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Abstract  11 

The spatial incoherence of ground motion during an earthquake can have a significant effect on the dynamic 12 

response of engineering structures such as bridges, dams, nuclear power plants and lifeline facilities. The main 13 

objective of this paper is to study the effect of anisotropic heterogeneities in a soil layer overlying homogeneous 14 

bedrock on the lagged coherency of surface ground motion. A set of numerical experiments is performed based 15 

on 2D spatial variability of shear-wave velocities modeled as a homogeneous stationary random field and 16 

discretized by the EOLE method (Expansion Optimal Linear Estimation). Seismic ground motions were 17 

simulated using FLAC2D software in the 1-25 Hz band for a plane wave excitation with SV polarization. The soil 18 

is characterized by horizontal and vertical autocorrelation distances ranging between 5 and 20 m and 1 and 2 19 

m, respectively, and a coefficient of variation of the shear-wave velocity varying between 5% and 40%. The 20 

synthetic seismograms calculated for 9 parameter sets (100 realizations each) clearly show seismic waves 21 

scattering and surface waves diffracted locally by the ground heterogeneities, generating large spatial 22 

variations in coherence mainly controlled by the coefficient of variation of shear-wave velocity. Consistently 23 

with existing models and experimental data, the numerical coherency curves decrease with frequency and 24 

receiver distance, however at a rate which is lower than that observed in the experimental data. This difference 25 

is probably due to intrinsic attenuation that is not accounted for in the simulations and/or to our 2D simulations 26 

that do not reproduce the complete wavefield. The numerical average coherency curves for each parameter set 27 
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exhibit maxima within narrow frequency bands caused by the vertically trapped body waves and surface wave 28 

propagation properties within the average ground model. This interpretation is supported by experimental data 29 

recorded in the Koutavos-Argostoli valley (Greece).  30 

Key words: coherency, spatial variability, seismic response, random field, autocorrelation. 31 

 32 

1 Introduction 33 

Large earthquakes have often showed spatial variations in damages at the scale from tens to hundreds of meters 34 

(e.g. Northridge in 1994 [1] and Christchurch in 2011 [2]). Such spatial distribution can be related to spatial 35 

variations of earthquake ground motion (SVEGM; [3]). SVEGM may have remarkable impact on extended and 36 

large structures such as bridges and lifelines (see [4] for a summary) and should be considered in the study of 37 

their responses and design -[5, 6, 7, 8 and 9]. With regard to seismic design of bridges, SVEGM has been 38 

recently incorporated in codes, e.g. EUROCODE8 and Caltrans design procedure [10], that highlighted the 39 

importance of assessing it at various spatial scales. SVEGM can be caused by the source mechanism and 40 

radiation (magnitude, slip distribution, directivity effects, …), path effects (regional heterogeneities, …) and site 41 

effects including both topographical and lithological effects [among others; 11, 12; 13; 14, 15, 16, 17, 18). In 42 

addition to these various causes of SVGEM, shallow layers may exhibit spatial heterogeneities resulting from the 43 

natural processes of erosion and sedimentation or from human activities (constructions, mining deposits, fills …) 44 

[19, 20, 21, 22, 23], which can lead to significant variations in the soil seismic response even at small distances 45 

[24]. To account for these local variations, probabilistic modeling approaches using random fields [25] have 46 

been widely applied in geotechnical studies [among others, 26, 27, 28].  In earthquake engineering, several 47 

studies carried out over the past 20 years have emphasized the effect of the variability of seismic soil properties 48 

on SVEGM mainly considering 1D stochastic seismic wave propagation [among other, 29, 30, 31, 32], few 49 

studies focusing on 2D stochastic wave propagation [among others; 33, 34,  35, 36, 37, 33].  50 

While the full SVEGM estimation implies determining the phase and amplitude variability [38], the phase 51 

variability evaluation has deserved more attention from the scientific community. Indeed, many authors [e.g, 39, 52 

40, 41, 4, 42] have used the complex function called coherency to characterize the phase variability of surface 53 

ground motion. Coherency models provide a quantitative measure of the similarity between recordings of the 54 

same earthquake at different locations and frequencies [44] and can be used to incorporate SVEGM in the 55 
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seismic design of structures [4, 42]. Empirical coherency models have been proposed based on the analysis of 56 

ground motions recorded by dense arrays [among others, 44, 45, 40, 46, 47]. Alternatively, other studies have 57 

focused on analytical calculations and/or ground motion modeling in isotropic heterogeneous media. They have 58 

resulted in semi-empirical coherency models that take into account characteristics of the soil spatial variability in 59 

terms of coefficient of variation of shear modulus and related fluctuation scale [48, 49, 50]. However, modeling 60 

the soil as an isotropic medium can be unrealistic since the vertical variability of soil is generally greater than the 61 

horizontal variability due to natural geological processes that result in a greater distance of horizontal than 62 

vertical fluctuation [51, 52, 53]]. 63 

The main objective of this paper is to study the effect of the ground spatial variability on the lagged coherency, 64 

by performing 2D numerical modeling using statistical parameters found in the literature. We based our study on 65 

the geometry and parameters determined for the alluvial plain of Nahr Beirut (Lebanon) [54] and considered a 66 

simple 2D model consisting of a soil layer with anisotropic spatial variability overlying a homogeneous elastic 67 

bedrock. This model was already used in the paper of El Haber et al. [37] for studying the effect of 68 

heterogeneous soil properties on surface ground motion spatial variability. In addition to studying the effect of 69 

the spatial variability of soil properties (Vs) on the spatial coherency properties (average and standard deviation), 70 

the numerical results also help to better understand some abrupt variation of coherency within narrow frequency 71 

