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A B S T R A C T 

We study the bar instability in collisionless, rotating, anisotropic, stellar systems, using N -body simulations and also the matrix 

technique for calculation of modes with the perturbed collisionless Boltzmann equation. These methods are applied to spherical 
systems with an initial Plummer density distrib ution, b ut modified kinematically in tw o w ays: the velocity distribution is 
tangentially anisotropic, using results of Dejonghe, and the system is set in rotation by reversing the velocities of a fraction of 
stars in various regions of phase space, à la Lynden-Bell. The aim of the N -body simulations is first to surv e y the parameter 
space, and, using those results, to identify regions of phase space (by radius and orbital inclination) that have the most important 
influence on the bar instability. The matrix method is then used to identify the resonant interactions in the system that have the 
greatest effect on the growth rate of a bar. Complementary series of N -body simulations examine these processes in relation 

to the evolving frequency distribution and the pattern speed. Finally, the results are synthesized with an existing theoretical 
framework, and used to consider the old question of constructing a stability criterion. 

Key words: galaxies: kinematics and dynamics – galaxies: star clusters: general. 
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 I N T RO D U C T I O N  

he analysis of the stability properties of self-gravitating rotating
quilibria is a classical problem in fluid and stellar dynamics (Chan-
rasekhar 1969 ), starting with the study of the ellipsoidal figures of
quilibrium. The sequence of the uniformly rotating axisymmetric
aclaurin spheroids, as parametrized by the ratio of the rotational

inetic energy to the gravitational energy T / | W | , exhibits a bifurcation
oint (at T / | W | = 0.13572), where a new sequence of triaxial solutions
ranches off (Jacobi ellipsoids). Maclaurin spheroids with values of
 / | W | that are greater than such a threshold are secularly unstable with
espect to global bar modes. Further along the Maclaurin sequence
when T / | W | > 0.2738), a dynamical instability with respect to a bar
ode sets in. 
In the theory of rotating stars (see e.g. Tassoul 1978 for a com-

rehensive introduction), the investigation of the properties of self-
ravitating rotating fluid bodies has been generalized to the case of
onfigurations with non-uniform density, especially polytropic fluids
ith solid-body (see e.g. James 1964 ; Stoeckly 1965 ; Lai, Rasio &
hapiro 1993 ) and with differential rotation (see e.g. Ostriker & Mark
968 ; Tohline, Durisen & McCollough 1985 ; Hachisu 1986 ; Pickett,
urisen & Davis 1996 ; New, Centrella & Tohline 2000 ). 
On the other hand, in the study of rotating stellar dynamical

ystems, stability analyses have been limited mainly to the context
f discs. Hohl ( 1971 ) and Kalnajs ( 1972 ) provided the numerical
nd analytical evidence that uniformly rotating discs can be strongly
 E-mail: d.c.heggie@ed.ac.uk 
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nstable with respect to global bar modes, if the ordered kinetic
nergy dominates the energy budget of the system. Ostriker &
eebles ( 1973 ) extended this numerical investigation to the case
f differentially rotating discs and conjectured the condition T / | W | <
.14 ± 0.02 as an empirical necessary (but not sufficient) criterion
or the dynamical stability of any rotating stellar system with respect
o global bar-like modes. 

Over the years, a number of studies, mostly based on N -body
imulations, have been carried out to investigate the stability of stellar
iscs (see e.g. Hohl 1976 ; Sell w ood 1981 ), so that the nature of
he rotational instability with respect to bar-like modes was indeed
onfirmed to be dynamical. Few attempts at providing a physical
nterpretation of the Ostriker & Peebles ( 1973 ) criterion have been
ade (Vandervoort 1982 ); several counterexamples or alternative

tability criteria have also been suggested (see e.g. Zang & Hohl
978 ; Aoki, Noguchi & Iye 1979 ; Berman & Mark 1979 ; Efstathiou,
ake & Negroponte 1982 ; Evans & Read 1998 ; Athanassoula 2008 ).
Yet, the stability properties of differentially rotating spheroidal

tellar systems have been rarely explored (see P almer, P apaloizou &
llen 1990 ; Kuijken & Dubinski 1994 ; Sell w ood & Valluri 1997 )

nd the connection with the corresponding fluid systems is only
artially understood (see Christodoulou, Shlosman & Tohline 1995 ).
ome exceptions are represented by the collisionless counterparts
f the uniformly rotating polytropes (Vandervoort 1980 ), Riemann
llipsoids (Vandervoort & Welty 1982 ), and Maclaurin spheroids
Vandervoort 1991 ), for which analytical studies have demonstrated
hat the dynamical instability with respect to bar mode sets in at
o wer v alues of rotation with respect to the Maclaurin fluid sequence
e.g. at T / | W | = 0.17114, see Christodoulou et al. 1995 ). 
© 2021 The Author(s). 
ty. This is an Open Access article distributed under the terms of the Creative 
ch permits unrestricted reuse, distribution, and reproduction in any medium, 
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More recently, there has been a re vi v al of interest in the study of
he stability of differentially rotating fluids, kindled by the surprising 
isco v ery by Centrella et al. ( 2001 ) of an unstable m = 1 mode
n polytropes with strong differential rotation, polytropic index 
 = 3.33, and T / | W | ≈ 0.14. Since then, numerical studies have
onfirmed that m = 1, 2 modes can become unstable in a variety
f differentially rotating fluid models, having values of T / | W | as
ow as 0.01 (Shibata, Karino & Eriguchi 2002 ; Karino & Eriguchi
003 ; Saijo, Baumgarte & Shapiro 2003 ). The study of the stability
f differentially rotating spherical shells (Watts et al. 2003 ; Watts, 
ndersson & Williams 2004 ) suggests that the unstable modes within 
 low- T / | W | differentially rotating configuration are characterized
y corotation within the system. In particular, Watts, Andersson & 

ones ( 2005 ) argued that differential rotation must be sufficiently 
trong in order for instability to occur. Numerical investigations of 
he stability of differentially rotating polytropes by Saijo & Yoshida 
 2006 ) and Ou & Tohline ( 2006 ) strengthened this picture, which has
ow been formalized also in an analytical setting (Saijo & Yoshida 
016 ; Yoshida & Saijo 2017 ). 
In a broader stellar dynamical context, it has been known for over

 century that corotation plays a central role in the stability of shear
ows (see e.g. Orr 1907 ; Lin 1955 ); in the case of self-gravitating
tellar discs, this intuition has offered a key guiding principle since 
he beginning of the development of the density wave theory of
piral structure (see e.g. Bertin & Lin 1996 ; Binney & Tremaine
008 , and references therein), especially in the context of various 
ossible mechanisms underpinning the formation of a central bar in 
isc galaxies (see e.g. pioneering studies by Lynden-Bell & Kalnajs 
972 ; Mark 1977 ; Toomre 1981 ). 
Leaving aside for a moment the role of the angular momentum, it

s worth remembering here that a number of instructive investigations 
ave been focused on the behaviour of spherical , non-rotating stellar
ystems in a purely collisionless setting. Also in this case, the 
nalogy with simple fluid systems has offered a fruitful pathway: 
 numerical stability analysis of the collisionless counterparts of 
lassic polytropes has been conducted by H ́enon ( 1973 ), while an
nalytical criterion for the stability of the case of polytropic index 
 = 3/2 has been proposed by Antonov ( 1987 ). Such studies are
lso representativ e e xamples of the two main approaches broadly 
dopted in this context: direct numerical integration of the rele v ant
quations of motion or of the corresponding collisionless Boltzmann 
quation (see e.g. Barnes, Goodman & Hut 1986 ; Fujiwara 1983 ,
especti vely) and v ariational principles in energy space (see e.g. 
 ynden-Bell 1969 ; L ynden-Bell & Sanitt 1969 ; Doremus, Feix &
aumann 1971 ; Gillon 1980 ). More recently, the stability analysis 
f isotropic spheres has also been extended beyond the search for
ar modes, and the possibility of the existence of lopsided, weakly 
ecaying modes has been revealed (see Weinberg 1994 ; Heggie, 
reen & Varri 2020 , and references therein). 
Subsequent investigations of the behaviour of collisionless spher- 

cal equilibria have progressively ventured into the anisotropic 
egime, mostly by means of techniques based on the analysis of the
ele v ant response matrix or a variety of N -body approaches. Much
ttention has been devoted to the case of radially biased systems
see e.g. Merritt & Aguilar 1985 ; Palmer & Papaloizou 1987 ; De-
onghe & Merritt 1988 ; Saha 1991 ; Bertin et al. 1994 ; Polyachenko,
olyachenko & Shukhman 2007 ; Polyachenko & Shukhman 2015 
mong many others), possibly under the stimulus offered by the 
dentification of a global criterion for the so-called radial orbit 
nstability, first proposed by Polyachenko & Shukhman ( 1981 ). On 
he other hand, tangentially anisotropic systems have enjoyed a lower 
egree of attention, with only a few studies addressing the non- 
rivial investigation of their stability (see especially Mikha ̌ılovski ̌ı, 
ridman & Epel’Baum 1971 ; P alchik, P atashinskii & Pinus 1974 ;
arnes et al. 1986 ; Polyachenko 1987 ; P almer, P apaloizou & Allen
989 ). Selected studies have also considered the case of spherically
ymmetric, rotating, collisionless systems, primarily with approaches 
ased on the linear response theory (see e.g. the early works
n homogeneous systems with rotation by Synakh, Fridman & 

hukhman 1971 ; Morozov, Polyachenko & Shukhman 1974 ) or the
irect numerical integration of the equations of motion (see e.g. Perez
t al. 1996 ; Perez & Aly 1996 ; Alimi, Perez & Serna 1999 ; Meza
002 ). A comprehensive description of several results achieved in this 
rea of research is offered by Polyachenko & Shukhman ( 1981 ) and
 almer ( 1994 ). F or the purpose of the analysis conducted here, we
ish to highlight in particular two mechanisms that can give rise to

inear instability in, respectively, tangentially anisotropic and rotating 
pherical stellar systems: the ‘circular orbit instability’ (Palmer et al. 
989 ) and the ‘tumbling instability’ (Allen, Palmer & Papaloizou 
992 ). 
This study offers a further step along this classic line of theoretical

evelopment, by conducting a stability analysis of several classes of 
quilibrium models characterized by spherical symmetry, anisotropy 
n the velocity space and differential rotation, or shear. The properties
f the equilibria under consideration certainly cannot capture, in full 
enerality, the problem of investigating the stability of spheroidal, 
nisotropic, rotating stellar systems, none the less they offer a useful
etting to bridge our fundamental understanding of axisymmetric 
ystems with different shear prescriptions and spherical systems with 
arious degrees and fla v ours of anisotropy. Particular attention is paid
o the case of tangentially anisotropic systems, which, compared 
o the radially anisotropic ones, have been explored to a much
esser extent. The analysis of the tangentially anisotropic regime 
as certainly much to reveal yet, as evidenced by a new sequence of
lobally unstable, growing modes that has been recently identified 
y Rozier et al. ( 2019 ). 
This study is also part of a series of articles devoted to the study

