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A numerical technique is proposed for synthesizing realizations of airfoil surface pressure1

induced by incoming turbulence. In this approach, realization of the surface pressure field2

is expressed as a set of uncorrelated wall plane waves. The amplitude of these plane waves3

are determined from the power spectrum density function of the incoming upwash velocity4

fluctuation and the airfoil aeroacoustic transfer function. The auto spectrum of the surface5

pressure is obtained from an ensemble average of different realizations. The numerical6

technique is computationally efficient as it rapidly converges using relatively small number7

of realizations. The surface pressures for different airfoils excited by incoming turbulence8

are numerically predicted and the results are compared with experimental data in literature.9

Further, the unsteady force exerted on an airfoil due to the airfoil-turbulence interaction is10

also computed and it is shown to be in very good agreement with analytical results.11
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Simulation of Airfoil Surface Pressure

I. INTRODUCTION12

The noise generated from interaction of incoming turbulence with an airfoil occur in many13

industrial applications, and has been studied by many researchers in the literature. The interaction14

between an airfoil and incoming turbulence induces lift fluctuations which radiates noise to the15

far field as acoustic dipoles. A turbulent flow field can be formed upstream of an airfoil due to16

the presence of inflow distortions and/or other aerodynamic elements. When there is also a steady17

inflow, a turbulent flow can be produced by the development of a turbulent boundary layer over18

the airfoil surface. These noise generation mechanism are respectively called as leading edge19

noise (incoming turbulence noise) mechanism (Amiet, 1975, 1976b; Ayton and Chaitanya, 2017;20

Ayton and Peake, 2016; Paterson and Amiet, 1976) and trailing edge noise (self noise) mechanism21

(Amiet, 1976a, 1978; Brooks, 1981; Moreau et al., 2008). These two mechanisms can be present22

at the same time. Nevertheless, if the turbulence intensity of incoming flow field is large enough,23

the pressure fluctuations associated with boundary layer eddies will be small compared with the24

unsteady pressure due to the incoming turbulence. In this case the turbulence ingestion noise25

becomes the predominant noise (Moreau and Roger, 2007).26

The leading edge noise has been extensively studied both numerically and experimentally27

(Amiet, 1975; de Santana et al., 2015; Devenport et al., 2010; Glegg and Devenport, 2010; Hutch-28

eson et al., 2012; Mish and Devenport, 2006a; Paterson and Amiet, 1976; Roger and Moreau,29

2010). Paterson and Amiet (1976) theoretically and experimentally investigated the noise and un-30

steady surface pressure of a NACA0012 airfoil in a grid generated turbulence. They considered31

a free stream Mach number range of 0.1 to 0.5. Unsteady airfoil surface pressure spectra and32
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surface pressure cross-spectra were obtained in both spanwise and chordwise distribution in an33

anechoic chamber that surrounded the tunnel open jet test section. A reasonable agreement be-34

tween measured and predicted surface pressure spectra at zero angle of attack was achieved. A35

good agreement between Amiet’s far-field predictions and far field measurements was also ob-36

served (Amiet, 1975). Mish (2001); Mish and Devenport (2003) investigated the response of an37

airfoil to the incoming turbulence. The mean loading effects on the response of the airfoil encoun-38

tering turbulence was experimentally studied (Mish and Devenport, 2006a). Measured pressure on39

the surface of a NACA 0015 immersed in grid turbulence indicated a reduction of up to 5 dB with40

increasing angle of attack for reduced frequencies less than 5. It was demonstrated that Amiet’s41

method not only works for zero angle of attack but also it can be used for predicting the airfoil42

response at small angle of attack.43

A detailed measurements of turbulent flow generated by either a grid or a rod interacting with44

NACA 0012 airfoil was conducted by a de Santana et al. (2015). They used stereoscopic particle45

image velocimetry as well as hot wire anemometry in the experiment. The focus of the study was46

on quantification of turbulence distortion. This was done by measuring the turbulence properties47

in the vicinity of the leading edge. It was found that even when the flow in the spanwise direc-48

tion is almost homogenous, in order to improve the sound prediction small variations have to be49

considered. Hutcheson et al. (2012) experimentally studied the radiated leading edge noise of an50

airfoil immersed in nearly isotropic turbulence. It was shown that at zero angle of attack, the air-51

foil’s thickness and chord play an important role in controlling the spectral peak level. Further, an52

increase in turbulence intensity and integral scale resulted in a uniform increase of the noise levels.53

Previously proposed analytical models in the literature to predict the broadband noise generated54
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by thin airfoils in a turbulent flow were reviewed by Roger and Moreau (2010). Three generat-55

ing mechanisms were examined, the turbulence-interaction noise (leading edge noise), turbulent56

boundary layer noise (trailing edge noise), and vortex shedding noise (near wake of a thick trailing57

edge). The models for noise prediction in all these cases were experimentally validated for thin58

airfoils and the limitations and assumptions behind the development of the models were discussed.59

Most of the previous studies focused on noise prediction of a rigid airfoil in turbulent flow dis-60

regarding elasticity of the structure (Amiet, 1975; de Santana et al., 2015; Mish, 2001). However,61

in practice airfoils are made of elastic materials, therefore the surface pressure jump can excite the62

airfoil and cause vibration and this vibration radiates noise to the far field. Neglecting this radiated63

noise might be justifiable in air, as the aeroelastic coupling between the airfoil and air is quite64

weak. However, for an airfoil in water, where the fluid-structure coupling is strong, vibroacous-65

tic contribution to the radiated noise can be significant. To study this vibroacoustic contribution,66

element-based vibroacoustic models can be employed to estimate the radiated noise by the elas-67

tic structure under incoming turbulence excitation. The main challenge of this framework is that68

the element-based models require deterministic loads whereas the incoming turbulence is non-69

deterministic by its nature and described by stochastic models. In other words, due to the random70

nature of incoming turbulence, the surface pressure can be characterized by statistical parameters71

such as auto spectrum density (ASD) or cross spectrum density (CSD) that can be obtained using72

stochastic models. However, in an element-based model such as the finite element model, air-73

foil surface is discretized by finite elements and deterministic nodal forces are required to obtain74

the vibroacoustic response. To overcome this challenge, we have proposed an efficient numeri-75

cal technique to synthesize realizations of deterministic surface pressure produced by incoming76
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turbulence. The proposed technique can be easily implemented in any finite element or boundary77

element software.78

The uncorrelated wall plane wave (UWPW) technique has recently been used to synthesize the79

wall pressure field underneath a turbulent boundary layer by some of the authors (Karimi et al.,80