band observed in Koutavos-Argostoli experimental data [55]. 72 

2 Spatially variable �� profile generation and wave propagation simulation 73 

In probabilistic approaches, the random field theory is widely used to model the spatial variability of 74 

geotechnical and geophysical soil properties [56]. In this paper, the shear-wave velocity (Vs (x,z)) is modeled as 75 

a random field defined by a probability density function (���) described by a mean (μVs), a coefficient of 76 

variation (COV) and an autocorrelation function ρ(θx, θz), θx and θz being the autocorrelation distances in the 77 

horizontal and vertical directions of the 2D medium, respectively. The autocorrelation distance is the distance 78 

over which the estimated values of Vs are not correlated any more. COV is defined as the ratio of the standard 79 

deviation of Vs over μVs. 80 

The numerical models and ground motion simulation scheme used in this study are identical to those described 81 

in the paper of El Haber et al. [37], who numerically studied the effect of 2D soil spatial variability on the spatial 82 

variability of earthquake ground motion. The reader may refer to Section 2 of this paper for details on how to 83 
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introduce ground structure spatial variability into wave propagation simulation. Here, we just recall the main 84 

characteristics of the model and the ground motion modeling methods. 85 

The soil properties for the parametric study is shown in Table 1. It consists of a 15.5 m thick soil layer with an 86 

average μVs =220 m/s, overlying a homogeneous bedrock with Vs=1000 m/s. Vs (x,z) in the soil layer is modeled 87 

as a 2D random field and the statistical parameters are chosen in a range covering the values found in the 88 

literature (5% < COV < 40%; 5 < θx < 20 m; 1 < θz <2 m). The 9 probabilistic models with the different 89 

parameter sets are given in Table 1. 90 

To discretize the random field Vs described by a lognormal probability density function (pdf) and determine Vs 91 

at the center of each mesh (i.e. midpoint method) [57], we use the Expansion Optimal Linear Estimation (EOLE) 92 

[58] and the ordinary kriging method [59]. 93 

For each Vs realization, the seismic ground motions are calculated using the finite difference code (FLAC2D) 94 

[60] at 166 receivers located on the surface with a spacing of 1 m by applying a seismic shear stress excitation 95 

(vertical incident plane wave of type SV) at the base of the 2D model after initializing the stresses. Only the 96 

horizontal displacements are fixed along the lateral boundaries of the model, while the horizontal and vertical 97 

movements are fixed at its base. Free field boundaries are applied to the side edges of the model. A quiet 98 

boundary (absorbing effect defined in FLAC2D [60]), is applied to the model base in order to model a flexible 99 

base that absorbs the energy emitted by the waves reflected on the surface and arriving to the model base. The 100 

source time function is a pseudo-Dirac having a flat Fourier amplitude spectrum equals to 1 between 1 and 25 101 

Hz. No damping is considered in the analysis in order to focus on the effects of elastic properties variability, 102 

only. 103 

In probabilistic modeling approaches, a large number of discretized Vs realizations must be simulated to ensure 104 

the statistical convergence of the average and standard deviation estimators of any surface ground motion 105 

parameter. This convergence is considered to be reached when the fractions of the relative variation of the 106 

average and standard deviation between realization i and realization i+1 are smaller than 5% (for more details 107 

refer to El Haber et al. [37]). In this study, for each parameter set, 100 Vs realizations are sufficient to ensure the 108 

statistical convergence of the lagged coherency. The fundamental resonance frequency of the soil layer 109 

characterized by a mean Vs= 220 m/s and a thickness of 15.5 m is f0D = 3.54 Hz; this case will be referred to as 110 

the deterministic model in the following. 111 
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Table 1 : Properties of the two layers (soil and bedrock) for the probabilistic modeling. The bedrock properties 112 

are fixed, as well as the density � and the P-wave velocity Vp in the soil layer. Vs in the soil is considered as a 113 

random field and characterized by four statistical parameters (μVs, COV, θx and θz). Nine parameter sets were 114 

defined, combining variations in COV, θx and θz (see text for details) (Modified from El Haber et al. [37]). 115 

 116 

  117 

Layers 
Properties Parameter 

set # �(Kg/m3) Vp(m/s) μVs (m/s) COV (%) θx (m) θz (m) 

Soil 1600 1500 220 

5 
5 2 1 

10 2 2 

20 

5 2 3 

10 
1 4 

2 5 

20 2 6 

40 

5 2 7 

10 
1 8 

2 9 

Bedrock 2500 3000 1000 --- --- --- --- 
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 118 

Figure 1: Seismic responses for the two Vs realizations of parameter sets #5 (left column) and # 9 (right 119 

column).  a) and b) vertical velocities (V) computed for the Vs random field realization shown in e) and f), 120 

respectively.  c) and d) horizontal velocities (�)  ; e) and f) Vs realizations for  the parameter sets #5 (COV=20% 121 

θx =10m and θz =2m) and  #9 (COV =40% θx =10m and θz =2m), respectively (see Table 1). The red curves 122 

correspond to the time (	
�%) when 75 % of the total energy (eq. 2) is reached for each seismogram, while the 123 

blue lines show the maximum 	
�% value calculated for all seismograms of the given realization. The black and 124 

red arrows show the receivers located at 30 m and 100 m, and at 55 m and 65 m, respectively. 125 

The synthetic ground motions calculated for one Vs realization for the two parameter sets #5 (COV =20% θx 126 

=10m and θz =2m) and #9 (COV =40% θx =10m and θz =2m) (Table 1) are shown in Figure 1. For each 127 

parameter set, the Vs distribution in the sediment layer and the corresponding horizontal and vertical 128 

seismograms computed on the surface are presented. The two Vs distribution shown in Figure 1(e) and (f) 129 

highlight the effect of the COV on the generated Vs profiles, with larger velocity contrasts for parameter set #9 130 

