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CRITICAL PROBABILISTIC CHARACTERISTICS OF THE CRAMER MODEL FOR
PRIMES AND ARITHMETICAL PROPERTIES

MICHEL WEBER

ABSTRACT. This work is a probabilistic study of the ‘primes’ of the Cramér model, which consists
with sums S, =Y 5 &;, n > 3, where &; are independent random variables such that P{§; = 1} =
1—P{& =1} =1/logi, i > 3. We prove that there exists a set of integers . of density 1 such that

1
0.0.1 liminf (1 P{S 1 > ,
( ) ylg}}gw( ogn)P{S, prime} > T

and that for b > %, the formula
1 1 my+y/2bB,Togn  (1—my)?
w / e 2B dTL'(t),
V27B,,  Jm,—/26B,Togn
in which m,, = ES,,,B,, = Var§,,, holds true for all n € ., n — oo,
Further we prove that for any 0 < 1 < 1, and all n large enough and §) < { < exp{

(0.0.2) P{S, prime } =

clogn }
loglogn J»

letting S), = ¥}_¢&;.

P{S; ¢-quasiprime} > (1— n)IZgC’

according to Pintz’s terminology, where ¢ > 0 and Y is Euler’s constant. We also test which infinite
sequences of primes are ultimately avoided by the ‘primes’ of the Cramér model, with probability 1.

Moreover we show that the Cramér model has incidences on the Prime Number Theorem, since
it predicts that the error term is sensitive to subsequences. We obtain sharp results on the length and
the number of occurences of intervals / such as for some z > 0,

Sy — mp|
(0.0.3) sup ——— <z,
nel V Bn

which are tied with the spectrum of the Sturm-Liouville equation.

Keywords: Cramér’s model, Riemann Hypothesis, gap between primes, primes, divisors, quasi-
prime, subsequences, probabilistic models.
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1. INTRODUCTION.

Let & = {p;,i > 1} denote the sequence of consecutive prime numbers. Cramér’s probabilistic
model basically consists with a sequence of independent random variables &;, defined for i > 3 by

1 1
(. Ple=1) =1 PE=01=1-p o

This work is a probabilistic study of the ‘primes’ of the Cramér model, most of the results
obtained have an easy arithmetical interpretation. We show that the Cramér ‘primes’ are contained
in the set of ‘primes’ of the Bernoulli model. This is applied to test which infinite sequences
of primes are with probability 1, ultimately avoided by the ‘primes’ of the model. We further
thoroughly study the probability P{S, prime } and P{S, {-quasiprime} (sections 4, 3).

We also describe new results of different type. Some preliminary facts, at first it is easy to check
that for this model, the standard limit theorems from probability theory are fulfilled: the strong law
of large numbers (SLLN), the central limit theorem (CLT), the law of the iterated logarithm (LIL),
the local limit theorem (LLT), and also an invariance principle (IP) hold (Proposition 2.3). This is
true in a wider setting. These points are briefly detailed and completed in Appendix A, which also
contains a sharp estimate of the characteristic function of S, = Y7 5 &; and the value-distribution
description of the divisors of S,,. Let ¢’ = {j > 3: &; = 1}. Note that obviously S, =#{v € €: v <
x} for all reals x > 3. In particular, the LIL implies that

(1.2) #{lve€:v<x}= / ﬁ+ﬁ (v/xloglogx),
0g
with probability one.
Thus by (1.2),

(1.3) #H{ved v<x}= /logt (x29),

with probability one. The same result for the prime sequence & is equivalent to the Riemann
Hypothesis (RH).
The LIL is a consequence of Kolmogorov’s LIL, and yields the more precise result

#{ved v<x}— jlegét

(1.4) lim sup

= 1,
X—boo 2 (logx) loglogx

with probability one.
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We question the analogy made with (1.3) and prove that this model possesses finer tied proper-
ties, enlighting the above analogy somehow differently. We notably prove that if x runs along any
increasing subsequence of integers .4,

* o dr
(1.5) #{ve%:vgx}:/ — + 0 (Vxn(x)),
2 logt
with probability one. And we may have that ¢ 4 (x) = o(y/loglogx), in fact ¢ 4 (x) can be as slow
as desired, along a suitable subsequence ..

Thus (1.5) implies that ‘the prime number theorem’ in Cramér’s model is sensitive to the sub-
sequence on which x is running, which seems not corroborated with any existing result concerning
the counting function 7(x).

In the limiting case ¢@_y (x)= Const, we study the number of occurences and the length of intervals
[ for which

ISy —ES,| <

sup —— <z,
nEII) \/ Var(S,)

z being some positive real. Such a property, namely the maximal duration of small amplitudes of
S, around ES,,, is quite sensitive to the value taken by z, and turns up to be tied with the spectrum
of the Sturm-Liouville equation. We obtain in Theorems 2.2, 2.4 quite sharp results. The proofs
combine the IP with small local oscillation results of the Ornstein-Uhlenbeck process.

(1.6)

Write ¢ = {P;, j > 1}, where P; are the instants of jumps of the random walk {S,,n > 1}, which
are recursively defined as follows,

(1.7) P =inf(n>3:S,=1}, Poi=inf{n>P,:S, =1} v> 1.

The main characteristic of Cramér’s model is that heuristically 4" should imitate well the sequence
Z. He proved that with probability one, one has
Pyi1—P

(1.8) limsup — Y =

voe  log” Py
On the basis of this result, he wrote in [3] p. 28, “Obviously we may take this as a suggestion that,
for the particular sequence of ordinary prime numbers p,, some similar relation may hold.” He
conjectured (Cramér’s conjecture) that for some positive constant c,

(1.9) limsup 2PV ¢
voe  lOg” py

The almost sure limit result (1.8) has no arithmetical content, as it is purely probabilistic. Further
the sequence of differences {P,;+; — P,,v > 1} is a sequence of independent random variables,
which is a very strong property. Impressive numerical evidences (up to 10'8) of (1.9) are given [21],
see also [9], but depending on the scale of the observed phenomenon, 10'® might be a very little
number (at least in the fast-growing hierarchy of numbers), and paraphrasing Odlyzko’s note [22],
that conjecture, if true, can be just barely true. On the other hand, if the conjecture were true, no
real singularity should appear, in other words the observed phenomenon is being from the beginning
locally ‘similar’. If so, one may wonder what could be a reason. We refer the reader to [2], [3], [9],
[23], [28] notably, for results conforting or contrary to the Cramér conjecture, which nowadays still
appears as a mathematical ‘spell’.

Cramér’s model does not assert that there are any primes in the sequence %, and variants of this
model either. An important question, apparently overlooked in the related literature, thus concerns
the possible primality of S,, namely the study of the probability P{S, prime}, prior to the one of



Critical probabilistic and arithmetical characteristics of the Cramér model for primes 4

probability P{P, prime}. The LIL (for instance) shows that such a property is tightly related to
the distribution of primes in small intervals, making thereby vain the hope of obtaining definitive
results, even on assuming RH. Let m, = ES, = B, = VarS, =Y"_ %(1 Let

Jj=3 log logf)
b > 1. The intervals

n 1
j=3logj’

I, = [my, — \/2bB,loglogn,m, + /2bByloglogn],

are no longer overlapping as soon as n runs along very moderated growing subsequences. Along
such a subsequence S, can be prime, n large, only if I, contains a prime number. These intervals are
of type

[x — cxz (loglogx) 2 ,x],

for some ¢ > 0. It is at present quite out of reach, even on assuming the validity of the RH, to decide
for which x, such an interval contains a prime number. One can also makes the similar observation
from the sharpened version of the local limit theorem given in Proposition 3.1.

