
HAL Id: hal-03177077
https://hal.science/hal-03177077v1

Submitted on 22 Oct 2021

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Distributed under a Creative Commons Attribution - NonCommercial 4.0 International License

Reduced order finite element formulations for vibration
reduction using piezoelectric shunt damping

Walid Larbi, Jean-François Deü

To cite this version:
Walid Larbi, Jean-François Deü. Reduced order finite element formulations for vibration
reduction using piezoelectric shunt damping. Applied Acoustics, 2019, 147, pp.111-120.
�10.1016/j.apacoust.2018.04.016�. �hal-03177077�

https://hal.science/hal-03177077v1
http://creativecommons.org/licenses/by-nc/4.0/
http://creativecommons.org/licenses/by-nc/4.0/
https://hal.archives-ouvertes.fr


Abstract

The present work proposes an original reduced order models for prediction
of passive reduction of structural vibration by means of shunted piezoelectric
patches. The problem consists of an elastic structure with surface-mounted
piezoelectric patches. The piezoelectric elements are connected to a resonant
shunt circuits in order to damp specific resonant frequencies of the structure.
An efficient electromechanical finite element formulation for the dynamic
analysis of the problem is first presented. The classical modal superposition
techniques using the system eigenvectors with all patches short-circuited or
open-circuited are then recalled. An advanced reduced order models using
two new modal projection bases able to solve the problem at lower cost are
developed: (i) the combined basis formed by both the short-circuited and
open-circuited modes, and (ii) the coupled basis formed by the electrome-
chanical modes that take into account the effect of the inductances of the
electrical shunt circuits. Various numerical and experimental results are pre-
sented in order to validate and illustrate the efficiency of the proposed new
finite element reduced order formulations.

Keywords: Vibration reduction; Piezoelectric patches; Shunt damping;
Modal superposition; Reduced order model.
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1. Introduction

Piezoelectric materials are widely used in vibration damping and noise
reduction. These materials, which enable the transformation of mechani-
cal energy into electrical energy (direct piezoelectric effect) and vice-versa
(inverse piezoelectric effect), allow direct connection with an input/output
electrical signal and make them well adapted to distributed sensing and actu-
ation. This work is focused on passive control strategies using piezoelectric
elements for vibration damping. As compared to the active control tech-
niques, passive techniques have the advantage of being simple to implement,
always stable and do not require digital signal processors and bulky power
amplifiers. Examples of active control systems can be found for example in
[1, 2].

In this paper, the specific application of passive vibration reduction by
means of shunted piezoelectric patches is addressed. In this technology, the
elastic structure is equipped with piezoelectric patches that are connected to a
passive electrical circuit, called a shunt. The piezoelectric patches transform
mechanical energy of the vibrating structure into electrical energy, which is
then dissipated into the form of Joule heat to provide electrical damping to
the structure by the shunt circuits. Several shunt circuits can be consid-
ered: the classical R- and RL-shunts, proposed by Hagood and Von Flotow
[3], improvements of those techniques, by the use of several piezoelectric ele-
ments [4, 5, 6], active fiber composites [7] or adaptive shunts [8], and recently
semi-passive techniques, commonly known as ”switch” techniques [9, 10, 11].
Since those techniques are passive (or semi-passive if some electronic com-
ponents have to be powered), a critical issue is that their performances, in
terms of damping efficiency, directly depend on the electromechanical cou-
pling between the host structure and the piezoelectric elements, which has
to be maximized.

The present work concerns the numerical modeling of vibration reduction
of elastic structures in the low frequency range by using shunted piezoelectric
elements. The aim is to propose efficient reduced order finite element mod-
els able to predict the shunt damping. An electromechanical finite element
formulation for the dynamic analysis of smart structures with piezoelectric
elements is first proposed. In this formulation, the electrical state is fully
described by very few global discrete unknowns [12]: (i) the electric charge
contained in the electrodes and (ii) the voltage between the electrodes. This
formulation is well adapted to practical applications since realistic electrical
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boundary conditions, such that equipotentiality on the electrodes and pre-
scribed global electric charges, naturally appear. The charge/voltage global
variables are also intrinsically adapted to include any external electrical cir-
cuit into the electromechanical problem and to simulate the effect of shunt
damping techniques. We present then different strategies to solve the problem
using a modal reduction approach. In this technique, the electromechanical
coupled system is solved by projecting the mechanical displacement unknown
on a truncated basis composed by the first structural normal modes while the
few initial electrical unknowns are kept in the reduced system. The projec-
tion bases widely used in the literature are obtained using the short-circuited
or open-circuited eigenvalue problems [13, 14]. The originality of this paper
lies in proposing a new reduced order models using two new modal projection
bases able to solve the problem at lower cost: (i) the combined basis formed
by both the short-circuited and open-circuited modes, and (ii) the coupled
basis formed by the electromechanical modes that take into account the ef-
fect of the inductances of the electrical shunts circuit. Numerical examples
are finally presented in order to evaluate the effectiveness of the proposed
new strategies of modal projection compared to the classic ones in terms of
prediction of the vibration attenuation using piezoelectric shunt systems.