(COV=40%) than for parameter set #5 (COV=20%). The seismograms (Figure 1a to d) are highly affected by the 131 

spatial variation of Vs, showing larger amplitude and longer duration at receivers located above low velocity 132 

zones, especially for COV =40%.  133 
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3 Lagged coherency estimation 134 

3.1 Definition 135 

The coherency is a normalized complex function given by the ratio between the smoothed-cross spectral density 136 

(
��) and the smoothed-power spectral density (
��  and 
��) of two signals recorded at location � and � [44]: 137 

�̅������ , �� = 
�̅�(�)
�
�̅�(�). 
�̅�(�) 

(1) 

  138 

where djk is the distance between location � and �, and � is the frequency. 139 

From the complex coherency function presented in Eq. 1, several real coherency functions can be used: lagged 140 

coherency, unlagged coherency, and plane-wave coherency [61]. The lagged coherency (���� ) is the amplitude of 141 

the complex coherency function (�̅��) (Eq. 1). At low frequency and small inter-receiver distance, ground 142 

motions are close and the corresponding lagged coherency tends to 1. In contrast, for large distance and high 143 

frequency, ����  decreases down to 0. 144 

After pre-aligning the signals in time by using the time lag leading to the maximum cross-correlation, the lagged 145 

coherency is the most commonly used indicator to measure the seismic motion similarity [44, 45, 46, 47]. 146 

Indeed, its use is assumed to eliminate the deterministic variation in surface ground motion caused by the wave 147 

propagation, keeping only the stochastic variation [61]We use the lagged coherency in this paper to evaluate the 148 

impact of the spatial variability of soil properties on the phase variability of synthetic ground motions.  149 

3.2 Coherency function smoothing 150 

In the lagged coherency estimation, a frequency smoothing process of the seismic time histories spectra is 151 

mandatory [44]. Indeed, when no smoothing window is used, the phase difference terms disappear from the 152 

covariance spectra and the lagged coherency estimate is unity for any frequency and any receiver distance [62]. 153 

This process also controls the statistical properties (i.e variance and bias) and the resolution of the coherency 154 

estimates. The increase of the smoothing bandwidth leads to a decrease in coherency estimation uncertainty 155 

while decreasing however the resolution. Thus, the smoothing type and parameter have to be well chosen to find 156 
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a balance between uncertainty and resolution of the estimated coherency. According to Harichandran [41], the 157 

most common smoothing type windows (e.g. hamming, cosine, triangular, …) yield similar results as long as the 158 

equivalent spectral bandwidths are the same. Abrahamson et al. [61] proposes an 11-point Hamming window 159 

(2� + 1; where � is the Hamming parameter) for the spectral smoothing of the time windows containing less 160 

than 2000 samples when the coherency estimates are to be used in structural analysis with damping coefficient of 161 

5%. In this study, the cross- and auto-spectral densities in equation Eq. 1 are smoothed using an 11-point (� =162 

5) Hamming window, corresponding to a spectral bandwidth of 1.95 Hz. The synthetic ground motions 163 

calculated at the surface are resampled to a rate of 50 Hz with 256 samples.  164 

3.3 Time window selection 165 

The shear (S-) wave part of seismograms is commonly used to estimate the coherency function as it is 166 

considered as the the most damaging seismic phase for civil engineering structures [43, 45, 63]. However, the 167 

identification of S-waves in seismograms is sometimes difficult because they are often accompanied by other 168 

waves due the scattering and diffraction in the heterogeneous medium [63]. Although the selection of the S-wave 169 

window can be made visually, Abrahamson [43] proposed an automatic process based on the duration of the 170 

normalized Arias Intensity "# (Eq. 2): 171 

"#$,%(&) = ' ($,%) �	*+' ($,%) �	,%-+  (2) 

 172 

where ($,% corresponds to the horizontal velocity component calculated at the receiver . of the realization / and & 173 

indicates time. 174 

The criterion used by Abrahamson [43] is that the S-wave time window corresponds to AI between 0.1 and 0.75, 175 

the lower limit being chosen to remove the P-wave firstly arriving at the surface. As we generate a plane wave of 176 

SV type, the S-wave time window in this study is defined for AI between 0 and 0.75 (Eq. 2).  177 

As shown in Figure 1c and d, the horizontal velocities are highly affected by the shallow Vs structure, leading to 178 

significant variations in duration and amplitude. For the horizontal component, the time corresponding to "# 179 

equal to 0.75 (t75%) are shown in red for the two Vs realizations in Figure 1c and d. The rise in COV (40%) 180 

clearly increases t75% (Figure 1d), particularly for receivers located above superficial low velocity zones. In 181 
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literature, the lagged coherency estimation is based on the selection of the same time window for all the 182 

recordings of the same event [43, 64]. Accordingly, the time window used to estimate the lagged coherency 183 

between seismograms of the same realization was chosen as the maximum t75% (blue line) of this realization 184 

(Figure 1c and 1d). Even though t75% is calculated using seismograms on the horizontal component, the same 185 

time window is used for the lagged coherency estimation of both the horizontal and vertical component.  186 

3.4 Average and standard deviation 187 

For statistical analysis on the coherency estimates, normally distributed data are preferable [41]. Hence, the 188 

atanh of lagged coherency is used to produce an approximately normal distribution with a bias that can be 189 

estimated and removed [65].  190 

Following Harichandran [41] and Abrahamson et al. [61], the statistical analyses of the lagged coherency are 191 

performed on atanh(γ) instead of � and the average and standard deviation of the lagged coherency are 192 

calculated as follow: 193 

� = �(�, �)|1,2% = tanh 78�"	9/ℎ����� ��; (3) 