Thus we are in a case where we have a model predicting largest size of gaps between primes,
whereas, even on RH, we could not know whether the ‘primes’ of the model are prime. Recall
some results on primes in small intervals. Assuming the RH, the best result known to us states as
follows,

(1.10) w(x)—m(x—Yy) :/xx L+ﬁ<leog{ . })

v logt x? logx

for y in the range 2x2 logx <y < x. Thus for M > 2 fixed,
(1.11) 71(x) — 7(x — Mx? logx) ~ x? {M + & (logM) }.

See Heath-Brown [11], see also the recent paper [10] and the references therein. Without assuming
RH, Heath-Brown proved in [11] that if £(x) > 0, £(x) — 0 as x — oo, then

(1.12) (x)—m(x—y) = b);)c(1+ﬁ(84(X))+ﬁ<lolg()1g()fx)4>

for y in the range xT2 €W <y< This slightly improves Huxley’s earlier result in [13]

(10g (logx)**
correspondlng to €(x) = 0. Huxley’s result shows that the PNT extends to intervals of the type

[x,x+x?], X <9< namely that,

o™

$®

(1.13) #{x,x+x°|N P} ~ Togx”

We however obtain in Theorem 2.5, without assuming RH, a sharp estimate of P{S,, prime }, for
almost all n, namely for all n, n — oo through a set . of natural density 1. The lower bound,

(1.14) hmmf (logn)P{S, prime} > 0,

S In—reo
is also proved.

Further the property for S, to be z-quasiprime is investigated. We obtain in Theorem 2.6 a sharp
estimate of the probability that S; be {-quasiprime, k large and for the range of values {y < § <
exp { clog(k)/loglog(k) }, ¢ > 0.
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2. MAIN RESULTS.

It is well-known that the LIL (at least for centered square integrable i.i.d. sums) has slower
amplitude than the one given by the classical normalizing factor  /2nloglogn, when n is restricted

to subsequences. For instance, if n runs along the subsequence ./ = {22k,k > 1}, then the LIL
restricted to .#” holds with normalizing factor \/2nlogloglogn. See [31] for a characterization of
the LIL for subsequences. The same phenomenon holds in fact - with no additional requirement -
for the Cramér model.

Theorem 2.1. Let .V be any increasing sequence of integers. Then,

S.— .
lim sup 1S;=mj|

N Djreo \/E‘PA/(J)

almost surely, where function @_y (n) is defined in (7.1).

1,

Roughly speaking, given M > 1, I, =|]M*, M**'], ¢ 4 (n) is defined as being equal to y/21og(p + 2)
if n € A NI, I, being the p-th interval intersecting 4.

In the next Theorems we obtain very sharp results on the length, and also the frequencies of the
intervals / for which (1.6) holds, namely

‘Sn —my|
sup

—F <z
nel \/Bn ’

z a positive real (corresponding to ¢_y = Const).

Theorem 2.2. Let f : [1,00) — R™ be a non-decreasing function such that f(t) 1 oo with t and
f(t) = 0p(tP). There exists a Brownian motion W such that

liminf  sup 1Si=mjil _ liminf  sup W( 1)|7
= gspcokyier) V/Bj koo e gty \/Bj

with probability 1. Let f.(t) =logt, ¢ > 0. Then
. |S; —mjl
liminf sup — <7z
koo gapi<etfier) VB

with probability 1, if and only if ¢ < 1/A(z). And A(z) is the smallest eigenvalue in the Sturm-
Liouville equation
2.1 y(x) —xy'(x) = -Ay(x),  y(-z)=y(z) =0.
This is a positive strictly decreasing continuous function of z on |0,00[. Further,
2
2.2) A(z) ~ a2 asz — 0.
Towards this aim, we prove that Cramér’s model satisfies an invariance principle:

Proposition 2.3 (IP). Let 1/a < B < 1/2. There exists a Brownian motion W such that if

1
Y = sup— sup|S; —m; — W (B))
n Bj j<n

then, EYY < 00, 0 < o < 1.
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Thanks to the IP above, the question studied in (1.6) can be transferred into a similar one con-
cerning Brownian motion. This is done in section 6, where Theorem 2.2 is proved.

We also obtain a sharp estimate on the number of occurences of the sets

S._ .
2.3) Bk(f,z>:{supM§z}, k=1,2,...

JEJ k \/FJ

where Jy = {j: N <B; <Nf(N)}. Let

A |W (t )‘
) - p <_ )
k(f Z) {ek<ts<ekf(ek) \/f Z}

and let also v, (f,z) = Yy P{A«(f,2)}.
Theorem 2.4. Let 0 <7 <z<7Z". Letalso 0 < c < 1/A(Z'). Then fora > 3/2,

{ Z X (for) < Va(fe:d") + (V,{/z(fc,z") log” Vn(fc,z”)), n ultimately} =1,

n

{v,, (fe,7) Z Bi(forr) T Ca ( (fc, )log“vn(fc,zl)), nultimately}zl.

Further for all n,

n n

Ki(2) Y kMO <v(fer2) <Kalz) Y kA0,

k=1 k=1

Estimates of the sums }';_; k—*() are given in (6.6). The question arises whether the refinements
obtained (Theorems 2.1, 2.2, 2.4) may also have an interpretation on the function 7(x).

The Cramér model is used to ‘predict’ several, sometimes quite elaborated results on the distribu-
tion of primes. The example given in (1.5) is very striking, as the subsequence-LIL is a well-known
companion result of the standard LIL, and cannot be dissociated from it. Thus if one uses the Cramér
model to make such a prediction concerning the PNT (see after (1.2) and (1.4)) from the standard
LIL, probably its most simple prediction, one should also consider the prediction which arises with
(1.5), and argue whether this is another deficiency of the model or not.

The same sort of considerations is in order concerning the frequency of large gaps between
‘primes’. See (A.5) and after in Appendix A.3.

Concerning the probability that S,, be prime or quasi-prime, and the primality of P,, we prove the
following results.

2.1. Primality of S,,.

Theorem 2.5. (i) For any constant b > 1/2,

Mp+1/2bBylogn (12 (10g7’l)3/2
2.1 P{S,, prime } = e % dm(t —l—ﬁ<7>,
( ) { nP } \/271773 my,—+/2bB,logn ( ) \/ﬁ

asn— oo,
(ii) There exists a set of integers . of density 1, such that
1 1 m;ﬁm (Ifm;«,)2
(2.2) P{S, prime } = (+oll) / e 2 dm(r),
V 27'CBn m,—+/2bB,logn

asn— oo, n € .. Further,

1
23 liminf (1 P{S > .
(2.3) 1r91}l1_r>1 (logn)P{S, prime} > Nor
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The proof uses a result of Selberg [28].

2.2. Quasi-primality of S,,. LetIl; =]],<, p. According to Pintz [23], an integer m is z-quasiprime,
if (m,IT;) = 1. Let S, = ¥i_g &;, n > 8. Note that the introduction of S, in place of S, is not affecting
Cramér’s conjecture, see Remark (A.7). In the next Theorem we study for all n large enough, the
probability that S/, be z-quasiprime.

Theorem 2.6. We have for any 0 < 1 < 1, and all n large enough and {y < § < exp { lggkl)fg”n I3

ef’y

P{S;, {-quasiprime} > (1— n)logc'

where 'y is Euler’s constant and c is a positive constant.

The approaches used to prove the above Theorems not apply to the study of the primality of P,.

2.3. Primality of P,. We show that when the ‘primes’ P, are observed along moderately growing
subsequences, then with probability 1, they ultimately avoid any given infinite set of primes satis-
fying a reasonable tail’s condition. We also test which infinite sequences of primes are ultimately
avoided by the ‘primes’ Py, with probability 1. More precisely we answer the following question:

Question 2.7. Given an increasing sequence of naturals & and increasing sequence of primes ‘33,
under which conditions is {3 avoided by all Py, v large enough, v € J&, with probability 1?