2. Finite element formulation

We briefly recall in this section the finite element formulation of an elastic
structure with surface mounted shunted piezoelectric patches.

An elastic structure occupying the domain ΩE is equipped with P piezo-
electric patches (figure 1). Each piezoelectric patch is covered on its upper
and lower surfaces with a very thin electrode. The pth patch, p ∈ {1, · · · , P},
occupies a domain Ω(p) such that (ΩE ,Ω

(1), · · · ,Ω(P )) is a partition of the all
structure domain ΩS . In order to reduce the vibration amplitudes of the
problem, a resonant shunt circuit made up of a resistance R(p) and an induc-
tance L(p) in series is connected to each patch [3, 11].

Moreover, the structure is clamped on a part Γu and subjected to a given
surface force density F d

i on the complementary part Γσ of its external bound-
ary.

For each piezoelectric patch, a set of hypotheses, which can be applied to
a wide spectrum of practical applications, are formulated:

• The piezoelectric patches are thin, with a constant thickness, denoted
h(p) for the pth patch;
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Figure 1: Vibrating structure connected to RL shunt circuits.

• The thickness of the electrodes is much smaller than h(p) and is thus
neglected;

• The piezoelectric patches are polarized in their transverse direction (i.e.
the direction normal to the electrodes).

Under those assumptions, the electric field vector, of components E
(p)
k ,

can be considered normal to the electrodes and uniform in the piezoelectric
patch [12], so that for all p ∈ {1, · · · , P}:

E
(p)
k = −

V (p)

h(p)
nk in Ω(p) (1)

where Ei is the electric field, V
(p) is the potential difference between the upper

and the lower electrode surfaces of the pth patch which is constant over Ω(p)

and nk is the kth component of the normal unit vector to the surface of the
electrodes.

After variational formulation and finite element discretization, we obtain
the following matrix system in frequency domain:

[
Ku CuV

−CT
uV KV

] [
U
V

]
− ω2

[
Mu 0
0 0

] [
U
V

]
=

[
F
Q

]
(2)

where U is the column vector of nodal values of mechanical displacement
of length Ns (Ns is the number of mechanical degrees of freedom); Mu and
Ku are the mass and stiffness matrices of the structure (elastic structure
and piezoelectric patches) of size Ns × Ns and F is the applied mechanical
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force vector of length Ns. Note that F is composed of two parts: F0 is the
invariant spatial portion and f(ω) is the frequency varying portion. With
this decomposition F can be written as F = F0f(ω).

Moreover, Q = (Q(1) Q(2) · · · Q(P ))T and V = (V (1) V (2) · · · V (P ))T are
the column vectors of electric charges and potential differences; CuV is the
electric mechanical coupled stiffness matrix of sizeNs×P ; KV = diag

(
C(1) C(2) · · · C(P )

)

is a diagonal matrix filled with the P capacitances of the piezoelectric patches
where C(p) = ǫ33S

(p)/h(p), ǫ33 being the piezoelectric permittivity in the di-
rection normal to the electrodes and S(p) the area of the patch electrodes
surfaces.

The above discretized equation is adapted to any elastic structure with
surface-mounted piezoelectric patches. Its originality lies in the fact that
the system electrical state is fully described by very few global discrete un-
knowns: only a couple of variables per piezoelectric patch, namely (1) the
electric charge contained in the electrodes and (2) the voltage between the
electrodes. Once the electrical part of the problem is fully discretized at the
weak formulation step, by introducing the above cited voltage/charge vari-
ables, without any restriction on the mechanical part of the problem, any
standard FE formulation can be easily modified to include the piezoelectric
patches and thus the effect of an external electrical action. A second ad-
vantage of this formulation is that since global electrical variables are used,
realistic electrical boundary conditions are naturally introduced. First, the
equipotentiality in any of the patches electrodes is exactly satisfied when
introducing the potential difference variable. Second, the use of the global
charge contained in the electrodes, as the second electrical variable, is realis-
tic since plugging an external electrical circuit to the electrodes of the patches
imposes only the global charge contained in the electrodes and not a local
charge surface density. Another advantage of using the global charge voltage
variables is that they are intrinsically adapted to include any external elec-
trical circuit into the electromechanical problem and to simulate the effect of
shunt damping techniques. In this case, neither V nor Q is prescribed by the
electrical network but the latter imposes only a relation between them [3].
For the case of a resonant shunt composed of a resistor R and an inductor L
in series, connected to the pth patch, the relation writes

−ω2L(p)Q(p) + iωR(p)Q(p) + V (p) = 0 (3)

Combining Eqs. (2) and (3), we finally obtain the general FE formulation
of the electromechanical spectral problem when the piezoelectric patches are

5



shunted

− ω2

[
Mu 0
0 L

] [
U
Q

]
+ iω

[
0 0
0 R

] [
U
Q

]
+

[
Ku +CuVK

−1
V CT

uV CuVK
−1
V

K−1
V CT

uV K−1
V

] [
U
Q

]
=

[
F
0

]
(4)

where R = diag
(
R(1) R(2) · · · R(P )

)
and L = diag

(
L(1) L(2) · · · L(P )

)
are the

diagonal matrices filled with the electrical resistances and the electrical induc-
tances of the shunt circuits. Note that since KV is diagonal, the evaluation
of K−1

V is straightforward.