f ‘kinematic richness’ (i.e. any deviations from the simplifying 
ssumptions of isotropy in the velocity space and absence of 
nternal rotation), which is empirically emerging in a variety of 
tellar systems, including star clusters. Indeed, the second Data 
elease of the European Space Agency mission Gaia has opened 

he era of ‘precision astrometry’ for the study of Galactic astronomy
Gaia Collaboration 2018 ). This new generation of astrometric data, 
omplemented by proper motion measurements from decades-long 
ampaigns with the Hubble Space Telescope (see e.g. Anderson & 

ing 2003 ; Bellini et al. 2017 ) and state-of-the-art spectroscopic
urv e ys (see e.g. Ferraro et al. 2018 ; Kamann et al. 2018 ), enable
s to unlock, for the first time, the full ‘phase space’ of Galactic
lobular star clusters in the 6D position and velocity space. Such
ecent kinematic studies have also further confirmed the growing 
vidence that the presence of internal rotation in globular clusters 
s much more common than previously assumed (see e.g. Bianchini 
t al. 2018 ; Sollima, Baumgardt & Hilker 2019 ) and have enabled
irect measurements of the degree of anisotropy of their velocity 
pace (Milone et al. 2018 ; Jindal, Webb & Bovy 2019 ). This rapidly
 volving observ ational landscape therefore offers the moti v ation to
ddress a number of old and new questions concerning the stability
roperties of this class of stellar systems, with a focus on the role
f internal rotation and velocity anisotropy. More specifically, this 
ontribution generalizes the spherical equilibria adopted by Breen, 
arri & Heggie ( 2017 ) for the study of the role of primordial
nisotropy in the dynamical evolution of collisional stellar systems 
Part I) and prepares the ground for a further evolutionary analysis
MNRAS 502, 4762–4778 (2021) 
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hat will enrich our current fundamental understanding of the role of
ngular momentum in collisional stellar dynamics (Part III; Breen
t al., in preparation). 

The present article is organized as follows. Section 2 describes
he classes of equilibria adopted as initial conditions of our N -body
imulations and outlines the methodology employed for the study and
haracterization of the rele v ant unstable modes. The results of our
tability analysis are presented in Section 3, together with a study of
he spatial-temporal structure of the instability. Next, in Section 4, we
nvestigate the role of resonances, supplementing the analysis of our
 -body models with a comparative study conducted with the aid of

he matrix method (as customized to rotating spheres by Rozier et al.
019 ). Finally, in Section 5, we discuss our results within existing
heoretical mechanisms for bar formation and the broader context of
lobal stability criteria for rotating, anisotropic stellar systems. 

 M E T H O D  

.1 Matrix and N -body methods 

or the study of collisionless stability in stellar systems, the two most
mportant methods are N -body techniques and matrix methods. The
atter deal only with linear stability, and tend to be less flexible, but
rovide a direct insight into the dynamics, being naturally expressible
n terms of action-angle variables (or other invariants). We therefore
dopt this approach in Section 4.2, where we aim to study the role of
arious resonances in the observed instabilities. In order to explore
 wide range of initial conditions (especially in the rotation profile),
o we ver, the results we present first (Sections 3.1–3.3) adopt particle
ethods. The following paragraphs consider these two kinds of

echniques in turn. 
Generally, we a v oid direct-summation N -body methods, because

he need to complete many simulations in a reasonable time tends
o restrict systems to modest N , when stability may be modified
y collisional processes. It has even been said that they ‘should
e regarded as methods of last resort’ (Sell w ood 1997 ). Therefore,
e mainly adopt an efficient (hierarchical) method which makes it

easible to carry out simulations with larger particle numbers, and
mploys softening to further reduce collisionality; for these reasons
ur method of first resort in this work is gyrfalcON (Dehnen
002 ). This is used to generate the main bulk of the numerical results,
hich are in the earlier parts of Section 3. Else where, ho we ver, in
ections 3.4 and 4.3, we do resort to use of the collisional code
BODY 6 (Nitadori & Aarseth 2012 ). 

The matrix method dates back to the work of Kalnajs 1977 (though
is emphasis was on discs) and to the study of non-rotating spherical
ystems by Polyachenko & Shukhman ( 1981 ). For such systems,
he formulation we employ (Rozier et al. 2019 ; see, for example,
quation 4 in this paper) would be identical to that in the appendix
f Polyachenko & Shukhman ( 1981 ), except for notation, which in
ur case is derived from Hamilton et al. ( 2018 ). Our choice of basis
unctions (of biorthogonal density-potential pairs) can be found in
ernquist & Ostriker ( 1992 ) and relies on ultraspherical polynomials.

n the case of rotating systems, our formulation of the matrix equation
ay also differ a little from those found in the literature (e.g.
almer 1994 , equation 8.18), not only because of notation, but also

hrough the choice of distribution function, though such differences 
re minor. 

Throughout the paper (even in sections not devoted to N -body
imulations), units are such that G , the total mass and virial radius
re unity (i.e. H ́enon Units). 
NRAS 502, 4762–4778 (2021) 
.2 Initial conditions 

he initial conditions we adopt all have the same density profile, that
f a Plummer model, and the velocity distribution is constructed in
 series of steps: 

(i) We begin with a model from the series constructed by Dejonghe
 1987 ). These are parametrized by a single dimensionless parameter,
 , in the range ( − ∞ < q ≤ 2). Increasing positive values correspond
o models with increasing radial anisotropy, while increasingly
e gativ e values correspond to those with increasingly tangential
nisotropy. The Einstein–Plummer model, with all stars on circular
rbits, corresponds to the limit q → −∞ . 
(ii) The velocities are adjusted so that a fraction α of the particles

ith ne gativ e azimuthal v elocity v φ (in spherical coordinates r , θ ,
) are changed from ne gativ e to positiv e in a certain region of phase
pace, as described below. Thus, α = 0 corresponds to Dejonghe’s
odel, and when α = 1 all particles have positive azimuthal velocity.
e refer to this change in the velocities as the action of ‘Lynden-
ell’ s demon’ (L ynden-Bell 1962 ), and we use the terms ‘prograde’
nd ‘retrograde’ to mean that v φ > 0 or < 0, respectively. (The demon
an be applied in reverse, as in (b) below.) 

(a) Basic models: In the simplest series of models, the demon
is allowed to work only on a certain fraction of the mass (0
≤ γ 1 ≤ 1) when the particles are ordered by energy. Thus,
γ 1 = 0.2 means that the Lynden-Bell demon works on the
20 per cent most bound particles; γ 1 = 0 gives a Plummer–
Dejonghe model, while when γ 1 = 1 and α = 1, all particles
are given prograde rotation. These models are intended to give
insight into the range of radii that are active in the instabilities
observed in them. 

(b) High-shear models: In the next series of models, the
abo v e procedure is applied to all particles (or rather to a fraction
α of them) in the most bound fraction γ 2 , but in the rest, i.e. the
least bound fraction 1 − γ 2 of them, the Lynden-Bell demon
acts in re verse, re versing v φ for all prograde stars (or a fraction
α of them). These models are intended to maximize the shear
in the rotation profile (Section 2.3), as this may be a factor in
the existence of instabilities. 

(c) Low-inclination models: Third, we consider a series
of models in which the demon works only on stars of low
inclination i < γ 3 π /2, where i is defined in the sense of the
inclination of the orbital plane to the equatorial plane z = 0,
so that 0 ≤ i ≤ π /2. A moti v ation here is to investigate to
what extent an instability can be thought of as being driven by
motions in a thick conical disc. 

(d) High-inclination models: Lastly, we have a set of models
in which the Lynden-Bell demon works only on stars of
high inclination i > γ 4 π /2. Such models may give additional
indications of the geometrical and kinematic characteristics of
orbits that contribute strongly to instability. 

These are the only initial models considered in this paper, but
any variants are possible. For example, in the high-shear mod-

ls, the axis of rotation of the least bound stars may be chosen
ifferently from that of the most bound stars. Many such models
an be explored by setting up initial conditions with the software 
lummerPlus . 1 

https://github.com/pgbreen/PlummerPlus
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Figure 1. Rotation curves of six ‘basic’ models with q = −6, α = 1 and 
values of γ 1 = 0(0.2)1. Here, γ 1 is the fraction of stars, ordered by energy, 
below which the Lynden-Bell demon is applied. The ordinate is the mean 
azimuthal velocity in a cylindrical shell of radius R (the abscissa). Each of the 
200 shells contains 500 particles. The six plots correspond to application of 
the Lynden-Bell demon (with various values of γ 1 ) to the same realization of 
a Plummer–Dejonghe model; therefore the fluctuations in successive models 
are correlated. 
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Figure 2. Rotation curves of six ‘high-shear’ models with q = −6, α = 1 
and values of γ 2 = 0(0.2)1. As Fig. 1 , except that here γ 2 is the fraction of 
stars, ordered by energy, below which the Lynden-Bell demon is applied in 
the sense of prograde rotation, while abo v e that energy it is applied in such a 
way as to give retrograde rotation. 

Figure 3. Rotation curves of six ‘low-inclination’ models with q = −6, α = 

1 and values of γ 3 = 0(0.2)1. As described in the text, the Lynden-Bell demon 
is applied only to low-inclination orbits, with i < γ 3 π /2. The ordinate is the 
mean azimuthal velocity in a cylindrical shell of radius R (the abscissa). Each 
of the 200 shells contains 500 particles. 
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.3 Characterization of rotation 

here are several ways in which the rotation of these models can
e measured. The first is a rotation profile, which can be defined in
ifferent ways, e.g. in spherical or cylindrical geometry, of which 
e concentrate on the latter. It is easily calculated from any model
y first calculating the average rotation speed v̄ φ( R) = 〈 v φ〉 as the
verage azimuthal velocity in a cylindrical shell of cylindrical radius 
 , and a thickness chosen as a compromise between sufficient 
patial resolution and sufficient statistical reliability. From an N - 
ody simulation, the corresponding quantity is easy to compute on a 
rid of R . Several examples are given below (Section 2.4). 
For a global measure of rotation, we compute the rotational kinetic 

nergy, but for this purpose define the average rotation speed on a
ircular ring of given R and z and, again, suitably chosen bin size.
hen the rotational kinetic energy is defined to be 

 = 

1 

2 

∫ 

ρ( R , z) ̄v 2 φ( R , z)2 πR d R d z, (1) 

he integral being e v aluated in practice by summing over the chosen
rid. For our purpose, a fixed grid in R with 100 bins, and a grid
n z adapted to contain approximately equal numbers of particles, 
as adopted. Of particular importance in this field, because of the 
ioneering work of Ostriker & Peebles ( 1973 ), is the dimensionless
arameter T / W , where W is the binding energy of the system. 