Theorem 2.8. Let 2 be an increasing sequence of naturals such that the series Y yc k=B con-
verges for some 3 €]0, % [. Let B be an increasing sequence of primes such that for some b > 1,

#{P N |k, bk
e
Then
P{A & B, k€ ultimately} = 1.
Further,

]P’{Pv ¢P, vex ultimately} =1.

Moreover (case B = 1/2), let P be such that Zp€m7p>yp_1/2 = ﬁ(y_l/z), and % be such that
Yicn kY2 < oo Then

IP’{PV ¢P, vex ultimately} =1.

The paper is organized as follows. The study of the quasi-primality of S; is made in section 4, the
one of the primality of S,, occupies the whole section 3, and the one of the primality of P, is made
in section 5. These sections are a forming the main body of the paper. Theorem 2.1 is proved in
section 7. In section 6, we prove the IP, as well as Theorem 2.2, after some preliminary background,
and Theorem 2.4. The standard limit theorems for the Cramér model, statements and proofs, and
various results (sharp estimate of the characteristic function of S, divisors of Bernoulli sums) used
in the course of the proofs are moved to the Appendix A. Some remarks concerning Cramér’s proof
are also included.
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3. PRIMALITY OF S,: PROOF OF THEOREM 2.5.

We need a sharper form of the local limit theorem for S,, than the one given in Lemma A.1.

Proposition 3.1. We have the following estimate

(K*mn)z

e 2B (logn)3/?
P{S,=x}—-—| < C———,
{Sh } \/27B,, - n
for all x € Z such that
n3/4
|x —my,| <C—.
logn

The remainder term is of order & (%) which is much better than o((*°2%)!/2) in Lemma A.1.
This is a consequence of Corollary 1.11 in [8]. For the reader convenience we recall it. Introduce
first the necessary notation. Let vp and D > 0 be real numbers. We denote by -Z (v, D) the lattice
defined by the sequence vy = vo + Dk, k € Z. We associate to any random variable X taking values
in .Z(vo, D) with probability one, the following characteristic,

(3.1 Ox = ) P{X = v} AP{X = vt ),
keZ
where a A b = min(a,b). Note that ¥y < 1.
Lemma 3.2 ([8], Cor. 1.11). Let X1,...,X, be independent random variables taking almost surely

values in a common lattice £ (vy,D) = {vi,k € Z}, where vy = vo+ Dk, k € Z, vo and D > 0 are
real numbers. We assume that

3.2) By, > 0, ji=1,....n.

Let Sy, = X1 +...+X,. Let y:R — R be even, convex and such that % and ﬁi) are non-
decreasing on R™. We assume that

(3.3) Ey(X;) < o, i=1,....n.
Put
~ L By(X)
n— " —
y(JNar(s,)
Let 0 < ¥ < Ox, and denote ®, = Y} ¥;. Further assume that 103@” < 1/14. Then, for all
K € L (von, D) such that
(k—ES,)? 0,
Var(S,) ~ \/ 14log®,’
we have
_ (k—ESp)?
De  2Var(Sn)

P{S, =} —

ProofofProposition 3.1. In our case D = 1. Further for J=3,.. n P& =k A\P{{j=k+1} =
if k=0, and equals 0 for k € Z,. Thus ¥, = lOg] We choose ¥j = Vx,, ¥(x) = |x]°. Then

(51) = B~ s L ~ (212

logn’

27Var(S,)

And C is an absolute constant.

log]+2’
0, =

logn’
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Thus (m, =Y ;_, @, B, =Y (1- @)(@))

(K—mn)2

e (logn)3/?
BS=s =g | = C
n
forallKeZsuchthat]K—mn\SC%. O

Proof of Theorem 2.5. (i) By Lemma 7.1 p. 240 in [23], for 0 < x < B,
P{|Sl’l _mn| > x} = P{Sn —my > X} +]P){_(Sn _mn) > x}

2
X X
= ST, 2B,

noticing that {—&;}; also satisfies the conditions of Kolmogorov’s Theorem. Let b > ' > 1/2.
Then for all sufficiently large n, since logB,, ~ logn,

(3.4) P{|S, — my| > \/2bB,logn} <2n~".
We have

‘IP’{Sn € P} —P{S, € P [my— /26B,logn, my + 2anlogn]}’

< P{|S, — my| > /2bB,logn}
—y

<n
Further,
‘IP’{S,, € ZN[my, —+/2bB,logn,m,+ +/2bB,logn|}
K—mp 2
ef( ZBn)
K€ PN|my—+/2bB,logn,m,++/2bB,logn] V 27B,
(K*mn)z
ei 2Bp
< y ‘]P’{Sn —xp-C
K€ PN[my—+/2bBylogn,m,++/2bB,logn] V278,
(logn)3/?
< c#{2N[m, —+/2bB,logn,m, + /2bB,logn] } - ~———
n
(logn)3/2
< Cvb—"~—.
< CVb T
Therefore
 (k—mp)?
e 2Bp

3/2
(35  |P{S, e 2} - < cyp toe) ™

K€ PN[my—+/2bBylogn,my++/2bB,logn] Vv 27B, \/ﬁ
By expressing the inner sum as a Riemann-Stieltjes integral [1, p. 77], we get
t—mp 2

36 p 2 1y, ++/2bB, logn e*% q 5 (logn)3/2

. s.e2) - [ o)+ o102,
5.0 {8 ! my—+/2bB,logn /2By, ®) vn

(i1) We note that

et 208, o~ 7(m, + \/2bB,) — m(m, — \/2bB,)
3.7) / ¢ 2 dzt) > L ,
my—+/2bB, \/2TB, V/Bj,
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b

with L = e;n.
We use a well-known result of Selberg [28, Th. 1]. Let ®(x) be positive and increasing and such
that @ decreasing for x > 0. Further assume that
. D(x) .. log®(x) 19
3.8 lim —= =0 b) 1 f —.
5-8) (a) i x (b) e logx ” 77

Then there exists a (Borel measurable) set .7 of positive reals of density one such that
d(x)) —
(3.9) lim e PW) ~ ()
Foxe (P(x)/logx)
Let ®(x) = v/2bx. Then the requirements in (3.8) are fulfilled, and so (3.9) holds true. Now let C
be some possibly large but fixed positive number, as well as some positive real 6 < 1/2.
By (3.9), the set of x > 0, call it .”5, such that

=1

D(x)

(3.10) R+ B(x) —7() 2 (1-8) 1

has density 1. Note that if 6’ < 8" then .5 C .Fsn.
Pick x € .5 and let A(x) = mw(x+ P(x)) — 7(x). Note that if [y —x| < C,
for x large. Thus for every y € [x— C,x+CJ, |A(y) —A(x)| < C’, and so

D(y) —@(x)| = o(1)

P(x)
Ay) > (1-6 ~C.
)= (-85
the constant C’ depending on C only. As %gxg — i(g);), ‘ <3 ﬁclogx, we have
(y) C
Ay) > (1-68)—2 —-C ———.
0) = ( ) logy 2/xlogx
Thus every y € [x — C,x+ C] also satisfies
D(y)
3.11 Al) > (1-28)—2.
@1 0) = (1-26) 2
if x is large enough.
Let v = v(x) be the unique integer such that my_; < x <my. As my —my_; =o0(1), v — oo, it

follows that m, € [x — C,x+ C] provided that x is large enough, in which case we have by (3.11),
w(my +®(my)) — w(my) S 1-28
®(my) ~ logmy

(3.12)

Let X > 1 be a large positive integer and € a small positive real. The number N(X) of intervals
Ju—1,u], u <X such that ZsN|u — 1, u] # 0 verifies N(X)/X ~ 1, X — oo, since .75 has density
1.