3. Reduced order models

In order to evaluate the electromechanical frequency response functions
of an elastic structure with shunted piezoelectric patches and subjected to
a harmonic mechanical excitation, the full finite element model of Eq. (4)
is applicable only to a small model and low frequency band. To overcome
these limitations, a model reduction approach based on a normal mode ex-
pansion and truncation of high-frequency modes is proposed in this section.
We present first a review of the existing reduced order models. The models,
widely used in the literature, are obtained using the short-circuited or open-
circuited bases. We propose then two original reduced order models using
two new modal projection bases and able to solve the problem at lower cost:
(i) the combined basis formed by both the short-circuited and open-circuited
modes, and (ii) the coupled basis formed by the electromechanical modes tak-
ing into account the effect of the inductances of the electrical shunt circuits.
A comparative study on the effectiveness of theses reduced-order models in
terms of prediction vibration damping using piezoelectric shunt systems is
proposed in next section.

3.1. Projection on the short-circuited basis

The first Ms eigenmodes of the elastic structure with all patches short-
circuited are obtained from the following equation:

[
Ku − ω2

iMu

]
Φi = 0 for i ∈ {1, · · · ,Ms} (5)

where (ωi,Φi) are the natural frequency and eigenvector for the ith structural
mode. These modes verify the following orthogonality properties

ΦT
i MuΦj = δij and ΦT

i KuΦj = ω2
i δij (6)
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where δij is the Kronecker symbol and Φi have been normalized with respect
to the structure mass matrix. Note that the structure is fixed on Γu, which
eliminates any rigid body motion.

By introducing the modal matrix Φ = [Φ1 · · · ΦMs
] of size (Ns × Ms),

Ns is the total number of degrees of freedom in the finite elements model
associated to the structure, the displacement U is sought as

U = Φq(ω) (7)

where the vector q = [q1 · · · qMs
]T is the unknown modal amplitudes.

By applying the Ritz-Galerkin projection method, which consists of sub-
stituting Eq. (7) into Eq. (4) and premultiplying the first row by ΦT , we
obtain the reduced matrix system

− ω2

[
ΦTMuΦ 0

0 L

] [
q
Q

]
+ iω

[
0 0
0 R

] [
q
Q

]
+

[
ΦT

(
Ku +CuVK

−1
V CT

uV

)
Φ ΦTCuVK

−1
V

K−1
V CT

uVΦ K−1
V

] [
q
Q

]
=

[
ΦT

s F
0

]
(8)

This matrix equation represents the reduced-order model using the short-
circuited basis of the vibration reduction problem with piezoelectric shunt-
damping treatments. If only few modes are kept for the projection, the size
of this reduced-order model (Ms + P ) is much smaller than the initial one
(Ns + P ). Eq. (8) can be also written in the following form of coupled
differential equations:

• Ms mechanical oscillators

−ω2qi + 2iωξiωiqi + ω2
i qi +

P∑

p=1

Ns∑

k=1

γ
(p)
i γ

(p)
k

C(p)
qi +

P∑

p=1

γ
(p)
i

C(p)
Q(p) = Fi (9)

• P electrical equations

−ω2L(p)Q(p) + iωR(p)Q(p) +
Q(p)

C(p)
+

Ns∑

i=1

γi
C(p)

qsi = 0 (10)

where Fi = ΦT
i F is the mechanical excitation of the ith mode and γi =

ΦT
i CuV is the electromechanical coupling factor.
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Note that the modal damping coefficients ξi have been added in Eq. (9) in
order to take into account the structural damping, which can be measured
experimentally. This is mandatory in order to quantify the attenuation due
to the shunt at the resonance (of course, without damping, the amplitude of
the response at the resonance is theoretically infinite).

The major interest of choosing the short-circuit eigenmodes as the ex-
pansion basis is that its can be computed with a classical elastic mechanical
problem. This operation can thus be done by any standard finite elements
code.

3.2. Projection on the open-circuited basis

The first Ms natural frequencies ω̂i and eigenvectors Φ̂i of the elastic
structure with all patches open-circuited are obtained from the following
equation:

[
(Ku +CuVK

−1
V CT

uV )− ω̂2
iMu

]
Φ̂i = 0 for i ∈ {1, · · · ,Ms} (11)

These modes verify the following orthogonality properties

Φ̂T
i MuΦ̂j = δij and Φ̂T

i (Ku +CuVK
−1
V CT

uV )Φ̂j = ω̂2
i δij (12)

Thus, the displacement U is sought as

U = Φ̂q̂(t) (13)

where the matrix Φ̂ =
[
Φ̂1 · · · Φ̂Ms

]
of size (Ns × Ms) corresponds to the

projection basis constituted by the first Ms eigenmodes of the structure with
all patches open-circuited and where the vector q̂ = [q̂1 · · · q̂Ms

]T is the un-
known modal amplitudes.

