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Sequential implicit Vertex Approximate Gradient
discretization of incompressible two-phase Darcy flows
with discontinuous capillary pressure

K. Brenner* N. Chorfil R. Masson?
January 20, 2021

Abstract

This work deals with sequential implicit schemes for incompressible and immis-
cible two-phase Darcy flows which are commonly used and well understood in the
case of spatially homogeneous capillary pressure functions. To our knowledge, the
stability of this type of splitting schemes solving sequentially a pressure equation
followed by the saturation equation has not been investigated so far in the case
of discontinuous capillary pressure curves at different rock type interfaces. It will
be shown here to raise severe stability issues for which stabilization strategies are
investigated in this work. To fix ideas, the spatial discretization is based on the
Vertex Approximate Gradient (VAG) scheme accounting for unstructured polyhe-
dral meshes combined with an Hybrid Upwinding (HU) of the transport term and
an upwind positive approximation of the capillary and gravity fluxes. The sequen-
tial implicit schemes are built from the total velocity formulation of the two-phase
flow model and only differ in the way the conservative VAG total velocity fluxes
are approximated. The stability, accuracy and computational cost of the sequen-
tial implicit schemes studied in this work are tested on oil migration test cases in
1D, 2D and 3D basins with a large range of capillary pressure parameters for the
drain and barrier rock types. It will be shown that usual splitting strategies fail
to capture the right solutions for highly contrasted rock types and that it can be
fixed by maintaining locally the pressure saturation coupling at different rock type
interfaces in the definition of the conservative total velocity fluxes.

1 Introduction

The numerical simulation of multi-phase Darcy flows plays an important role in many
subsurface applications such as oil and gas recovery, basin modeling, geological storage,
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geothermal energy or hydrogeology [4, 13, 23, 14]. This work focuses on incompressible
and immiscible two-phase Darcy flows in heterogenous media with different rock types.
The abrupt change of the pore sizes at different rock type interfaces induces spatially
discontinuous capillary pressure curves at the Darcy scale triggering the discontinuity of
the phase saturation and pressure solutions [24, 15, 11, 12, 5]. These discontinuities play
a major role and should be accurately captured in many important processes such as
capillary driven imbibition in oil recovery or capillary barrier effects in oil migration and
gas storage.

In the case of spatially homogeneous capillary pressures, the system of Partial Dif-
ferential Equations accounting for incompressible two-phase Darcy flow can be typically
expressed as an elliptic equation for the global pressure coupled to a degenerate parabolic
equation for say the non-wetting phase saturation [13]. The pressure equation is weakly
coupled to the saturation via the total mobility function which varies smoothly in time.
This naturally leads to sequential time integration schemes solving the linear pressure
equation at fixed saturation followed by the solution of the saturation equation at given
total velocity. The saturation equation can be integrated explicitly leading to the IMplicit
in Pressure, Explicit in Saturation (IMPES) scheme or implicitely leading to the IMplicit
in Pressure, IMplicit in Saturation (IMPIMS) or sequential implicit scheme [4, 13, 23, 14].
Compared with Fully IMplicit (FIM) time integration schemes coupling the pressure and
saturation unknowns with no time lag, sequential formulations have the advantage to
allow for more adapted and efficient solvers for each sub-system with possibly different
types of discretizations. Let us refer for example to [25] where a higher order discretiza-
tion of the transport terms is used in the saturation equation or to [22] where a multiscale
method for the pressure equation is combined with a finite volume scheme on the fine
scale for the saturation equation. In such formulations, let us remark that the use of the
global pressure is not essential in practice. Natural (non-wetting and wetting) pressures
can also be used at the price of an explicit approximation of the capillary pressure in
the pressure equation, which is not an issue as long as homogeneous capillary pressures
are considered. The key point of this type of splitting rather lies in the total velocity
formulation combined with a conservative discretization of the total velocity fluxes.

New difficulties arise to extend sequential integration schemes to the case of spatially
discontinuous capillary pressure curves at heterogenous rock type interfaces. The trans-
mission conditions at such interfaces strongly couple the pressure and saturation unknowns
which raises the issue of the stability of the IMPES or the IMPIMS splitting schemes. As
opposed to the case of homogeneous rock type, the global pressure formulation of the total
velocity combined with an explicit approximation of the total mobility does not decou-
ple the pressure equation from the saturation equation. This results from the saturation
dependent jump of the global pressure at the heterogeneous rock type interfaces [12, 5].

To our knowledge the stability of the IMPIMS scheme (or similarly of the IMPES
scheme) has not been investigated in the case of heterogeneous rock types and is the main
topic of this work. To fix ideas, our investigation is based on the Vertex Approximate
Gradient (VAG) spatial discretization developed in [19, 7, 8] for two-phase Darcy flows
in heterogeneous media on polyhedral meshes. Following [6], a total velocity formulation
combined with an Hybrid Upwinding (HU) transport scheme [20, 21, 2] will be used for



the saturation equation. Thanks to the upwind positive discretization of the capillary and
gravity flux terms, it is proved in [6] to guarantee the physical bounds on the saturations
for any conservative discretization of the total velocity fluxes and whatever the time
step. The FIM integration scheme combined with the VAG HU spatial discretization is
described in [6] and will be used to provide reference solutions to be compared with the
solutions of the sequential schemes investigated in this work. We will focus on sequential
implicit integration schemes to avoid the strong limitations on the time steps induced by
an explicit integration of the saturation equation in heterogeneous media.

All sequential implicit schemes investigated in this work satisfy the physical bounds
on the saturations as well as the positivity of the capillary energy unconditionally on
the time step. The schemes differ in the way the total velocity fluxes are computed.
It will be shown numerically that the natural extension of the IMPIMS scheme, based
on an explicit approximation of the total mobility and of the capillary pressure in the
total velocity fluxes, suffers from instabilities for strongly contrasted capillary pressures.
These instabilities increase for smaller time steps and consequently would also hold for
an IMPES integration scheme. They are linked to the strong coupling in the transmis-
sion conditions at heterogeneous rock type interfaces between the pressure and saturation
unknowns. A first tentative to circumvent this instability is an extension to the VAG
discretization of a strategy commonly used for Two Point Flux Approximation (TPFA)
[20]. It is based on jumping over the interface using an harmonic averaging of the half
transmissivities combined with an upwind approximation of the phase mobilities. The
extension to the VAG discretization raises several issues addressed in this work. The sec-
ond strategy investigated in this work extends an idea previously introduced in the case
of an IMPES scheme in [3] but to our knowledge not tested numerically. It amounts to
maintain the coupling between the saturation and the pressure locally at heterogeneous
rock type interfaces to compute the total velocity fluxes.

