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Abstract

In this study, we prove the well-posedness of both the variable-viscosity Stokes/Darcy-Brinkman
and Stokes/Darcy coupled problems governing the viscous flow in fluid-porous systems. The
coupling is made by a recent optimal stress jump interface condition associated to velocity
continuity at the bottom surface of a transition layer inside the porous region. Indeed, this original
condition has been shown to be physically relevant for multi-directional flows and optimal by
minimizing the loss of flow rate in the viscous boundary layer. Besides, its inherent tensorial
form ensures to handle arbitrary flow directions with anisotropic effects of the microstructure.
The analysis of the transmission problem is carried out by introducing a unified mixed variational
framework with no Lagrange multiplier at the interface. Moreover, the analysis of variable-
viscosity fluid-porous flows seems new in the literature.

Keywords: Fluid-porous flow, Stokes/Darcy-Brinkman model, Stokes/Darcy model,
Variable-viscosity, Optimal stress jump condition, Reduction of flow-rate loss, Well-posedness
analysis
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1. Introduction

The P.D.E.’s governing the incompressible viscous creeping flow in fluid-porous systems €2
(see Figure 1), i.e. the Stokes and Darcy equations, are not of the same order. In order to solve
the coupling in the transmission problem, a pioneering approach dates back from Brinkman [1, 2]
who early introduces the Darcy-Brinkman equation and the notion of effective viscosity of a
porous medium. Some authors have then followed and extended such a single-domain continuum
modelling, i.e. assuming the continuity of velocity and stress vectors between the fluid domain
Qy and the porous one 2, e.g. [3,4,5,6,7,8,9, 10, 11, 12].

Following the pioneering work of Beavers and Joseph [13] introducing the two-domain
approach, many authors use velocity slip interface conditions associated with continuity of the
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Figure 1: General configuration of the flow in a fluid-porous domain 2 at a macroscale length L.

normal velocity and stress vector to couple the Stokes/Darcy or Navier-Stokes/Darcy problems.
These conditions are extended ad-hoc for the multi-dimensional case from the 1-D flow inherited
from the heuristic conditions of Beavers-Joseph-Jones [13, 14]; see also the comments in [15, 16,
17]. With usual notations precised in the next section 2, the set of multi-dimensional extended
Beavers-Joseph-Jones conditions applied at the fluid-porous interface > = ¥; (originally chosen
at the top surface 3, of the transition layer and tangent to the upper solid inclusions) reads:

[v-n]y =0

Qbj .
i (Vo+ Vo), -n= elvemily, forj=12  az=x, )
p

n-lo(v,p)-nly =0

where the Cauchy stress vector o (v, p) - n is defined as: o/ (v,p) - n = u (Vo + Vol ) .n —
p/n in the free-fluid region Q; and o®(v,p)-n := —pPn in the porous bulk ,. Besides,
the scalar parameter oy,; > 0 denotes the dimensionless velocity-slip coefficient that should be
estimated by experimental data or averaged pore-scale simulations. The jump quantity [.]y, on X
is oriented by the unit normal vector n on X (directed arbitrarily outwards of the porous region
). The couple of vectors (71, T2) denotes a local orthonormal basis of tangential vectors on
the surface 2. However for the mathematical and numerical analysis, many authors then consider
the following simplified Beavers-Joseph-Saffman form [18]. In this approximate condition, the
velocity jump is no more explicitly included by neglecting the porous slip velocity with respect



to the fluid slip velocity, as derived later by [19, 20] for the one-dimensional flow:

[v.n]y =0

[043%] .
‘rj-(V'v+V'uT)E-n: \/KL’UQ-T]', for j =1,2 on ¥ =13, )
p

n-lo(v,p)-n]y=0

We refer to [21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39] and many
others for the numerous related numerical methods and analyses using the set (2). Only a few
authors, e.g. [40, 41, 42, 43], consider the full Beavers-Joseph-Jones conditions (1) and the
solvability is proved in [44, 45] with no restriction on the size of the slip coefficient ap,; > 0.
Moreover, the generalization below of (1) that also includes a jump of the stress vector is derived
by asymptotic analysis in [46]:

[[’U'TL]]E = 07

T+ (o{(v) ‘ny) = L(Xz [v-Tjlg, for j=1,2

VEp
[o(v,p) -]y, = J%

on X =Y, 3)

ﬁz‘vg

where By, denotes the symmetric and positive semi-definite friction tensor on ¥. Using such
interface conditions (3), the boundary layer is theoretically calculated by WKB expansions of
which the convergence is proved in [47]. Moreover, the resulting Stokes/Darcy-Brinkman and
Stokes/Darcy coupled problems are proved to be well-posed with no restriction on the size of the
data in [44, 45].