2020, 2019a,b; Maxit, 2016). This method which is based on representing a stochastic field by81

superposition of uncorrelated wall plane waves is extended here to synthesize the surface pressure82

from incoming turbulence. This approach is conceptually similar to stochastic noise generation83

and radiation (SNGR) method (Bechara et al., 1994; Kraichnan, 1970) which is one of the promis-84

ing approaches often applied in synthetic turbulence modeling. The SNGR method expresses the85

turbulence velocity field as a superposition of time-harmonic plane waves (Fourier modes), where86

mode amplitudes and random phases are chosen in such a way to match the properties of the tur-87

bulent flow. Employing the same concept herein, a formulation has been proposed to simulate the88

pressure fluctuations on an airfoil interacting with an incoming turbulent flow. Realizations of the89

unsteady surface pressure jump from incoming turbulence are expressed as a set of uncorrelated90

plane waves traveling in the spanwise direction. The amplitudes of the waves are defined such that91

the CSD of the UWPWs approximates the CSD of the pressure field induced by the turbulence in-92

gestion. Therefore, the amplitudes of the waves become dependent on the power spectrum density93

function of the incoming upwash velocity fluctuation and the airfoil aeroacoustic transfer func-94

tion. To generate uncorrelated waves, the phases of the plane waves are randomly chosen from95

a uniform distribution between 0 and 2 π. The predicted auto spectrum of the surface pressure96

jump is then obtained by ensemble average over different realizations. The effect of the number97

of realizations and cut-off wavenumber on the predicted surface pressure jump is investigated.98
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Numerical results are compared with available experimental data from literature, showing very99

good agreement. Although the focus of the current study is on simulation of the surface pressure100

jump and demonstration of validity of the proposed method, to show how the deterministic surface101

pressure jump can be employed to perform further analysis, the unsteady force acting on an airfoil102

is also predicted using the UWPW technique, and numerical results are verified against analytical103

results. To the best knowledge of the authors, this is the first time that the surface pressure jump104

induced by airfoil-turbulence interaction is deterministically synthesized.105

II. AIRFOIL-TURBULENCE INTERACTION MODEL106

Amiet (1975) developed a model to describe airfoil-turbulence interaction and the resulting107

noise production. Amiet’s model is based on linearized thin-airfoil theory, and the airfoil is repre-108

sented by a flat plate of a zero thickness and assumed to be at zero angle of attack (Lysak, 2001).109

The model is based on several assumptions:110

• The incoming turbulence fluctuation is considered to be small compared to the mean flow111

velocity. This enables us to employ the small perturbation theory and to linearize the aero-112

dynamic response.113

• The turbulent flow is assumed to be inviscid so that the problem is reduced to solving lin-114

earized Euler equations.115

• The turbulence is frozen so that turbulent gust properties are not altered when it is convected116

by the mean flow.117
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Amiet’s formulation is summarized in this section for an airfoil of chord 2b and span 2d in a turbu-118

lent flow with a mean flow U∞ in the x-direction, as shown in Figure 1. The airfoil is located in the119

plane z = 0. The y-coordinate extends in the spanwise direction, and the origin of the coordinate120

system is at the leading edge of the airfoil. To analyze the gust-airfoil problem, the Helmholtz121

z

2d

2b

U∞

y

x

FIG. 1. (color online) Schematic diagram of airfoil-gust interaction.

122

123

equation along with three boundary conditions need to be solved. To deal with this problem, an124

iterative procedure was proposed by Amiet (Amiet, 1975, 1976b). In this three-step procedure125

each boundary equation is solved in each iteration. First, the Helmholtz equation is solved for the126

aerodynamic gust interacting with an infinite flat plate with a non-penetration boundary condition.127

The non-penetration boundary condition and a zero flow potential condition are then imposed up-128

stream of the leading edge and the problem is solved using the Schwarzschild theorem. In the final129

iteration, this theorem is used to find a solution for the problem by considering a zero pressure130

jump and the Kutta conditions as well as non-penetration boundary equation downstream of the131

trailing edge.132
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The upwash velocity perturbation is convected with the uniform velocity U∞, and can thus be133

written as a spatial Fourier decomposition as follows (Amiet, 1975; de Santana et al., 2015)134

w(x, y, t) =

∞∫
−∞

∞∫
−∞

w̃(kx, ky)e
i(kx(x−U∞t)+kyy)dkxdky, (1)

where i =
√
−1 is the imaginary unit, and kx, ky are the wavevector components in the streamwise135

and spanwise directions, respectively. The Fourier components w̃(kx, ky) are defined as:136

w̃(kx, ky) =
1

4π2

R∫
−R

R∫
−R

w(x, y)ei(kxx+kyy)dxdy, (2)

the turbulence was assumed to be extended in the area of −R < {x, y} < R. R is not set equal to137

infinity because of convergence difficulties if w(x, y) does not go to zero as x and y go to infinity.138