The remaining part of the paper is outlined as follows. The two-phase Darcy flow
model with heterogeneous rock types together with its total velocity formulation is pre-
sented in Section 2. The VAG discretization in total velocity formulation following [6]
is recalled in section 3 including the VAG HU implicit discretization of the saturation
equation at given total velocity fluxes and the FIM discretization of the total velocity
fluxes. Section 4 presents the usual IMPIMS discretization of the total velocity fluxes
as well as the two strategies to fix its stability issues. In section 5, the three sequential
implicit schemes are compared to the FIM VAG HU scheme both in terms of stability,
accuracy and computational cost on three oil migration test cases with a large range of
capillary pressure parameters in the drain and barrier rock types.

2 Two-phase Darcy flow model

Let 2 be a polyhedral bounded domain of R? (d > 1) and (0,¢;) be the time interval.
The wetting phase is indexed by w and the non-wetting phase by nw. To simplify the
presentation, the porous medium domain {2 is constituted by two rock types rt € RT =
{b,d} partitioning the domain in two polyhedral open subsets (Q);tcr7 such that Q =

Uster7 S, where b typically denotes a barrier rock type and d a drain rock type. The

3



interface 02, N 04 between the two rock type subdomains is denoted by I'. We consider
the incompressible and immiscible two-phase Darcy flow model in heterogeneous porous
medium defined by the following system of equations set on Q, = Qy % (0,%)

¢rt(x)3tsf‘t + lefoc = O,

Vit = —mi(st) K (x) (Vi — 078),
Pert = pi-ltw - pr‘é = PC,rt(S?tW)7

S s = 1,

(1)

with a € {nw,w}, 1t € RT. In (1) ¢(x) denotes, for each rock type, the medium
porosity, K,i(x) the medium permeability tensor, s% the phase saturation, p% the phase
pressure, Vi the phase Darcy velocity, and p.,¢ the capillary pressure. The mass density
p® of each phase o € {nw,w} is assumed constant. The gravity acceleration vector is
denoted by g and its norm by g. The phase mobility function, defined as the ratio of
the relative permeability k7 (s) to the constant phase dynamic viscosity u®, is denoted
by n%(s). Finally, P.,; stands for the capillary pressure function, depending on the rock
type (see the left Figure 1 for an example). In addition we introduce the monotone graph

extension of P, defined by

~ . Pc,rt(5)7 $ = 07
Pc7rt<s) - { (—OQ7 Pc,rt(O)L s = 0.

The system (1) is complemented by transmission conditions at the interface I' between
the two rock types, involving the flux continuity equations

Vi -n|p = V3 n|r, a € {nw, w}, (2)

together with a formal phase pressure continuity condition.
In view of [11], [12] and [5], the formal continuity of the capillary pressure results in
the following saturation jump relation

Pop(sP|r) N Pra(si[r) # 0. (3)

Our numerical implementation of the condition (3) is based on the capillary pressure
graph parametrization as introduced in [8]. Denoting by 7 an auxiliary interface variable,
we introduce a saturation function S3¥(7) for each rock type rt as well as a capillary
pressure function P.(7) which are such that

Po(7) € Pt (SV¥ (7)), 1t € RT,

d] c d Tt
T

(1) +
dr rteRT dr

for almost every 7. It results that the saturation jump condition (3) at the interface I" is
replaced by si¥|r = SEV(7), 1t € RT.
We will also use in the following, the notation S¥(7) =1 — Si¥ (7).
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Figure 1: Example of parametrization of the capillary pressure graphs based on a switch of
variables between the drain and barrier non-wetting phase saturations and the capillary
pressure. (Left): drain and barrier capillary pressures scaled by 5b, with P, (s™) =
Pext — b log(1 — s™) using by = 10* Pa, b, = 10° Pa, p., =5 10* Pa, p.q = 0. (Right):
Plots of S}¥(7), rt € {d, b} and of ngT(g) The variable 7 matches with the drain saturation
for 7 € (0,71), with the scaled capillary pressure for 7 € (71, 7), and with the barrier

saturation for 7 € (19, 73), with 7 = 1 — %, =1 +1+ Ife—(llog(l —T), T3 ="To + 1.

The practical choice of this parametrization is based on a switch of variables technique
between both rock type saturations and the capillary pressure (see Figure 1 for an ex-
ample). This parametrization has the advantage to account for general capillary pressure
curves including typically entry pressure in the matrix and vanishing capillary pressure
in the drain zone. It also provides a more efficient nonlinear convergence than the more
usual capillary pressure or saturation variable. Let us refer to [1, 8] for details.

To fix ideas, the system (1) is completed by an initial datum on the non-wetting phase
saturation and by the boundary conditions

Ven=0 onIVNoOx(0,t;), p%=pd, onIP NI x(0,t;) for a € {nw,w},

where n is the unit normal vector to I'V oriented outward to €, and {T'V, TP} a partition

of 01).

The discretization developed in the next section is essentially based on the total ve-
locity formulation for which we recall the following definition of the total velocity:

Vi=— ) ni(s8)Ka(x)(Vph — 0°g). (4)

ac{nw,w}



This allows to express the phase Darcy velocities at given total velocity VT as follows:

nw nw/ _nw T nﬁw(s?gv)UX(l _ Slrrltw)
Vrt = t (Srt )Vrt + T/ nw <_Krt (X>Vp07rt>
S——r nrt(srt )
fractional flow term ~~ o
capillary term
M (S )m (L= si) 0w W
+ T ( nw (p - P )K(X)ga (5>
M (S5 B

gravity term

and V¥ = VI — V2 with the non-wetting phase fractional flow function defined by

ww () — ()
rt ( ) 771:1‘;(3)’ (6)

and the total mobility by nk(s) = n2¥(s) + n¥ (1 — s).

3 VAG discretization

3.1 VAG fluxes and porous volumes

The VAG discretization of two-phase Darcy flows introduced in [18] considers generalized
polyhedral meshes of € in the spirit of [17]. It is recalled in the following to fix the
notations and for the convenience of the reader.