The present analysis is carried out for a different original set of interface conditions (20), i.e.
velocity continuity and stress vector jump at the bottom surface 3, of a suitable transition layer
inside the porous layer, as recently derived in [46] by asymptotic modeling. This condition is
shown to be optimal to minimize the loss of flow rate in [48]; see an example in Appendix B.
Moreover, the further analysis considers the variable-viscosity (and density) flow in view of a
potential coupling with a convective heat transfer. Up to our knowledge, this seems new in the
literature in the context of fluid-porous flows.

The paper is organized as follows. The next Section 2 describes the flow models and the
set of boundary and interface conditions. In Section 3, the solvability of the variable-viscosity
Stokes/Darcy-Brinkman coupled flow is proved in Theorem 1. In Section 4, the main result of
well-posedness of the variable-viscosity Stokes/Darcy coupled flow is finally proved in Theorem
2 for the existence of solution and its Corollary 2 for the uniqueness.

2. Coupled fluid-porous flow models

2.1. Notations and definitions

Let Q C RY (for d < 3) be an open bounded and connected set with Lipschitz-continuous
boundary I' := 0f2 and v be the outward unit normal vector on I'; see Figure 1. The domain €2 is
composed of two disjoint connected subdomains, the fluid domain €2y and the porous domain €2,,,
each one with a Lipschitz-continuous boundary 02y and 05, respectively. They are separated
by a Lipschitz-continuous surface ¥ C R?~! such that: 2 = Q; UX UQ, with ¥ = 9Q; N9,
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(meas(X) > 0), I'f := 9Q; N 0N and I'P := 99, N IN. Let n be the unit normal vector on
the interface ¥ arbitrarily directed from 2, to Qy, and let the set {7']-} forl1<j<d-—1,bea
local orthonormal basis of vectors on the tangent plane to X, the unit vector T being any of these
tangential vectors. We use the standard definitions and properties of the Lebesgue and Sobolev
spaces, e.g. [49, 50]. In particular, ||.||s,o denotes the usual norm or semi-norm |[.|s o of the
Sobolev spaces H*(Q) := W*2() for Q = Q or 2, and (.,.)_1 o denotes the duality pairing
between H~1() and H} (). We also define the (real) Hilbert spaces below endowed with their
respective usual inner products and associated norms [51, 52]:

H () = {u e L*(Q)% V-ue L ()},

“)
LE(Q) := {q € L*(Q); / qdr = 0} .
Q
The space L3(2) is equipped with the L?(2) norm ||.|[o.o and H 4;,,($2) is equipped with the
graph norm defined by:

||U||izdi1,(§z) = HUH(Q)Q + ||V-u||379 forall u € H g;,(2). ()

Since the Lipschitz surface ¥ (with meas(X) > 0) is not closed, (.,.)_1 /2,5 denotes the
duality pairing between H1/2(X) := H}/*(S) and its topological dual space H~1/2(3) that is
a distribution space on X. We refer to [53, 54] for more background information on the space
H, ég 2 (X) and its dual, and to [22, 37] for the context of fluid-porous flows; see also an illustrative
related counterexample provided in [55, Exercise 2.24]. Following [37], H'/2(X) = HégQ(E)
is the space of traces of all functions of Hé,aﬂf\z (i.e. vanishing on 99 \ X) or of H&BQP\E.
The spaces H'/?(X) — L*(X) and H'/?(X) — L?(X) are respectively equipped with the
semi-norms and norms defined as follows:

|u(z) —u(y)®
|U|§{1/2(2) = /2/2 iz — y| dedy, ||U||§11/2(z) = Hu||(2)72 + |u‘2Hl/2(E)a (6)
2 o 2 Ju(z)[? 2 o 2 2
|u|f[1/2(2) T |u|H1/2(Z) +/E d(m,é)E) de, ||u||1§1/2(2) = ||u||0,2 + |U|H1/2(2)7 @)

where d(x, 0%) := infycpx | — y| denotes the distance from any point € ¥ to the border
OY. Since ¥ is a bounded Lipschitz surface, the latter distance function belongs to W>°(%).
Thus, the continuous imbedding H'/2(X) < H'/2(%) holds. However, the norms defined in
(6) and (7) are not equivalent except when X is a closed surface (or curve for d = 2). Besides,
for any function 7 € H'/?(X), its extension by zero to the whole boundary 9 + and denoted by
u satisfies u € H'/2(0€) and for some (%, 9Qf) > 0':

ull1/2,00; < (5, 09¢) [[tll g1/2(x), forall ue H'?(%). ®)
Moreover, the normal trace w - 7 on the border 0€2¢ of any function u € H 4;,,(£2¢) belongs to

H=1/2(99Q) and the normal trace linear operator: H 4;,(Qy) — H~1/2(08;) is continuous
and surjective with [51, Theorem 2.5 and Corollary 2.8] (and similarly on 052,). The same result

'Without any more precision, ¢ > 0 or C' > 0 will denote a positive generic quantity depending only of the data.
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holds on a part of € if this part is a closed surface. But on the surface X that is not closed,
then we have u-n € H-/2(%) := HY/2(2).

