
deduce that |3°| 1, < Ak, which contradicts that |3°| ;1 > A1, ..., |81k > k.

Let us prove the second implication. If |BSIOpe|¢k > 0 then ko := max{i € {1,...,p} : \BSIOpehi > 0}
clearly satisfies kg > k. Using the same argument as above one may deduce the following inclusion:

P()\la---;)\p) lfk‘o =p

Bols _ leope =) leope c .
C €9l W) P(A- o Akg) X PEjgats -5 Ap) if kg < p

Since a vector in P(Aq,..., A,) has its last component larger than A, one may deduce that \3015| -
|ﬁSIOpe‘¢k0 > /\ko and thus |,BOIS|UCO > /\kO'
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