The pressure jump at a given point on the airfoil due to all wavenumber components is given139

by (Amiet, 1975; de Santana et al., 2015; Santana et al., 2016)140

∆p(x, y, t) = 2πρU∞

∞∫
−∞

∞∫
−∞

w̃(kx, ky)g(x, kx, ky)e
i(kx(x−U∞t)+kyy)dkxdky, (3)

where ρ is fluid density and g(x, kx, ky) is the transfer function between the incoming gust velocity141

perturbation w̃(kx, ky) and the airfoil pressure jump at the chordwise coordinate x. The Fourier142

transform with respect to time of Equation (3) yields (Amiet, 1975; de Santana et al., 2015)143

∆p(x, y, ω) = 2πρ

∞∫
−∞

w̃(Kx, ky)g(x,Kx, ky)e
i(kyy)dky, (4)

where Kx = ω/U∞ is the convective wavenumber and ω = 2πf is the angular frequency. For144

broadband noise problems, ŵ(Kx, ky) is considered as a non-deterministic quantity (Amiet, 1975,145
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1978). The single-sided CSD of the pressure jump at two points on the airfoil surface is given by146

(de Santana et al., 2015; Mish and Devenport, 2006a)147

S∆p∆p(x, x
′, y, y′, f) = 16π(πρ)2U∞

∞∫
0

φww(Kx, ky)g
∗(x,Kx, ky)g(x′, Kx, ky)e

i(ky(y−y′))dky,

(5)

φww is the single-sided power spectrum density of the incoming upwash velocity fluctuation and148

based on the von Karman isotropic model can be written as (Amiet, 1975; de Santana et al., 2015)149

150

φww(Kx, ky) =
4u′2

9πk2
e

K2
x + k2

y

(1 +K2
x + k2

y)
7/3
, (6)

where u′ is turbulence intensity, k = k/ke, ke = (
√
π/Λf )Γ(5/6)/Γ(1/3), Λf is the turbulence151

integral length scale and Γ represents the Gamma function. It has been reported that depending on152

the distance to the leading edge, the turbulence spectrum shows two different decay slopes at high153

frequencies. For long distances, one can apply von Karman isotropic model given by Equation (6)154

(for more details please see Christophe (2011); de Santana et al. (2015)). However, for short155

distances a modified von Karman spectrum applies which is based on the rapid distortion theory156

and is given by (de Santana et al., 2015; Hunt, 1973)157

φww(Kx, ky) =
91u′2

36πk2
e

K2
x + k2

y

(1 +K2
x + k2

y)
19/6

. (7)

Amiet (1976b) derived solutions for the pressure and lift of a flat plat in incident turbulence by158

modifying Filotas’ work (Filotas, 1969). This complete solution consists of two solution regions.159

One region is valid for small spanwise wavenumbers ky (super-critical gust) and the other re-160

gion for large spanwise wavenumbers (sub-critical gust) giving essentially a complete low to high161
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frequency solution to the problem of a flat-plate airfoil encountering a skewed gust. The airfoil162

transfer function g associated with these two solution regions was derived by Mish (Mish, 2001;163

Mish and Devenport, 2006a) as follows164

g(x,Kx, ky) = −Ξ(x,Kx, ky)

πβ

(
πx

((
k2
y

β2
− µ2

) 1
2

+ i (µM +Kx)

))− 1
2

e
iµMx−x

(
k2y

β2
−µ2

) 1
2

,

(8)

if ky ≥ (M/β)Kx165

Ξ(x,Kx, ky) = 1−
( x

2b

) 1
2

1− erf

(2b
(

2− x

b

)(k2
y

β2
− µ2

) 1
2

) 1
2

 , (9)

if ky < (M/β)Kx166

Ξ(x,Kx, ky) = 1−
( x

2b

) 1
2

1− (1− i)F

2i

(
b

π

(
2− x

b

)(
−
k2
y

β2
+ µ2

) 1
2

) 1
2

 . (10)

In these equations, M is the Mach number, β =
√

1−M2, µ = MKx/β
2, erf( ) is the Error167

function, and F( ) is a combination of Fresnel integrals function and are given by168

erf(z) =
2√
π

z∫
0

e−t
2

dt, (11)

169

F(z) = C(z) + iS(z), (12)

where C(z) and S(z) are respectively Fresnel cosine and sine integral functions170

C(z) =

z∫
0

cos(
π

2
t2)dt, and S(z) =

z∫
0

sin(
π

2
t2)dt, (13)
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assuming z = 2( b
π
(2− x

b
)(− k2y

β2 + µ2)
1
2 )

1
2 , the Fresnel integrals in Equation (10) can be written as171

follows172

F(iz) =


S(z)+i C(z) if z ≥ 0,

-S(z)-i C(z) if z ≤ 0,

 , (14)

To reduce the computation time, one can avoid evaluating the integrals in the Fresnel functions by173

exploiting approximate functions. C(z) and S(z) can be rewritten in terms of auxiliary functions174

Ψ(z) and Φ(z) (Abramowitz and Stegun, 1948)175

C(z) =
1

2
+ Ψ(z)sin(

π

2
z2)− Φ(z)cos(

π

2
z2), (15)

176

S(z) =
1

2
−Ψ(z)cos(

π

2
z2)− Φ(z)sin(

π

2
z2), (16)

where the auxiliary functions can be approximated by177

Ψ(z) =
1 + 0.926z

2 + 1.792z + 3.104z2
+ ε(z), |ε(z)| ≤ 2× 10−3, (17)

178

Φ(z) =
1

2 + 4.142z + 3.492z2 + 6.670z3
+ ε(z), |ε(z)| ≤ 2× 10−3, (18)

ε(z) represents the error in using these approximate functions.179

III. UNCORRELATED WALL PLANE WAVE TECHNIQUE180

The uncorrelated wall plane wave technique was initially introduced by Maxit (2016) to sim-181

ulate the pressure field beneath a turbulent boundary layer using realizations of UWPWs. This182
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technique has been extended to simulate the pressure jump on the airfoil, which can be expressed183

as a set of uncorrelated wall plane waves traveling in the y-direction for the nth realization as184

follows185

(∆pn(x, y, f))UWPW =
N∑
i=1

A(x, kiy, f)ei(kiyy+ϕni ), (19)

where Ai are the stochastic amplitudes of the UWPWs, N represents the number of UWPWs and186