Let M be the set of cells that are disjoint open polyhedral subsets of {2 such that
Uke ME = Q. For all k € M, x;, denotes the so-called center of the cell k& under the
assumption that k is star-shaped with respect to x;. We then denote by Fj the set of
faces of the cell k € M and by F = [J;, ., Fr the set of faces of the mesh. Remark that
the faces are not assumed to be planar, hence the term “generalized polyhedral mesh”.
For o € F, let &, be the set of edges of the face ¢ and V, the set of vertices of . We
denote by £ = |, & the set of all edges of the mesh. For each £ € M we define the
set of nodes of the cell k£ by V, = Uaefk V,, and we also denote by V = (Jxc Vi the
set of all vertices of the mesh, and by My, the subset of cells sharing the node s € V.
It is then assumed that for each face o € F, there exists a so-called center of the face
X, € 0\ U,cg, € such that

Xy = Z Bos Xs, With Z Bss =1, and f,s > 0 for all s € V,.

s€Vs s€EVs

Moreover the face o is assumed to be defined by the union of the triangles 77, . defined by
the face center x, and each edge e € &,.

Note also that the mesh is supposed to be conforming w.r.t. the partition of €2 in sub-
domains Q, 1t € RT, and w.r.t. the partition {I'V, '} of Q. We then denote by Vr

the set of nodes at the interface I' and by Vp;, the set of nodes located at the boundary fDir.



The VAG discretization has been introduced in [17] for diffusive problems on het-
erogeneous anisotropic media. It is based on the following vector space of degrees of
freedom:

Xp ={v, e R,v € D},

denoting by D the set
D=MUV.

A finite element discretization is built using a tetrahedral sub-mesh of M and a second
order interpolation at the face centers x,, o € F defined for all vp € Xp by

]O'<UD) - Z Ba,svs-

sEV,

The tetrahedral sub-mesh is defined by T = {Tk ., € € &5, 0 € Fi, k € M} where Ty,
is the tetrahedron joining the cell center x; to the triangle T, . (see Figure 2).

For a given vp € Xp, we define the function 77vp € H'(2) as the continuous piecewise
affine function on each tetrahedron of T such that mrvp(x;) = vk, Trvp(s) = vs, and
Trup(X,) = I,(vp) for all k € M, s € V, 0 € F. The nodal finite element basis functions
associated to this interpolation operator are denoted by ¢, v € D.

Figure 2: (Left): example of one cell k with a tetrahedron T}, . of the sub-mesh T.
(Right): example of VAG fluxes in a cell k.

The VAG scheme is a control volume scheme in the sense that it amounts, for each
d.o.f. not located at the Dirichlet boundary and each phase, to a volume balance equation.
The two main ingredients are therefore the conservative fluxes and the porous volumes.
For up € Xp, the VAG fluxes Fj s(up) connect the cell £ € M to the nodes s € V;, (see
Figure 2). They are derived from the finite element variational formulation (see [17] for
details) leading to the following generalized fluxes definition

Frs(up) = /—A(X)V?TTUD - Vpsdx = Z TZ’S,(uk — Ug), (7)
k

s’ €V
with

TS = /A(X)Vgpsx - Vipsdx.
k



Following [18], the porous volumes are obtained by distributing the porous volume of
each cell k£ to its nodes s € Vj. For each k € M, we define a set of non-negative volume
fractions (ak7s)sevk\VDir satisfying Z ags < 1, and we set

s€Vi\Vpir

¢k,s = ak,s/k(b(X)dX'

Then, we consider for all £k € M

b = /k ox)dx— S e

s€Vi\Vpbir

It is shown in [18] that the weights (ars)scy,\yp, can be chosen to avoid artificial drain
enlargement at nodes sharing cells with highly contrasted permeabilities. Roughly speak-
ing it suffices to select these weights proportional to the permeabilities of the cells k& € Mg
around a given node s.

3.2 Discrete physical unknowns

Let us define the set Dogr = M U (V\ Vr) = D\ Vr. The set of discrete physical
unknowns (phase pressures, phase saturations, phase potentials and capillary pressure)
are expressed in terms of the primary variables, which are chosen to be given by the set
of non-wetting phase pressures pj’ = (p2%),ep, the set of non-wetting phase saturations
spor = (53" )vepgr and the set 7y = (75)sevy of parameters at each interface node. A
rock type denoted by rt, € {b,d}, v € Dsr can be assigned to each cell and each node
not belonging to the interface. Then, we define

[ Pep = (pew)ven, with pey = Pege, (53"), v € Der, pes = Pe(Ts),s € Vr,
pp = (P))vep, with p) = pp¥ — pe.,
D% =pPH+ pagZp, with Zp = (2,)vep,
s =1—8", ke M, (8)
She = Sg s sc€V\Vr, k€ M,
Sps = 1—s5", scV\Vr, k€ M,
[ Shs =St (), s €V, k€ Ms.

It results from these definitions that the pressures p$ at a given interface node s € Vr
are single sided while the saturations si ; depend on the rock type of each cell k& € Mg,
capturing the saturation jump (see Figure 3).



Figure 3: Example of a 2D mesh with the interface I" in bold. (Left): primary unknowns
at a given cell £ € M, node s’ € V \ Vr and interface node s € Vr. (Right): phase
pressures and saturations at a given cell k € M, node s' € V' \ Vr and interface node
S € VF.

3.3 General form of the discrete equations

For N € N*, let us consider the time discretization t° = 0 < ¢! < ... <"1 <"... <
tY = t; of the time interval [0,¢;]. We denote the time steps by At" = ¢" —¢"~! for all
n=1---,N.

Before giving a detailed description of the discretization methods that we aim to
compare in this article, let us present a general layout of the discrete equations. For all
k€ M and s € V; we denote by V| the total velocity flux between the control volume
associated with the cell k£ and the node s, similarly we denote by V;'{ the non-wetting
phase flux.