For any quantity ¢ defined all over 2 U €Q,,, the restrictions on ¢ or 2, are respectively
denoted by 1/ = Yo, and PP 1= 1) . For a function ¢ having a jump on X, let ¢~ := Yo
and YT = wgz be the traces of /P and 1)/ on each side of ¥ (at least defined in a weak sense),
respectively. Following the general framework introduced in [56], let us choose as reduced

variables at the interface X, the jump of traces of ¥ on X oriented by n and the arithmetic mean
of traces of v defined by:

[y =9 =9~ = (@ —¢P),,

_ €))
P = (W7 +07) =5 (0 +97).
2.2. Creeping flow in the porous medium: variable-viscosity Darcy’s model
The single-phase incompressible creeping flow in the saturated porous bulk §2,, is described
by the Darcy law (see e.g. [57]), here considered with variable viscosity and density:
{ 3 Vv =qn %n Qp, (10)
pK, v+Vp=pf in Q,
where p > 0 is the dynamic viscosity of the fluid with u € L*°(Q), p > 0 its mass density
with p € L*°(€). With the porosity ¢, (volume fraction of fluid pores, 0 < ¢, < 1), the
intrinsic permeability tensor K ,,(¢,,) of the porous region 2, (a symmetric and uniformly positive
definite bounded matrix in L°°(£2,,)4*%) can be given by a porosity-permeability correlation or
experimental data. For example, we can use the porosity-permeability correlation K, (¢,) of
Kozeny-Carman that has been calibrated for many random packed beds of spherical grains of
variable sizes [58, 57, 59]. Besides in (10), v denotes the filtration velocity defined as the
superficial average over a representative unit volume and p is the pressure defined as the intrinsic
average. The external force per mass unit f € L?(Q)? (e.g. gravitational acceleration), is
included in the right-hand side, whereas ¢,, € L?(£2) denotes a given mass source or sink term.
With (10), the Cauchy stress tensor in €2, reduces to the pressure term with no viscous stress, 1
being the unit tensor:
oP(v,p):=—p"I in Q,. (11)
The Darcy number Da is classically introduced as a dimensionless parameter to characterize the
flow in the porous medium:

K
Da:= L—; (12)
where K, := || K, ||~ and L is the macroscopic length scale.

On the external boundary of the porous medium, i.e. I'” = 9§, \ 3, mixed Dirichlet/Neumann
boundary conditions are assigned with zero normal flux on the part I';; and a null traction on I'?
which can be interpreted with (11) as an homogeneous Dirichlet condition for the pressure p = 0

onI?:
vPer =0 on I'f, 13)
o?(v,p)-v=0 on I'?,

where I'? := T UT? with I') "' T'?, = () and meas(T) > 0.

2The upper or lower index of ¢£, 1/}§ will be sometimes omitted when there is no possible confusion.
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2.3. Creeping flow in the porous medium: variable-viscosity Darcy-Brinkman’s model

The incompressible creeping flow in the saturated porous medium €, can be also governed
by the Darcy-Brinkman equations [1, 2, 7], here considered with variable viscosity and density:

Vev=g¢qn in Q,

14
V. ((Z(W+WT))+MK;%+Vp=pf in Q,, (14)

where p > 0 is the dynamic viscosity of the fluid with © € L (), p > 0 its mass density
with p € L*>°(). With the porosity ¢, (volume fraction of fluid pores, 0 < ¢, < 1), the
intrinsic permeability tensor K ,,(¢,,) of the porous region 2, (a symmetric and uniformly positive
definite bounded matrix in L°°(£2,,)4*%) can be given by a porosity-permeability correlation or
experimental data. For example, we can use the porosity-permeability correlation K, (¢,) of
Kozeny-Carman that has been calibrated for many random packed beds of spherical grains of
variable sizes [58, 57, 59]. Besides in (10), v denotes the filtration velocity defined as the
superficial average over a representative unit volume and p is the pressure defined as the intrinsic
average. The external force per mass unit f € L?(Q)? (e.g. gravitational acceleration), is
included in the right-hand side. With (14), the Cauchy stress tensor in £2,, reads:

p
ol(v,p):=0b(v)—pl where of(v) :=2 il D(v)
) Op in Q,, (15)
with  D(v) = 5 (Vv +Vo'),

where o (v) is the viscous stress tensor and D(v) is the strain rate tensor (symmetric part of
Vo).