Given such an pu < X, pick x € sN|u — 1,u]. We know (recalling that m, —m,_; = o(1),
V — oo) that some my, Vv = v(x) belongs to |u — 1 — €, u + €], and that (3.12) is satisfied. The union
of these intervals [t — 1 — &, 4 + €] is contained in [1 — &,X + €]. It follows that the number of v
such that (3.12) is satisfied, forms a set of density 1.

We now use an induction argument in order to replace 20 in (3.12) by a quantity €(v) which

tends to 0 as v tends to infinity along some other set of density 1, which we shall build explicitly.
Let .7, be the set of v’s of density 1, corresponding to § = 1, n > 3. Let X3 be large enough so

n

that #{.73N[1,X]|} > X(1 —1/3) for all X > X3. Next let X4 > X3 be sufficiently large so that
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#{ 74N [X3,X]} > X(1—1/4) for all X > X4. Like this we manufacture an increasing sequence X,
verifying for all j > 3,

#{. 70X 1, X]} > X(1—1/)), for all X > X;.
The resulting set
7 = 70 [Xj-1,X)]
j=3
has density 1 and further we have the inclusions
TNXi—1,00) = ZinXj1,X] € T0J[Xj—1,00) = TN [Xi1-1,00), 1>4,
j=l Jj=l

as the sets .7 are decreasing with j by definition.
We finally have by (3.7),

w(my +®(my)) — w(my) - 1—¢(v)

3.13
(.13) ®(my) ~ logmy ’
along .7, for some sequence of reals €(v) [ 0 as v — oo,
Therefore
([—mv)2
my+V2By o~ 2y (my ++/2bBy) — m(my — v/2bBy)
/ € T ane) > L
my—/2bB, \/2WBy \/By
1—¢(v
3.14) > L A,
logm,,
. b
for all v € .7, recalling that L = \e/ﬁ
Also
1
(3.15) liminf (log v)P{Sy prime} > ——.

T 3V—ro0 2Tme

It further follows from (3.6) that

2

v+ /2PByTogv o= Hge

3.16 P{Sy prime} = (1+o(1 / dz(z),
( ) { vP } ( ( )) my—+/2bBylogv  \/ 27By, ( )
all v € 7. This achieves the proof of Theorem 2.5. O

Some remarks: estimate (3.9) extends the PNT to smalls intervals [x,x 4+ ®(x)] for almost all
x. Selberg (developing Cramér’s first results [2]) proved with Theorem 4 in [28] a much stronger
result since an error term is provided. Assuming the RH, he proved that for any fixed ¥ > 0, (1.13)
is true for almost all x. This is an easy consequence of the very sharp Theorem 1 in [28]. The
approach used, as well as the alternate approach in Richards [25], seem not allow one to treat the
question whether there exists a version of the PNT with an error term valid for almost all integers.
This question is in relation with the one on the sensitivity of the error term to subsequences (cf.
Introduction, Theorems 2.1, 2.2).
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4. QUASI-PRIMALITY OF S,,;: PROOF OF THEOREM 2.6.

Theorem 2.6 is a direct consequence of a more general result, which we shall prove now. Let
2 <A1 <Az < ... be an increasing sequence of reals. Let {{;, j > 1} be a sequence of independent
binomial random variables defined by P{{; = 1} = 1 = 1 —P{{; = 0}.
’ ]
Theorem 4.1. Let T, = ’j‘ 18 k> 1. Assume that [y, = Zk l_l T oo with k. Forany 0 < 6 < 1,
we have for any 0 < 1N < 1, and all k large enough and §y < { < exp {%}

P{Ty is {-quasiprime} > (1—1)

log¢’
where 'y is Euler’s constant and c is a positive constant.

The case A; =log(j+2), j > 8 corresponds to the Cramér model, and we have in particular the
following

Corollary 4.2. We have for any 0 < n < 1, and all n large enough and {y < { < exp { locgl?fg"n },
e_y
logl”

The proof is based on a randomization argument, and uses the Lemma below.

P{S,, {-quasiprime} > (1—1)

Lemma 4.3. [19, Theorem 2.3] Let X1, ..., Xy be independent random variables, with 0 < X; < 1
foreach j. LetY; = ):];:1 Xjand u = EY}. For any € > 0,
2
(a) P{Yi>(1+eu}<e e
2
b) P{n<(l-gu}<e 7.

Proof of Theorem 4.1. Let {€;,j > 1} be a sequence of independent Bernoulli random variables.
Let {CV i,J > 1} be another sequence of independent random variables, which is independent from
the sequence {&;,j > 1}, and such that {; = e € forall j. Let E (resp. P) denote the conditional
expectation (resp. conditional probability) with respect to the o-field generated by the sequence C >
j> 1. Write T = ¥X_, {;&;. We have

=~

4.1) P{P™(Ty) > ¢} = EP{P( Z /) > ¢} =EP{P (B yeg) > 6t

According to Theorem A.9, there exist a positive real ¢ and positive constants Cy, §y such that for k
large enough we have,

oY
4.2) ‘P{P_(Bk) > C} - ({Hr<¢< kc/log]ogk).

0
IOgC)SIQgZC
Let0 < 8 <1 and set

clog(T¥_, ) E
Ap=1expl —==120 s el C={Y ¢ >28ut.
=1 {loglog(z§1€j>} } ‘ {]; 1> 20u

Assume that

clog(2514)
=& eXp{loglog(25uk) }
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On Ck,

clog(¥X*_, Z; log(2

exp{g():]k1 C]v) } > ex {71c cl)g( 255]() } > ¢,
loglog(¥%_, ;) oglog(26 ux)

and so C, C Ay. Therefore on Cy,

PP~ (Byx &) >}~

logC ~log’ ¢
We have
P{P~(T,)>¢} = EP{P (B Zk g) > &} = Ex{CIP{P (By ;) >}
e 7
—-—— Crt
(logC logZC) PG
Consequently, for § < ¢ gexp{%},

e 7
(@ IOgZC)

We apply Lemma 4.3 with X; = 5 ;- The random variables C ; are independent and verify P{ Cv =
1}=1-P{{;=0}= 2/lj’1. Further let [i; = E ):’]‘-:1 §i= 22';:1 lj’l. By assumption Z]}:1 lj’l =)
with k.

Let0 < p < 1. By Lemma 4.3,

4.3) { f

for all k > kp say. Thus

P{P_(Tk) > C} {Ck}

’:<
H,_J
(\
|
T
N[>
5]
=
|
")

k v
(4.4) P{C}=P{ Y &> o0} =1-p.
j=1

‘We therefore arrive at
eV Co )
log¢ log2 g

for any §y < { <exp { M} As p can be a small as we wish, we can state that for any given

oglog(201y)
0 < & < 1, we have for any 0 < 1 < 1, and all k large enough and any §, < ¢ < exp{%}

P{T is {-quasiprime} > —p)(—

e
logl”

P{Tx is {-quasiprime} > (1—n)

Theorem 4.4. Let (n)x>1 be an increasing sequence of integers such that,

k>1 1204
Then,

P{T,, not prime, k ultimately} = 1.
In particular,

P{SZk not prime, k ultimately} - 1.
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Proof. We also have
k ~ v
(4.5) P{T; prime} = IF:IP’{ 2:1 j€jprime} = EIP){BZ,;:] 7 prime }
J:

By Corollary A.10 in Appendix A.4, there exists an absolute constant C; such that for all n large
enough,
loglogn