.4 Rotation profiles 

ig. 1 illustrates various rotation curves for the set of ‘basic’ models
Section 2.2). In this figure, the uppermost (blue) curve shows the 
otation curve of a model where the Lynden-Bell demon is applied to
ll stars, whereas the lowest shows the rotation curve of the original
lummer model (anisotropy in all the models being modified by 
etting q = −6), and this is non-zero only because the profile has been
etermined from an N -body model. The green curve, corresponding 
o γ 1 = 0.2, shows the result when the demon is applied only to the
0 per cent most bound particles. Other choices of α simply alter the
rdinate in proportion to α. 
Fig. 2 gives similar plots for the ‘high-shear’ (counter-rotating) 
odels, in which γ 2 is the fraction of stars, ordered by energy, below
hich the Lynden-Bell demon is applied to give prograde rotation, 
hile it is applied to the less bound stars to give counter-rotation.
ualitatively the rotation curves look very similar, but the differences 
etween the maximum and minimum (largest retrograde) velocities 
re about twice as large. 

Next, we can consider the effect of the inclination of the rotating
rbits, by applying the Lynden-Bell demon only to orbits of low
nclination; specifically, to stars such that i < γ 3 π /2. The resulting
otation curves are illustrated in Fig. 3 . At small cylindrical radius,
his procedure greatly reduces the amount of rotation (unless γ 3 
MNRAS 502, 4762–4778 (2021) 
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Figure 4. Rotation curves of six ‘high-inclination’ models with q = −6, 
α = 1 and values of γ 4 = 0(0.2)1. The Lynden-Bell demon is applied only to 
high-inclination orbits, with i > γ 4 π /2. The ordinate is the mean azimuthal 
velocity in a cylindrical shell of radius R (the abscissa). Each shell contains 
500 particles. 
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Figure 5. Growth rate versus Ostriker–Peebles parameter for six sets of 
models with q = −6, 0 ≤ α ≤ 1 and various γ 1 . Note that two realizations 
have been computed for the case γ 1 = 1, which gives an impression of the 
accuracy with which the growth rate has been estimated. 

Figure 6. Growth rate for the maximally rotating model at each γ 1 , for 
se veral v alues of q . We ha ve a v oided the isotropic case q = 0, as it is known 
(Rozier et al. 2019 ) that any instabilities here could belong to a different 
family from those at smaller (more ne gativ e) values of q . The result of two 
independent simulations is given for γ 1 = 1. 
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s very large), since most stars at small cylindrical radius must lie
n high-inclination orbits. The effect at large radius is much smaller,
nless the critical value γ 3 is very small. In a complementary fashion,
e can also choose to apply the demon only to high-inclination orbits,

uch that i > γ 4 π /2, which leads to the rotation curves in Fig. 4 . 

.5 Analysis of results 

ur method of searching for a bar, in a spherical model which
s rotating about the z-axis, is described in Rozier et al. ( 2019 ),
long with studies of its accuracy . 2 Briefly , a bar mode in the x , y
lane is measured by computing the following integral, which uses
ylindrical polar coordinates: 

 m 

( t) = 

∫ ∞ 

0 
R d R 

∫ ∞ 

−∞ 

d z 
∫ 2 π

0 

d φ

2 π
ρ( R , z, φ, t) e −i mφ, (2) 

here m = 2 for a bar, and the integral is replaced by a sum of delta
unctions, one for each particle. Then the growth rate is computed
y fitting an exponential 3 to | C m ( t ) | over a suitable time interval.
ctually, this is a relatively insensitive measure for non-rotating

ystems ( α = 0 in this work), as the bar (if there is one) need not
orm in the x , y plane. Therefore, non-rotating systems ( α = 0) can
e measured by computing the corresponding integrals involving
pherical harmonics of the order of l = 2, but this is not what is done
n this study. 

 RESU LTS  

.1 Basic models (prograde rotation) 

e begin (Section 2.2) with the models in which prograde rotation
s added at energies less than (more bound than) a certain fraction γ 1 

f mass. Let us consider first the fiducial case q = −6. Fig. 5 shows
he growth rate η as a function of the Ostriker–Peebles parameter
 / W , where T is the rotational (mean flow) part of the kinetic energy.
 See also the caption to Fig. 5 . 
 A logistic fit is used in Appendix A. 

f  

o  

r  

t  

NRAS 502, 4762–4778 (2021) 
ote that results for γ 1 = 0 are omitted, as these models are stable
in the sense that η is not significantly non-zero), according to Rozier
t al. ( 2019 ). Results for γ 1 = 1 are duplicated, i.e. two independent
ealizations are shown for each value of α, to give an indication of the
umerical uncertainty in the measured growth rate. Each sequence
f symbols corresponds to a gi ven v alue of γ 1 , and one mo v es to the
ight within a given sequence as α increases. This increase in η is
atisfactorily fitted by a cubic power law in T / W , or equivalently 

( q, γ1 , α) = ηmax ( q, γ1 ) α
6 , (3) 

 remarkably steep dependence. 
Because of the scaling with T / W , we shall now only consider the

unction ηmax ( q , γ 1 ), results for which are shown in Fig. 6 . Results
f two models are given at γ 1 = 1, again to give an impression of the
eproducibility of the results for independent initial conditions. Even
he large fluctuations (such as the maximum at γ 1 = 0.8 in the lowest
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Figure 7. Growth rate for the maximally rotating model at each γ 1 , for 
se veral v alues of q , plotted against the value of the rotation speed at radius 
R = 0.5. 
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Figure 8. Scatterplot of all results on models with prograde rotation, in the 
plane of T /W, ̄v φ(1), i.e. the Ostriker–Peebles parameter and the azimuthal 
speed at the virial radius. The growth rate is coded in the size of the plotted 
points; the smallest symbols indicate growth rates less than 0.05. 

Figure 9. Growth rate for the maximally rotating (and counter-rotating) 
model at each γ 2 , for se veral v alues of q . For the reason stated in the text, the 
results for γ 2 = 1 have been duplicated for γ 2 = 0 (though new realizations 
would have led to slightly different results). 
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urve) may be explicable in terms of the choice of initial conditions,
ut trends in the data cannot be so discounted. The qualitative point
hat one may take from this plot is the fact that the growth rate does
ot keep increasing as the fraction γ 1 increases. Rather, the growth 
ate saturates when roughly the inner half of the system (ordered by
nergy) has been set to rotate in one sense. 4 Turning back to Fig. 1 ,
n particular the rotation curves for γ 1 = 0.6, 0.8, and 1, the large
ifferences in these curves, which are particularly evident outside 
 ∼ 0.5, make little difference to the growth rate. By contrast, the
otation curves for γ 1 = 0.2 and 0.4 change dramatically inside r

0.5, as do the growth rates (Fig. 6 ). This region ( r < ∼ 0 . 5), then,
ppears to be the region within which one must seek the mechanism
or the instability, and any quantitative, phenomenological model for 
t. 

To make this discussion more quantitative, in Fig. 7 we show how
he maximum growth rate (as plotted in Fig. 6 ) varies with the value
¯ φ(0 . 5). This plot shows that this value of v̄ φ is a roughly linear
redictor of the growth rate, though for very negati ve v alues of q it
oes not predict well the saturation of the growth rate at the largest
alues of v̄ φ(0 . 5). Incidentally, this value was conveniently available, 
ut values at other neighbouring radii might well be equally useful,
s illustrated just below. 

The maximum growth rate occurs when α = 1, i.e. the Lynden- 
ell demon acts at its maximum le vel. But no w the entire data set (all
alues of q ≤ 0, α and γ 1 ; see Fig. 8 ) can be grasped in outline by
eans of the foregoing analysis. The axes correspond to the Ostriker–
eebles stability parameter and the azimuthal streaming speed at the 
irial radius, and the size of the symbol encodes the growth rate of
he bar. The region of the diagram containing the fastest growth rate
s particularly interesting: although the classical Ostriker–Peebles 
riterion (for flattened systems) T /W 

> ∼ 0 . 14 corresponds rather well
ith the boundary of this region when v̄ φ(1) is large, we now find

trongly unstable models when T / W is much smaller, provided that
¯ φ(1) is small. These are models in which γ 1 is sufficiently small that
he azimuthal speed has dropped almost to zero by the virial radius
cf. Fig. 1 ). In fact the evident, roughly horizontal groupings in this
 Actually there is some evidence from this figure that the saturation level 
s a little lower than the peak level, as one notices particularly for the most 
e gativ e values of q . 

g  

o  

t
f  

F  
iagram correspond to the two or three highest values of γ 1 included
n our numerical surv e y. 

.2 High-shear models (mixed pro- and retrograde rotation) 

or this sequence of models, we assume that the scaling with T / W is
imilar to that in the purely prograde case, and proceed directly to the
esults for α = 1. The growth rate is shown in Fig. 9 . Qualitatively the
esults behave quite similarly to those for the purely prograde models,
nd even the maximum growth rates (which occur for models with
maller, i.e. more ne gativ e, values of q , and then at intermediate
alues of γ 2 	 0.5) are not as dissimilar as the more extreme
radient in the velocity curve (compare Figs 1 and 2 ) might lead
ne to e xpect. Nev ertheless one notices even more strongly that
he maximum growth rate occurs at intermediate values of γ 2 (cf. 
ootnote 4); furthermore the growth rate there is even larger than in
ig. 6 . These remarks suggest that the maximum growth rate depends
MNRAS 502, 4762–4778 (2021) 
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Figure 10. Scatterplot of all results on models with pro- and retrograde 
rotation, in the plane of T /W, | ̄v φ(1) | , i.e. the Ostriker–Peebles parameter 
and the absolute value of azimuthal speed at the virial radius. The growth 
rate is coded in the size of the plotted points; the smallest symbols indicate 
growth rates less than 0.05. 
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Figure 11. As Fig. 10 , except that the abscissa is multiplied by the mean 
azimuthal speed at radius R = 0.2, to separate models that are rotating 
relati vely slo wly at small radii. The gro wth rate is coded in the size of the 
plotted points; the smallest symbols indicate growth rates less than 0.05. 
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n the rotation of the outer (least bound) parts of the system: as γ 1 

ncreases beyond 0.5, these parts start to rotate, and the growth rate
s depressed slightly, while as γ 2 increases beyond 0.5 (Fig. 9 ) the
uter regions switch from retro- to prograde rotation, and the drop in
rowth rate is more pronounced and starts from a higher maximum. 
In Fig. 9 , there are significant changes in the rate of growth at

he left, around γ 2 = 0.2, where the values of ηmax have a very
ronounced minimum, increasing again as γ 2 decreases further. In
act, for γ 2 = 0 the growth rates must be the same (within the error
f the estimates) as for γ 2 = 1, as these two cases have the same
otation curve except for the sense of rotation. 