<(�) = �(�, �)|=>- = tanh ?�
�"	9/ℎ����� ��@ (4) 

where E is the mathematical expectation, S is the variance defined by 
(A) = 8(A) − 8(A))) for a variable X 194 

and std denotes the standard deviation. 195 

At a frequency of 3.54 Hz (the fundamental frequency of the deterministic model) and for the parameter set #9 196 

(COV =40% θx =10m and θz =2m; Table 1) that exhibits the largest Vs range, Figure 2a and b show the 197 

distribution of the lagged coherency ����  from 100 Vs realizations and two inter-receiver distance, d = 10 m and d 198 

= 70 m, respectively. It is clear that ����  is not normally distributed regardless the inter-receiver distance, while 199 

the distribution of 9	9/ℎ(���� ) shown in Figure 2c and d can be fitted by a normal distribution.  200 
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 201 

Figure 2: Statistical distribution of the lagged coherencies: a) and b) Histograms of the 202 

lagged coherencies (���� ) calculated between receivers separated respectively by d = 10 m 203 

(left column) and d = 70 m (right column) for all realizations of the parameter set #9 (COV 204 

=40% θx =10m and θz =2m) and for a frequency of 3.54 Hz. c) and d) Histograms of 9	9/ℎ 205 

transformation of � in a) and b) respectively. a) and b) are fitted by an Extreme Value 206 

distribution and c) and d) are fitted by a Normal distribution (continuous lines). 207 

3.5 Stationarity of lagged coherency  208 

An important aspect in the use of random field modeling approach is to ensure the stationarity of the output 209 

average estimates. We thus compare the lagged coherency variability obtained when using 100 stochastic Vs 210 

profiles for one receiver pair and when using all receivers pair for a given realization. Figure 3a and b show the 211 

coherencies calculated for all pairs of receivers separated by a distance d =70 m for the two realizations 212 
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presented in Figure 1e and f, respectively, while Figure 3c and d shows the coherencies calculated between 213 

receivers located at 31 m and 101 m (black receivers in Figure 1e and f) for the 100 realizations of the two 214 

parameter sets #5 and #9 (Table 1), respectively. The bold solid and dashed curves represent the average 215 

coherency +/- one standard deviation using Eq. 2 and Eq. 3. The four figures show that the coherency curves 216 

vary with the location of the receivers on the surface and the Vs realization. However, the comparison of the 217 

average coherency in Figure 3e and f indicates almost similar coherency values. This comparison clearly outlines 218 

the lagged coherency stationarity by using the EOLE random field modeling approach and indicates that the 219 

estimated average coherency curves are robust. In the following sections, the average and standard deviation of 220 

the coherency will be computed for all Vs realizations, using all receivers except those located within 30 m of the 221 

model boundaries. 222 
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 223 

Figure 3: Lagged coherency curves (horizontal velocity) calculated for parameter sets #5 (left 224 

column) and #9 (right column), (see Table 1). a) and b) curves for all the receiver pairs 225 

separated by a distance d = 70 m (in grey ) for the two  Vs realizations shown in Figure 1e 226 

and Figure 1f, respectively. c) and d) curves computed between the receivers at 30 and 100m 227 

(in light blue) for the 100 Vs realizations. The bold solid and dashed curves represent the 228 

average and the average +/- one standard deviation, respectively. e) and f) superposition of 229 

the average curves shown in a) and c), and in b) and d), respectively. 230 

 231 
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4 Effect of the ground heterogeneities on the average lagged coherency 232 

Our study is focused on the lagged coherency computed for the horizontal component of the ground motion, 233 

which is the most studied in the literature (Imtiaz et al.,2018a) because of its impact on the behavior of structures 234 

and the importance given to it in seismic design codes. Results along the vertical component will be briefly 235 

commented and given in appendix A2. 236 

The average lagged coherency (�) of the horizontal component is calculated for all the parameter sets given in 237 

Table 1 and shown in Figure 4 for 4 receivers distances (from d = 5 to 70 m). The main trend is that � decreases 238 

with the frequency and d, with a much more pronounced decrease effect when COV increases. The effect of the 239 

horizontal and vertical autocorrelation distances (θx and θz) is weak and can only be observed for large COV 240 

(40%) (Figure 4) and for d=5 m and COV = 20% (Figure 4a), with the trend that � decreases with the decrease in 241 

θx. All average coherency curves computed for large d values (Figure 4c and d) exhibit two minima at 4.8 Hz 242 

and 8.5 Hz, respectively, which are more pronounced for large COV values. 243 

 244 
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 245 

Figure 4: Average lagged coherency (�) calculated using the horizontal velocity, for different values of COV, θx 246 

and θz for the 100 realizations computed by using the atanh transformation (see text for details) for four 247 

receivers’ distances: a) d = 5 m, b) d = 15 m, c) d= 35 m and d) d = 70 m. 248 

Figure 5 presents the average coherency curves calculated for all inter-receiver distance and for each of the 9 249 

parameter sets (Table 1). Minima and maxima of the average coherency within the same narrow frequency bands 250 

are systematically observed whatever the parameter set considered, particularly for large distance (d > 25 m). 251 