IP’{Bn prime} <C; clogn

(c is the same constant as in Theorem A.9). This along with (4.3), imply
P{T; prime} = IEIP’{BZ§21 ¢, prime } ]
loglog¥_, ¢

k k
< B{Y §i<om}+CiEx{Y > 6u} L
j=1 j=1 clong:1 i

_ (-9 re loglog & [l

s e 2 1 -
clog & [
loglog d [i
(4.6) < Cle8) 2 22
clogd [
for all kK > x(c,6). Theorem 4.4 now follows from Borel-Cantelli lemma. O

5. PRIMALITY OF P,.

5.1. The inclusion ¥ C %. We use the fact (Introduction) that on a possibly larger probability
space, &; = &;¢€;, j > 8, almost surely, where {€;, j > 8} is a sequence of independent Bernoulli

random variables and {‘g’v i,J > 8}, a sequence of independent binomial random variables which is
independent from the sequence {€;,j > 8}. This is well defined since 2/logj < 1, if j > 8. The

indices such that 5 ;€ = 1 are obviously contained in the set of indices such that €; = 1. So that if
1 ={j>8:&=1}AB={j>1:¢j=1}and B ={j>8: g = 1}, the inclusion

(5.1) ¢ C S,
is satisfied with probability 1. Whence also,
Proposition 5.1. The inclusion € C 9B holds true with positive probability.

5.2. Instants of jump in the Bernoulli model. The instants of jump of the sequence {By,k > 1}
are defined as follows: Put & = 0, Ag = 0 and for any integers £ > 1,k > 1,

5.1 O =inf{n>1: Ena§i oty = 1}, Ay =01+ +6&.

We have #:={j > 1:€; =1} = {A,k > 1}. Proposition 5.1 suggests to first study the probability
that A, be prime. We first establish some necessary properties of dy and Ay.

Theorem 5.2. (i) The random variables & are i.i.d., exponentially distributed,
P{oy=m}=2""forall ¢ > 1 and m > 1.
(ii) Then E 8; = 2, Var(0;) = 2. Further,

o e2i7rmt o 2wVt

(52) EeZiTL‘Slt — Z T EeZin’Akt _ Z e Ck*l

v v—1-
m=1 v=1 2

k—1
(i) For all k > 1, m > 1, P{A =m} = 2L = IP{B,,_, =k—1}.
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(iv) With probability one,

Ok A —2k
limsup — =1, limsupki = 1.

n—oe lOgk n—e  2+4/kloglogk

(V) The central limit theorem and the local limit theorem holds, namely A’\‘/;»ik :0j> A(0,1), as k — oo

and

_ (n2k)? 1/
| =0(k1?).
Proof. () As {81 =u}y={Bi=...=Bu1=0,Bu=1} €(Bi,...,Bu), we have P{§; = u} =
P{Bi=...=Bu—1 =0, By =1} =27, By recursion on £ > 1, one establishes

P{o=mi= Y . ¥ P{Si=mi,....8=m,

my=1 my=1

Bm1+...+m/+1 = ... = ,3m1+..‘+mg+m71 = 07 ﬁm1+...+m[+m = 1}
) o VA

= Z Z H - ml} ]P){BmlJr Ame+1 = = ﬁm1+...+mg+m71 - 07
mp=1 mp=1i=1

(=) (=)

Byt tmptm = 1} = Z Z 27T Ty — 9T

I’I’Z1:1 mg:1

and also find that P{d; = aj, ..., 011 = ars1} = HHIP{S = a;}, for all positive integers a;,
1 <i</{+1. Further {8 =m;, 52 my, ..., 01 =mep1} € (Bi,- s Bt tmpsy)-
2indit _ P

(ii) The characteristic function of &; being Ee =Y =1 > We have

2177: (my+...4my )t oo eQiﬂvt

. oo 2m7mt oo )
B TS r I S e ]

Let S(u) = Yoge , then S(u) = ==, §'(u) = —ﬁ ==Y ae" " 8" (u)= % =

- a*e~% . Thus first and second moments of &; can be computed and one finds that [E 6; = 2,
Var(61) =2.
(ii1) Follows from

P{A,=m} = Z P{6) =my,...,0 = my}
1 gm) Gy 1
(5.4) = ) S = g = o = 3B =k— 1}

m;>1,1<i<k
my—+...+mp=m

(iv) Immediate.

(v) The central limit theorem is obvious since the d;’s are i.i.d. and square integrable. By Theo-
rem 6 p.197 in [23], as E|§; | < oo, we have

_ (n—2k)?
P!

(5.5) sup VEP{A=n =0k '?).

2f
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We see that the divisors of the jump’s instants A; admit a simple formulation. In particular, we
have from (iii),

(5.6) P{A; prime} = % Y P{By1=k—1}.
v>k
Vv prime

The formula Y7 (C5, x" = m, valid for |x| < 1, further implies
(5.7 fZIP’{BV 1 =k—1}=1.
v>k

5.3. Proof of Theorem 2.8. (i) By the local limit theorem for Bernoulli sums

=o(5).

Besides by Theorem 5.2-(iii), P{Ay = m} = 1IP’{Bm,l =k—1}. Thus

2 (2z-n)?
5. 1 ‘]P) B = — —e
3.1 sup {B, =2z} e

P{A e B} = ZIP’{Ak:v}— Z]P’{Bv | =k—1}

v>k v>k
veR (;’;‘331))2 .

= 2(v—-1 -
L m (L )
vep vep
¥ e o

= V= ol—=).
v>‘,]i3 \/];
ve

(2k—v—1)2

Obviously Y3 \%e_ -0 < ¢~C1k Now by assumption, for k € 7,

(2k—v—1)2
Z 1 e_% < C#{fpm [k,bk|} < ci b,
k<v<bk \/V \/];
veP
It easily follows that
P{Ac € P} < Crk P, ke .

The series Y jc » P{Ak € } < oo converges. It follows from Borel-Cantelli lemma that

P{A ¢ B, k€ ultimately} = 1.

To prove the same assertion concerning the sequence &, it suffices to argue as before Proposition
5.1, by considering the sequence {&;€;, j € £ }.

6. INSTANTS OF SMALL AMPLITUDE IN THE CRAMER MODEL: PROOFS.

Before giving the proofs of Theorem 2.2, Proposition 2.3 and Theorem 2.4, it is necessary for
the understanding of the matter to recall some notation and results from [30]. Let f : [1,00) — R*
be here and throughout a non-decreasing function such that f(¢) 1 co with # and f(¢) = 0, (¢). The
intervals I considered (cf. (1.6)) are of type [eX, ek f(e¥)], k=1,2,....

Put

_ (W ()| _
6.1) A"(f’z)_{ekg,i‘l%w i <z}, k=1,2,...
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Let U(t) = W(e')e'/?,t € R be the Ornstein-Uhlenbeck process. It will be more convenient to
work with U instead of W. Observe that

ar={ s U<z}

k<s<k-+log f(ek)

And so as U is stationary

P{af.0}=P{ sup |U(s)| <z}.

0<s<log f(e)

We say that f € %, whenever IF’{ limsupk_,ooAk(f,z)} =0, and that f € 7, ifIP’{ limsupk_,ooAk(f,z)} =
1. By the 0-1 law (since U is strongly mixing), the latter probabilities can only be O or 1.
Notice that if f € %., then with probability one

J(f) :=liminf  sup |U(s)| > z,
koo k<s<k-+log f(e)

whereas J(f) < z, almost surely if f € #;. Introduce also for n = 1,2, ... the counting function

n
Nn(f7z) = ZXAk(f7z)a
k=1
with corresponding mean

Vn(faz) = EN”(f’Z>'

The classes %. and 7, have been characterized in [30, Th.1.1], where the following simple
convergence criterion is proved.