If we contrast the great difference in ηmax between γ 2 = 0 and γ 2 =
.2 with the small change in the rotation velocity at R = 1, it is clear
hat v̄ φ(1) (coupled with T / W ) cannot be as simple a predictor of the
rowth rate as in the case of the prograde models (Fig. 8 ). In Fig. 10 ,
e show all results for the counter-rotating models, except that now

he ordinate is the absolute value of v̄ φ(1). The result is qualitatively
imilar to that for the prograde models, but more noticeable here is
he fact that there are some very rapidly rotating models (high T / W
nd | ̄v φ(1) | ) with relatively low growth rates. We now investigate the
otation curves of such models to try to identify distinctive features
f their rotation curves. 
In fact, the models with low growth rate, high T / W and high | ̄v φ(1) |

end to have small (very negative) q and γ 2 ∼ 0.2. Such models are
lso v ery distinctiv e in Fig. 9 , as discussed abo v e. What distinguishes
he rotation curve for these models, as can be seen in Fig. 2 , is that
he interior radii of a γ 2 = 0.2 model are hardly rotating, at least
y comparison with radii abo v e about 0.5. We can conjecture that
he growth rate is small when the rotation speed v̄ φ(0 . 2) is small.
herefore, to separate such models better than in Fig. 10 , we simply
ultiply the abscissa by | ̄v φ(0 . 2) | . The result is shown in Fig. 11 .
here is now a much better separation of slowly and rapidly growing
odes, and this choice of parameters has comparable success in the

asic models of Section 3.1. These results confirm our finding (in
hat subsection) that the kinematics of the region inside R 	 0.5 is of
articular importance for the presence of instability. 
While this discussion has been focused on the growth rate, it is also

nteresting to measure the pattern speed in relation to the coexistence
NRAS 502, 4762–4778 (2021) 
f pro- and counter-rotation at different radii. The model with γ 2 =
 is completely counter-rotating (Fig. 2 ), and for q = −16 (which we
ocus on in this paragraph) the pattern speed is also ne gativ e: 
b 	
0.7. 5 The pattern speed reduces in magnitude to −0.5 at γ 2 = 0.1,

ut is about + 0.7 (i.e. prograde) throughout the range 0.3 ≤ γ 2 ≤
. At γ 2 = 0.2, the instability is complicated, and no pattern speed
ould be measured confidently: up until t 	 40 a weak bar grows
ith a fast pattern speed around 
b = −1.7, but this gives way by t
 60 to a bar with faster growth and 
b 	 −0.4. 

.3 Models with prograde rotation at low or high inclination 

ore briefly, we consider the maximal growth rate (i.e. for α = 1) for
odels in which rotation is given only to orbits of low inclination,

.e. those with rotation curv es e x emplified by Fig. 3 , or only to orbits
f high inclination (Fig. 4 ). The results are shown in Fig. 12 , with
he low-inclination series on the right. As γ 3 decreases from 1 to
bout 0.8, the growth rate drops by about a factor of 2, showing
hat stars with inclination abo v e about 70 ◦ are very important in
he instability. (This does not mean that stars of low inclination
re irrele v ant, but they are not sufficient of themselves for rapidly
rowing instability.) A complementary conclusion is drawn from the
igh-inclination models, whose growth rate drops by a comparable
actor if γ 4 increases from 0 to about 0.3, i.e. if one excludes orbits
ith inclination less than about 30 ◦. Thus, the presence of both high-

nd low-inclination stars is necessary for rapid growth, but neither
roup by itself is sufficient. 

.4 Spatial-temporal structure of the instability 

.4.1 Spatial structure 

n this subsection, we focus on the basic case q = −16, α = γ 1 = 1,
here the effects of rotation are strong, and apparently representative
f all the very tangentially anisotropic models we have studied,
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Figure 12. As Fig. 9 , except that the Lynden-Bell demon is applied at 
only low or high inclinations, as determined by the parameters γ 3 and γ 4 , 
respectively. 

Figure 13. Projected density, in the plane z = 0 of the bar in an N -body model 
with N = 16384 at t = 20HU. The result has been obtained by subtracting 
the projected density at t = 0, and therefore shows only the perturbation. The 
data were gridded with a pixel size 0.2 2 HU, and contours were smoothed by 
interpolating to a grid 9 times finer. The scale gives the number per pixel. 
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Figure 14. Growth rate and pattern speed of direct N -body models with N = 

32768, q = −16, γ 1 = 1 for v arious v alues of α. For α = 0, 0.2 results are 
obtained by combining 10 models each, for α = 0.4 there were eight, and 
there was one model each for the three largest values of α. For α = 0, the 
confidence interval on the growth rate extends to negative values, and only 
the upper limit is shown. Also shown, to illustrate the theoretical discussion 
of Section 5.1, is the maximum of 
2 − 
1 /2 for nearly circular orbits, which 
is related to the inner Lindblad resonance (ILR). 
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ncluding the Einstein sphere ( q = −∞ ). Our aim is to present
riefly some information on the spatial extent and shape of the bar.
or other values of q , representations of the density are shown in
ozier et al. ( 2019 , figs 5 and 6 for q = −6, and fig. 10 for other q
 0). 
In N -body simulations with N = 16384, which were conducted 

sing NBODY 6 , the bar is detectable (by Fourier analysis) only inside
he cylinder R 

< ∼ 1 . 5 , | z| < ∼ 0 . 9. Fig. 13 displays the projected density
n the plane z = 0 at time t = 20 (in this model the bar reaches
ts maximum amplitude at about t = 40). This can be compared
ith the result in Rozier et al. ( 2019 , the uppermost inset in their
g.10), obtained by the matrix method (Section 4.2.1). The maximum 

rojected radius in Fig. 13 (at the corners) is nearly the same as the
aximum cylindrical radius quoted above, and faint extensions can 

e seen at these radii. Also of interest here are the parts at right angles
o the bar with ne gativ e projected density. In the N -body model at
ime t = 20, the core radius has decreased from an initial value of
bout 0.32HU to a value of about 0.26HU, presumably because of
arly core collapse. Possibly for this reason, the projected density at
he centre of the bar is abo v e zero. 

.4.2 Growth rate and pattern speed 

he results that follow are based on a dedicated set of direct N -body
odels with N = 32768 particles, with anisotropy parameter q =
16. They are basic models of the type discussed in Section 3.1 with
1 = 1, i.e. the Lynden-Bell demon is applied everywhere. Our aim

s to discuss the dependence of the time scales of the bar instability
n the rotation parameter α, with a view to informing the discussion
f Section 5.1.2. Detailed discussion of the methods of analysing the
uns are given in Appendix A. Results are given in Fig. 14 . 

While details of the analysis and interpretation of this plot are
iven in later sections and the appendix, explanation is required here
or the fact that any pattern speed at all has been measured for the non-
otating case α = 0. We emphasize that no growth could be measured
ith confidence; all that is shown in Fig. 14 is an upper limit. But the

nalysis of the m = 2 Fourier coefficient C 2 (see equation 2), using
he autocorrelation of arg ( C 2 ), clearly demonstrated the presence of
scillation with the stated pattern speed. The figure supports the view
hat the bar instability in models with α > 0 connects continuously
ith the dynamical behaviour of the non-rotating model, but does 
ot imply that the non-rotating model is unstable. 

 R E S O NA N C E S  

.1 Resonances in tangentially biased spherical systems 

he role of resonances in the occurrence of bar instabilities in discs
s sufficiently well known to be textbook material (e.g. Binney &
remaine 2008 ). Less familiar, ho we ver, is their role in spherical
ystems, despite the substantial literature referred to in Sections 1 and
.1. In this introductory subsection, we focus on (very) tangentially 
nisotropic systems, where the radial motions are small, and we can
MNRAS 502, 4762–4778 (2021) 
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Table 1. Resonances in the leading-order perturbations of epicyclic motions 
in a rotating spherical model. Names that are not in common use are given in 
slanted type. Here, the orbital inclination i is used in its conventional sense, 
with retrograde orbits having π /2 < i ≤ π . 


b = i -dependence Name ( n 1 , n 2 ) 

0 sin 2 i tumbling (0,0) 

 (1 + cos i ) 2 corotation (0,2) 

 − κ/2 (1 + cos i ) 2 ILR ( − 1, 2) 

 + κ/2 (1 + cos i ) 2 OLR (1,2) 
±κ/2 sin 2 i epicyclic ( ± 1, 0) 
−
 (1 − cos i ) 2 reverse corotation (0, −2) 
−
 + κ/2 (1 − cos i ) 2 reverse ILR (1, −2) 
−
 − κ/2 (1 − cos i ) 2 reverse OLR ( − 1, −2) 

Figure 15. Resonances related to circular motions in a Plummer potential 
perturbed by a bar. Also shown is the approximate pattern speed of a bar in a 
rotating model with q = −16, α = 1 and 0.4. 
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2 at time 15 in an N -body 
model with N = 32768, q = −16, α = 1, γ 1 = 1, along with the loci of 
five resonances. At this time the model exhibits a growing bar (Section 4.3), 
and the pattern speed was determined in its early growth phase. OLR/ILR: 
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mploy the epicyclic approximation. Then the main resonances can
e identified by a quite elementary calculation (Appendix B); it leads
o the results given in Table 1 , which we now explain. 

We suppose there is a bar perturbation, whose pattern rotates with
ngular speed 
b . Then the familiar corotation resonance (line 2) is
iven by 
b = 
, where 
 is the circular angular velocity . Similarly ,
he Inner and Outer Lindblad Resonances (ILR, line 3; OLR, line
) are defined by 
b = 
∓κ/2, where κ is the epicyclic frequency.
hat is more unfamiliar is their inclination-dependence; and what
e have termed reverse resonances would be the normal corotation

nd Lindblad resonances for a bar with retrograde pattern speed (as
ne can see from the i -dependence). Finally, there are what we have
ermed epicyclic and tumbling resonances, which are strongest at
igh inclinations (near π /2). 
In a more general setting (Section 4.2), these resonance relations

re written as 2 
b = n 1 
1 + n 2 
2 , where n 1 , n 2 are integers, 
1 

s the frequency of radial motions, and 
2 is the mean longitudinal
requency, which generalize κ and 
, respectively. These number
airs are included in the last column of the table. 
The simplest situation in which to visualize the possible location

f these resonances is the limiting case q → −∞ (the ‘Einstein
phere’), when the frequencies 
1 , 
2 become κ , 
. Combinations
f these frequencies are plotted in Fig. 15 . Also shown is the observed
attern speed (Section 3.4.2) found for the model with q = −16 in
NRAS 502, 4762–4778 (2021) 
he cases α = 0.4, 1. Here, the anisotropy is sufficiently tangentially
iased that the Einstein sphere is approximately representative. 
In a later section (Section 4.3), we shall present some evidence

f the influence of resonances on the behaviour of particles in N -
ody models. Here, for one model, we simply present in Fig. 16 the
istribution of particles in the space of the frequencies 
1 , 
2 , where
heir proximity to the various resonances can be appreciated visually.
or the initial conditions of a model with N = 32768 particles, q =
16 and α = 1 ( γ 1 = 1 in Section 2.2), the values of 
1, 2 were

alculated by integrating the equations of motion in the Plummer
otential. 
The distribution is narrow because the anisotropy is quite extreme

 q = −16) (in the limit q → −∞ the distribution would have
een 1D). The ILR and its retrograde counterpart appear to involve
o particles, but we shall see (Section 4.2.2) that the former still
ppears to play a central role in the dynamics, and present below a
ossible reason for this. There are, ho we ver, particles lying close to
he other three resonances, and empirical evidence for their influence
s studied in Section 4.3. We can see immediately, ho we ver, that these
articles are confined to the low-frequency part of the distribution,
nd this means that they affect stars at relatively large radius. With
he exception of the ‘tumbling’ resonance, the remaining resonances
n Table 1 appear to play no role. 