On the external boundary of the porous medium, i.e. I'? = BQP\Z, mixed Dirichlet/Neumann
boundary conditions are assigned with a null velocity on the part I'}) and a given traction g €

H-1/2(TP)d on T'P:
v’ =0 on I't),
(16)
o’(v,p)-v=g  onTI%,
where I'? :=T') UT? with I') " T'2 = () and meas(I'}) > 0.

2.4. Flow in the free-fluid region: variable-viscosity Stokes model

The incompressible viscous flow in the pure fluid domain {2 is here governed by the Stokes
model with a variable viscosity and density:

Vv = qm in Qf,
. . a7
—V- (p(Vo+Vo'))+Vp=pf in Qy,
For writing Eqs. (17) and (10) with the stress formulation, the Cauchy stress tensor o (v, p) for a
Newtonian fluid in Q2 associated with the stress vector o (v, p) - m on the surface X:
ol (v,p) :=ol(v)—pI where o/ (v) :=2uf D(v)

’ in Qp,  (18)
with  D(v) ::%(Vv—kV'vT), !
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where o/ (v) is the viscous stress tensor and D(v) is the strain rate tensor (symmetric part of
Vo).

On the external boundary of the fluid region, i.e. I =00 ¢\ 2, mixed Dirichlet/Neumann
boundary conditions are applied with null velocity on the part Fﬁ; and a given stress vector
he H'/2(T)*onT:

vl =0 on F(’;,

19
{o‘f(v,p)-uzh on T/, 1)

where I'/ := F£ UTY with I‘Z; NI/ = and meas(Fg) > 0, meas(I'/) > 0.

2.5. Fluid-porous stress jump interface conditions

The coupling of the fluid-porous flow (17, 10) requires additional interface conditions on X.
Here, we deal with a new setting issued from recent advances on fluid-porous flows carried out in
[46, 48] with an asymptotic modeling and analysis to couple the Stokes problem with either the
Darcy-Brinkman or Darcy models. Hence, the following set of stress jump interface conditions
associated to velocity continuity is derived in [46, Section III] (when X is non-centered inside the
inter-region; see also the summary supplied in [60, Eqs. (18) with (30) and Remark 3]) to couple
the Stokes and Darcy models at the bottom surface > = ¥;, of a thin transition layer between the
fluid and porous regions:

[v]y, =0, ie. vl =l = vy

p Z:E y 20
lo(w.p) -l = L2 Bovs £ mEsRe &
p

where K, := ||K || (or any permeability reference) and fy, € L%*(X)¢ is a given external

surfacic force on ¥ (fy, € H1/? (¥)? is also admissible). The stress jump friction tensor
Bs; denotes a uniformly positive semi-definite bounded matrix (possibly symmetric) with thus
By € L=(5)Pd,

Compared to the usual velocity slip conditions with no normal stress jump, extended ad-hoc
from the 1-D Beavers-Joseph [13] or simplified Beavers-Joseph-Saffman [18, 19] conditions used
by almost all authors, e.g. [22, 28, 29, 37], the jump interface set (20) is shown in [48] to be
optimal to reduce the loss of flow rate in the viscous boundary layer of the porous medium.
Moreover, a calibration procedure is proposed in [48] to determine the optimal location of Xy, i.e.
the thickness d from the top surface 3J; of the transition layer (where Beavers-Joseph’s conditions
of velocity slip are applied), together with the friction tensor By,. A typical example for the
benchmark of Poiseuille’s channel flow through fluid-porous layers is provided in Appendix B.

However with the regularity of the data in €2, chosen here, we have v? € H 4;,(€2,,) and thus
the normal trace v? - n on X can be defined in a weak sense, but there is no guarantee to define the
tangential trace vPAn on ¥ since the curl V x vP does not a priori belong to L2(€2,)¢ (unless
the tensor K, and the viscosity u are constant). Therefore with less smooth data as it is the case
in practical applications, we shall also consider the following admissible modified version of (20)
to couple the Stokes and Darcy flows:

[v-n]s =0, vy 1= vé

P Y= 21D
[[U(va)'n]]zz%ﬂz’vz—fz o ’
p



Under the above form, the stress jump interface conditions (20) can be viewed from a variational
point of view as a dual version of the extended Beavers-Joseph-Saffman velocity jump conditions
(2). Unlike the latter conditions (2) or (1) where the velocity slip coefficient oy is a scalar
parameter only (see the derivation of this equation in [46]), the intrinsic vector form of the stress
jump conditions (20) or (21), where By, is a symmetric and positive semi-definite tensor, is likely
to actually handle multi-dimensional cases with arbitrary flow directions and anisotropic effects
of the microstructure.