ϕ is a random phase uniformly distributed in [0 2π]. It should be noted that these wall plane187

waves are surface waves as they are only defined at the surface of the structure. Further, unlike188

the original version of the UWPW technique which was developed to synthesize wall pressure189

underneath a turbulent boundary layer (Maxit, 2016), the plane waves here are only traveling in190

the y-direction and their amplitudes varies along the x-direction. It can be shown that the cross191

spectrum of the surface pressure jump is given by192

(S∆p∆p(x, x
′, y, y′, f))UWPW = E

 N∑
i=1

A(x, kiy, f)ei(kiyy+ϕni ) ×
N∑
j=1

A(x′, kjy, f)ei(kjyy′+ϕnj )

 ,
(20)

where E[ ] represents the ensemble average over the realizations and the upper bar denotes the193

complex conjugate of the complex number. Equation (20) can be rewritten as follows194

(S∆p∆p(x, x
′, y, y′, f))UWPW =

N∑
i=1

N∑
j=1

E
[
A(x, kiy, f)A∗(x′, kjy, f)

]
ei(kiyy−k

j
yy
′)E
[
ei(ϕni −ϕnj )

]
,

(21)

where195

E
[
ei(ϕni −ϕnj )

]
=


1 i = j

0 otherwise

 , (22)
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therefore196

(S∆p∆p)UWPW =
N∑
i=1

E
[
A(x, kiy, f)A∗(x′, kiy, f)

]
ei(kiy(y−y′)). (23)

Revisiting Equation (5), the improper integral can be approximated using the rectangular rule by197

truncating and regularly sampling the wavenumber space as follows198

S∆p∆p ≈ 16π(πρ)2U∞

N∑
i=1

φww(Kx, k
i
y)g
∗(x,Kx, k

i
y)g(x′, Kx, k

i
y)e

i(kiy(y−y′))δkiy, (24)

comparing equations (23) and (24), it can be concluded that the CSD of the pressure field by the199

turbulence ingestion is approximately equal to the CSD of the UWPWs if the amplitudes of the200

UWPWs in Equation (19) are defined by201

A(x, kiy, f) = 4πρg(x,Kx, k
i
y)
√
πU∞φww(Kx, kiy)δk

i
y. (25)

In fact, the amplitude of each wall pressure plane wave is defined such that the whole set can repre-202

sent the statistical properties of a pressure jump generated by incoming gust. The final expression203

of the nth realization of surface pressure jump on the airfoil using the UWPW technique can be204

obtained by205

∆pn(x, y, f) = 4πρ
N∑
i=1

g(x,Kx, k
i
y)
√
πU∞φww(Kx, kiy)δkye

i(kiyy+ϕni ), (26)

The surface pressure jump is varying spatially in the spanwise direction as ei(kiyy) while its variation206

in the streamwise direction is governed by the transfer function. The auto spectrum density (ASD)207

of the surface pressure jump S∆p∆p due to the incident turbulence is then calculated from the208
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ensemble average of different realizations by209

S∆p∆p(x, y, f) = E [∆pn(x, y, f)∆p∗n(x, y, f)] , (27)

This process is repeated for each frequency to obtain the spectra of the surface pressure jump.210

Once the surface pressure jump is available, realizations of unsteady force acting on the airfoil211

surface can also be obtained by integrating the pressure jump over the airfoil surface (represented212

by a flat plate) as follows213

F n(f) =

d∫
−d

2b∫
0

∆pn(x, y, f)dxdy, (28)

Accordingly, the ASD of the unsteady force SFF is calculated from the ensemble average of214

different realizations by215

SFF (f) = E [F n(f)F ∗n(f)] . (29)

It should be noted the surface pressure (ps) is related to pressure jump by |ps| = |∆p| /2. The tech-216

nique developed in this work is based on the assumption that the surface pressure field induced by217

incoming turbulence is not altered by the vibration of the airfoil. The proposed method enables us218

to estimate the unsteady surface pressure jump (loads) on an airfoil due to turbulence interaction219

as deterministic excitations, these excitations can then be applied to element-based vibroacoustic220

analysis techniques. The proposed technique allows that the statistical model to describe the sur-221

face pressure fluctuations to be coupled with deterministic and element-based numerical methods222

such as the finite element and boundary element methods to investigate the vibroacoustic behavior223

of airfoils in turbulent flow.224
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IV. NUMERICAL RESULTS225

In this section the UWPW technique has been implemented in Matlab to synthesize the surface226

pressure jump for two different airfoil models of varying chord length and flow speed as listed227

in Table 1. The first airfoil (Case 1) corresponds to the experiments performed at the Virginia228

Tech Stability Wind Tunnel (Mish and Devenport, 2006a,b). The unsteady surface pressure jump229

was measured on a NACA0015 airfoil with 0.610 m chord and 1.83 m span at flow speed of 30230

m/s. This airfoil is used for all the numerical investigations in this work unless stated otherwise.231

The second airfoil (Case 2) is a NACA0012 with a chord of 0.230 m and span of 0.530 m which232

was tested by Paterson and Amiet (1976) and it has been used in this work to further validate the233

proposed method.234

TABLE I. Input parameters used in the prediction code for each case study

Case Airfoil Flow speed (m/s)
Integral length scale

Λf (m)