The total velocity satisfies the following system formed by the conservation equations

and the boundary conditions

Y V=0, keM,
sEV
> V=0, seV\ Vo 9)
keEMg
\ prslwm = prsl,v]VDirv S € VDiD

where pg'h;, are specified non-wetting phase pressures at the Dirichlet nodes. The conser-
vation of the non-wetting phase is written as

(¢ Z
k nw,n nw,n—1 nw,n __
@ (Sk — Sk ) + ‘/;675 = 0, k < M,
s€Vy
¢k,S nw,n nw,n—1 nw,n
A (Sk,s - Sk,s ) - Z ‘/k,s - O? seV \ VDiT? (10)
keMs\Vpir keMs
SEwm — SISI’VBir) s € Vpir \ Vr,
L Tsn = Ts,Dir>» S c VDir N VF;

where S Dir and 7 pi; are Dirichlet boundary conditions at the Dirichlet nodes.

9



The discrete total velocity fluxes VkTs’" are going to be constructed in terms of the local
mobilities and the values of the non-wetting phase and capillary pressures; in particular
we will have

ij,ﬂén = VkTsn (S%W’*v S%’*ap%w’”mé,p) (11)

where the symbol x may stand for n or n — 1 independently in each term. Using VkTs" the
non wetting fluxes will be defined in the form

nw,n __ y/0w,n nw,n  nw,n _n Tn
Vk,s = Vs (Sk: ' Sk.s 7pc,’D7Vk,s>' (12)

In the following we will consider several decoupling methods for the system (9) - (10).
The construction of the discrete total velocity VkTS” will differ from one method to another.
In contrast the definition of the discrete non-wetting phase velocity, detailed in the next
section, will not be affected by the choice of the decoupling approach.

3.4 Saturation equation

In the context of the VAG discretization, as opposed to TPFA discretizations, the capillary
gradient flux is not monotone [9, 16]. Following [10], this difficulty is overcome thanks to
a first order upwind approximation of the mobility term. The same strategy is applied to
the gravity flux. For a parameter F' € R, let us define

( OW (DWW 1 — sw
nrtk (Sk ;nrtkfw Sk,s) lf F Z O’
nrtk (Sk )
Dk,s(32W7 SE?Z? F) = (13)
OW (W))W (] _ oW
nrtk( k,sj?nrt;;i, k) if F < 0.
\ nrtk<8k )

Let us set Gys = (p™ — p*)gFys(Zp), and

D]z?: = Dk,s(SEWa S;gl?sla Fk,S(pc,D))7 D%S = Dk,s(szwa SII:Z) Gk,s)a

let us assume that discrete total velocity VAG fluxes V,;FS’" satisfy (9), then the non-wetting
phase VAG fluxes are defined by

Vkrj;v(szw7 SEZJ%,D, Vk?s) = ﬂf(sﬁw)(VkT,sﬁ - ﬁf(sﬁg)(VkT,s)f
+ D Frs(pep) + D (Ghs.

Let us recall the results proved in [10] at given total velocity fluxes satisfying the
conservation equations (9) :

(14)

(i) any solution of the saturation equation (10) satisfies the physical bounds uncondi-
tionally on the time step, in the sense that the saturations are in [0, 1] provided
that it is the case at initial time. Moreover, it satisfies the positivity of the capillary
energy flux term in the sense that for all time step n one has

> DR Fos(pro) (Pl — ple) > 0.
keM seVy

(ii) There exists a solution to (10).

10



3.5 Fully implicit scheme

The usual choice of the total velocity is based on a phase potential upwind approximation
of the phase mobilities, leading to define

Ved (s, sps s pep) = 3 (0, (57) (Frs(@3)) " = 0, (570) (Fis(93))7) - (15)

ac{nw,w}

The Fully IMplicit (FIM) VAG HU scheme (see [10]) writes as follows:
Find pp™", sp_ and 73} satisfying (9) and (10) with

Tm _ yv,T,up nw,n W, nw,n n
Vk,s —Vk,s (81) »Sp s Pp 7pc,D)'

The FIM VAG HU scheme is investigated in [10] where it is shown to be more robust
than the more usual phase potential upwind discretization [19]. It has the advantage
to capture accurately the transmission conditions at the different rock types interfaces
for general capillary pressure laws, to allow for large time steps and be easy to extend
to more complex physics than immiscible incompressible flows. Its main drawback is to
lead to coupled nonlinear and linear systems which can be difficult and costly to solve.
It does not fully exploit the different nature of the pressure and saturation equations,
not allowing the use of different time stepping or different spatial discretizations. This
motivates the use of alternative time discretizations based on sequential implicit schemes
decoupling the pressure and saturation equations as discussed in the following section.

4 Sequential implicit schemes

This type of splitting schemes combines sequentially at each time step, the computation
of the total velocity fluxes solving a pressure system combined with the solution of the
saturation system (10) at given total velocity fluxes. Note that thanks to the total velocity
formulation combined with an upwind approximation of the mobility terms, the physical
bounds on the saturations are garanteed whatever the time step.

In the case of a single rocktype, it is well known that an explicit approximation of the
phase mobilities in the total velocity combined with a global pressure formulation [13] of
the total velocity leads to a rigorous and stable decoupling between the saturation and
the pressure equations. It is usually prefered to keep the phase pressures rather than
the cumbersome global pressure, which requires to approximate explicitly the capillary
pressure in addition to the phase mobilities in the pressure equation. This does not seem
to lead to instability issues and can be made rigorous in the case of a Two-Point Flux Ap-
proximation using a specific approximation of the total mobility following [6]. This type
of decoupling leads to the so-called IMplicit in Pressure, IMplicit in Saturation (IMPIMS)
scheme also termed sequential implicit scheme which is frequently used as an alternative
to the fully implicit scheme for its potential lower computational cost and the flexibility
to use different discretizations for each equation [14].

11



The case of different rock types raises an additional issue due to the strong coupling
between the pressures and saturations in the transmission conditions at the interface I'.
As opposed to the case of a single rock type, the global pressure is discontinuous at the
interface I' and strongly coupled to the saturation [5]. It will be shown in the numerical
experiments that the usual IMPIMS scheme leads to severe instabilities in the case of
strong capillary pressure effects at heterogeneous rock type interfaces. Two strategies are
investigated to recover the stability of the splitting scheme based either on a jump over
the interface strategy or on an additional coupling localized at the interface I'.

4.1 IMplicit in Pressure, Implicit in Saturation (IMPIMS) scheme

The decoupling is obtained using explicit approximation of the phase mobilities combined
and capillary pressures in the total velocity equation. In addition, compared to FIM,
we use a slightly different definition of the total velocity fluxes, which is based on a
cell-centered approximation of the mobilities. Let us define

V5ot (si7, s, Y, pep) = M (1Y) Fis (DB + ™ 9Zp) "
+ni, (57) Frs (0D + pep + 0% 92p).