In this section, we identified resonances by examining the Fourier
ecomposition of the perturbing potential. In first-order orbital
erturbation theory, a giv en F ourier term giv es rise to perturbations
ontaining a resonant denominator ω − n 1 
1 − n 2 
2 , where ω
s the frequency of the explicit time-dependence of the perturbing
otential. If resonance is strictly defined as the vanishing of this
enominator (Jalali & Hunter 2005 , p.810) then resonances do not
ccur if the perturbation grows, but ‘only near-resonances at which
he denominators [....] are small’ (if the growth-rate is small). But
hese authors also (their p.819) point to a situation, closely analogous
o ours, in which the Fourier component corresponding to the ILR is
mportant even though no particle is in strict or near-resonance. It is a
ituation in which ‘the denominator [...] is never large for any orbit’,
n apt description for the fact that the line labelled ‘ILR’ in Fig. 16
s approximately parallel to the distribution of points. Such a Fourier
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correspond to the same kind of resonances. This is illustrated by the different 
inclination-dependence of resonances and their ‘reverse’ analogues in Table 1 . 
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erm, it seems, may have a comparable importance to a resonant term
n which a small fraction of particles are in ‘near -resonance’ b ut for

ost particles the denominator is large. Though it can be argued that
here is no resonance at all if the denominator is not small compared
ith typical orbital frequencies, we prefer to regard the ILR as a
eak resonance affecting most, if not all particles. In general, in 
hat follows we take a liberal view of what is meant by ‘resonance’.

.2 Analysing the role of resonances with the matrix method 

ot all theoretical discussions of bar instabilities in discs seem readily
daptable to spherical systems, and here we follow specifically the 
rguments proposed by Palmer et al. ( 1989 ) and Allen et al. ( 1992 ).
hese two papers were concerned largely with two instabilities. In 

he earlier paper, they developed a theory of what they termed the
ircular orbit instability , generated by the ILR, and in the later
aper they turned to a so-called tumbling instability , generated 
y what we have (for that reason) termed the tumbling resonance 
Table 1 ). Both papers proceed from the study of the linearized, orbit-
veraged collisionless Boltzmann–Poisson system. More precisely, 
hey demonstrate the existence of neutral (or unstable) solutions to 
he resulting eigensystem by only keeping terms that correspond to 
 particular resonance (or a particular set of resonances) between the 
nstability and the orbital frequencies in the system. We propose to 
se a similar method, and try to test whether these mechanisms can
e responsible for instabilities in the systems studied in this paper. 

.2.1 Method 

n order to investigate in detail the role of resonances in the develop-
ent of instabilities in tangentially anisotropic, rotating systems, we 
 xtended the v ersion of the matrix method formulated in Rozier et al.
 2019 ) to the case of rotating spheres. The matrix method identifies
nstable modes as eigenvectors (with an eigenvalue equal to 1) of
he response matrix 

̂ 

 pq ( ω) = (2 π) 3 
∑ 

n ∈ Z 3 

∫ 

d J 
n · ∂ F /∂ J 

ω − n · �( J ) 

[
ψ 

( p) 
n ( J ) 

]∗
ψ 

( q) 
n ( J ) , (4) 

here the integral runs over the action space ( J r , L , L z ) consisting of
he radial action, the total angular momentum, and its z-component, 
espectively; F is the phase-space distribution function of the system; 

= ( 
r , 
φ, 0) are the frequencies of a given orbit; ψ 

( p) 
n is a

ourier-transformed element of a bi-orthogonal potential-density 
asis; n is a three-vector of integers; and ω = ω 0 + i η is the
comple x) frequenc y of the instability (oscillation frequenc y and 
rowth rate). Examining the integrand in equation (4), we can see 
hat the denominator is resonant, in the sense that it can take very
mall values in some parts of action space. Those orbits where 
 − n · �( J ) is close to 0 are expected to be decisive in the
evelopment of the instability, since they contribute the most in the 
esponse matrix. We then call the 3D vector of integers a resonance
ector : at a given n , the corresponding integral will mainly involve
he orbits that are at the n 

th resonance with the instability. 
As a consequence, each integral term in the sum of equation (4)

an be regarded as the contribution to the response matrix from
he orbits that are at the n 

th resonance with the instability. So, in
rder to investigate the role of each resonance in the development 
f instabilities, one can separately study the influence of each 
orresponding term in the matrix. We decided to follow this principle 
n order to study the interplay between resonances and instabilities 
n tangentially biased, rotating systems. More specifically, instead of 
ust comparing the amplitude of the resonance terms in equation (4),
e opted for the full mode search developed in Rozier et al. ( 2019 ),

pplied to response matrices in which only a subset of the resonance
erms were kept: if I is a sub-ensemble of Z 

3 , we searched for modes
ssuming the response matrix is restricted to 

̂ 

 pq ( ω) = (2 π) 3 
∑ 

n ∈ I 

∫ 

d J 
n · ∂ F /∂ J 

ω − n · �( J ) 

[
ψ 

( p) 
n ( J ) 

]∗
ψ 

( q) 
n ( J ) . (5) 

uch an approach has already been used in a study of disc instabilities
y Polyachenko ( 2005 ). 
An important constraint on the ensemble of resonances to consider 

omes from the fact that ̂ M pq ( ω) ∝ δ
n 3 
m 

p δ
n 3 
m 

q . Since we are focusing 
n 2-fold symmetric instabilities, 6 we only compute matrix terms 
ith m 

p = m 

q = 2, hence the sum in equation (5) is restricted to n 3 =
. Consequently, in the following paragraphs, we will consider I as
 sub-ensemble of Z 

2 , and define ̃  n = ( n 1 , n 2 ) . 
Using this notation, we can label some crucial resonances by 

heir resonance vector ˜ n : ( −1,2) corresponds to the ILR, (0,2) is
he corotation resonance, (1,2) is the OLR, and so on (Table 1 ).
ach resonance should be understood through the relative value of 

he vector elements, so for each resonance vector ˜ n , its opposite˜ n corresponds to the same kind of resonance. 7 Hence, whenever 
 resonance vector will be included in the ensemble I, it will be
ssumed that its opposite is also included. As identified in Rozier
t al. ( 2019 ), there is little influence from | n 1 | > 2 to the instabilities
n tangentially anisotropic, rotating systems, so that we will restrict 
he study to the pairs ( n 1 , n 2 ) with | n 1 | ≤ 2. As a consequence, the
ase of the complete matrix has eight different resonance vectors: 
 0 = { (0 , 0) , (0 , 2) , ( −1 , 2) , (1 , 0) , (1 , 2) , ( −2 , 2) , (2 , 0) , (2 , 2) } , the
rst five of which are listed in Table 1 . 
Finally, we draw attention to the fact that a major difference

etween rotating and non-rotating systems emerges in the case 
 

 = (0 , 0) . The corresponding term in the response matrix (equation 
) is directly related to the L z -gradient of the distribution function,
nd is independent of the orbital frequencies. We will refer to it as
he tumbling term: while it does not correspond to any resonance
nvolving orbital frequencies, it is shown in Allen et al. ( 1992 ) that
his term is associated with the tumbling of orbital planes under the
ffect of a perturbation (see also Palmer 1994 ). 

In summary, our aim is to investigate the role of resonances by
xamining the effect on the growth rate and pattern speed of removing
ome of the corresponding terms from the calculation. In order to
trengthen the case for this method, we present in Appendix C the
esult of its application to the well-studied radial orbit instability 
egime found in Rozier et al. ( 2019 ). We now apply it to the
angentially biased rotating systems that are the focus of this paper,
nd concentrate on the models with q = −16 and α = 0.4, 1. 

.2.2 Application to instability in tangentially biased systems 

n order to identify which resonances are the most critical to the
nstabilities, we compared the results of the full matrix with results
hen a single resonance is remo v ed. The importance of the remo v ed

esonance in the instability is then estimated through the change in
MNRAS 502, 4762–4778 (2021) 
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Table 2. Values of the growth rate and pattern speed found through the 
restricted response matrix method applied to the ( q , α) = ( − 16, 0.4) and ( q , 
α) = ( − 16, 1) tangentially biased systems: comparison between the matrix 
of reference (complete) and the series of matrices obtained by removing a 
single resonance. 

I 0 \ I (remo v ed) η(0.4) 
b (0.4) η(1) 
b (1) 

∅ (reference) 0 .012 0.36 0 .24 0.66 
( − 1, 2) 0 .0002 0.13 0 .0066 0.33 
(1,2) 0 .0082 0.33 0 .088 0.60 
(0,2) 0 .0040 0.30 0 .022 0.49 
(0,0) 0 .0073 0.33 0 .044 0.40 
(1,0) 0 .0044 0.36 0 .20 0.66 
( − 2, 2) 0 .010 0.36 0 .24 0.66 
(2,2) 0 .010 0.33 0 .20 0.66 
(2,0) 0 .011 0.36 0 .24 0.66 
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Figure 17. Evolution of the distribution of 
2 during the early growth of 
a bar in an N -body model with N = 32768 particles, q = −16 and α = 1. 
The black bar shows the variation of 
b (which decreases slightly) during the 
same interval of time. The green bars show the ranges of the epicyclic (right) 
and Outer Lindblad (left) resonances. For those resonances, the breadth of 
frequencies is mainly due to the width of the distribution of frequencies in 
the initial conditions (Fig. 16 ). 
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rowth rate and oscillation frequency of the instabilities found with
nd without the resonant term. 