This consistency suggests that curve extrema (minima and maxima) are controlled by the average properties of 252 

the soil layer. To understand these results, an equivalent 1D model per parameter set is defined to reproduce the 253 

measured fundamental resonance frequency picked on the average amplification function AF(f) from the 100 254 

realizations. The calculation process is described in Appendix 1. From these equivalent models, the group 255 

velocity dispersion curves (VG) of the Rayleigh waves are computed using the method proposed by Dziewonski 256 

et al. [66] and improved by Levshin et al. [67]. The average amplification function AF(f) and the group velocity 257 

dispersion curves of the first higher modes are plotted in Figure 5a to 5j for the 9 parameter sets. The computed 258 
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amplification curves exhibit several peaks (around 3.5, 10.5 and 17.5 Hz, i.e. at the resonance frequencies of the 259 

soil column) with a decrease in the peak amplitude with frequency and COV. As there is no attenuation in the 260 

numerical ground motion simulation, this attenuation effect results from the scattering generated by the 261 

heterogeneities. The larger the COV is the higher the apparent attenuation. Comparing the average coherency and 262 

amplification curves, we can see that the amplification peaks approximately coincide with maxima of the 263 

coherency curve. At resonance frequencies indeed, the vertical reverberation of S-waves are in-phase, leading to 264 

high � values. Between the resonance frequencies, � tends to decrease due to wave scattering, particularly for 265 

large COV values (Figure 5h to 5j). However, there is a systematic coherency increase (slight to strong, 266 

depending on COV) between the fundamental resonance frequency and first harmonic. This increase coincides 267 

with the Airy phase frequency of the fundamental mode of Rayleigh wave group velocity (minimum in the 268 

dispersion curve in Figure 5a to i), which corresponds to a very energetic in-phase motion [68] and lead to high � 269 

values. In our case, the Airy phase frequency of the first Rayleigh wave mode is in the same range as the second 270 

resonance frequency (10.5 Hz). 271 

A similar study is conducted for the vertical component of the ground motion. The average lagged coherency 272 

curves are given in Appendix 2 for all the parameter sets and receivers distances ranging from d = 5 to 70 m. The 273 

main results outline that coherency curves exhibit sinusoidal shapes for small COV (5%), however rapidly 274 

damped with frequency for large COV (20% and 40%). The autocorrelation distances have small influence on 275 

the coherency curves. The first maximum of the coherency curves again coincides with the fundamental 276 

frequency of the deterministic model (�+ = 3.54 �E). As the input motion is a pure SV wave, this result also 277 

outlines that scattered S-waves by soil heterogeneities distribute energy on the vertical component. 278 
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 279 

Figure 5: Average lagged coherency (�) for different receivers’ distances in color curves, the 280 

average amplification function ("F) in solid black and the Rayleigh group velocity curves 281 

(VG) for the three first modes in dashed black calculated for the nine parameter sets in table 282 
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1. The coherency scale is different for each parameter set. The vertical axis of AF and VG are 283 

displayed to the right of the distance (d) colorbar. 284 

 285 

5 Comparison with experimental data and existing models  286 

5.1 Comparison between numerical and experimental data 287 

A very dense seismological array was deployed on the site of Koutavos-Argostoli (Greece), which is a small 288 

valley characterized by a soil thickness of maximum 80 m and a resonance frequency of about 1.5 Hz [69, 70]. 289 

Below the array, shear-wave velocity in the sediment gradually increases from 150 m/s to 400 m/s and the 290 

seismic bedrock is at 60 m depth [63]. Using a set of 46 earthquakes, with magnitude ranging from 2 to 5 and 291 

epicentral distances up to 200 km, Imtiaz et al. [55] calculated average lagged coherencies for distances between 292 

receivers ranging from 10 to 90 m. The coherency curves for the horizontal component (Figure 6) exhibit shapes 293 

with a strong decrease with frequency and receivers’ distances, leading to coherency values lower than 0.5., 294 

suggesting that the soil layer is heterogeneous.  However, the intrinsic attenuation, which is not considered in the 295 

numerical simulations, and our 2D simulations that do not account for the complete wavefield, could also play a 296 

role on the coherency curve shape at high frequency and explain the low coherency values obtained in the 297 

experimental data. 298 

The other point to emphasize is the progressive apparition of minima and maxima at specific frequencies with 299 

the receiver distance increase. Between 2 and 8 Hz, the experimental lagged coherency curves (Figure 6) exhibit 300 

three maxima at about 2, 4.8 and 6.5 Hz, for the larger receivers’ distances. Other extrema are also observed at 301 

higher frequencies, especially for receiver distances of 30-40 m and 80-90 m. In the same figure, the theoretical 302 

amplification function and the dispersion curves of the three first modes (group velocity, Rayleigh waves) 303 

computed from shear-wave velocity profiles [63, 71] are plotted. In this case, the Airy phase frequencies of the 304 

first two Rayleigh wave modes are close to the first resonance harmonic, while the third Rayliegh wave mode 305 

frequency is in the same range as the second harmonic. Similarly to the numerical results, the maxima of the 306 

lagged coherency in the low frequency range (here 0-8 Hz) approximately coincide with the first three peaks of 307 

amplification and the Airy phase of the Rayleigh waves. These theoretical and experimental results obtained for 308 

a sediment layer over bedrock suggest that the maxima within narrow frequency range of coherency in the low 309 
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frequency range (up to two to three times the fundamental resonance frequency of the site) are mainly influenced 310 

by the average 1D soil properties (mean Vs and thickness) that control the Airy phase and resonance occurrence 311 

frequencies. At these frequencies, the S and Rayleigh waves are propagating in phase and carry most of the 312 

seismic energy, explaining the maxima of the lagged coherency. At higher frequencies, seismic waves are highly 313 

diffracted leading to low average coherency values. 314 

These results contradict the few previous analyses suggesting that the minimum in the coherency functions 315 

coincide with the fundamental frequency of the site [72, 73]. Based on this interpretation and on the Luco and 316 