By applying the Ritz-Galerkin projection method using the procedure de-
scribed in section 3.1, we obtain the following coupled differential equations:

• Ms mechanical oscillators

−ω2q̂i + 2iωξiω̂iq̂i + ω̂i
2q̂i +

P∑

p=1

γ̂i
(p)

C(p)
Q(p) = F̂i (14)
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• P electrical equations

−ω2L(p)Q(p) + iωR(p)Q(p) +
Q(p)

C(p)
+

Ns∑

i=1

γ̂i
C(p)

q̂i = 0 (15)

where F̂i = Φ̂T
i F and γ̂i = Φ̂T

i CuV are the mechanical excitation and the
electromechanical coupling factor of the ith mode respectively.

3.3. Projection on the combined basis

This method consists in building a projection basis formed by both the
short-circuited and open-circuited modes:

Φc =
[
ΦΦ̂

]
=

[
Φ1 · · · ΦMs

Φ̂1 · · · Φ̂Ms

]
(16)

Thus, the displacement U is sought as

U = Φcqc(t) = Φq(t) + Φ̂q̂(t) (17)

By applying the Ritz-Galerkin projection method, which consists of substi-
tuting Eq. (17) into Eq. (4) and premultiplying the first row by ΦT

c , we
obtain the reduced matrix system,

− ω2

[
ΦT

c MuΦc 0
0 L

] [
qc

Q

]
+ iω

[
0 0
0 R

] [
qc

Q

]
+

[
ΦT

c

(
Ku +CuVK

−1
V CT

uV

)
Φc ΦT

c CuVK
−1
V

K−1
V CT

uVΦc K−1
V

] [
qc

Q

]
=

[
ΦT

c F
0

]
(18)

For this technique, two drawbacks exist: (i) two modal analysis are required
and (ii) the short-circuited and open-circuited eigenvectors are not mutually
orthogonal with respect to the mass and stiffness matrices of the problem.
Thus, a Gram-Schmidt algorithm is applied in this work to orthogonalize
these eigenvectors and build well-conditioned matrices.

3.4. Projection on the coupled basis

In the case of a resonant shunt, this technique consists in computing the
eigenmodes of the real conservative system associated to Eq. (4). Thus, the
inductances of the shunt circuits are taken into account in the mass matrix,

9



whereas the effect of the resistances and mechanical damping is not consid-
ered. The eigenmode (ω̃i, Φ̃i) of this problem is solution of the following
equation:

(
−ω̃2

i

[
Mu 0
0 L

]
+

[
Ku +CuVK

−1
V CT

uV CuVK
−1
V

K−1
V CT

uV K−1
V

])
Φ̃i =

[
0
0

]
(19)

where the eigenvector Φ̃T
i =

[
Φ̃T

si Φ̃T
qi

]
consists of the mechanical degrees-

of-freedom Φ̃si of size Ns followed by the electric degrees-of-freedom Φ̃qi of
size P .

By introducing the modal basis Φ̃ =
[
Φ̃s1 · · · Φ̃sMs

]
of size (Ns ×Ms),

the displacement U is sought as

U = Φ̃q̃(t) (20)

By applying the Ritz-Galerkin projection method, which consists of substi-
tuting Eq. (20) into Eq. (4) and premultiplying the first row by Φ̃T , we
obtain the reduced matrix system,

− ω2

[
Φ̃TMuΦ̃ 0

0 L

] [
q̃
Q

]
+ iω

[
0 0
0 R

] [
q̃
Q

]
+

[
Φ̃T

(
Ku +CuVK

−1
V CT

uV

)
Φ̃ Φ̃TCuVK

−1
V

K−1
V CT

uV Φ̃ K−1
V

] [
q̃
Q

]
=

[
Φ̃TF
0

]
(21)

Remarks:

• This method requires the knowledge of the optimal values of the elec-
tric inductances before the computation of the eigenmodes.

• The change of variables from physical coordinates U to modal coor-
dinates q and the modal truncation concern only the mechanical dis-
placement and not the electrical unknown field Q. This is justified by
the fact that it is unnecessary to reduce Q since its size is small and
represents the number of piezoelectric patches.
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• Substituting Φ̃qi in terms of Φ̃si from the second line of Eq. (19), the
modal problem amounts to solve:

(
−ω̃2

iMu

+
[
Ku +CuVK

−1
V CT

uV −CuVK
−1
V

(
K−1

V − ω̃2
iL

)
−1

K−1
V CT

uV

])
Φ̃si = 0

(22)

Two cases can be distinguished, depending on the value of the induc-
tance:

– short-circuit case (inductances L(i) = 0)

[
Ku − ω̃2

iMu

]
Φ̃si = 0 (23)

– open-circuit case (inductances L(i) = ∞)

[(
Ku +CuVK

−1
V CT

uV

)
− ω̃2

iMu

]
Φ̃si = 0 (24)

4. Resolution and quasi-static correction

Whatever the projection base, the found system of differential equations
can be solved by Duhamel integral or by step-by-step integration methods
(for example, Newmark, Wilson). Once the system is numerically solved,
the modal amplitudes are introduced in Eq. (7) (or depending on the case
Eq.(13); (17); (20)) to give the structural response in terms of displacement.