Theorem 6.1. Let Z(f) = Y f(eX) 4, where A(z) > 0 is defined in Theorem 2.2. Then
fe (resp.€7.) <= L(f) <o (resp. =o).
Further if £(f) = oo, for any a > 3/2,

Nu(f+2) = Va(f,2) + O (v (f,2) og" Va(£,2)),

with probability one. And there are positive constants K| (z),K>(z) depending on z only, such that
foralln

Va(f,2)
= S e

In [30], applications to the Kubilius model are given. The class of functions f,(¢) = log‘t, ¢ > 0,
is of special interest in view of such applications. For these functions, Theorem 6.1 implies

Corollary 6.2. If ¢ > 1/A(z), then f, € U, whereas f, € V; if 0 < ¢ < 1/A(z). Further, for any
0<c<1/A(z) anda>3)2,

Nalfer2) 2 Valfer2) 0 (va > (e log" v (f2)).

And for all n, K, (z) < % < Kx(2).

< K>(z).

Accordingly, if

W (¢
(6.2) I(f) :=liminf  sup W )|,
k—yeo ek<r<ek f(ek) \/lT
then P{/(f.) <z} =1if and only if 0 < ¢ < 1/A(z). This is clear in view of (6.1). Noticing that
I(f) <I(g) whenever f(N) < g(N) for all N large, we therefore also deduce
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Corollary 6.3. We have P{I(f.) <z} =1 ifand only if 0 < ¢ < 1/A(z). And P{I(f) =} =1if
f(t) > fe(t) forall c.

We need a suitable invariance principle for sums of independent random variables, which will be
also used in the next section. This one is due to Sakhanenko (see [27], Theorem 1).

Let {&;,j > 1} be independent centered random variables with absolute second moments. Let
Iy = Z’;: (EE2, S, = Z];':1 &; and let {ry,k > 1} be some non-decreasing sequence of positive reals.
Let a > 2, y > 0. Put successively,

A, = sup|Sy—W(t)l,
k<n
A
A = sup—,
n>1 I'n
g = w2l
jz1 7t

6.3) Lo(y) = ZEmin{|§"|Z, |§"|2}.

o 2.2
i>1 Yory yorg

Lemma 6.4. There exists an absolute constant C such that for any fixed ., there exists a Brownian
motion W such that for all x > 0,

P{A > Cax} < Lq(x).

In our case, we choose X; =& —E¢&;. Let 1 /o < B < 1/2. Take r; = (Z{ZlE]Xi|2)B :Bf. Since
B; = ﬁg'/, Jj — oo, it follows

E|X;|® E|X;|® 1
Z |o{| :Z |a]ﬁ| —CZ : ~ B — < oo,
>t i>1 B; i>2 (jj/log j)*F (log j)

J
as o > 1. Thus

_ X;|* _
La(y) <y “ZEL ja| < Cay .
=t

By Lemma 6.4, there exists a Brownian motion W such that for all x > 0,

1
P{sup—sup|S; —m; —W(B;)| > Cox} < Coqx .

n Tn j<n

By a simple use of Tchebycheff’s inequality, letting

1
Y =sup—sup|S; —m;—W(B;)|,

n tn j<n
we deduce that
EYY < oo, (o < o).
We shall now use Theorem 1.5 in [30]. We first note that IEXJ-2 = ﬁgj(l - @) and for ¢ > 2, as

|X;| is bounded by 1—1—1.%@ <, say, we have E | X;|* < CO‘*ZIEXJ-Z. Further E|X;|* > (E |X;|?)%/? >

(:S5) /. Thus

E[X;[*
(6.4) V= sup

< oo
=1 E|X;[?
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Therefore assumption (1.4) of Th. 1.5 in [30] is fulfilled. We deduce that there exists a Brownian
motion W such that

S; W(B;
liminf  sup 15,1 = liminf  sup W(B)) ,
k—eo k<p; i <ekfek) \/ B; koo k<p. i<ekf(ek) )

with probability 1. By Corollary 6.3,

S;
liminf sup | ’

koo k<p. i <ek fo(ek) \/

with probability 1, if and only if ¢ < 1/A(z).

<z7

We pass to the proof of Theorem 2.4. Let N be for the moment unspecified. Then,

S:—m; W(B; 1
(6.5) sup‘fimjy—sup’ (B))] < ( 1 5 >Y—>O,
jelv  \/Bj jely jeiy BB

as N tends to infinity, with probability one.
Recall that

A = <
k(f,Z) { ekﬁtsﬁl;l?kpf(ek) \/E o Z}’

by (6.1) and that v, (f;,z) = Yy_; P{Ak(f¢,z) }. Further by Corollary 6.2, for all n,

() YK < v, (fy2) < Kol Zkfl

k=1
and
6.6) ikfcl(z) _ ) j() +(cA(2)) + € (n=*Q) if0 < cA(z) <
k=1 logn+7y+0(;) if cA(z) =1,

where 7 is Euler’s constant, recalling that {(s) = limy_e (anx n—ls — %), 0<s< 1.

Choose N = ¢*, k= 1,2,... and write now more simply B, (f,z) = Bi(f,z). Letalso 0 < 7' <
z< 7.

By (6.5), on a measurable set of probability as close to one as we please, call it Q*, we have for
k large enough, k > ko say,

(6.7) Ak(fvz,) C Bk(fvz) C Ak(faz”)'
As A(z) is a positive strictly decreasing continuous function of z on ]0,0[, we have 0 < A(Z") <
A(z) < A(2).

Let f = f. with 0 < ¢ < 1/A(z), and note that ¢ < 1/A(7"). Let a > 3/2. By using Corollary 6.2,
we get that on QF, for all n large enough,

(6.8) Z XBi(fed) S Z XAr(fed) = Va(fe, 2') + O (Vr}/z(fcvz”) log® Vn(fazll))'
k=ko k=ko
We deduce that

6.9) {Z Xsrn) < Val(ford) + ( 2(furz )log“vn(fc,z")), nultimately}:l.

Similarly, on Q* for all n large enough,

(6.10) Y xnin) <Y X
k=ko k=ko
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Assume that 0 < ¢ < 1/A(Z’). By using Theorem 6.1, we get
(6.11) IP{ Zka(fuZ) >V (fer ) — ﬁa<v,}/2(fc,z')log“ v,,(ﬂ,z’)), n ultimately} =1.
k=1

Note that (6.9) is also valid if 0 < ¢ < 1/A(Z).
Hence we have proved Theorem 2.4.