3. Solvability of the coupled Stokes/Darcy-Brinkman fluid-porous flow

The set of interface conditions (20) being formulated in terms of velocity and stress vectors,
it is more suitable to write the fluid-porous model (10, 17) in the following divergential form with
the Cauchy stress formulation using (15, 18) for f € L?(Q)? and ¢, € L?(9):

V.v=gqpn, in €,
fV-a'p(v,p)JrupK;lvp:pf in Qp, (22)

~V-ol(v,p)=pf in Qy.
The interest of the stress formulation (22) is also to deal with the case of variable viscosity
w € L>°(€2) when for example, the flow has to be coupled with a convective heat transfer governed

by an advection-diffusion equation for the temperature, thus with a temperature-dependent density
p € L*>(Q) too. Then to give a sense to (20), we assume that ;o € M defined by:

M = {p € L®(Q); pP := pyo, € H' (), p! = o, € H' ()}, (23)

Hence, the Sobolev continuous imbedding yields: uf, € H 1/ 2(%) — LY(D) (for d < 3),
although 1§, € L?(X) is sufficient here. We have also the natural assumptions of boundedness
issued from physical properties and there exists constants ¢, > 0, pipr >y, > 0 and kpp >
k,, > 0 such that:

op €]0,1[; 0 < ¢, < Pp(z) <1 a.e.x €9,
weEM; 0<py<plz)<um a.e. x € €,
Bs € L®(E)™% Boo = [|Bs | o (syaxa,
K, ' e L)Y koo = [ K Lo (0%,
ko [y? < (K, ' (2)y) ~y <kumlyl, Vy e R ae.zeQ,,
pE LX) pos = |pllL=(a),

(24)

where |.| denotes the Euclidean vector norm in R9.

Then for the velocity and pressure solutions spaces and test function spaces, we define the
following (real) Hilbert spaces endowed with their natural respective inner products and associated
norms:

1 d._ 1 d. ., _ f
HY o ()= {ueH Q)% =0 on rd},

W= Hé,rﬁur{;(g)d = {w c H'(Q)% w =0 on F(J; U I‘Z} , (25

Q= L*(Q),
8



with the Hilbertian norms (and naturally associated inner products) in W (inherited from H! (Q) )
and @ defined by:

lwlify = [wl§ o+ IVwl§ o = llwliq,  forall weW,

(26)
lglle = llallo,e, forall ¢ € Q.

Hence, W is a Hilbert space as a closed subspace of H 1 (Q)d, and we have thus the continuous
imbedding W — H'()?. Then forall v € W, we have continuity of the traces on ¥: [v]y, = 0
and thus vy, := vf, = vg € HY/2(x)4 — HY2(x)?. Moreover, we have by Sobolev imbedding
forallv € W: vy € H'/2(2)? — L*(X)? (for d < 3) with the related continuity inequality of
the imbedding.

Let us now introduce two bilinear forms af(., .), b(.,.) and two linear functionals £(.), g(.):

al,.): WxW =R, b,): WxQ—R, £.): W—R, ¢g(): Q—R, (27)

respectively defined for all v, w € W and p € @ by:

a(v,w) = 2/Q p! D(v) : D(w) daz—l—Z/Q Z—pD(v) : D(w)dz (28)

p
+ / P (K;lv) cwdz + o> (Bs, vx) -wxds,
Q b Kp

p

blw,p) := —/ pV-wda:—/
Qf Qp

/pf’l,Udl‘—i-/ fZ'w2d5+ <ng>71/2,rﬁ’l + <h7w>,1/2)1"£7 (30)
Q b))

—/ qmpda?—/
Q Q

where (.,.) ;o p» denotes the duality pairing between the spaces H~Y/2(TP) and H/2(I'?)

pV-wdxz—/pv-wdx, 29)
Q

~
—~~

S
~—

I

=

S

S~—"
[

qmpde—/qmpd% (31)
Q

p

and similarly on T'/.
Let us first prove some preliminary results.

Lemma 1 (Equivalent forms of the Stokes/Darcy-Brinkman transmission problem). Forall
data as mentioned above, the boundary-value problem (22, 16, 19, 20) with (15, 18) assuming
solutions (v,p) € W x @ is equivalent to the following mixed weak problem:

find a pair (v,p) € W x Q such that:
a(v,w) + b(w, p) = {(w), forall weW, (32)
b(v,q) = g(q), forall q€ Q= L*Q),
with the definitions (28-31).

Proor. Firstly, let (v,p) € W X @ be a solution to the transmission problem (22, 16, 19, 20).