Turbulence intensity

u′/U∞

1 NACA0015 30 0.0818 0.0398

2 NACA0012 40 0.0302 0.0453

60 0.0301 0.0392

90 0.0294 0.0482

120 and 165 0.0305 0.0414
235

236

A. Cutoff wavenumber and wavenumber resolution237

To correctly approximate the improper integral in Equation (5), criteria for choosing the cut-238

off wavenumber and wavenumber resolution need to be defined in the spanwise direction. Fig-239
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ure 2 (a) presents the square of the transfer function modulus in the wavenumber domain. The240

dashed line corresponds to ky = (M/β)Kx which splits the wavenumber domain into two re-241

gions. The region where ky < (M/β)Kx is associated with super-critical gust while the re-242

gion where ky ≥ (M/β)Kx contains the sub-critical gusts. According to Figure 2 (a) when243

the convective wavenumber is almost below 4000 m−1, the highest values of the transfer func-244

tion occurs for spanwise wavenumbers ky <200 m−1 and the contributions of both sub-critical245

or super-critical gusts are significant. At higher convective wavenumbers (or higher frequencies)246

only those wavenumbers corresponding to the super-critical gusts are important and the effect of247

sub-critical gust can be neglected. Figure 2 (b) shows the color map of the modified von Karman248

spectrum. The values of the function φww(Kx, ky) is insignificant for convective wavenumbers249

larger than 700 m−1. Below this convective wavenumber, the values of the function is consider-250

able for spanwise wavenumbers ky <900 m−1. It should be noted that to find the effective range251

of wavenumbers for calculation of surface pressure jump we need to inspect the integrand of the252

integral in Equation (5). Determination of the cutoff wavenumber can be achieved by plotting253

the integrand which is the product of the square of the transfer function modulus (Figure 2 (a))254

and von Karman spectrum (Figure 2 (b)). Figure 2 (c) presents the color map of the integrand.255

As illustrated in this figure, the Graham’s parameter (Θ = MKx/(βky)) of less than or greater256

than unity corresponds respectively to sub-critical or super-critical gusts (Karimi et al., 2019a).257

Figure 2 (c) reveals that at very low frequencies, contributions of sub-critical wavenumbers are258

dominant. However, as frequency increases, the super-critical gusts have an increasing contribu-259

tion to the incoming turbulence pressure to the point where above Kx ≈ 400m−1 they become the260
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dominant contribution. The significance of these contributions to the predicted surface pressure261

jump over frequency range is further investigated in Section IV D.262

To take into account the significant contributions of the integrand, the following cut-off263

wavenumber is selected: kco
y =70 m−1 forKx ≤ 700 m−1 and kco

y = MKx/β whenKx > 700 m−1.264

This criterion for cut-off wavenumber was achieved by ensuring that the maximum estimated error265

in the calculation of the surface pressure jump associated with the wavenumber domain truncation266

was less than 1 dB for the frequency range. A trial and error process was also conducted to find267

a wavenumber resolution which correctly represent the spatial variations of the integrand in the268

wavenumber space. It was found that a constant wavenumber resolution of δky=0.1 m−1 is a good269

choice.270271

B. Number of realizations272

The effect of the number of realizations on the accuracy of the UWPW technique was evalu-273

ated as follows. The result obtained using 500 realizations was selected as a converged solution274

and used as a reference to compute the discrepancy (∆) between results obtained with different275

numbers of realizations. The discrepancy is shown in Figure 3 for 10, 30, 50, 80 and 100 real-276

izations. For the current case study, the maximum error using 10, 30, 50, 80 and 100 realizations277

over the frequency range are approximately 5.2 dB, 2.1 dB, 1.7 dB. 1.5 dB and 1.4 dB. A suitable278

number of realizations can be selected depending on the required accuracy. In this work, for all279

the calculations 50 realizations have been considered in the UWPW technique. Figure 4 shows280

the ASD of the surface pressure jump as a function of reduced frequency (ωr = ωb/U∞) at 6%281

chord. The spectral level predicted using 50 different realizations is shown in gray lines and the282
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(a)

(b)

(c)

FIG. 2. (color online) Color maps of the (a) airfoil transfer function |g(x,Kx, ky)|2 (dB, ref. 1), (b) modified

von Karman spectrum φww(Kx, ky) (dB, ref. 1 m2s−2Hz−1), and (c) integrand obtained by the product of

(a) and (b) normalized by the maximum value at each convective wavenumber (dB, ref. 1 m2s−2Hz−1).

The dashed line in (a) and (c) corresponds to the Graham’s parameter showing critical gusts Θ = 1, which

separates sub-critical gusts (Θ < 1) from super-critical gusts (Θ > 1).18
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black line represents the predicted results by averaging of 50 realizations. It can be observed from283

Figures 3 and 4 that the numerical results become smoother and converge quickly by increasing284

the number of realizations.285

FIG. 3. (color online) Difference in the spectral level of the surface pressure jump for different numbers

of realizations using the results obtained with 500 realizations as the reference solution, (dB, ref. 4 ×

10−10Pa2/Hz).

286

287

FIG. 4. ASD of the surface pressure jump predicted numerically using the UWPW technique for 50 re-

alizations (gray lines), as well as predicted using the average of 50 realizations (black line), (dB, ref.

4× 10−10Pa2/Hz).

288

289
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C. Statistics of the synthesized surface pressure jump290

As stated in Section III, the surface pressure jump can be obtained using the UWPW technique291

from summation of uncorrelated plane waves with a random phase uniformly distributed in [0 2π]292

as given by Equation (19). If the amplitudes of the waves were independent of ky, each plane wave293

would be an independent and identically distributed random variable. In such a case, according294

to the central limit theorem (CLT) as N approaches infinity the sum of these independent random295

variables tends toward a normal distribution. Moreover, since E
[
ei(ϕni )

]
= 0 (see Equation (19)),296

the mean value of the plane wave contributions would be zero. However, in the present case,297

the wave amplitudes are a function of ky and the CLT may not be rigorously valid. Figure 5298

presents the probability density function (PDF) of the real and imaginary parts of synthesized299

surface pressure jump using 500 realizations at ωr = 1. In spite of the fact that the wave amplitudes300

are dependent on ky, it can be observed that the PDF of the real and imaginary parts of the pressure301

jump generated by the UWPW technique follows the normal distribution with a mean value of302

zero. Further, variance of the synthesized pressures equals the sum of the variances of the real and303

imaginary part of these pressures which corresponds to the targeted ASD of the pressure jump.304

Targeted ASD can be obtained from Equation (24) by considering x = x′ and y = y′. For the305

current case shown in Figure 5, variances of the real and imaginary parts of the pressures are306

respectively 22.52 Pa2 and 22.35 Pa2. Therefore, variance of the complex synthesized pressures307

is 44.87 Pa2 which corresponds to the targeted ASD of the pressure jump with a value of 45.42308

Pa2/Hz. It should be noted that the estimated ASD of the pressure jump using 500 realizations is309

45.53 Pa2/Hz which is very close to the targeted ASD.310311
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FIG. 5. (color online) Probability density function of the real and imaginary parts of synthesized surface

pressure jump using 500 realizations at ωr = 1.