The IMPIMS sequential implicit scheme is defined as follows:

Step 1: Find pp™", satisfying (9) with

VT’n* T,Cent( nw,n—1 w,n—1 nw,n nfl)
ks — ks Sp ySD y Pp 7pC7D .

Step 2: Find s, and 7). satisfying (10).

The main asset of this simple and usual decoupling strategy is to lead to a linear
pressure equation which can be solved efficiently. On the other hand, it will be shown to
lead to severe instabilities in the case of heterogeneous capillary pressures.

4.2 Partially decoupled scheme

In order to fix the stability issue of the IMPIMS splitting scheme we propose to account
for the strong coupling of the pressures and saturations localized at the interface I'.
Following [3], where this idea is introduced in the framework of an IMPES scheme (but to
our knowledge not tested), the saturation equation at interface nodes is kept fully coupled
with the total velocity conservation equations. It results that the capillary pressure is kept
implicit at the interface using the auxiliary unknowns 77" for s € Vr.
Let us decompose the set of the discrete capillary pressure variables as p.p = (]00713er , pc,yr)

the modified sequential scheme will keep an implicit approximation of p.y.. More pre-
cisely the modified sequential implicit scheme denoted by SIM-I" writes as follows:

12



Step 1: Find pp"" and 7}, = (7' )sevr., satisfying (9) and

( (b nw (~mn nw (~n—
Z Atn (Srtk ( ) Srtk ( 1))
keEMs\Vpir
nw,n—1 conw Fn n— ~n Tn
Z ( Srtk( ) <pc,D1@p7 7Dc (TVF)) 7Vk,s ) = 07 S € VF \ VDir
keMs
\ 7—sn = Ts,Dir S € VDir N Vr.

with
Vi = v (s T (e Pe (7))
Step 2: Find sD " and 7y}, satisfying (10).

As opposed to the IMPES version introduced in [3], the parameter 75 at the interface
nodes s € Vr is recomputed at the saturation equation step using the total velocity fluxes
computed at the pressure equation step (Step 1). Note that, as opposed to the previous
IMPIMS scheme, the SIM-I" scheme leads to a nonlinear pressure system (Step 1)
which will reduce the potential gain in terms of computational cost compared with the
fully implicit scheme.

4.3 Sequential implicit scheme based on Harmonic averaging at
the interface

A common way to decouple the pressure and saturation equations in the case of Two-Point
Flux Approximation (TPFA) is based on an harmonic averaging of the half transmissiv-
ities at the interface combined with an upwind approximation of the phase mobilities
jumping over the interface [20]. The extension of these ideas to the case of the VAG dis-
cretization first requires to introduce two independent pressure unknowns at each interface
node s € Vr. These unknowns are used to express the linear VAG Darcy fluxes continu-
ity equations at each interface node and for each phase; extending the TPFA harmonic
averaging to MultiPoint Flux Approximations. Second, in order to ensure the conserva-
tivity of the total velocity fluxes, we need to define for each interface node, a single phase
mobility obtained by averaging the mobilities over the upwind cells around the given node.

The set of discrete unknowns of the pressure system is now defined by the set of non-
wetting phase pressures pp " together with the set of wetting phase pressures at interface
nodes (py™)seyy- Let us set

w,n,n—1 w,n,n—1 . pwnn 17pnwn_+_p 7 VED@[‘,
th v v c,v
Dp (pu )VED Wi { pgv mn—1 _ ps , s € Vn

and
V]::]m :Fk,s( nwn+pnngD) V st< W,M,N— 1+PW9ZD)-

A single explicit phase mobility must be defined at interface nodes. It is obtained using
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the following mean upwind approximation:

> (s

REM| VT >0

—NwW

BT e M S 0}
Yoo s
kEMVI >0
ke M|V >0
Then, the total fluxes are defined by
Vi = i (s V™ ey, (s OV
for s € V\ Vr, k € M, and by

Tm _ —_nwy/0Ow,n WY W,N
‘/;:,s =Ts Vk,s + Tls Vk,s )

Ms

for s € Vr, k € M.
The discrete system to compute the total velocity fluxes combines the total velocity
flux conservation equations with each phase Darcy flux conservation at interface nodes:

(> vlr=0, keMm,

sEVy

Z ijjs"n =0, seVy \ (VDir U VF),

keMg on (17)
Z Vk,s, =0, seVr \ Vbir, @ € {HW,W},

keMs

nw,n __ , nw .
Ds = PspDirs S € Vbir,
no__
[ P =Dpipw, S € Vo NVr

Note that the total velocity flux conservation is ensured at interface nodes thanks to
the definition of a single (depending only on s) phase mobility at each interface node.
This scheme is denoted by SIM-H-1 in the following. As will be shown in the numerical
experiments, this harmonic averaging of the phase pressures at interface nodes is not
consistent in the case of a vanishing phase mobility, hence it should not be used in other
equations than interface node flux conservation equations (note that this is always true
for TPFA). A possible remedy is to modify the definition of the fluxes as follows for
SEV\VF, ke Mg:

Ve = Frs(pp™ + 0™ 9Zp), Vo' = Fuslop™ +pip + 0 9Zp). (18)

This modified scheme is denoted by SIM-H in what follows. Both schemes can be de-
scribed as follows:

Step 1: Find pp"™" and (p¥")sey, satisfying (17).
Step 2: Find s and 75 satisfying (10).

Let us remark that, as for the IMPIMS scheme, the pressure system (17) is linear, but
on the other hand it incorporates additional pressure unknowns at interface nodes.
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5 Comparison of the FIM, IMPIMS, SIM-I" and SIM-
H VAG schemes

The set of two rock types is defined by {b,d} with b the barrier rock type and d the
drain rock type. The relative permeabilities are set to k&, (s*) = (s%)? for both rock

types rt € {b,d}. The phase mass densities are set to p™ = 700 Kg.m™ and p" = 1000
Kg.m™3, and the phase dynamic viscosities to u™ =5 1073 Pa.s and p" = 1072 Pa.s.