Since f € L?(Q2)?, we have with (15, 18) and (22): o/ (v,p) € H 4;,(Qf)? and oP(v,p) €

H 4;,,(2,)% With the normal trace operator H 4;,,(Q) + H~'/2(0) (cf. [51, Theorem

2.5]) applied in the domains Q; and €2, we have thus: of(v,p)-v € H1/2(9Q;)? and
9



a?(v,p)-v € H Y/2(9Q,)%. Using now Green’s formulas, the L?(£2;) scalar product by any
test function w € W of the momentum equation in €2 yields from (22) with (18):

2/Q u! D(v) : D(w) dz 7/9 pV-wdr — <0'f('v,p) -l/,'w>_1/2769f
f f

=/ pf-wdz,
Qf

where the first term is obtained using the equality: 2 D(v) : Vw = D(v) : (Vw + Vw?) that
holds because of the symmetry of the tensor D(v). Since wf = 0 on I‘g, the duality pairing on
o8y \Fé = I’} U in (33) holds between H'/2(I' UX)? := Héf(I‘fI UX)? and its dual space
H=2(Df ux)® .= (H'/*(Tf UX)?); see [54]. Then using w! = 0 on T} and incorporating
in (33) the stress boundary condition from (19), we get since h € ﬁ*1/2(F£)d:

(33)

2/ ,ufD(v):D(w)dx—/ pV-wdx—i—<0'f(v,p)-n7'wg>_1/22
Qs Q ’

: (34)
[ pfwdet (hw) g
Qj
By doing similarly in ©,, from (22, 15, 16), it yields with w? = 0 on I'};:
p
2/ 'u—D('u) : D(w)dm—/ pV-wdx—l—/ P (K;lfu) cwdz
Q, P Q, Q0
(35)
— (o (v,p) 'nvw2>71/2,2 = /Q pfrwde. + <g7w>—1/2,l—‘ﬁ ‘
Now by summing (34) and (35), it turns out that for all w € W:
P
2/ p! D(v) : D(w)dsc+2/ 'U—D(v) : D(w)dx—i—/ uP (Kglv) -wdx
Qs Q, Pp Q,
- [ pwdet (fo.p) nlsws) o (36)
Q

= /Qﬂf'U’dl' + <g»w>_1/z,r,{1 + <hvw>f1/2,rﬁ, :

For all ;1 € M, the Sobolev continuous imbedding yields: ;% € H'/?(X) «— L4(X) (ford < 3).
Then from (20), the Holder inequality implies that [o' (v, p) - n]y, € L?(2)%. Moreover, we have
also the functional setting below with continuous imbeddings by identifying L?(%)? with its dual
space:

H'?2(2)* — L2(%)? — HY?(x)%. (37)
Hence, by including in (36) the stress jump condition (20) with [o(v,p) - n]y, € L*(X)%, we
finally get with the definitions (28-30):

a(v,w) + b(w,p) = {(w), forall we W. (38)

10



Then, taking the L? scalar product by any test function ¢ € Q = L?(f2) of the mass conservation
equation in (22) gives with (29, 31):

b(v,q) = glq),  forall ¢ € Q. (39)

Therefore, (38) and (39) yield that the pair (v,p) € W x @ solves the weak problem (32).

Conversely, let (v,p) € W x @ be a solution to the weak problem (32). In particular from
the definition of W, v satisfies V-v € L?(Q) and the homogeneous boundary conditions of
(16, 19) on I'") and Fg , respectively. With the properties of Lebesgue’s integral, it is clear by
taking for example any smooth and compactly supported test function ¢ € €°>°(€2) that (39) is
equivalent to V- v = ¢y, in €2, and thus v satisfies the mass conservation equation in (22). By
choosing in (38) any smooth and compactly supported test function w € €° (Qf)d, we get after
integration by part:

(V- (=24/ D(v)+Vp),w)_| o = / pfrwder, forall we E>(Q)%  (40)
: a;

where (.,.)_1,q, is the duality pairing between H~*(€2;)% and H{} (Qy)?. Since €°(€2y)? is
dense in HE(€25)%, (40) yields:

—2V- (,uf D(v))+Vp=pf in Q. 41)

Doing similarly in €2, we get:

i - .
—-2V. <¢1)D(v)> pprlv-l—Vp:pf in Q. 42)
Hence, it turns out with (41) and (42) that the pair (v,p) € W X @ is a solution to the set of
governing equations (22). The velocity continuity v/ = v? on ¥ is obviously included in the
definition of the space W. By taking now in (38) any test function w € H} ()¢ and comparing
with (36), it yields:

12
<[[U(va)°n]]z,wz>_1/27z—/z\/[E(—p(ﬁzvz) 'wzds—/zfz"wzd& 43)

Vw € Hi(Q)%.