Figure 6 shows the averaged ASD distribution and its standard deviation based on 1000 calcu-312

lations for a given number of realization at ωr = 1. It is evident from Figure 6 that dispersion of313

the averaged ASD of the synthesized pressure decreases as the number of realization increases. A314

similar trend can be seen for the standard deviation where the higher number of realizations results315

in a lower standard deviation. Above 50 realizations, the standard deviation of the ASD level is316

lower than 0.6 dB. Assuming a normal distribution for ASD of synthesized pressures, we have317

95% confidence interval of ±1.2 dB which indicates that for 95% of the samples, mean value lies318

within two standard deviations of the mean.319
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FIG. 6. Averaged ASD distribution (top) and its standard deviation (bottom) as a function of number of

realization for 1000 samples (dB, ref. 4× 10−10Pa2/Hz).

D. Sub-critical and super-critical gusts contribution320

Gusts can be classified as sub- or super-critical, respectively corresponding to subsonic and321

supersonic phase speeds of their trace along the leading/trailing edge with respect to the in-322

cident mean flow (Amiet, 1975). For a given flow condition, the Graham’s parameter of less323

than or greater than unity corresponds respectively to sub-critical or super-critical pressure gusts.324

Figure 7 highlights the contributions of sub-critical and super-critical gusts to the surface pres-325

sure jump. It can be observed that at low frequencies (ωr ≤ 4) the super-critical gust have al-326

most no contribution to the surface pressure jump and it is sufficient to only consider the sub-327

critical gust contribution. This fact can also be seen in Figure 2 (c) where at low frequency328

(ωr ≤ 4 or Kx ≤ 13 m−1) contribution of super-critical gust is confined to the triangular re-329

gion R1 = {(Kx, ky) | 0 ≤ Kx ≤ 13, 0 ≤ ky ≤ (MKx/β)} while this region accounts only for330
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a small portion of the total contribution at this low frequency range in the entire region of R =331

{(Kx, ky) | 0 ≤ Kx ≤ 13, 0 ≤ ky ≤ 10} where most of the wavenumbers are located in the sub-332

critical region.333

According to Figure 2 (c), contributions of both sub-critical and super-critical gusts are equally334

important in the frequency range of 4 < ωr < 100. At ωr ≈ 30 or Kx ≈ 100 m−1 they have the335

same contributions to the surface pressure field. For ωr ≥ 100 the super-critical gust contributions336

dominate and there is no need to include sub-critical gust. This is consistent with the results in337

Figure 2 (c) where above this reduced frequency (corresponding to Kx ≈ 328 m−1) the wavenum-338

bers located above the dashed line in the region of Θ < 1 have almost zero contribution to the339

predicted surface pressure jump.340

FIG. 7. (color online) Contributions of sub- and super-critical gusts to the surface pressure jump as a

function of reduced frequency, (dB, ref. 4× 10−10Pa2/Hz).

341

342
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E. Verification and validation343

To validate the surface pressure jump produced by the proposed method, the predicted pressure344

difference spectra at chordwise locations, x/b = 0.05, x/b = 0.08 and x/b = 0.12 are compared345

with experimental data measured by Mish and Devenport (2006a) in Figure 8. A NACA0015346

with a chord of 0.610 m and span of 1.83 m at zero angle of attack has been considered with the347

turbulence parameters given in Table 1. G∆p∆p is the ASD of the surface pressure jump. It should348

be noted that in the work by Mish and Devenport (2006a), G∆p∆p was normalized by q2, where349

q is the free-stream dynamic pressure (q = 1/2ρU2
∞). Due to the proximity of the measurement350

locations to the leading edge, the modified von Karman spectrum has been implemented. Figure 8351

shows that the present results are in excellent agreement with the measured shape and level of352

the spectra for ωr ≤ 20. It can be observed that at low frequencies (ωr ≤ 2) the spectrum level is353

almost constant and has its highest value over the entire frequency range. At these low frequencies,354

the sub-critical wavenumbers dominate the surface pressure response (as shown in Figure 2 (c)).355

Although sub-critical wavenumbers are often neglected in aeroacoustics, these results demonstrate356

that these wavenumbers must be considered when examining the force and vibroacoustic response357

of airfoils in turbulent flow.358

The slope of the measured data decreases for ωr > 20. The divergence of the predicted results359

from the experimental data at high frequencies could be attributed to the pressure signatures of the360

large scale eddies convecting past the leading edge. This can be explained by the inner-outer scale361

interaction model developed by Mathis et al. (2009) that demonstrates large scale fluctuations in362

the outer region of the boundary layer have an amplitude and phase modulating effect on the inner363

scale fluctuations, wall shear stress and pressures. This modulation effect was also demonstrated364
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by Dogan et al. (2016) to occur for free stream turbulence convecting over turbulent boundary365

layers. Further, when the turbulent boundary layer develops over the airfoil surface, it induces366

pressure fluctuations which affect the high frequency response. As the boundary layer thickness367

increases by moving away from the leading edge, this affect is more profound at larger chordwise368

locations as shown in Figure 8. The spike in the measured data at high frequency was reported to369

be related to resonance within the microphone mounting hole (Mish and Devenport, 2006a).370

(a)

(b)
371

372
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(c)

FIG. 8. (color online) Comparison between measured and predicted pressure difference spectral level for

NACA0015 at (a) x/b = 0.05, (b) x/b = 0.08 and (c) x/b = 0.12 (dB, ref. 4× 10−10Pa2/Hz).