In the transformation of the physical equations to the reduced set of modal
equations, the choice of the number of modes to retain is typically driven by
the need to span the frequency content of interest. That is, the frequency of
the highest mode retained should sufficiently exceed the frequency content
of the applied time history loading by a predetermined margin. However,
this criterion only addresses the frequency depending portion of the applied
load f(ω) and ignores the spatial portion F0. Undesirable inaccuracies in
the response calculations can occur by not considering the effects of modal
truncation on the spatial portion of the applied load. Obviously, a reduc-
tion in the spatial load truncation can be realized by increasing the number
of retained modes. However, when we significantly increase the number of
modes retained in the projection base in order to converge to an ”accurate”
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solution, the size of the system and therefore the computational cost also
increases, which leads to the loss of the advantages of the modal truncation
method. There are techniques that not only address the problem of spa-
tial load truncation, but also improve the modal efficiency with which the
solution converges. The mode acceleration method and modal truncation
augmentation method are two such method [18, 19].

The modal truncation augmentation method attempts to correct for the
inadequate representation of the spatial loads in the modal domain by cre-
ating additional ”pseudo eigenvector” or ”quasi-static correction” to include
in the modal set for the response analysis. A ”pseudo eigenvector”, X, is
determined by solving the following equation:

KuX = F0 (25)

This ”pseudo eigenvector” X is not orthogonal with respect to the mass
matrix of the problem. Thus, a modified Gram-Schmidt algorithm is applied
to orthogonalize this eigenvector and build an orthogonal basis Φ̄. In the
short-circuited case, this algorithm can be defined as follows [20]

X̄ = X−
Ms∑

i=1

(ΦT
i MuX)Φi (26)

Φs = X̄/(X̄TMuX̄)(1/2) (27)

where X̄ is an auxiliary vector and Φs is the orthonormalized pseudo eigen-
vector.

The vector Φs is appended to the retained modal set, Φ for the case of
projection on the short-circuited basis, to construct the pseudo modal set, Φ̄

Φ 7→ Φ̄ = [Φ Φs] (28)

5. Numerical examples and experimental validation

5.1. Experimental validation of the proposed FE formulation

In this first example, we propose to validate the proposed FE element
formulation and piezoelectric assumptions by comparison to experimental
results. The system under study consists of a cantilever beam, already used
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in [12], partially covered with two collocated piezoelectric elements polarized
in opposite directions (Figure 2). The beam material is elastic, homogeneous
and isotropic, of density ρb and Young’s modulus Yb. The piezoelectric mate-
rial constants are its density ρp, Young’s modulus Yp, coupling piezoelectric
constant ē31 and dielectric constant ǭ33. The system geometry is defined by
the length/thickness of the beam and the piezoelectric patches, respectively
denoted lb/hb and lp/hp; b denotes their common width. Finally, the piezo-
electric patches limits are defined by x− and x+, with x+ − x− = lp. All
geometrical and mechanical data of the studied system are given in Table 1
and Figure 2.

RL shunt

hp

hp

hb

x_
x+

lb

lp Piezo. patch Elastic beam

Figure 2: Beam with two piezoelectric patches.

Concerning the experimental setup (Figure 3), the beam is clamped with
a vice. An non-contact electromagnetic driving system is used, composed
of a small magnet glued on the structure with bees-wax, subjected to the
magnetic field created by a coil, fed by a sine electrical signal. The force
acting on the beam is estimated by measuring the current intensity in the
coil, proportional to the force. The beam motion is obtained with a laser
Doppler vibrometer, that measures the velocity of the beam in one point.

For the finite element model, the beam is modeled in 1D using 41 beam
elements with three degrees of freedom per node (axial and transverse dis-
placements and the rotation). The portion of the beam covered by the piezo-
electric patches is modeled according to laminated theory [17].
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Parameters Beam Values Piezo. Values

Lengths [mm] lb 170 lp 25
Thicknesses [mm] hb 2 hp 0.5
Width [mm] b 20 b 20
Patches position [mm] x− 0.5

Densities [kg/m3] ρb 2800 ρp 8500
Young’s moduli [GPa] Yb 72 Yp 66.7
Piezoelectric constant [C/m2] ē31 -14
Dielectric constant [F/m] ǭ33 2068ǫ0

Table 1: Numerical values of system parameters. ǫ0 = 8.854 · 10−12 F/m is the free space
permittivity.

Figure 3: Experimental setup.