Table 2 shows the values of the growth rates and pattern speeds
hat were obtained by the restricted matrix method in the two cases

= 0.4 and α = 1, alternatively removing each of the resonant
erms that are present in the matrix of reference. Notice that the
alues of the growth rate and pattern speed of reference do not
xactly correspond with those of Rozier et al. ( 2019 ): for the sake
f numerical efficiency, we opted for fewer radial basis functions,
o the mode reconstruction is not as accurate. Ho we ver, the present
eference case identifies the same instability, and we ensure the self
onsistency of the present method by performing matrix calculations
ith constant parameters, in particular the nature and number of

adial basis functions. Similarly, the discrepancy in the measured
rowth rate of the α = 0.4 cluster between simulations (see Fig. 14 )
nd matrix method is probably due to the relatively low number of
asis functions used. 
Let us first focus on the α = 0.4 case. Some resonances have little

nfluence both on the growth rate and on the pattern speed of the
ode: removing either of ( − 2, 2), (2,2) or (2,0) does not impact

he frequencies by more than 20 per cent. 8 Some resonances have a
ore significant impact on the instability growth rate: removing a

erm among { (1, 2), (0, 2), (0, 0), (1, 0) } depletes the growth rate
y at least 30 per cent, and up to 70 per cent. The pattern speed,
o we ver, is barely impacted by the removal of any of these terms. It
ppears that the contribution to the instability from the resonances
n these groups can be interpreted as follows: none of them has a
undamental role in the formation of the instability, ho we v er, the y
ll contribute more or less to it by increasing its growth rate. This
nalysis does not apply to the ILR term ( − 1, 2): when it is remo v ed,
he remaining instability has a growth rate about 50 times smaller
han the reference one, while its pattern speed is depleted by about
 factor 3. This indicates that the instability identified in the absence
f the ILR term is of a different nature from the one identified in all
he other cases. 

The maximally rotating, α = 1 cluster seems to present a more
ubtle behaviour. One can still identify a group of resonances that
ave little significance to the instability: { (1, 0), ( − 2, 2), (2, 2), (2,
) } . The group of resonances that influence the growth rate but not the
attern speed is now reduced to one element: the removal of the OLR
 It is not hard to show that these terms are smaller than the others by a 
actor at least of the order of the epicyclic amplitude, which is small in these 
angentially anisotropic models. 




 

F  

o  

b  

NRAS 502, 4762–4778 (2021) 
erm results in the depletion of the growth rate by a factor of 3 and
f the pattern speed by about 10 per cent. A new category emerges:
he tumbling and corotation terms are now associated with decrease
f a factor, respectively, about 5 and 10 in the growth rate, and of,
espectively, about 40 per cent and 25 per cent in the pattern speed.
inally, the ILR term is still the one bearing the most importance in

he instability, as its removal leads to a depletion of a factor about 40
n the growth rate, and about 2 in the pattern speed. 

The most important process that leads to instability seems, in
oth α = 0.4 and α = 1 cases, to be borne by the ILR term in the
atrix. This is indicative of a similarity between the instabilities in

oth cases. Ho we ver, the behaviour of the other terms changes when
otation increases: the importance of the ( − 2, 2), (2,2), (2,0) and
specially (1,0) terms is lower at higher rotation, while corotation,
he OLR and the tumbling terms gain importance with rotation. The
umbling term seems to gain a particular role in setting the high
attern speed of the instability at high α. 
Before we pass on from the matrix method, it is worth mentioning

hat we have focused here on the most rapidly growing mode. For a
road range of values of large α and ne gativ e q (in models where the
ynden-Bell demon is applied everywhere), it coexists with a second
ode that has smaller growth rate and pattern speed (by factors of

he order of 5 and 2, respectively). 

.3 Resonances in an N -body model 

n this section, we return to N -body modelling to examine evidence
or resonant behaviour. In particular, we discuss direct N -body
imulations of basic models with γ 1 = 1 (i.e. the Lynden-Bell demon
s applied everywhere), especially the case of extreme tangential
nisotropy ( q = −16) and maximal rotation ( α = 1). This exhibits
 rapidly growing bar that reaches maximum amplitude at about t =
0, but its growth is clearly non-linear by t = 15 (when a plot of
he amplitude against time has an inflexion from concave upwards to
oncave downwards). During this shorter interval the pattern speed
b decreases from 0.73 to 0.60. 
The initial conditions and rele v ant resonances are shown in

ig. 16 , and now Fig. 17 shows the evolution of the distribution
f the azimuthal frequency 
2 during the period of roughly linear
ehaviour. In most cases, it is difficult to distinguish features from

art/stab365_f17.eps
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Figure 18. Change in the distribution of 
2 between t = 0 and t = 15, given 
separately for particles of high ( i > 60 ◦; green) and low inclination (red); the 
thick black line gives the sum, i.e. all inclinations. The error bars on the latter 
giv e the av erage and 1 σ standard error of the mean o v er 10 simulations. F or 
the first two graphs the error bars would be larger by about 40 per cent. The 
horizontal bars at the foot have the same meaning as in Fig. 17 , but depend on 
the bar pattern speed, which was determined for only one of the simulations. 
The binwidth is half that of Fig. 17 . 
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ampling fluctuations, and we shall impro v e the statistics below, 
ut in view of the large numbers of particles per bin, it is hard to
ispute that there is a significant increase around 
2 = 0.65 and 
n equally significant decrease around 1.05 (the mid-point of the 
istogram bar is quoted). It is tempting to link the first of these
ith corotation. Again tentatively, the second could be associated 
ith the ‘epicyclic’ resonance: in Fig. 16 the corresponding line 

rosses the upper margin of the distribution of points, where they 
re concentrated, at a frequency just below 
2 = 1. Other features 
t higher frequency, if regarded as significant, correspond to none 
f the resonances listed in Table 1 , but there is another at a lower
requency, about 
2 = 0.4, which could very well correspond to the 
LR, as can be seen from Fig. 16 . 
It is worth examining the distribution of those stars that contribute 
ost to the evolution of f ( 
2 ). Fig. 18 shows two plots corresponding,

especti vely, to lo w and high inclination, and also the plot for all
nclinations (black). The red curve, for instance, shows the change 
rom t = 0 to t = 15 in the number of particles in a bin (centred at the
ndicated values of 
2 ), counting only those of inclination i < 60 ◦.
esults from 10 independent simulations have been combined, and 

he bin size is half that of Fig. 17 . The sum, plotted in black, adds
onsiderable significant detail to what can be inferred from Fig. 17 .
n the features at 
2 	 0.4 and 0.65, the change is predominantly
ue to particles of low inclination, but the opposite is true of the
eature at 
2 	 1.05. Bearing in mind the inclination-dependence 
oted in Table 1 , these results lend weight to the interpretations as
ehaviour at the outer Lindblad, corotation and epicyclic resonances, 
espectively. 

Despite what has just been said about the epicyclic resonance, 
ctually the resonant frequency is somewhat too small (see the 
osition of the rightmost horizontal bar in the figures), and in this
espect a better interpretation is offered by consideration of the ILR,
he importance of which has already been established in Section 4.2. 
t is defined by 
b = 
ILR ≡ 
2 − 
1 /2, and it is found that, in
he limit q → −∞ , the expression 
ILR reaches its maximum value 
t a radius where 
2 = 1.09. Its importance is emphasized again in
ection 5.1. A third possible interpretation is that the feature near 
2 = 1 (from about 0.8 to 1.1) is composite. 
As with the inclination, one may study the radial distribution in
he bins which we have associated with resonance, but the radius is
ssentially given by the frequency 
2 , which is a decreasing function
f radius. Indeed the bins at 
2 = 0.4, 0.65, and 1.05 correspond to
pproximate radial ranges 2 < r < 2.8, 1.2 < r < 1.6, and 0.6 < r <
.8, respectively. 
What has been learned from studying the evolution of the distribu-

ion of 
2 can also be attempted with the distribution of 
1 , related
o the epicyclic resonance, and 
1 + 2 
2 , involving the OLR. But
gain because of the narrowness of the distribution of the two basic
requencies, one sees evidence of rapid evolution at essentially the 
ame corresponding frequencies, i.e. those which may be associated 
ith all three resonances, plus some evidence for unattributable 

volution at still larger frequencies. 

 DI SCUSSI ON,  SUMMARY,  A N D  

O N C L U S I O N S  

.1 Destabilizing mechanisms in tangentially anisotropic, 
 otating spher es 

.1.1 A Theoretical fr ame work for bar formation 

his paper has presented a diversity of empirical information on bar
ormation in a tangentially anisotropic, rotating spherical system. 
o tie everything together, it is helpful to set our findings within a

heoretical framework, and the one which we now present, though 
ot original, has pro v ed most fruitful in the exploratory aspects of
ur research. 
Palmer et al. ( 1989 ) and Allen et al. ( 1992 ) exhibit two particular
echanisms that can give rise to linear instability in, respectively, 

angentially anisotropic and rotating spherical stellar systems: the 
ircular orbit instability and the tumbling instability. Their approach 
s via a careful analysis of the linearized orbit-averaged Boltzmann–
oisson system, in which the first step is to treat one resonance in

solation, and then all others are treated as perturbations. For both
echanisms, it is shown in the first step that the system would exhibit
 particular set of neutral modes (i.e. modes with vanishing growth
ate) in the absence of the perturbing resonances , but that such a mode
ay be destabilized by the perturbing resonant interactions. While 

he tumbling process is linked to the precession of orbital planes
nder the influence of a rotating bar, the circular orbit instability
merges from the influence of a bar on the apsidal precession of the
rbits, entailing changes in 
ILR (defined in equation 6). 
In the case of the circular orbit process, the characteristics of the

nstability are the following: 

(i) The ILR is at the source of the neutral mode, hence it is the
undamental cause of the instability. 

(ii) The mode rotates at a pattern speed larger than (but close to)
he maximum value of the ILR frequency, defined by 

ILR = 
 − 1 

2 
κ. (6) 

ig. 15 shows this frequency in the present clusters as a function of
adius. 

(iii) Destabilization is ensured by other resonances, at the oscilla- 
ion frequency of the mode. 

A similar list of characteristics can be given for the tumbling
nstability: 

(i) The tumbling process [corresponding to the (0,0) resonance 
ector] is at the source of the neutral mode. 
MNRAS 502, 4762–4778 (2021) 
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(ii) The pattern speed is nearly proportional to the rotation
arameter α. This comes from the fact that the tumbling term in
he eigenequation describing the neutral mode (see equation 8.31 in
almer 1994 ) is proportional to α/ ω. 
(iii) Destabilization is ensured by other resonances, at the fre-

uency of the mode. 

Before passing on to a discussion of empirical evidence on the
echanisms of bar formation, we mention here one factor that

upports the framework of the abo v e theory: the presence of a second
ode (see the last paragraph of Section 4.2.2). The main problem of

he cited authors’ approach, in which only one resonance is included
n the first instance, exhibits not one but a sequence of neutral modes,
nd there is no reason to suppose that only one of them can be
estabilized by perturbing resonances. 