The test case considers the capillary pressure relations

Pc,b(snw) = pe — by, IOg(l - Snw)? (19)
Pc’d(snw) = —bd IOg(l — Snw)7
parametrized by the entry pressure p, and by, for the barrier rock type and by bq for the
drain rock type.
In the following simulations, the time stepping is defined by At! = At;,;; and for all
n > 1 by
A" = max(Atpas, 1.2A17),

n

in case of a successful time step At", and A"t = , in case of non convergence of the

Newton algorithm in 25 iterations.

The nonlinear systems are solved using a Newton algorithm. To obtain a more robust
convergence of the nonlinear solver for the saturation system, a damping of the Newton
step forces a maximum variation of the weighted discrete unknowns. The cell unknowns
are eliminated without any fill-in before solving the linear systems using a GMRES iter-
ative algorithm preconditioned by a zero fill-in incomplete factorization preconditioner.
The GMRES stopping criterion on the relative residual is fixed to 10~7. The Newton
solver is convergent if the relative residual is lower than 10~* or if the weighted maxi-
mum norm of the Newton increment is lower than 10~*. We denote by N, the number
of successful time steps, by Ncnop the number of time step chops, by Nyewton the total
number of Newton iterations per successful time step, and by Ngvres the average num-
ber of GMRES iterations per Newton iteration. For the sequential schemes, Nyewton and
Namrgs are defined separately for both the pressure and saturation solves. Finally, CPU
(s) stands for the CPU time in seconds using an Intel Core i7 2.6 Ghz processor.

5.1 Oil migration in a 1D basin with one barrier layer

The basin domain is defined by © = (0,80m) x (0,80m) x (0,800m) and includes a
barrier rock type at the center of the domain of width 100 m for z € (350,450) m. It
is discretized using a uniform mesh of size n, x n, x n, with n, = n, = 4 and n, = 80
(see Figure 4). The absolute permeabilities are set to K, = 107 m? and K4 = 107!
m?, and the porosity is fixed to ¢, = ¢q = 0.2. The basin is initially water saturated and
the non-wetting phase is injected from the bottom boundary with the Dirichlet boundary
condition s™ = 0.5 during 400 years. Then, the bottom non-wetting phase saturation
is set to zero for t > 400 years. The bottom non-wetting phase pressure is set to 8.1
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MPa. Dirichlet boundary conditions are set at the top boundary with p¥ = 10° Pa and
s™ = 0. Homogeneous Neumann boundary conditions are imposed at the lateral sides of
the domain. The simulation time is t; = 4000 years and the time stepping is defined by
the initial time step At;,;; = 30 days, and the maximum time step At,,.. = 1 year for
t <200 years and At,,., = 10 years for t > 200 years.

Figures 5 and 7 compare respectively the non-wetting phase saturation at final time
and the variable 7 at the bottom interface as a function of time obtained with the FIM
reference scheme and the IMPIMS and SIM-I' sequential implicit schemes for different
values of the capillary pressure parameters. The non-wetting phase saturation accumu-
lates below the barrier during the injection phase and the leakage through the barrier at
long times after the injection phase strongly depends on the capillary pressure contrast
between the barrier and drain rock types. For small capillary pressure contrast (left plots
in Figures 5-7), the solution is the same for all three schemes. A small oscillation of the
parameter 7 at the bottom interface is visible for the IMPIMS scheme with no significant
impact on the saturation solution. These oscillations increase with higher capillary con-
trast (middle and right plots of Figure 7) despite the L* stability of the saturation and
parameter 7 solutions. Note that these oscillations resulting from the explicit coupling of
the pressure and saturation unknowns at the interface I' actually increase for smaller time
steps. As shown in the middle and right plots of Figure 5, it results that the IMPIMS
scheme provides a wrong solution over-estimating the leakage across the barrier.

On the other hand the SIM-I" scheme provides basically the same saturation solutions
than the FIM scheme for all capillary pressure parameters. It shows that it suffices to
maintain the pressure saturation coupling at heterogeneous rock type interfaces in the
computation of the total velocity fluxes to prevent the oscillations and recover the right
solution. We note still a small oscillation for the case with entry pressure (right plot in
Figure 7) but with no significant impact on the saturation solution. Such oscillation is
somewhat expected in the range (1,2) of the parameter 7 which corresponds to the verti-
cal part of the barrier capillary pressure where the pressure and saturation unknowns are
strongly coupled by the transmission conditions.

The comparison between the reference FIM scheme and the SIM-H-1 and SIM-H
schemes is exhibited in Figures 6 and 8. It is clearly seen that the SIM-H-1 scheme
provides a wrong solution for the largest capillary pressure constrasts (middle and right
plots in Figures 6-8) which is due to the MultiPoint nature of the VAG scheme combined
with the inconsistent approximation of the phase pressures at interface nodes for vanishing
mobilities. This issue is solved by the SIM-H version implementing the correction (18) of
the total velocity fluxes. As for the SIM-I" scheme, the SIM-H scheme provides a rather
bad approximation of the bottom parameter 7 in the range (1,2) for the case with entry
pressure due to the stiff pressure and saturation coupling.
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Figure 4: Cartesian Mesh with 4 x 4 x 80 cells of the domain 2 = (0,80 m) x (0,80m) X
(0,800m), the barrier (in blue) and the drain zone (in red).
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Figure 5: Non-wetting phase saturation at final time obtained with the FIM, SIM-I" and
IMPIMS VAG HU schemes with (left): p. = 0, b, = 6 10° and bqy = 10° Pa, (middle):
pe =0, b, = 6 10° and by = 10* Pa, (right): p. = 6 10°, b, = 6 10° and by = 10? Pa.
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Figure 6: Non-wetting phase saturation at final time obtained with the FIM, SIM-H and
SIM-H-1 VAG HU schemes with (left): p. = 0, b, = 6 10° and by = 10° Pa, (middle):
pe =0, b, = 6 10° and by = 10* Pa, (right): p. = 6 10°, b, = 6 10° and by = 10? Pa.
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Figure 7: Variable 7 at the bottom rock type interface as a function of time obtained
with the FIM, SIM-T" and IMPIMS VAG HU schemes with (left): p. = 0, b, = 6 10° and
ba = 10° Pa, (middle): p. = 0, by, = 6 10° and by = 10? Pa, (right): p. = 6 10°, b, = 6 10°
and by = 10? Pa.
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Figure 8: Variable 7 at the bottom rock type interface as a function of time obtained
with the FIM, SIM-H and SIM-H-1 VAG HU schemes with (left): p. = 0, b, = 6 10° and
bq = 10° Pa, (middle): p, = 0, by, = 6 10° and by = 10? Pa, (right): p. = 6 10°, b, = 6 10°
and by = 10? Pa.