Wong [48] model, Zerva and Harada [74] proposed a new coherency model depending on the average and 317 

standard deviation of the estimated fundamental frequency of the medium and exhibiting a coherency drop at the 318 

fundamental frequency. Further studies involving detailed experimental data from other sites will need to be 319 

carried out to understand these differences in interpretation. 320 

Imtiaz et al. [63, figure 9 in their paper] also provided experimental average coherency curves for the vertical 321 

component, which show a first maximum at the fundamental frequency and a significant downward trend at 322 

higher frequencies. This curve shape is consistent with the numerical results for high COV values (≈ 40%; 323 

appendix 2), again suggesting that the soil cover at Koutavos-Argostoli is spatially highly heterogeneous.  324 

 325 

Figure 6: Experimental average lagged coherency (�) curves in color, the average 326 

amplification function ("F) curve in solid black and the Rayleigh group velocity curves (VG) 327 



19 

 

for the three first modes in dashed black calculated in the valley of Koutavos-Argostoli 328 

(Imtiaz et al., 2017). Coherency curves are shown for four distances between receivers: 10-20 329 

m (red curve), 20-30 m (blue curve), 30-40 m (green curve) and 80-90 m (cyan curve). The 330 

vertical axis of AF and VG are displayed to the right of the distance (d) colorbar. 331 

 332 

5.2 Comparison with existing models 333 

The computed coherency curves (horizontal motion) are compared to four parametric coherency models used in 334 

the literature for engineering application: the theoretical coherency model of Uscinski [75], the semi-empirical 335 

model of Luco and Wong [48], the semi-empirical model of Sato et al. [49] and the empirical model of 336 

Abrahamson et al. [60]. These coherency models are usually used  337 

The coherency model of Uscinski [75] is derived from the analysis of shear waves propagating a distance � 338 

through a random medium. The lagged coherency for a pair of ground motions as a function of inter-receiver 339 

distance (d) and angular frequency (G) is given by: 340 

�(�, G) = exp K−G)L� MNO)O=) ?1 − exp ?�)L)@@P (6) 

 341 

where θ is the correlation length of random inhomogeneities along the path, COV is a measure of the relative 342 

variation of elastic properties, G is the angular frequency, Vs is an estimate of the elastic wave velocity and d is 343 

the receiver distance. In this study, � is the depth of the heterogeneous soil layer. 344 

By simplifying this coherency model, Luco and Wong [48] proposed to express the coherency for receiver 345 

distance (d) and an angular frequency (G) as follows: 346 

�(�, G) = exp Q−G) RMNOO= S�L T) �)U (7) 

 347 
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From theoretical considerations on seismic wave propagation in random heterogeneous media [49] gave the 348 

functional form of the coherency model as: 349 

�(�, G) = exp K−√WG)L� MNO)O=) ?1 − exp ?�)L)@@P (8) 

 350 

Finally, the majority of the empirical coherency models in the literature are elaborated for receiver distance 351 

larger than 100 m. However, Abrahamson et al. [61] coherency model was developed from the horizontal 352 

seismograms recorded by a small array (LSST) in Taiwan and allows the estimation of the lagged coherency for 353 

receiver distance smaller than 100 m. The lagged coherency is given by: 354 

�(�, �) = tanh K(2.54 − 0.012�) ?exp�(−0.115 − 0.00084�)�� + �Z+.[
[3 @ + 0.35P (9) 

where f is the frequency. 355 
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 356 

Figure 7: The average lagged coherency +/- one standard deviation  (in black) for parameter 357 

set #5 (COV =20% θx =10m and θx =2m) (left column) and parameter set #9 (COV =40% θx 358 

=10m and θx =2m) (right column) in Table 1 for 4 receiver distances: (a) and (b) for d =5 m, 359 
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(c) and (d) for d =15 m, (e) and (f) for d =35 m and (g) and (h) for d =70 m compared with 360 

the coherency models of Abrahamson et al. [61] in red, Luco and Wong [48] in cyan, 361 

Uscinski [75] in blue and Sato et al. [49] in green. 362 

Figure 7 compares the average lagged coherency (�) computed for the two parameter sets #5 and #9 having the 363 

same autocorrelation distances (θ]=10m and θ^=2m) and different COV (20% and 40%, respectively), with the 364 

aforementioned four coherency models for the four receivers’ distances: d = 5 m, d = 15 m, d = 35 m and d = 70 365 

m. Although the coherency model of Luco and Wong [48] correctly predicts the coherency for small d and large 366 

COV (Figure 7b), it largely underestimates the coherency for large d (Figure 7g and h). Furthermore, even if the 367 

model of Sato et al. [49] provides lower coherencies than the one of Uscinski [75], these 2 coherency models are 368 

very similar to each other. They are not appropriate for very small distances (d = 5 m) (see Figure 7a and b), but 369 

they better estimate the coherency for the parameter set having a COV of 20% (left column) than the one with a 370 

COV of 40% (right column) especially for low frequencies. Finally, the coherency model of Abrahamson et al. 371 

[61] gives relatively a good estimate of the coherency at low frequencies (below 7 Hz), but underestimate it at 372 

high frequencies. It seemingly fits better the parameter set #9 (COV =40%) than parameter set #5 (COV =20%), 373 

being within the computed average coherency +/- one standard deviation range. However, none of the four 374 

coherency models predict the coherency extrema in narrow frequency ranges observed for the synthetic 375 

simulations and at the Koutavos-Argostoli array. It outlines the need of further development of coherency 376 

models able to reproduce both the general decay of coherency with frequency of distance and extrema in narrow 377 

frequency bands. 378 

 379 

6 Effects of the ground heterogeneities on the standard deviation of  the  coherency 380 

As outlined in previous sections, decrease of � with frequency and inter-receiver distance is clearly controlled by 381 