.1.2 The role of tumbling and resonances: empirical evidence 

he series of experiments using the matrix method that we reported in
ection 4.2 helps in associating the instabilities we exhibited through
 -body experiments (mainly in Section 3) with the processes of tum-
ling and circular orbit instability. We begin mainly with the matrix
esults, and then pass on to an interpretation of the N -body data. 

The ( q , α) = ( − 16, 0.4) case is particularly eloquent : it is obvious
from Table 2 ) that the instability mostly depends on the ILR; the
attern speed of the mode lies just abo v e the maximum of 
ILR (see
ig. 15 ); and the role of other resonances seems to be to accumulate

he growth rate. The ( q , α) = ( − 16, 1) case seems to follow a similar
rend, yet less tightly matching the characteristics of the circular
rbit instability: the ILR term still bears most of the instability; the
attern speed is twice as high as the maximum of 
ILR ; and yet some
ther terms play an important role, in particular the one associated
ith the tumbling process. In contrast to the conclusions of Allen

t al. ( 1992 ), it seems that the instabilities in the present tangentially
nisotropic, rotating systems cannot be attributed to the tumbling
nstability alone. Perhaps the high values of the pattern speed and the
rowth rate may diminish the accuracy of their perturbative approach.
he results of Table 2 rather point to a mixing of the circular orbit
nd the tumbling processes, the ILR still being the most important
esonance in the creation of the instability. 

It is at first sight paradoxical to assert that the ILR is central to
he observed instabilities, when Fig. 16 shows that no particles in the

odels lie close to resonance. Ho we ver, the restricted matrix method
Table 2 ) sho ws that, e ven if the pattern speed is f ar aw ay from any
alue 
ILR can take in the system (more than twice its maximum
alue when α = 1), the ILR is fundamental to the development of
n instability in the system. Furthermore, there are indications in the
 -body models that the ILR is playing a vital role: the frequency
easurements presented in Figs 17 and 18 show strong activity in

articles for which 
2 = 1.05, which corresponds closely to the
alue of 
2 at which 
ILR takes its maximum value ( 
ILR = 0.29).
inally on this point, we recall Fig. 14 , which illustrates the ‘floor’

hat the pattern speed reaches as the rotation parameter α decreases;
his floor is near the maximum of 
ILR , as expected in the scenario
utlined in Section 5.1.1. 
The foregoing remark, that a resonance may have a vital role even

n the absence of resonant particles, echoes a point made near the end
f Section 4.1, and should be borne in mind in assessment of the role
f the tumbling instability. (This is formally the condition 
b = 0,
nd is never satisfied in our models.) Consider in particular the region
2 > 1.1 in Figs 17 and 18 , which corresponds to relatively low radii.

t is populated with orbits that do not resonate with the pattern at any
NRAS 502, 4762–4778 (2021) 
f the usual low order resonances, but there is evidence in Fig. 18
hat the variations in this inner region mostly affect high-inclination
rbits. Therefore, we interpret the activity here as being due to the
umbling process, because of its inclination-dependence (Table 1 ). 

The results of Sections 3.1 and 3.2 show that much importance
ttaches to these inner orbits: from the high-shear models, we know
hat flipping the orbits at R < 0.4 is enough to nearly suppress the
nstability, while building a larger and larger rotating core of radius
.4 < R < 0.75 increases the growth rate of the instability in the
nner system up to its maximum value. By contrast, the results of
hese two sections also show that what happens at larger radii ( R
 0.5, say) hardly matters: this region may rotate, counter-rotate,

r not rotate at all. The importance of the most central orbits is
lso supported by the shapes of the modes, as shown by Fig. 13
nd in Rozier et al. ( 2019 ): the modes seem to be confined to the
nner part of the cluster, as by about R = 0.45 in the present units,
he density in the bar has dropped to 10 per cent of its maximum
alue. All the evidence supports the view that the tumbling process,
hile not dominant in the generation of instability, is an important

omponent of the mechanism that creates it. 
It should be noted that the foregoing discussion refers to the

ylindrical radius R . For high-inclination orbits, such as those most
ffected by the tumbling and epicyclic resonances, the spherical
adius is significantly larger. Still, Fig. 18 shows that there is also
ome activity in the low-inclination orbits (in the inner region on
hich we have been focusing). 
Low-inclination orbits have a particularly important role in the

egions of the OLR and corotation (around 
2 = 0.4 and 0.7,
espectively); these are orbits at relatively large radius. The matrix
esults ho we ver sho w that the role of these resonances is of less
mportance than those of the tumbling or the ILR. This is consistent
ith the stability results of Section 3.3: both high and low-inclination
rbits matter, but the high inclination ones are more important than
he low-inclination ones. 

A final factor that hints at the significance of the tumbling reso-
ance at high α is the theoretical result (mentioned in Section 5.1.1)
hat the pattern speed of the rele v ant neutral mode is proportional
o α. This suggests an explanation of the rising pattern speed for
> ∼ 0 . 5 in Fig. 14 ; this could not continue for small α, as then the

amping effect of the ILR would come into play (Palmer et al. 1989 ,
.1292). It is interesting to note also, from Table 2 in the case α = 1,
hat removal of the (0,0) term reduces 
b to a value quite similar to
he reference result for the case α = 0.4 which, we have argued, is
onstrained by the maximum of 
ILR . 

To sum up, the present results point to the following scenario
or the formation of instabilities in tangentially anisotropic, rotating
ystems: in the inner region of the cluster, the tumbling of orbital
lanes (especially for high-inclination orbits) and the drift in apsidal
recession far from ILR cooperate to the formation of an unstable bar.
he growth rate of this pattern is enhanced by resonance with outer
rbits at the epicyclic resonance and (most noticeably) the corotation
esonance and the OLR, in particular with the low-inclination orbits.
hus, there is a kind of cooperation between all the resonances,
hich diminishes high-inclination orbits in the inner regions, and

nhances those of low inclination at larger radii. Both effects create
he flattened structure of the bar. 

.2 Towards a general stability criterion 

n their classic study, Ostriker & Peebles ( 1973 ) stated that discs
ecome ‘approximately stable’ when T / | W | falls to a value of
.14 ± 0.02. The wording shows just how difficult it is to establish
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tability through numerical methods, and the same problem arises 
n our work. Furthermore, the emphasis in their work was on discs
with or without haloes), whereas ours is mainly (but not e xclusiv ely)
n spherical models that rotate globally. Nevertheless, we take the 
striker & Peebles criterion as our starting point in this subsection. 

.2.1 General rotating models studied in this paper 

igs 8 , 10 , and 11 summarize the results of our main numerical
urv e ys, placing them in the space of growth rate, T / W and particular
ircular velocities in the cluster. Even if there seems to be a trend
owards more rapid instability with increasing T / W , an important
raction of our parameter space does not satisfy the Ostriker–Peebles 
riterion. The present results simply add to the number of published 
eviations from this law ( see e.g. Zang & Hohl 1978 ; Aoki et al.
979 ; Berman & Mark 1979 ; Efstathiou et al. 1982 ; Evans & Read
998 ; Athanassoula 2008 ), and yet are among the few that exhibit
uch deviations in purely spherical clusters. 

As a consequence, it appears that the linear stability of spherical 
ystems cannot be uniquely determined by the ratio between global 
inetic energy in rotating motion and global gravitational potential 
nergy. Nor would the global angular momentum be more useful: our 
imulations of clusters with counter-rotating components (high-shear 
odels, Section 3.2) imply the presence of fast growing instabilities 

n clusters with arbitrarily low global angular momentum (when the 
ngular momentum of the inner prograde and outer retrograde parts 
f the cluster compensate). 
An important reservation should be made at this point, con- 

erning the presence of instabilities with lo w gro wth rates. On
ne hand, in terms of measurements by analytical means (i.e. 
he response matrix in the present case), the behaviour of the 
nalytical indicators at low growth rate gets very intricate (see 
.g. Pichon & Cannon 1997 ; Merritt 1999 ; Rozier et al. 2019 ),
hich makes it complicated to measure growth rates accurately. 
n the other, the measurement of slo wly gro wing instabilities in
umerical simulations also has a number of technical difficulties. 
n particular, measuring the growth of these very weak instabilities 
bo v e the background noise requires a sufficient integration time, 
nd in N -body simulations as well as in actual physical systems,
he time-scale required for the growth of such instabilities can 
 v erlap with the secular time-scale of two-body relaxation in the
luster. As a consequence, one might miss the growth of an insta-
ility, because the system has already secularly evolved to a stable 
onfiguration. 

Yet, even if we only focus on reasonably large growth rates (say
> 0.05), the results of Fig. 10 show that the stability of spherical

lusters has at least one additional degree of freedom compared to 
he single one used by Ostriker & Peebles ( 1973 ). As discussed in
ection 5.1.2, rotation in the innermost part of the cluster seems to
ave a critical influence on the increase in growth rate, compared to
he non-rotating case. Fig. 11 shows that a combination of T / W and the
ean azimuthal velocity at R = 0.2 makes a better stability criterion

han the original T / W , even if the separation between stable and
nstable systems (or , rather , slowly and rapidly growing instabilities)
n that space is not yet perfect. 

Let us remark in closing that the 2D space of global rotation
through T / W ) and azimuthal velocity at a given radius can be mapped
nto the space of global rotation and shear: a cluster with high
 ̄v φ(0 . 2) | displays low shear if T / W is also high, and high shear if
 / W is low; a cluster with low | ̄v φ(0 . 2) | displays high shear if T / W is
igh, and low shear if T / W is low. 
.2.2 Non-rotating models with nearly circular motions 

e take the view that the question of the stability of a non-rotating
quilibrium with a high degree of tangential anisotropy is still 
nsettled. On the one hand, Polyachenko ( 1987 ) uses the WKB
pproximation to show that such spheres are linearly stable. However, 
his result only probes the case of quasi-local disturbances, while we
easure large-scale patterns (as illustrated by Fig. 13 ), which may be

eyond the scope of the WKB approximation. On the other hand, the
ossibility of large-scale instabilities in such spheres is supported 
y Palmer et al. ( 1989 ), based on complementary analytical and
umerical results. A consequence of this finding, if confirmed, would 
e that sufficiently tangentially anisotropic clusters seem to display 
nstable behaviour, whatever their degree of rotation or shear . But
e caution that this intriguing regime deserves a careful analysis that
oes beyond the scope of the current paper, and we hope to present
 contribution dedicated to this topic in the future. 