5.2 Oil migration in a 2D basin with 2 barriers

The basin domain is defined by © = (0,800m) x (0, 10m) x (0,800 m) discretized using a
uniform mesh of size n, x n, x n, with n, =40, n, = 1 and n, = 80. It includes two hori-
zontal barrier layers exhibited in blue in Figure 9 surrounded by a drain rock type in red.
The absolute permeability is set to K}, = 107 m? in the two barriers and in K4 = 10~
m? in the drain zone, the porosity is set to ¢, = ¢q = 0.2 for both rock types. The basin is
initially water saturated and the non-wetting phase is injected from the bottom boundary
(600, 800) x (0,10) x {0} with the Dirichlet boundary conditions s™¥ = 0.5 and p"" = 8.1
Mpa. Dirichlet boundary conditions are imposed at the top boundary with s™ = 0 and
p¥ = 10° Pa and the remaining boundaries are assumed impervious. The simulation time
is t; = 600 years with time stepping defined by the initial time step At;,;; = 30 days, and
the maximum time step At,,.. = 1 year.

Figures 10-11-12 exhibit the non-wetting phase saturation obtained at final time us-
ing the FIM, SIM-I", SIM-H and IMPIMS schemes with different values of the capillary
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pressure parameters. For middly contrasted parameters b, = 6 10°, by = 10° and no entry
pressure in Figure 10, all schemes provide basically the same solution with no significant
differences. For the case with highly contrasted parameters by, = 6 10°, by = 10? and no
entry pressure in Figure 11, the IMPIMS scheme over-estimates the leakage across the
barriers. This is also slightly the case of the SIM-H scheme while the solutions of the FIM
and SIM-I" schemes cannot be distinguished. For the case with entry pressure in Figure
12, the FIM and SIM-TI" solutions perfectly match while the SIM-H and IMPIMS schemes
over-estimate the leakage across the barriers.

Tables 2-1-3 exhibit the numerical efficiency of the four schemes for each test case. For
middly contrasted parameters b, = 6 10, by = 10° and no entry pressure, the IMPIMS and
SIM-H schemes are the cheepest schemes thanks to the linearity of the pressure equations
with a higher cost for the SIM-H scheme due to the additional pressure unknowns at
heterogeneous rock type interfaces. The SIM-I" scheme is somewhat more expensive than
the SIM-H scheme since the pressure equation becomes nonlinear. It still provides a gain in
CPU time of a factor larger than 2 compared with the FIM scheme thanks to the reduced
size of the linear systems and the much lower condition number of the saturation system
compared with the fully coupled system or the pressure system. The same conclusions
hold for the two other test cases, except that the IMPIMS scheme exhibit a large number
of time step failures and Newton iterations as a result of the oscillations in time at the
different rock type interfaces.

Figure 9: Cartesian Mesh with 40 x 1 x 80 cells of the domain = (0,800 m) x (0, 10m) x
(0,800 m), the two barriers (in blue) and the drain zone (in red).
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Figure 10: From left to right and top to bottom, non-wetting phase saturation at final
time for the FIM, SIM-I", SIM-H and IMPIMS VAG HU schemes with p. = 0, by, = 6 10°
and by = 10° Pa.

scheme NAt NChop NNewton NGMRES CPU (S)
FIM 617 0 1381 87 390
SIM-I | 617 0 1248/1323 | 87/5.3 187
SIM-H | 617 0 617/1335 | 92/5.3 138
IMPIMS | 617 0 617/1334 | 88 /5.4 105

Table 1: Numerical behavior of the four schemes for the 2D basin test case with p, = 0,
b, = 6 10° and bg = 10° Pa. Note that for the sequential implicit schemes the values of
Nyewton and Navres are specified first for the pressure solve and second for the saturation
solves.
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Figure 11: From left to right and top to bottom, non-wetting phase saturation at final
time for the FIM, SIM-T", SIM-H and IMPIMS VAG HU schemes with p, = 0, by, = 6 10°
and by = 10? Pa.

scheme | Nat | Nchop | Nnewton | Nemres | CPU(s)
FIM 620 1 1996 86 556
SIM-T' 620 1 1478/1614 90/2.7 222
SIM-H 617 0 617/1461 95/3.0 143
IMPIMS | 643 11 643/6027 86/2.7 237

Table 2: Numerical behavior of the four schemes for the 2D basin test case with p, = 0,
b, = 6 10° and bg = 10? Pa. Note that for the sequential implicit schemes the values of
Nyewton and Navres are specified first for the pressure solve and second for the saturation
solves.
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Figure 12: From left to right and top to bottom, non-wetting phase saturation at final
time for the FIM, SIM-I", SIM-H and IMPIMS VAG HU schemes with p. = 3 10°, b, = 10°
and by = 103 Pa.

scheme | Nay | Nchop | NNewton | Nomres | CPU(s)
FIM 617 0 1731 88 497
SIM-I" 622 2 1448/1785 92/3.0 228
SIM-H 617 0 617/1735 95/2.7 150
IMPIMS | 760 40 760/11174 | 92/3.2 393

22

Table 3: Numerical behavior of the four schemes for the 2D basin test case with p, = 3 10°,
b, = 10° and by = 10 Pa. Note that for the sequential implicit schemes the values of
Nyewton and Ngumres are specified first for the pressure and second for the saturation

5.3 Oil migration in a 3D basin with 3 barriers

The 3D basin domain © C (0,100 m)? is exhibited in Figure 14 with its hexahedral mesh.
The mesh includes degeneracies of some hexahedra due to erosion leading to the collapse




of up to three vertical edges of the cell which are accounted for by the VAG discretization.
The three barriers are exhibited in red and meshed with only one layer of cells. Note that
the barrier located in the middle of the domain extends on the full domain horizontally
while the two others extend only on the right horizontal side of the domain. The absolute
permeabilities are set to K, = 107! m? for the barriers and to K4 = 10712 m? for the
drain zone, and the porosity is fixed to ¢, = ¢4 = 0.2 for both rock types. The capillary
pressures are again given by (19) with different values of the parameters used in the
following test cases.