Table 2 presents the first fourth experimental and numerical eigenfre-
quencies of the beam (with short-circuit or open-circuit patches) and the
corresponding effective electromechanical modal coupling factor (EEMCF),
characterizing the energy exchanges between the elastic structure and the
piezoelectric patches and defined by:

k2
eff,i =

ω̂2
si − ω2

si

ω2
si

(29)

The first, second and fourth frequencies are associated to the first three
bending modes lower than 1000 Hz, while the third one corresponds to the
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Short circuit freq. [Hz] Open circuit freq. [Hz] Coupling factors

Modes fi FE fi Exp. Error % f̂i FE f̂i Exp. Error % keff,i FE keff,i Exp.

1 flex. (F) 48.96 51.64 5.20 49.42 52.17 5.27 0.137 0.144
2 flex. (F) 337.1 337.0 0.03 340.7 340.2 0.15 0.145 0.138
1 tors. (T) – 853.0 – – 854.0 – – 0.050
3 flex. (F) 951.8 936.3 1.65 960.6 940.0 2.20 0.137 0.089

F: Bending mode, T: Torsional mode

Table 2: Natural frequencies and coupling coefficients, from finite element computation
(FE) and experiments (Exp.).

first torsional vibration mode. This classification was found from the shapes
of these modes, which are not shown here for the sake of brevity. Moreover,
as expected for bending modes, the natural frequencies of the open-circuit
modes are higher than those obtained in the short-circuited case due to the
electrical effect of the patch. One can remark that the torsional mode has
a low coupling coefficient as compared to the ones of the flexural modes. It
would be zero in theory, since the extensional motion of the piezoelectric
patches are not activated when the beam undergoes torsion. Moreover, since
the FE model does not include torsion d.o.f., no FE values are available in
Table 2. Another remark is that for the first mode, the measured value of the
effective coupling coefficient keff,i is higher that the finite-elements one. One
would expect the opposite, for example because of non-perfect bonding, as
found for the second and third flexural modes. A difference between model
and experiments is the wrapped electrode, that is used to easily solder the
electric wire to the lower electrode, on the piezoelectric patch upper face. It
locally modifies the electric field intensity and direction near the edge of the
piezoelectric patch. This may explain the observed increase of coupling coef-
ficient in the experiments, even if the exact effect of the wrapped electrode is
difficult to characterize without a three dimensional electromechanical sim-
ulation. This is beyond the scope of the present article.

The vibratory response of the system subjected to a harmonic force ap-
plied to the tip of the beam is evaluated experimentally and by the proposed
reduced order FE formulation. The short-circuited basis with the first 12
modes is used. In order to achieve maximum vibration dissipation of the
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second mode, the patch is tuned to an RL shunt circuit. The resistance R
and the inductance L can be adjusted and properly chosen to maximize the
damping effect of a particular mode. The optimal resistance and inductance
of the ith mode for a series resonant shunt are given by [3]:

Ropt =

√
2k2

eff,i

Cωi(1 + k2
eff,i)

(30a)

Lopt =
1

Cω2
i (1 + k2

eff,i)
(30b)

where ωi is the short circuit natural frequency of the ith mode, C is the ca-
pacitance of the piezoelectric patch and keff,i is the effective electromechanical
coupling coefficient given in Eq. (29). The taken values of the resistance and
of the inductance for the selected mode are: R = 7900 Ω and L = 21.8 H .
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Figure 4: Beam tip frequency response functions. ’—’: experimental; ’- -’: finite element.

Figure 4 shows the frequency response function with and without shunt
damping at the tip of the beam, computed from the proposed FE formula-
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tion as well as from the experiments. An excellent agreement is obtained
between simulations and experiments. The main difference lies in the struc-
tural damping that is not taken into account in the FE model, which leads
to infinite responses, in short circuit, at the beam resonances. In the ex-
periments, an attenuation of 25dB is obtained with the shunt damping as
compared with the short-circuit resonance.

5.2. Comparison of model reduction methods for cantilever beam with shunted

piezoelectric patch

In this example, we propose to compare the proposed modal reduction
techniques in terms of prediction of vibration attenuation with piezoelectric
shunt on a simple system. The system under study consists of a cantilever
beam with one piezoelectric device, as sketched in Figure 5. The beam is

175 mm
20 mm

50 mm2 mm

0.75 mm

R

L

F= 1 N

10 mm

Figure 5: Cantilever beam partially covered with collocated piezoelectric element: geo-
metrical data.

made of aluminum (E = 74 GPa, ν = 0.33, and ρ = 2700 kg/m3) with
Lb=175 mm (length), wb=20 mm (width), and hb=2 mm (thickness). The
piezoelectric element in PIC-151 is assumed to be perfectly bounded to the
beam and has the same width. For the mechanical and electrical charac-
teristics of the piezoelectric material PIC-151, the reader can be referred to
[16]. Concerning the finite element discretization, the beam is modeled in
2D using 672 four nodes plate elements (QUAD4). The portion of the plate
covered by the piezoelectric patch and the patch itself is modeled according
to laminated theory.
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Table 3 presents the first five eigenfrequencies of the beam (with short-
circuit or open-circuit patches) and the corresponding effective electrome-
chanical modal coupling factor (EEMCF).