COV, while influence of the vertical and horizontal autocorrelation distances are not significant except for large 382 

COV and small inter-receiver distance (Figure 4). Interestingly, the influence of COV on � is not observed on the 383 

standard deviation (σ(γ), Eq. 4) whatever the parameter sets. Figure 8a to d presents σ(γ) for four inter-receiver 384 

distances ranging from 5 to 70 m : for a given COV, σ(γ) curves are rather similar for the different receiver 385 

distances, being only slightly influenced by the auto-correlation distances θx and θz. At low frequency (around 5 386 

Hz), σ(γ) exhibit similar values for all COV and autocorrelation distances, while σ(γ) tends to decrease with COV 387 
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at high frequencies. This observation is surprising in view of Figure 3, which shows that individual coherency 388 

curves are more variable for large COV values. The standard deviation of σ(γ) should intuitively increase with 389 

COV, which is not the case because of the atanh transformation of lagged coherency (Eq. 4) 390 

In order to better account for larger variability of individual lagged coherency curves for larger COV in standard 391 

deviation of average lagged coherency, we propose to use another distribution function to fit the lagged 392 

coherency curves. Given that the lagged coherencies exhibit a maximum equal to unity for all the receiver-pairs 393 

and for different frequencies (Figure 3), the Extreme Value (EV) distribution (Type I) function is a good 394 

candidate for random variables having a minimum/maximum extreme [76]. The EV function is defined by: 395 

 396 

�(_) = 1<′ aZ,bcbdefe ZgZheie  (5) 

 397 

where μ’ and σ’ are the two parameters that can be associated to μ and σ of the normal distribution function, 398 

respectively.  399 

Figure 2(a) and (b) illustrates the fit of lagged coherency with the EV distribution  400 

 401 

 402 
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 403 

Figure 8: The standard deviation of the lagged coherency (horizontal component) calculated 404 

using the atanh transformation for different values of COV, θx and θz, and for four receivers’ 405 

distances: a) d = 5 m, b) d = 15 m, c) d = 35 m and d) d = 70 m. 406 

Figure 9 shows the average and the standard deviation of the lagged coherency calculated by using the EV 407 

distribution function for 4 receiver distances ranging from 5 to 70 m. The average coherency curves (left 408 

column) are similar to those shown in Figure 4 obtained using the atanh transformation with slightly lower 409 

values and with minima at the same frequencies. 410 

Standard deviations calculated using the EV distribution (Figure 9, right column) clearly outlines the increase of 411 

σ(γ) with COV for all frequencies and receiver distances and, for large inter-receiver distances, at the frequencies 412 

corresponding to the coherency minima.  413 
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These results outline the interest of using the EV distribution to picture the effects of ground heterogeneities both 414 

on the average lagged coherency and the related standard deviation. It also opens perspective to infer COV at a 415 

site based on the joint properties of the average and variability of the lagged coherency. 416 

 417 
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 418 

Figure 9: The average (�) (left column) and the standard deviation (σ(γ)) (right column) of 419 

the lagged coherency calculated for the horizontal component and using the Extreme Value 420 

distribution.  Computations are made for different values of COV, θx and θz for receiver 421 
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distances of d = 5 m (a) and (b), d = 15 m (c) and (d), d = 35 m (e) and (f) and d = 70 m (g) 422 

and h). 423 

7 Conclusions 424 

A numerical probabilistic study for a simple velocity structure (an elastic heterogeneous sedimentary layer over a 425 

homogeneous half-space) is performed in order to investigate the effect of the Vs spatial variability on the lagged 426 

coherency of ground motion. Nine parameter sets were built by varying the following three Vs statistical 427 

parameters: the coefficient of variation (COV) and the horizontal and the vertical autocorrelation distances (θx 428 

and θz). The analysis of the simulated synthetic seismogram at surface shows that the average lagged coherency 429 

values (horizontal component) exhibit the same shape for all parameter sets with a decrease as frequency or -430 

receiver distance increase. The main parameter controlling the decrease of the average lagged coherency is the 431 

coefficient of variation (COV,) autocorrelation distances (θx and θz) having only negligible effects except for 432 

small receivers’ distances in the high frequency range. For engineering application, geotechnical and geophysical 433 

tests (e.g.: Vp and Vs tomography tests) should be carried out to measure the most important statistical 434 

parameters of the soil (the mean and the coefficient of variation) in order to reduce the uncertainty on the 435 

prediction of the surface ground motion variability. 436 

Synthetic coherency curves exhibit extrema (maxima or minima) within narrow frequency bands in-between the 437 

resonance frequency of the site up to the second to third overtones, which are not predicted by coherency 438 

models. Such extrema (maxima) are controlled by the average properties of the site, namely resonance 439 

frequencies and Rayleigh wave Airy phase frequencies.  Indeed, at those frequencies, seismic motions at surface 440 

are in-phase and therefore lead to large coherencies. This interpretation is very consistent with the experimental 441 

coherencies observed in the valley of Koutavos-Argostoli [55]. Finally, our interpretation is that coherency 442 

decreases with frequency or distance as result of seismic wave scattering at ground heterogeneities, modulated at 443 

specific frequencies by high coherency values due to the body and surface wave propagation within the average 444 

ground model.  445 

Comparison between synthetic average coherency curves (horizontal component) and existing coherency models 446 

used for engineering applications outlines that existing models underestimate the coherency for all parameter 447 

sets. However, this probabilistic numerical study is limited to an elastic soil behavior and intrinsic attenuation 448 

could explain at least partly the observed discrepancy. Anyhow, none of the tested existing models are enable to 449 
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capture the variation of coherencies within narrow frequency bands. Thus, new coherency models shall be 450 

developed in the future to better reproduce these sudden variations that may have significant importance  for 451 

soil-structure interaction applications. 452 

Moreover, we showed that the 9	9/ℎ transformation of individual coherencies recommended by Abrahamson et 453 

al. [61] to compute the standard deviation is not relevant if one wants to relate statistical parameters of the 454 

underground velocity structure and lagged coherency in terms of average and standard deviation. Instead, we 455 

propose a new measure of average and standard deviation based on the Extreme Value (EV) distribution (Type 456 