The basin is initially saturated by the wetting phase and the Dirichlet conditions
s™ = 0.9, p¥ = 8 MPa are fixed at the portion of the bottom boundary located be-
low the first barrier and defined by {(z,y) € (0,100) x (0,100) | /22 + y*> < 25} x {0}.
Dirichlet boundary conditions are also imposed at the top boundary with s*™ = 0 and
p" = 8. 10° — p¥gz Pa. Impervious boundary conditions are set at the remaining bound-
aries. The simulation time is ¢; = 10 years with time stepping defined by the initial time
step Aty = 1 days, and the maximum time step At,,.. = 20 days.

From Figures 14-15-16 exhibiting the non-wetting phase saturation at final time, it
is clear that the solutions obtained with the FIM and SIM-I" schemes perfectly match
while both the SIM-H and IMPIMS schemes over-estimate the leakage across the barriers.
For the IMPIMS scheme, these discrepancies are explained by the instability induced
by the decoupling of the pressure and saturation in the transmission conditions at the
interfaces between different rock types. This instability generates oscillations in time and
space which can be observed in the bottom right Figure 16. The SIM-H scheme tries to
circumvent the decoupling issue by jumping over the interfaces. This strategy stabilizes
the coupling but suffers from an inconsistent approximation of the interface pressures
especially on coarse meshes which is particularly the case for this test case with a single
layer of cells in the width of the barriers. On the over hand, the SIM-I" scheme, which
maintains the pressure saturation coupling localized at the heterogeneous interfaces in
the computation of the total velocity fluxes, provides a stable and consistent solution.

Tables 4-5-6 exhibit the numerical behavior of the four schemes on the three capillary
pressures data sets. It shows, as for the previous test case, that the IMPIMS scheme
exhibits a quite high number of nonlinear iterations due to the oscillations in time at
heterogeneous rock type interfaces. The SIM-H scheme is the cheepest thanks to its linear
pressure approximation. The SIM-I" scheme is somewhat penalized by the nonlinearity of
the pressure equation localized at different rock type interfaces, but still outperforms the
FIM scheme in CPU time by a factor 2 or larger.
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Figure 13: Two views on the 3D basin domain with its hexahedral mesh (including
degeneracies of some hexahedra due to erosion) with 31422 cells. The barrier layers
are exhibited in red and the surrounding drain rock type in blue.
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Figure 14: From left to right and top to bottom, non-wetting phase saturation at final
time for the FIM, SIM-I", SIM-H and IMPIMS VAG HU schemes with b, = 10°, bq = 10*
Pa and p, = 0.
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scheme | Na;y | Nehop | NNewton | Nomres | CPU(s)
FIM 192 0 549 92 1560
SIM-T" 192 0 430/467 94/5.8 700
SIM-H 192 0 192/476 | 130/5.7 495
IMPIMS | 192 0 192/2581 91/4.5 1060

Table 4: Numerical behavior of the four schemes for the 3D basin test case with by, = 10°,
bq = 10* Pa and p, = 0. Note that for the sequential implicit schemes the values of Nyewton
and Noumres are specified first for the pressure and second for the saturation solves.
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Figure 15: From left to right and top to bottom, non-wetting phase saturation at final
time for the FIM, SIM-T", SIM-H and IMPIMS VAG HU schemes with b, = 10°, bqg = 10?
Pa and p. = 0.
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scheme | Na;y | Nehop | NNewton | Nomres | CPU(s)
FIM 192 0 711 77 1591
SIM-T" 192 0 529/685 86/4.0 865
SIM-H 192 0 192/528 | 132/4.0 531
IMPIMS | 202 7 192/5036 94/25 1910

Table 5: Numerical behavior of the four schemes for the 3D basin test case with by, = 10°,
bq = 10° Pa and p, = 0. Note that for the sequential implicit schemes the values of Nyewton
and Noumres are specified first for the pressure and second for the saturation solves.
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Figure 16: From left to right and top to bottom, non-wetting phase saturation at final
time for the FIM, SIM-T', SIM-H and IMPIMS VAG HU schemes with p, = 5 10* Pa,

b, = 10° Pa and bg = 10® Pa.
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scheme | Na; | Nchop | VNewton | Nomres | CPU(s)
FIM 192 0 621 94 1637
SIMCT | 192 | 0 | 541/740 | 96/28 | 897
SIM-H 192 0 192/1172 135/2.7 722
IMPIMS | 194 | 1 | 194/4924 | 92/25 | 1830

Table 6: Numerical behavior of the four schemes for the 3D basin test case with p, = 5 10*
Pa, by, = 10° Pa and bq = 103 Pa. Note that for the sequential implicit schemes the values
of Nyxewton and Ngumres are specified first for the pressure and second for the saturation
solves.

6 Conclusions

This work investigates sequential implicit schemes for incompressible two-phase Darcy flow
with discontinuous capillary pressure. The spatial discretization is based on the Vertex
Approximate Gradient (VAG) scheme accounting for unstructured polyhedral meshes
combined with an Hybrid Upwinding (HU) of the transport term and an upwind positive
approximation of the capillary and gravity fluxes. All splitting schemes are built from
the total velocity formulation of the two-phase flow model and only differ in the way
the conservative VAG total velocity fluxes are approximated. It results that the physical
bounds on the saturations and the conservation of both phases are guaranteed whatever
the time steps. It is shown in this work that the classical IMPIMS scheme, based on
an explicit approximation of both the total mobility and of the capillary pressure in
the total velocity fluxes, exhibits severe instabilities for contrasted capillary pressures.
These instabilities increase with reduced time steps and are due to the strong coupling
of the pressure and saturation unknowns localized at the different rock type interfaces.
Two strategies to solve this issue are investigated, the first is based on a jump over the
interface idea classicaly used for TPFA. It has the advantage to maintain the linearity
of the pressure equation but suffers from an inconsistency of the pressure approximation
at interfaces. The numerical experiments show that it allows to recover the stability of
the coupling but leads to an over-estimation of the leakage through the barrier rock type.
The second idea developped in this work is to maintain the coupling of the pressure and
saturation unknowns but localized at heterogeneous interfaces in the definition of the
pressure system which consequently becomes nonlinear. This allows to retreive the same
solutions than the ones obtained with the fully implicit scheme on all test cases with a
gain in CPU time of roughly a factor 2.
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