The first, second and fourth frequencies are associated to the first three
bending modes lower than 1100 Hz, while the third one corresponds to the
first bending mode in the plane and the fifth frequency corresponds to the
first torsional vibration mode.

Type Short circuit frequencies Open circuit frequencies keff
F 71.89 73.48 21.15
F 379.49 383.97 15.42
Fp 587.02 587.02 0
F 969.11 970.05 4.41
T 1048.71 1048.71 0

F: Bending mode, Fp Bending mode in the plane, T: Torsional mode

Table 3: Computed frequencies (Hz) of the beam and the electromechanical cou-
pling coefficient.

The beam is now excited by a harmonic transverse load (see Figure 5).
In addition, no mechanical damping was introduced in this example. The
vibration output is detected at the excitation point. In order to achieve
maximum vibration dissipation of the first mode, the patch is tuned to an
RL shunt circuit.

Figure 6 presents the frequency response of the system, with and without
shunted patch, in terms of the transverse displacement computed with a di-
rect method in which the displacement and the charge vectors are calculated
at each frequency step. We can see the effect of the shunt in the vibration
damping of the selected mode.

Figures 7 and 8 show a comparison between the frequency responses of
the cantilever beam when the shunt circuit is tuned to damp the first vibra-
tion mode. We compare all the proposed reduction techniques to the direct
approach. We can deduce that:

• The reduced order models built from the short-circuit and the open
circuit bases converge with a large number of eigenvectors. With a
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Figure 6: Frequency response function of the cantilever beam with and without patch and
subjected to a harmonic transverse load.

small number of eigenvectors, the short-circuit basis overestimates the
attenuation while the open-circuit basis underestimates it.

• The reduced order model computed from the combined basis gives
excellent results with only one short-circuited mode and one open-
circuited mode. This efficiency is related to the introduction of addi-
tional electromechanical coupling terms in the reduced system, which
allows better modeling of the effects of the piezo-patches and the shunt-
circuit on the response of the system.

• The reduced order model built from the coupled basis is extremely ef-
fective. The model response converges when projecting the unknown
mechanical displacements only on the first two eigenvectors. The atten-
uation of a resonance mode with the shunt technique is characterized
by a decrease of the amplitude of the peak around the targeted fre-
quency. Two peaks with very low amplitude, around the frequency to
attenuate, appear in the damped response. In this example, these two
peaks correspond to the first two modes of the coupled basis with mode

19



0 10 20 30 40 50 60 70 80 90 100

−64

−62

−60

−58

−56

−54

−52

−50

−48

Frequency (Hz)

D
is

p
la

c
e
m

e
n

t
(d

B
)

 

 

Direct

Modal reduction: SC  base − 1 mode

Modal reduction: SC  base − 10 modes

Modal reduction: SC  base − 100 modes

Modal reduction: SC  base − 300 modes

Modal reduction: Coupled base − 2 modes

 

 

Figure 7: Frequency responses of the cantilever beam with shunted piezoelectric patch:
comparison between (i) the direct approach, (ii) modal reduction using short-circuited
basis and (iii) modal reduction using coupled basis.

shapes very close. This leads us to conclude that this basis formed by
the real modes of the coupled system (elastic structure with shunted
piezoelectric patches), is very effective in the prediction of vibration
attenuation.

5.3. Multimode shunt control of a vibrating plate

In this third example, a clamped rectangular plate with two rectangu-
lar piezoelectric patches perfectly bonded on its surface is considered. The
plate of 2-mm-thick is made in aluminum and the patches of 0.5-mm-thick
are in PIC 151 (we used the same properties as the previous example). The
geometrical data of the problem are given in Figure 9. Concerning the finite
element discretization, the plate is modeled with 600 QUAD4. The portion
of the plate covered by the piezoelectric patches and the patch itself are mod-
eled according to the laminated theory. In this theory, the composite plate
model, with piezoelectric layers polarized along the thickness, combines an
equivalent single-layer approach for the mechanical behavior with a layer-
wise representation of the electric potential in the thickness direction (see
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Figure 8: Frequency responses of the cantilever beam with shunted piezoelectric patch:
comparison between (i) the direct approach, (ii) modal reduction using open-circuited
basis and (iii) modal reduction using combined basis.

[15] for more details about this formulation). The plate is excited by a nor-
mal unit sinusoidal force as sketched in Figure 9. The vibration output is
detected at the excitation point, where the displacement reaches a maximum.
In addition, mechanical damping was introduced through a modal damping
coefficient ξ = 0.001 for all eigenmodes in the selected reduced modal basis.