7. SUBSEQUENCE LIL RESULTS FOR THE CRAMER MODEL: PROOFS.

Let .4 = {m,k > 1} be any increasing sequence of integers and M > 1; the value of M will
be irrelevant. Let Iy =]0,M] and for each integer k > 1, let I, =|M* ,M**1]. The subsequence of
intervals I such that I N4 # @, determines an increasing sequence of indices, which we denote
by kK = {k,,p > 1}. Forany n € .4" we put

(7.1) .y (n)=+/2log(p+2) if ne AN,

Recall that r; = B? and that

1
Y =sup —sup|S; —m; —W(Bj)|.

n Tn j<n
Now let j5 =max{j:B; € A N)2P~127]). As
We have
S;i—m; W(B;
wp Sl e
2P*1<ng2p AV Bj (P(]) 2P*1<Bj§217 vV Bj(p(f)
jeEN JEN
< |Sj—m; —W(Bj)| _ |Sj—m; —W(B))|
> sup B . = sup 1/2=B B .
2p=lep;<op \/ j(P(]) 2r=lep;<op Bj Bj (p(])
jeN jewN
1 |S; —m;—W(B))|
< ( sup lﬂT) sup j—mj ' J
w-tap<r B ()7 w120 rj
jeEN JEN
1 2B
< ( sup W)* sup |S; —m;—W(B;)|
21?*1<3jg219Bj (p(]) Fjs <y
jeEN
< Zﬁ( sup ;)T — 0
B p—lep;<op Byzjﬁ (p(]) 7
jen

as p — oo almost surely, since f§ < 1/2.
Therefore
Si—m; W(B;
lim sup 7‘ / m]‘\ = limsup 7’ ( ])’ ,
N 3j=eo /B @(j) N30/ Bj9())
almost surely.
Now that
W(B;
lim sup M = 1,
H3je\/Bj@())
almost surely, follows from the proof of Theorem 3.3 in [31]. This is rather easy to observe from
estimates (3.22), (3.23), (3.24) in [31].
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Richards [25] where an interesting alternative approach to derive some of Selberg’s results, under a
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APPENDIX A. SOME CHARACTERISTICS OF THE CRAMER MODEL.

A.1. Classical limit theorems. Let us first briefly look at standard limiting results such as CLT,
LIL and ASLLT which are fulfilled by the Cramér model.

Lemma A.1. The SLLN, CLT, LIL and LLT hold true. More precisely,

Sn
(SLLN) lim — =1, almost surely,
n—eo My,
Sp—my g
(CLT) = A(0,1), n— oo,
VB, ¢
imsu _ on M 1 almost surel
(LIL) 1 P ~ , Y,
N300 2B, loglog B,
('*mn)z
(LLT) r}gn sup [vB,P{S, = S
i

This is an immediate consequence of the following Lemma.

Lemma A.2. Let {X;,j > 1} be independent binomial random variables with P{X; =0} =1 —
P{Xj =1} = pj, for all j and let S, =Y ;_1 Xj, n > 1. Further let G = Var(X;) = p;(1 —pj),
B, = Var(S,) =Y}, p;j(1-pj).

Assume that the series Y, ; p; diverges and that p; = o(1). Then the SLLN, CLT, LIL and LLT hold
true.

Proof. Let € > 0. Then,

Bizn:EOX EX‘ X{\X —EX;| > & Var(S, 1/2}>
n =]

1 & ;
ITZ (’Xj_pj‘z-x{|Xj—pj|>g Z (1-p)) 1/2}>.

As the series }; p; diverges and p; = o(1), the above summands are O for all n > ne, say. This
implies that

Y}L{{}O—ZE(‘X ~EX; 1 {1X; - pjl > eVar(s,)'2}) =0,

for any positive £. Whence the Lindeberg condition is satisfied, and so the CLT holds:

Sp—my, g
= A4(0,1), n — oo,
VB, o0

Concerning the LIL, Kolmogorov’s condition that X, = o((B,/loglogB,)) 2 almost surely, is
trivially satisfied. Thus the LIL directly follows from Kolmogorov’s theorem. See Petrov [23], Th.
7.1 p.239. The LIL implies the SLLN, given to the assumptions made. For establishing the LLT,
we apply Davis and McDonald’s theorem [4, Th. 1.1] which we recall.

(A1)
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Theorem A.3. Let {X;,j > 1} be independent, integer valued random variables with partial sums
Sp=X1+...+X, and let f;(k) =P{X; = k}. Also for each j and n, let

a) = LU ALK+ D] 0= ilqus-)

and assume that q(f;) > 0 for each j > 1. Further assume that there exist numbers b, > 0, a, such
that

lim b, = oo, limsup b2/Q, < oo,

n—yoeo n—oo
and S

n"n 2o (0,1).
by
Then
1 lew?
1 = _— 2by =
r}l_I)IoloSl;p b,P{S, =k} \/ZTte 0.

With the notation used, fj(k) = P{X; =k} and so
q(f;) = Y (i) Afitk+1)) = (f;(1) A f5(0) = (pj A1 —pj) > 0.

k
Further 0, =Y}_, q(f;) = YX}_,(pj A1 —p;), and b2=B, = Y1 pj(1—pj). Thus
Yiipi(1=pj)

lim b, = oo, limsup b2/Q, = limsu
frrony n n~)oop n/Qn n~>oop 7:1(17] /\ 1 _p])
As moreover the CLT holds, we infer from the above cited result,
. 1 _k=m)?
r}grolosgp VB.P{S, =k} — \/ﬁe B0 | =0,
namely the LLT holds either. U

A.2. The characteristic function of S,. Let ¢ (¢) be the characteristic function of &, @(r) =
E 278 Let also

n
@n(t) — EeszSn — H (Pk(f),
k=1
be the characteristic function of S,,. We prove the following estimate with explicit constants.

Proposition A.4. We have |®,(t)| < exp{ —2B,sin> 1t }. Further

D, (1) = e2immn=2By (W) +E (1) with — |E (t)| < 12my, (x)t])3.
In particular,
. Sp—mp 2 1 3
Ee Vi — ¢~ 7 +En0) and  |Ex(y)| < 2V0g\/;i|y|'

For the proof, we use the Lemma below which is inspired by Lemma 3 in Freiman-Pitman [7].
The goal being to obtain an estimate of ®(¢) with explicit constants, this however requires to base
the proof on different calculations. In particular we use the convenient estimate (Lemma 4.14 in
Kallenberg [17]),

|n+1

0o
<y ()f) _ 2l
- k! ‘ = n! "

A &k NCENE

valid foranyx € Randn € Z...
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Lemma A.5. Let m be a positive real and p be a real such that 0 < p < 1. Let B be a random
variable defined by P{B =0} = p, P{B =m} =1 — p = q. Let (1) = Ee*™B. Then we have the
following estimates,

¢(t)| < exp{ —2pgsin’ ntm}
(ii) If q|sinzwtm| < 1/3, then

(p(l) _ eq2i7‘cmt72qp(7rmt)2+E

)

with |E| < 12q(mm|t|)3.

Proof. (i) One verifies that |@(r)|> = 1 — 4pgsin® wmer. As moreover 1 — % < e ¥ if ® >0, we
obtain |@(¢)|> < e~ 4pasin® Tmt,
(ii) Let |u| <up < 1. From the series expansion of log(1+ u) it follows that
2 3
u !Ml
log(1+u)=u——+R R| < |u? :

Then 1 +u = exp{u—'5 +B} with |B| < Co |u|? and Cy = W
Writing that ¢(¢) = 1 +q( Hmmt _ 1) = 1+u, where |u| = 2q|sinwmt| < 2q(1 A7m|t|), we obtain

immt u?
(A.2) o(t)=14+u= () g B, |B| < 8Coq’|sinmmt|*.
In order to estimate u?, we let A(t) = e*™" — 1 — 2izmt + (anz) , and write (e*™ — 1)? under
the form
. 2 . (27Tmt)2
A(2t) = 2A(t) — { — | — 4immt + 8(mme)* } +2{ — 1 — 2izwmt + P41

= A(21) —2A(t) — 2mmt)?,

Then (e*™ —1)2 + (2mt)? = A(2t) — 2A(t), and so % = —2¢*(mmt)* + %(A(2t) —2A(1)).

Let up = 3 so that Cy = 1. We assumed g|sin7tm| < 1/3, thus |u| < 2/3. We consequently get
with (A.2),

o) = AT B _ a1 12 (em ) (AQe)2A(0) 4B
(A.3) — eqliﬂmt—qu(yrmz)2+H+3
with H = gA(r) — §(A(21) = 24(r)). By estimate (A.1), letting 8(x) = * (1A 1),
(A4 AW < 5Qmmlr).
Using the rough bound d(x) < % and |B| < 8¢° (1 /\ﬂm’tD we get

8
(A5)  |H[+[B] < 2Q\A(f)|+%!z4(2f)\+|3\ =< (g

We conclude by inserting estimate (A.5) into (A.3). ]

4
g+ 5612+8q3)(7fmlt|)3 < 12g(mmt])’.