.3 Conclusions 

his paper focuses on the collisionless stability of rotating, spherical 
tellar systems, using a mix of N -body simulations, the matrix method
or the evolution of perturbations, and some physical ideas. Our 
tarting point is a set of anisotropic Plummer models (Dejonghe 
987 ), whose anisotropy is parametrized by a parameter q ; our
ocus is on models with q < 0, whose velocity distribution is
angentially biased. To these models, we apply different versions 
f the Lynden-Bell demon (Lynden-Bell 1960 ), in which the rotation
f a fraction α of stars is reversed in a region of phase space defined
n terms of integrals of motion, and parametrized in various ways
y a parameter γ . Instances of these models were generated with
he publicly available software PlummerPlus , and their evolution 
tudied using the public version of gyrfalcON . 9 Supplementary 
tudies used NBODY 6 (Nitadori & Aarseth 2012 ). The matrix method,
escribed for example in Rozier et al. ( 2019 ), was also used to search
or unstable modes. 

Our conclusions are as follows: 

(i) For values of q < 0 and 0 < α ≤ 1, the models are rather
enerally unstable to the formation of a rotating ‘bar’ perpendicular 
o the axis of rotation. 

(ii) In models in which the anisotropy parameter q = −6, and a
raction α of retrograde stars have the rotation reversed, the growth 
ate of the mode is approximately proportional to α6 (Fig. 5 ), at
east when α is large enough that the growth rate can be measured
eliably. In extremely tangentially anisotropic models, the pattern 
peed diminishes as α decreases, but remains abo v e a certain limit,
nd is detectable even in non-rotating systems (Fig. 14 ). 

(iii) If only stars with energy below a certain fraction γ 1 of the
inimum energy have their rotation reversed, the growth rate reaches 

oughly its maximum value if γ1 > ∼ 0 . 5, i.e. if the Lynden-Bell demon
s applied to at least the most bound half of the stars (Fig. 6 ). 

(iv) In models in which stars below a given energy have the
ynden-Bell demon applied in a prograde sense and for the remainder 

t is applied in a retrograde sense, the minimum growth rate occurs
hen the proportions of retrograde and prograde stars in the most
ound 40 per cent of the system are nearly the same (i.e. the case
2 = 0.2 in Fig. 9 ). 
(v) If the Lynden-Bell demon is applied to only the stars with

rbital inclination abo v e (or below) some limit, the growth rate
MNRAS 502, 4762–4778 (2021) 
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ontinues to increase as the limit increases to include polar orbits
or decreases to include equatorial orbits, respectively) (Fig. 12 ). 

(vi) The bar produced by the instability is detectable only within
he cylinder R 

< ∼ 1 . 5 , | z| < 0 . 9 in H ́enon units (Section 3.4.1). 
(vii) Though the dynamics is affected by several other resonances

eyond the familiar Lindblad and corotation resonances, no individ-
al resonance appears to play an essential role (Table 2 ). 

(viii) The pattern speed of the bar, which varies surprisingly little
rom one model to another, is such as to a v oid the ILR everywhere,
nd the corotation resonance in the cylindrical region where the bar
s found (Figs 14 and 15 ). 

(ix) The ILR is the single most important resonance in the bar
nstability, even though there are no particles at the ILR (Fig. 16 and
able 2 ). Other significant resonances are the OLR, the corotation
esonance, and two resonances that we refer to as ‘tumbling’ and
epicyclic’ resonances (Table 2 and Figs 17 and 18 ). 

(x) It cannot be shown, from the results in this paper, that any of
he surv e yed models is stable against bar formation. If, instead of
earching for a stability criterion, one searches for a criterion that
etermines which models may e xhibit r apid instability, we show
hat, in addition to the global rotational kinetic energy, it is helpful
o include a measure of the rotation speed at a radius inside the virial
adius of the system (Fig. 11 ). 
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PPEN D IX  A :  DETERMINATION  O F  

IME-SCALES  IN  T H E  M O D E L S  O F  SECTI ON  

. 4 . 2  

his appendix describes details of the way in which data for Fig. 14
ere derived from results of N -body simulations. 
The analysis of C 2 (equation 2) began with the growth rate. For

arge α, | C m | was found to saturate at some time t max . For these
odels ( α ≥ 0.6), the growth rate was obtained by fitting a logistic

urve (which is nearly exponential at early times) in this time interval.
or smaller α, where the growth of a bar (if present) did not saturate
y time t = 200, a simple exponential fit was used. In these cases,
o we ver, data from se veral models were combined: eight for α = 0.4
nd 10 each for α = 0, 0.2. In all cases, error bars represent the 1 σ
symptotic confidence interval. 

The pattern speed was estimated by examining the time series of
rg ( C 2 ). For a rotating bar, this exhibits a sawtooth wave form, the
ngular speed of each segment being twice the pattern speed. For
arge α it was e v aluated by simply counting the number of periods
ithin the selected time interval (see abo v e), and the motion could
e easily seen to be prograde. For α = 0.4, the expected prograde
attern was still visible in places, but with irregularities which 
revented the determination of the pattern speed by the same method.
or the pattern speed, data from several runs could not be simply
ombined, and an alternative method was used, viz. calculation of the
utocorrelation of the time series of arg ( C 2 ). Averaging results over
everal runs (as mentioned above) gave a reliable autocorrelation 
ith an estimate of the standard error. The form of the average

utocorrelation function is a clear decaying oscillation. The location 
f its first maximum was determined by applying a quadratic fit to
he section on either side of the maximum, as far as the neighbouring

inima. This method does not allow determination of the sense 
f pattern rotation. This is therefore undetermined for α = 0.2, 
ut is presumed to be prograde. For α = 0, it may be either, or
ossibly a mixture (actually surface-harmonic expansion shows that 
here are five modes with l = 2, but three are filtered out by the
efinition of C 2 ). 

PPENDI X  B:  R E S O NA N C E S  IN  I NCLI NED  

PI CYCLI C  M OT I O N S  PERTURBED  BY  A  

 OTATI NG  B  A R  

n the context of disc dynamics, Binney & Tremaine ( 2008 , section
.3.3) use the expression � 1 ( R , ϕ) = � b ( R )cos [2( ϕ − 
b t )] as
 model for the potential of a planar bar, where R , ϕ are plane
olar coordinates in the orbital plane, 
b is the pattern speed, and
 b specifies the radial dependence of the potential. The obvious 

xtension to three dimensions is � 1 ( r , θ , φ) = � b ( r )sin 2 θcos [2( φ

b t )] in spherical coordinates, since the angle-dependence is that 

f an l = 2 spherical harmonic. 
We consider the first-order perturbing potential of a particle 

hich, at lowest order, is in epicyclic motion on a plane inclined
t inclination i to the x , y plane ( θ = π /2), and passes its ascending
ode at longitude 
 at time t = 0. 10 In cylindrical polar coordinates
 R , ϕ, z) based on the orbital plane, with the angular coordinate ϕ =
 at the node, it is easy (but a bit tedious) to show that 

 1 ( R, ϕ, z = 0) = 

1 

4 
� b ( R) 

{
2 sin 2 i cos [2( 
 − 
b t)] + 

(1 + cos i) 2 cos ([2( 
 − 
b t + ϕ)] + 

(1 − cos i) 2 cos ([2( 
 − 
b t − ϕ)] 
}

. (B1) 

Now we make use of the epicyclic approximation, by which 
Binney & Tremaine 2008 , equations 3.91 and 3.93a) 

 = R 0 + X cos θ1 (B2) 

 = θ2 − γX sin θ1 , (B3) 

here ( R 0 , θ2 ) are the cylindrical radius and longitude of the guiding
entre, X is the radial amplitude of the epicyclic motion, θ1 is the
hase of the epicycle, and γ is a certain function of R 0 . Substituting
quations (B2) and (B3) into equation (B1) and expanding to lowest
rder in X , we can readily locate all trigonometrical terms of the
orm {

cos 
sin 

}
(2( 
 − 
b t) + n 1 θ1 + n 2 θ2 ) , (B4) 

here n 1 , n 2 are (small) integers. This includes the pair (0,0), which
rises from the first term in equation (B1). Using the fact that θ̇1 , 2 =
1 , 2 (the radial and azimuthal frequencies), these terms yield the 

esonances listed in Table 1 , including the stated i -dependence and
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PPENDIX  C :  APPLICATION  O F  T H E  

E STR ICTED  MATRIX  TO  T H E  R A D I A L  O R B I T
NSTABILITY  

s described in Binney & Tremaine ( 2008 ), spherical systems
iased towards radial orbits are subject to the so-called radial orbit
nstability. This instability emerges through a Jeans process, by the
lustering of radially elongated orbits around a bar-like o v erdensity.
ore precisely, the torque applied by a weak bar on a radially

longated orbit acts to modify the apsidal precession rate of the orbit
i.e. 
2 − 
1 /2), in such a way that the angle between the bar and the
llipse tends to decrease. This process results in a bar-like instability,
ith a pattern speed in the range of the radial orbits’ precession rates.

n this process, the orbits around the ILR are particularly critical,
ince they form the main body of the instability. In a rotating system,
almer et al. ( 1989 ) show that the tumbling process also participates

n the destabilization of the radial orbit instability. Here, we apply
he restricted matrix method to the case of a radially anisotropic,
otating Plummer sphere, which gives a well-constrained test-case
or its application. 

Table C1 reports the values of the growth rate and oscil-
ation frequency found by the restricted matrix method in the
 = 2 , α = 1 system, when a variety of combinations of reso-
ance vectors are tested. The computation of reference includes
ll rele v ant resonance vectors with | n 1 | , | n 2 | ≤ 2, corresponding
o I 0 = { (0 , 0) , (1 , 0) , (2 , 0) , ( −2 , 2) , ( −1 , 2) , (0 , 2) , (1 , 2) , (2 , 2) } . 
t appears that turning off terms corresponding either to the ILR
NRAS 502, 4762–4778 (2021) 
able C1. Values of the growth rate and pattern speed found through the
runcated response matrix method applied to the q = 2, α = 1 radially biased
ystem. 

 η 
p 

eference 0.088 0.073 
 − 1, 2), (0, 0) 0.088 0.066 
 0 \ ( −1 , 2) < 2 × 10 −4 –
 0 \ (0 , 0) 0.033 0.027 
 − 1, 2) 0.018 0.024 
0,0) < 2 × 10 −4 –

r to the tumbling process from the full matrix lowers the growth
ate and modifies the oscillation frequency of the instability, while
eeping only those two terms together preserves both its growth rate
nd (nearly) its oscillation frequency. These results show that the
estabilization of radially anisotropic rotating systems is guaranteed
hrough the interaction of the radial orbit and tumbling processes
nly. In that case, the identification of these processes is made easy
y the largely dominant role played by the corresponding terms in
he response matrix: the second line of Table C1 shows that all other
esonance vectors can be neglected w.r.t. ( − 1, 2), (0, 0). Section 4.2
hows that tangentially anisotropic systems are more complex in that
espect. 
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