I). We show that this distribution provides average coherency close to the one inferred from 9	9/ℎ 457 

transformation and standard deviation clearly sensitive to the COV. 458 

Finally, the simple case of a sedimentary layer over a bedrock does not represent the real site conditions, even 459 

though it provided interesting findings regarding the relationships between underground heterogeneities and the 460 

ground motion variability observed on surface. To confirm our results, further numerical simulations, including 461 

3D ground models, should be carried out for a set of typical ground structure with various Vs profiles, various 462 

seismic impedances and sediment thickness, considering also attenuation and non-linear soil behavior. Dedicated 463 

measurements at well-known instrumented sites will also help assessing the relationships between ground spatial 464 

heterogeneities and observed lagged coherencies in terms of average value and standard deviation. 465 

 466 

8 Appendices 467 

Appendix 1: 1D equivalent models  468 

We define 1D equivalent deterministic models for each parameter set, based on the computation of the 469 

amplification function AF(f). For each parameter set (Table 1), AF(f) is the average over the 100 realizations of 470 

the ratio between the Fourier amplitude spectra of the signals recorded at the central receiver and the outcropping 471 

bedrock after smoothing the Fourier amplitude spectra by using Konno and Ohmachi algorithm with b=50 [77]. 472 

Figure A1 exhibits the amplification function AF(f) for the 9 parameter sets [37]. The fundamental resonance 473 

frequencies are close to the deterministic frequency, except for the higher COV (40%), for which a slightly lower 474 

frequency is obtained. The equivalent 1D deterministic model for the sediment layer over bedrock is then 475 

defined from the fundamental frequency f0, determined from the first peak of the average amplification curve and 476 
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the average shear velocity (μVs
1D) computed as the logarithmic average of all Vs values generated for the 100 477 

realizations. The equivalent soil thickness H is then calculated using the relation H = μVs
1D/4f0. The values of f0 , 478 

μVs
1D and H are given in Table A1 for all parameter sets.  479 

 480 

Figure A1: Average outcrop amplification function at the central receiver (X=83 m) for 481 

different values of COV, θx and θz computed using the 100 realizations. The black curve and 482 

black dashed line refer to the amplification and the fundamental frequency of the 483 

deterministic model, respectively [37]. 484 

 485 

Table A1: Properties of the 1D models equivalent to the 2D probabilistic models. 486 

Parameter set # 
Average shear-wave velocity j��kl [m/s] 

Fundamental 

frequency mn [Hz] 

Equivalent soil thickness H o [m] 

1 220 3.56 15.45 

2 220 3.54 15.54 

3 218 3.50 15.57 

4 218 3.51 15.53 

5 217 3.49 15.54 

6 217 3.36 16.15 

7 216 2.69 20.07 

8 216 2.99 18.06 

9 214 2.77 19.31 

 487 

 488 
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Appendix 2: Vertical lagged coherency  489 

The lagged coherency (�) of the vertical component is calculated for all the parameter sets given in Table 1 and 490 

is shown in Figure 4 for 4 inter-receiver distances (from d = 5 to 70 m). For small COV (5%) the coherency 491 

curves have the shape of a sinusoidal function, while for large COV (20% and 40%) the sinusoidal shape is 492 

attenuated with frequency. For all curves, the average coherency value decreases with the increase in COV. In 493 

contrast, the other parameters (autocorrelation distances) only exhibits slight influence on the coherency curves. 494 

The first maximum of the coherency curves is almost equal to the fundamental frequency of the deterministic 495 

model (�+ = 3.54 �E) and the other maxima are at overtones ((n+3).f0, for n=0, 1, 2…). As the seismic 496 

excitation is a pure SV wave at the base of the model, no vertical motion is expected at the surface. We interpret 497 

that S waves are scattered by the soil heterogeneities, distributing energy on the vertical component. The energy 498 

in the studied time window is then dominated by the vertical reverberation of the in-phase S-wave, leading to a 499 

maximum coherency at the resonance frequencies. Such sinusoidal shape is also observed on the lagged 500 

coherency calculated on the vertical surface velocity of the Koutavos-Argostoli recordings (Imtiaz et al., 2018a). 501 

However, for this case study, the first and second peaks are observed at 2 and 10 Hz, respectively, at almost f0 502 

and 5f0 of the site. No peak is observed at 3f0 (the resonant frequency of the third mode) and the observed 503 

oscillation periodicity (~8 Hz) does not correspond to the site fundamental frequency. Further research is needed 504 

to understand the origin of this oscillation and its relationship to the site characteristics.   505 

 506 
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 507 

Figure A2: Average lagged coherency (�) calculated using the vertical component, for 508 

different values of COV, θx and θz for the 100 realizations computed by using the atanh 509 

transformation (see text for details) for four receivers distances: a) d = 5 m, b) d = 15 m, c) d 510 

= 35 m and d) d = 70 m. The resonant frequencies of the 3 fundamental modes of the 511 

deterministic model are indicated by black dashed vertical lines. 512 

 513 
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