Proof of Proposition A.4. Here wehavem =1, q= Lk s\(pk(t)\§exp{—2(1—L)(@)sin2m},

logk
we get
(1)] < exp{ 2 Z

Further condition g|sin wtm| < 1/3 in Lemma A.5 reduces for @ () to @ |sinm¢| < 1/3. Thus

1,
fy.
logk gk)smﬂ:}

(A.6) o(t)=e 2t (g )1 =27 (1= gz ) (g ) 12 +Ci(1)

Y
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where |Cy(7)| < %. Recalling that m, = Y7_5 l.%gj, B,=Y_; loigj(l — 10%;]‘)’ it follows that
(A7) E 2751 = @, (1) = ezimm,,—27:219,1t2+D,,(t)7

and |D,(t)| < 12m, (x|t|)*. In particular,

(A8) Ee Vi — o=+,

with |E,(y)] < 2 (\/%)3 < 2‘/107%;@‘3. This achieves the proof. O

One can derive from Proposition A.4 the following value distribution result on divisors of S,,. We
omit the proof.
Theorem A.6. Let ©(d,m,B) be the elliptic Theta function defined by

_ Br2(?

©(d,m,B) =Y cos (Zmng)e Pl
=0 d

We have

O(d, my, By
(A.9) sup P{d|sn}—(”2)

2<d<n

_ ﬁ<(10gn)3>'

n

A.3. Remarks complementary to Cramér’s proof. Recall the way (1.8) is established. We pro-
vide details, which are necessary for the sequel. Let ¢ > 0, and set

Em:{§m+j:0,lSjgc(logm)z}, m=2.

Then

(A1) P{EJ= ]I (1—10g(ml+j)>xnic.

1< j<c(logm)?
Introduce the increasing sequence of integers m; = 2 and m,| = m, + [c(logm,)?] + 1.
— If ¢ <1, the events E,, being independent, by the second Borel-Cantelli lemma

P{limsupE,, } =1,

r—so0
in other words, almost surely, S, ., — S, > c(log mr)z, r infinitely often.
— If ¢ > 1, by the first Borel-Cantelli lemma, the above probability is 0. Thus with probability
one, Sy, 4 (c(logm)?] — Sm < c(logm)?, m ultimately.
This suffices to imply (1.8), indeed:

() If ¢ > 1, let P, denote the greatest Py less than S,,. As with probability one Emyj =1, for
some 1 < j < c(logm)?, m ultimately, Py (my1) cannot be larger than S, (c(1ogm)2]- Thus Py (1) —
Py < c(log m)?, m ultimately, almost surely. Now by Lemma A.1, S,, ~ Togm» almost surely, thus
log S, ~ logm. We deduce that for any ¢’ > ¢ fixed, Py (1) — Py(m) < ¢’ (long(m))z, m ultimately,
almost surely, which naturally implies that the limsup in (1.8) is less or equal to 1.

In addition, letting m = m,, r > 1 in the above, we have since m, | = m, + [c(logm,)?] + 1, that

with probability one: for any r large enough, there exists a jump in the interval [m,,m,]. Therefore

(A.2) P{3ro:Vr>ro, P-<mpi1+m,}=1.

(i) If ¢ < 1, then almost surely Py, , ) — Py(m,) = c(logm,)? > c(long(mr))2, r infinitely often.
Thus (1.8) is supported by the probability of the set limsup E,, (resp. limsup E},.) which is triv-

r—soo r—o0

ially O (resp. 1) depending on ¢ > 1 (resp. ¢ < 1).
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Remark A.7. As (1.8) does not depend on the first random variables &;, it follows that the jumps
associated to the truncated sequence Sy, = Yi_, &j, a integer, n > a, also satisfy the same asymp-
totic property. Therefore there is no harm in Cramér’s conjecture to consider instead the ‘primes’
associated to this one.

We now indicate several interesting results complementing (1.8).
() LetN;=Y)_, xg,.J > 1,and put B, = Y!_ P(E,, ) (1—P(E,,)). By Kolmogorov’s LIL,

N;—Y!_ P(E
(A.3) P{limsup s~ L= (’”’):1}:1.
J—yoo 2B;loglog B,

(2) Further, by Berry—Esseen inequality [23],

Ny —=Y)_ P(En,) LAY ARy S <1>
IP{ N <x} Tor /ﬂoe du|= 0 Z{:lp(Emr) .

(3) Let 0 < ¢ < 1. From (A.3), (A.1) and m, < cr(logr)?, it follows that with probability one
(A.5) Ny =J'"¢(logJ) "%, for any J large enough.

(A4) sup

xeR

Whence it follows that for any J large enough, the interval [1, cJ(logJ])?] contains at least CJ'~¢(logJ)~%¢
‘primes’ P, with large gaps, namely such that P, | — P, > clog® P,. Therefore the Cramér model

also predicts that with probability one, for any J large enough, the number of large gaps between
‘primes’ in the interval [1,cJ(logJ])? is Q.(J'~¢(logJ)~%¢).

A.4. Value distribution of the divisors of the Bernoulli sum. The general problem of estimating
the probability P{d\Bn} amounts to the one of estimating the d series

e )2
(A1) Ye o,
;

in whichd > 2 and 0 < p < d are integers. This is clear from the following uniform estimate proved
in [32], see also [29], to which we refer for details, and from Poisson’s summation formula.

Theorem A.S.

sup
2<d<n

where ©(d,n) is the elliptic Theta function

O(d,n)
d

P{d|B,} - | = 0((1ogn)*2n 737,

) 2.2
Od,m) =Y "5,
e

By applying Poisson’s summation formula: forx e R, 0 < 6 <1,
—((+8)’mx! imt§—(2mx
(A2) Z o~ 8t _ (172 Z iz 7
LeZ Y2
we further get

2 -
(A3) ®(fl’”): =Y e
25

The series in (A.3) is of the type given in (A.1). An indication of the behavior of these series when
d and n may simultaneously vary, is given by the already sharp estimate,

72
O(d,n) 1 Com o if d<./n,
(A4) | d 3‘ <q¢ c .
T if n<d<n.
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The following estimate is also proved in [32].

Theorem A.9. There exist a positive real ¢ and positive constants Cy, §y such that for k large
enough we have,

(A.5) ‘P{P—(Bk) > ¢ - 1c8>gyz; ) < loggg (Go < & < ke/logloghky
As P{B, is prime} <P{P~(B,) > {}, the following corollary is immediate.
Corollary A.10. There exists an absolute constant Cy, such that for all n large enough,
]P’{Bn isprime} <G I(Ziig.
The constant c is the same as in Theorem A.9.

By using Borel-Cantelli Lemma it follows that, along subsequences of integers growing at least
exponentially, By, is ultimately not prime with probability 1.

The collection of variables ® = { x{d|B,}, n>1,d > 1} further forms a mixing system, that is
the correlation function

(A.6) A((d,n), (8,m)) = P{dIBy, 81By} — P{dIB,YP{S B},
verifies for each d and &,
(A7) lin_lmA((d,n),(S,m)) =0.

The second order theory of this system is thoroughly studied in [29]. Three zones of dependence,
weak independence and strong independence can be identified, according to the cases n < m <
n+nc, n+n° <m < 2nand m > 2n, where 0 < ¢ < 1. The corresponding correlation estimates are
established in [29].
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