Table 4 presents the first ten eigenfrequencies of (i) the clamped plate
with all patches short-circuited, (ii) the clamped plate with all patches open-
circuited and (iii) the coupled problem given by Eq. (19). For the third
case, the two patches are tuned to the first two vibration modes respectively
and the used optimal inductances are computed from Eq. (30b) : L1 =6.95
H and L2 =3.75 H (for the resistances of the shunt circuit, we used Eq.
(30a): R1 =214 Ω and R2 =544 Ω). For each frequency of the open-circuit
case, except for modes without electromechanical coupling, corresponds two
frequencies in the coupled case (one lower and the other higher to this fre-
quency). The mode shapes associated to these frequencies are very similar
to the mode of the open-circuited original one. These modes are not shown
here for the sake of brevity.
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Figure 9: Clamped plate partially covered with two collocated piezoelectric elements:
geometrical data.

Short circuit frequencies Open circuit frequencies Coupled frequencies
326.98 327.85 306.68
512.76 516.10 348.79
824.66 827.05 486.10
829.68 829.68 544.23
1005.77 1005.77 829.68
1265.51 1265.61 836.79
1291.48 1291.48 1005.77
1600.37 1604.25 1265.63
1727.30 1727.30 1291.48
1751.45 1763.06 1617.75

Table 4: Computed frequencies (Hz) of the plate with piezoelectric patches in: (i)
short-circuit case, (ii) open-circuited case and (iii) coupled case.

As mentioned previously, the resonant shunts are tuned respectively to
the first and second mode in order to achieve maximum energy dissipation
of these modes. Figure 10 presents the frequency response of the system
in terms of the transverse displacement computed with direct nodal method.
This figure shows that the resonant magnitude of the selected modes has been
significantly reduced. In fact, the strain energy contained in the piezoelectric
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Figure 10: Frequency response function of the plate subjected to a harmonic load with
and without shunted piezoelectric patches.

material is converted into electrical energy and hence dissipated into heat
using the RL shunt devices.

Figures 11 and 12 show a comparison of the frequency response of the
shunted system computed with direct method to those computed with modal
reduction method using the different proposed bases. A static correction is
appended to all the retained modal bases. These results are consistent with
those obtained from the previous example:

• The reduced order models built from the short-circuited or open-circuited
bases does not fully converge with a reduced number of eigenvectors.

• Using the combined bases, excellent results are obtained in the reso-
nance zones when the unknown mechanical displacements are projected
on the basis formed by the first two short-circuited modes and the
first two open-circuited. Using the first 38 short-circuited (respectively
open-circuited) modes and the first two open-circuited (respectively
short-circuited) modes, the response of the model converges in areas of
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resonance and also outside these areas.

• The reduced order model built from the coupled basis gives excellent
results compared to the results of the direct method. This convergence
is achieved by using the first 40 modes. We note that with only four
modes (modes resulting from the resonant shunt technique), the con-
vergence is limited to resonant frequencies and is not assured in the
other areas.
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Figure 11: Frequency responses of the plate with shunted piezoelectric patches: comparison
between (i) the direct approach, (ii) modal reduction using short-circuited basis and (iii)
modal reduction using coupled basis.
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Figure 12: Frequency responses of the plate with shunted piezoelectric patches: comparison
between (i) the direct approach, (ii) modal reduction using open-circuited basis and (iii)
modal reduction using combined basis.

From these examples, we can deduce the good performances of the original
coupled and combined bases to predict damping of elastic structures using
shunted piezoelectric patches. Compared to classical short-circuit and open-
circuit bases, these bases provide good convergence with a small number of
modes. However, they present some inconveniences and limitations:

• The coupled basis can be used only for a resonant shunt and requires
knowledge of the optimal values of inductances before the modal pro-
jection.

• The combined basis requires two modal calculations to find short-circuit
and open-circuit modes. The resulting basis is not orthogonal with
respect to the mass and stiffness matrices. The modified Gram-Schmidt
orthogonalization process can be applied in order to orthogonalize this
basis.
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6. Conclusions

In this paper, reduced order finite element formulations for passive reduc-
tion of structural vibration by means of shunted piezoelectric system are pre-
sented. Two new reduced-order models, based on a normal mode expansion,
are developed: (i) the combined basis, and (ii) the coupled basis. Despite
their reduced size, these model are proved to be very efficient with a reduced
number of modes compared to classical bases for simulations of vibration
attenuation of selected frequency resonances. However, some drawbacks re-
main and concern the necessity of two modal calculations for the combined
basis and the knowledge of the optimal values of inductors before projection
for the coupled basis. Despite these disadvantages, these new techniques can
be recommended for the resolution of electromechanical problems with shunt
devices.
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[14] W. Larbi, J.-F. Deü, R. Ohayon, R. Sampaio, Coupled FEM/BEM for
control of noise radiation and sound transmission using piezoelectric
shunt damping, Applied Acoustics, 86, 146–153, 2014.

27



[15] W. Larbi, J.-F. Deü, R. Ohayon, Finite element formulation of smart
piezoelectric composite plates coupled with acoustic fluid, Composite

Structures, 94(2), 501-509, 2012.

[16] L. Pereira da Silva, W. Larbi, J.-F. Deü, Topology optimization of
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