To further validate the proposed method, the NACA0012 airfoil with a chord of 0.230 m and373

span of 0.530 m, which was tested by Paterson and Amiet (1976), has been considered. Figure 9374

shows a comparison between numerical results using the UWPW technique and experimental375

data for the airfoil chordwise unsteady surface pressure distribution at zero angle of attack. The376

prediction has been performed for different flow speeds at 400 Hz and 2000 Hz. The von Karman377

spectrum along with the turbulence parameters given in Table 1 were implemented. As can be seen,378

numerical results are in very good agreement with experimental data. The theoretical predictions379

using Amiet’s theory is also included (Paterson and Amiet, 1976). The results indicate a strong380

increase in unsteady pressure near the leading edge. The surface pressure decreases moving away381

from the leading edge. It can also be observed that the spectrum level increases with an increase382

in flow speed. Figures 8 and 9 show that the proposed method can accurately predict the surface383

pressure at different location on the airfoil surface as well as at different frequencies.384385
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FIG. 9. (color online) Comparison between measured and predicted auto spectrum density of surface pres-

sure for a NACA0012 at (a) 400 Hz and (b) 2000 Hz. Present results (solid line), analytical results (dashed

line) and experiment (Paterson and Amiet, 1976) (solid circle), (dB, ref. 4× 10−10Pa2/Hz).

F. Unsteady force calculation386

The unsteady force caused by turbulence ingestion has been studied by several investigators in387

the past (Anderson et al., 2015; Jiang et al., 1994). In this section unsteady force acting on the388
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NACA0015 airfoil (Case 1) due to the incoming turbulence is computed. A flat plate representing389

the airfoil was meshed with more grid points close to the leading edge to capture the variation of390

the surface pressure jump at the locations close to the leading edge. To estimate the unsteady force,391

realizations of surface pressure jump were initially obtained at each node on the surface. Figure 10392

shows color maps of a realization of the surface pressure jump at frequencies of 10 Hz, 100 Hz,393

300 Hz and 500 Hz. As expected, the highest values of the surface pressure occur at the leading394

edge and the pressure level monotonically decreases for the locations further away from leading395

edge, this was also observed in Figure 9. Moreover, it can be seen from these color maps that the396

pressure level reduces as frequency increases. This is also consistent with the results in Figure 8.397

Once enough realizations of the surface pressure jump are generated, Equation 28 can be used to398

calculate realizations of unsteady force by integrating the corresponding realization of pressure399

jump over the surface area. Finally, the unsteady force was computed from ensemble average400

over different realizations. The predicted force using the UWPW technique is compared with401

an analytical prediction described in the Appendix. Figure 11 shows that the present prediction is402

very close to the analytical results. Different realizations of the force are also included in the figure403

(in gray lines) which shows how a single realization of the response differs significantly from the404

final response obtained by ensemble average of all the realizations as shown by solid blue line.405406407
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FIG. 10. (color online) A realization of the surface pressure jump on a flat plate representing the NACA0015

airfoil (flow direction is from left to right) at four distinct frequencies of (a) 10 Hz, (b) 100 Hz, (c) 300 Hz

and (d) 500 Hz, (dB ref. 2× 10−5 Pa).

FIG. 11. (color online) ASD of unsteady force predicted using the UWPW technique for 50 realizations

(gray lines), using the average of 50 realizations (blue solid line) as well as predicted analytically (red

dashed line) for the NACA0015, (dB, ref. 1 N/Hz).
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V. CONCLUSIONS408

In this work, we proposed a numerical technique to simulate the surface pressure induced by409

incoming turbulence. The surface pressure jump was expressed as a set of uncorrelated wall pres-410

sure plane waves with their amplitudes determined by the incoming upwash velocity spectrum411

and the airfoil aeroacoustic transfer function. To achieve a good estimation of the surface pressure412

jump, criteria for cut-off wavenumber and wavenumber resolution were established. Contributions413

of sub- and super-critical gust to the surface pressure were examined. It was found that the sub-414

critical gust contribution is dominant at low frequency while the super-critical gust contribution415

dominates at high frequencies. The surface pressure jump predicted from an ensemble average416

of the different realizations was compared with numerical and experimental results, showing very417

good agreement. To demonstrate an application of the proposed technique, the unsteady force due418

to incoming turbulence excitation on an airfoil was calculated. The numerical prediction agreed419

well with analytical results. One of the main advantages of the proposed technique is that the sur-420

face pressures simulated by the UWPW technique are deterministic and they can be applied as load421

to an element-based vibroacoustic solver to obtain structural and acoustic responses of airfoils. In422

the future study this advantage of the proposed method will be exploited to predict and analyze423

vibroacoustic response of a structure due to stochastic excitation (incident turbulence) using de-424

terministic element-based methods such as the finite element and boundary element methods.425
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APPENDIX430

The analytical model used to estimate the force produced on an airfoil in turbulent flow is431

presented here. The analytical model is based on the aeroacoustic scattering model originally432

presented by Amiet (Amiet, 1975) and later extended by Roger and Moreau to include trailing433

edge backscatter (Roger and Moreau, 2010). The turbulence ingestion noise model derived by434

Roger and Moreau is given by:435

Spp (x, ω) =

(
kaρ0bx3

S2
0

)2

U0

∫ ∞
−∞

Φww

(
ω

Uc
, ky

) sin2
(
d
(
kax2
S0
− ky

))
(
kax2
S0
− ky

)2

×
∣∣∣∣LTI

(
x1,

ω

U0

, ky

)∣∣∣∣2 d ky (30)

where Spp (x, ω) is the power spectral density of the far-field sound at angular frequency ω and436

field point x. ka is the acoustic wavenumber and ρ0 is the speed of sound and density of the437

fluid at rest. xi is the ith component of the far-field position vector x. S2
0 = x2

1 + β2 (x2
2 + x2

3)438

is the distance from the coordinate system origin at the leading edge to the far-field location x,439

with β2 = 1 − M2, M being the Mach number. The airfoil span and chord length are given440

respectively by 2d and 2b. Φww

(
ω
Uc
, ky

)
is the upwash spectrum and is a function of convective441

wavenumber kc = ω
Uc

, where Uc is the convection velocity of the upwash disturbance, and the442
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spanwise wavenumber ky. LTI is the aeroacoustic transfer function. The present analytical work443

uses the von Karman spectrum modified to account for rapid distortion of turbulence structures by444

the leading edge to approximate the upwash spectrum.445

The airfoil can be discretised into a number of strips, Ns, with the total far-field sound over all446

strips given by:447

Spp (x, ω) =
Ns∑
s=1

[(
kaρ0bxs3
S2
s0

)2

Us0

∫ ∞
−∞

Φww

(
ω

Us0
, ky

)
sin2

(
ds

(
kaxs2
Ss0
− ky

))
(
kaxs2
Ss0
− ky

)2 ×
∣∣∣∣LTI

(
xs1,

ω

Us0
, ky

)∣∣∣∣2 d k2

 (31)

where the subscript s denotes the strip-wise value, with ds representing the half strip span. Equa-448

tion (31) is referred to as the direct strip-wise approach and was found by Christophe et al.449

(Christophe et al., 2009) to diverge from the correct result as strip size decreases. Christophe450

et al. (Christophe et al., 2009) proposed an alternate strategy for strip-wise turbulence ingestion451

noise modelling that they called the ’inverse’ strip-wise method. The inverse strip-wise technique452

calculates the sound from each strip by representing the strip-wise half span ds as the difference453

of two large span values ds = dL − (dL − ds) , dL >> ds to give:454

Spp (x, ω) =
Ns∑
s=1

[(
kaρ0bxs3
S2
s0

)2

Us0

∫ ∞
−∞

Φww

(
ω

Us0
, ky

)
sin2

(
dL

(
kaxs2
Ss0
− ky

))
(
kaxs2
Ss0
− ky

)2 −
sin2

(
(dL − ds)

(
kaxs2
Ss0
− ky

))
(
kaxs2
Ss0
− ky

)2


×
∣∣∣∣LTI

(
xs1,

ω

Us0
, ky

)∣∣∣∣2 d ky

]
(32)

In the current work, dL is set equal to the total half span d. The inverse strip-wise technique455

is often combined with the large aspect ratio approximation to equation (31). For infinite span456
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airfoils, only gusts which are parallel to the leading edge generates pressure waves that radiate to457

the far-field as sound. However, the current application is to estimate the total force on the airfoil458

and hence evanescent components may be significant. For this reason, equation (32) retains the459

integral over spanwise wavenumbers.460

As the application of this technique is focused on force prediction, the radiation of pressure461

waves to the far-field is not required. Propagation of pressure waves from the leading edge to the462

far-field is included in equation (32) via a dipole radiation function and by propagation terms in463

the transfer function LTI. The first step in removing the far-field radiation terms from equation464

(32) is to extract the dipole radiation function. The far-field sound produced by a unit harmonic465

point force oriented in the wall-normal, xs3 direction, can be expressed as:466

Spp (x, ω) =

(
kaxs3
4πS2

0

)2

(33)

Removing this radiation component and aeroacoustic transfer function propagation terms from467

equation(32) gives the following expression for the total force on the airfoil due to interaction with468

the turbulence stream:469

Sff (x, ω) =
Ns∑
s=1

[
(4πρ0b)

2 Us0

∫ ∞
−∞

Φww

(
ω

Us0
, ky

)
sin2

(
d
(
kaxs2
Ss0
− ky

))
(
kaxs2
Ss0
− ky

)2 −
sin2

(
(d− ds)

(
kaxs2
Ss0
− ky

))
(
kaxs2
Ss0
− ky

)2


×
∣∣∣∣LTI

(
ω

Us0
, ky

)∣∣∣∣2 d ky

]
(34)

The transfer function LTI = L1 +L2, where L1 represents the principal scattering from the airfoil470

leading edge and L2 accounts for back-scattering from the airfoil trailing edge. The transfer func-471
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tions for supercritical wavenumbers derived by Roger and Moreau, with the far-field propagation472

terms removed, are given by:473

L1 = − 1

π

√
2

(K∗x + β2κ̄) κ̄
e− i Θ2 F [2κ̄] (35)

L2 =
e− i Θ2

πκ̄
√

2π (K∗x + β2κ̄)

×
(

i
(
1− e2 i κ̄)− (1 + i)

(
F [4κ̄]− e2 i κ̄

√
2F [2 (κ̄)]

))
(36)

where K∗x = Kxb, κ̄ =
√
µ̄2 − k∗2y

β2 , µ̄ = kab
β2 = K∗xM0

β2 , Θ2 = µ̄M0 − π
4

and k∗y = kyb. The transfer474

functions for subcritical wavenumbers are given by:475

L1 = − 1

π

√
2

(K∗x + i β2κ̄′) i κ̄′
e− i Θ2 F [2 i κ̄′] (37)

L2 =
e− i Θ2

πκ̄′
√

2π (K∗x + i β2κ̄′)

×
(

1− e−2κ̄′ −erf
(√

4κ̄′
)

+ 2 e−2κ̄′
√
− iF [2 (i κ̄′)]

)
(38)

where κ̄′ =
√

k∗2y
β2 − µ̄2.476
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