Since the trace space of w on X is large enough, i.e. the linear trace operator Hg ()¢
HY 2(x)? is surjective as shown at the end of the proof of Lemma 6, Eq. (43) implies that the
stress jump transmission condition in (20) is recovered on . Similarly as above, by taking in
(38) any test function w € HSVF(J; Qp)dorw e H&FZ ()%, the traction boundary conditions

in (19, 16) are also recovered on I'{ and I'2, respectively. Finally, we have shown that the pair
(v,p) € W x Q solves the boundary-value problem (22, 16, 19, 20). O

Lemma 2 (Continuity of a(.,.), b(.,.), £(.) and g(.)). For all data as mentioned above, there
exists Cq > 0, Cy > 0, Cp > 0.and Cy > 0 depending only of the data such that the following
continuity inequalities hold:

la(v,w)|] < Cqlv|lw ||w|lw, forall (v,w) e W x W (44)
bw,q)] < Cylwllw lgll,  forall (w,q) e WxQ (45)
(w) < Cillw|w, forall we W (46)
9@ < Cyldlle,  foral g€ Q. (47)

11



Proor. Forall u € M and (v, w) € W x W, the Sobolev continuous imbedding: H'/?(Z) —
LA(X) (for d < 3), the Holder inequality with the trace inequalities in H'(Q,) and H*(Q)4
imply that the last term in (28) verifies the continuity bound:

< (@, 2, 5, Kp) 1Bl 17110, 0]l [wllie,. (48)

P
/2 \;I%) (Byvs) ~wsds

With the Cauchy-Schwarz inequality in €2 and Q,, for the other terms of a(v, w) in (28) and the
bounds from (24), we have for all v,w € W

0,0

> / i D(w) : D(w)dz| < 2 s | D(v)]o, | D(w)
Qy

< 2pp [[Volloq, [[Vw

l0,0;
(49)

0,9,

P
2/ %D(v):D(w)dx < 2pns 65 [Vollosg, [ Vew
Q, Pp

w0 ) - was| < a1, o ol Tl

I3

Thus, using (48) and (49), we get (44) with C, > 0 depending only on the data.
By applying the Cauchy-Schwarz inequality in (29), it is straightforward to obtain (45) with
C, =2sinceforallw € W, q € Q:

[b(w, @) < IV -wllo.q gl

0.0 <2[|Vuw|

0,2 o, (50

because usual calculations show that: |V - w|[§ o, < 3[|Vwl|§ o, forallw € H'(Q)%.
Using the Cauchy-Schwarz inequality from (30) and the duality inequalities combined with
trace inequalities in H'(€2,)% and H*(Q7)?, we get for all w € W:

[E(w)| < lpllos 1 Fllog lwllo.o + (s, 5) | fllos llwll,o;

(51
+c(Qp, I7) H.‘]Hfj—l/z(rg)d [[wl

L0y + QT Rl ooy ol

from which (46) is obtained with some C; > 0. The last continuity inequality (47) holds true
immediately with Cy = ||g, |0, from (31). O

Lemma 3 (Coercivity of a(.,.) on W). Forall data as mentioned above, the bilinear forma(., .)
is coercive on W, i.e. there exists a, (25, Qp, Fg, I pm) > 0 such that:

a(w,w) > ag |w|3y, forall weW. (52)
Proor. The last term of a(w, w) from (28) being non-negative, we have using (24):
a(w, w) 2 2 i [ D(w)|[§ o, +2 pm [ D(w)[[5.0, + s bm |05 q,.  YweW. (53)

Then, we recall Poincaré-Friedrichs’ inequality in HS rf (Q f)d (e.g. [52, Proposition II1.2.38]),
s

Q being a bounded and connected Lipschitz domain of R%:

Iwllo.c, < CHQ.T0) [ Vollog,, forall ve Hp ()7, (54)
12 '



and the following Korn inequality in H é of (Q f)d as a consequence of Korn’s second inequality
s

in H! (Qf)d (see e.g. [52, Lemma IV.7.6]) combined with (54):
ID@)IEe, = L@ T olig,, forall ve H ()" (55)

Using (55) and similar Korn’s inequality in H} (Qp)d on the domain §2,, in (53), we get:

0,I"

a(w, w) = 2 i, min(CL, C%) (Iwli g, +lwllig,)

> 2 1, min(CL, C%) |lwl|3, forall we W.

(56)

Hence with a, (25,2, T T2 41,) == 2 i, min(C, C%) > 0, the coercivity inequality (52)
holds. -

Then, we prove the following result of well-posedness with no restriction on the natural size
of the data.

Theorem 1 (Solvability of variable-viscosity Stokes/Darcy-Brinkman flow coupled with (20)).
Under the assumptions (24), let us consider any data p € L=(Q), u € M, f € L*(Q)9,
Gm € L2(Q), fy € L2(X)4, g € H-Y/2(I2)4, h € H-Y2(T1)?, any bounded, symmetric
and uniformly positive definite tensor K, € L‘X’(Qp)dXd and any bounded uniformly positive
semi-definite tensor By, € L ()44,

Then, there exists a unique solution (v,p) € W X Q to the mixed weak problem (32), i.e.
also to the Stokes/Darcy-Brinkman fluid-porous flow (22, 16, 19) coupled with the stress jump
interface conditions (20) on X.. In addition, the solution satisfies the following energy estimate:

[ollw +[lplle < Claa, By, llall, [6]]) ([€lw + llgmllo.e) - (57)

Proor. By using the above Lemmas 1, 2, 3 and applying [51, Theorem 4.1 & Corollary 4.1]
resulting from the Banach-Necdas-Babuska theory [61, 62], it remains to prove that b(., .) satisfies
the inf-sup condition, i.e. there exists 5, > 0 depending only on the data such that:

b(w, q)

s > By llgllg, forall g€ Q. (58)
weW ;w#0 Hw”W

This stems from Necas’ Theorem in [63], e.g. [52, Theorem IV.3.1], stating that for any ¢y €
L3(), there exists a function ug € HE(Q)? such that with some Cn () > 0:

A4 *Uo = qo in Q and HuOHLQ S CN(Q) HqO |(),Q. (59)

By considering now any function ¢ € Q = L?(f2) and denoting by m(q) its mean all over the
domain 2:

m(q) := |Ql|/qum where || := meas({2), (60)

then we have qo := ¢ — m(q) € LZ(Q) and thus (59) holds true. Following [52, Section IV.7.1]
to get a lifting of the mass source term ¢, let us now define the vector field uw € W by:

TL::M:B forallw::(x1,~-~,xd)T€QC]Rd, with =0 on F(J;UI‘Z, (61)
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that verifies:
V.u=m(g)  and Vﬂz%I in Q. (62)

Thus, using the Cauchy-Schwarz inequality to bound m/(q), there exists C/(£2, d) > 0 such that:
[@]l10 < C(©,d) alo0- (63)

Therefore, we have constructed a function w := (ug + @) € W such that, using (59) and (63),
we have with some C(Q,d) > 0:

Veu=qgo+m(g)=qin @  and [jullw = [ull1,0 < C(Q,d)]lqloq, (64)
i.e. that the Divergence operator V- : W C H(Q)¢ — Q = L?(Q2) admits a right-inverse.
Now taking w = —wu as a particular candidate for a lower bound in (58), we get with (64):
b(w,q) _ —bu,q) lallge 1
sup > = 2 lalle, (65)
wewswzo [wlw — lullw  lullw T C(Q,d)

from which the inf-sup condition (58) holds with §,(€2,d) = 1/C(Q,d) since g was chosen
arbitrary in L2(£) in the above construction.
Then, the energy estimate (57) follows with usual arguments. O

Remark 1 (Generalizations). Replacing the assumption of fs, given in L*>(X)? by a data fs, €
H-1/ 2(2)? is straightforward throughout the analysis, which can be required for the multi-
physics coupling where complex phenomena occur at the interface .. Moreover, the case with
non-homogeneous velocity boundary conditions on F£ or T is admissible too. These extensions
are not considered here for the sake of brevity.

4. Solvability of the coupled Stokes/Darcy fluid-porous flow

As carried out in [44, 45], the strategy to prove the well-posed coupling of Stokes/Darcy flows
uses a regularization with a vanishing effective viscosity ;iP = ¢ > 0 in the porous domain €2,,,
and then passes to the limit when ¢ — 0.

Let us define the following (real) Hilbert spaces endowed with their natural respective inner
products and associated norms:

X = {u € Hy\,(Q); ul € H' (Qy)4},
V.= {’U e X;vle H&F(g(ﬂf)d, vy = vg, vP-v =0 on 1"5} , (66)
Vo={veV; V-v=0in Q},

with the Hilbertian norms (and naturally associated inner products) in X, V' (inherited from X)
defined by:

ull5 = l[ulgo + IV-ulfq+ Vel |§ g, forall u € X,
[0l3 = 030+ IV -2l50+ VY5 q,, forall v eV, (67)
HUH%/U = ||v| (2),9 + ||va||g,gf7 forall v € V.
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Hence, V is a Hilbert space as a closed subspace of the Hilbert space (X, ||.|| x ); see Propositions
1 and 2 in Appendix A. Besides, we have the following continuous imbeddings: W — V — X
and W is dense in V because H'(Q,)? is dense in Hy;,(€2,). Then for all v € V, we
have: [v-n]y, = 0 on ¥ from Lemma 6 in Appendix A and thus v-n := v?-n =v/-n €

H'/2() < H'Y2(%) since v/ -n € HY/2(X). Moreover, we have by Sobolev imbedding for
allv € V: vy := vl € HY/2(2)4 — L4(X)? (for d < 3) with the related continuity inequality
of the imbedding.

4.1. Solvability of the regularized Stokes/Darcy problem
In the regularized procedure, we consider for all € > 0 the Stokes/Darcy-Brinkman problem
with no velocity jump on ¥ as follows still with natural bounds of the data (24) and for f € L?(Q)?
and g, € L*(Q):
V- v =qm in €,
—2eV-D(W?) + P K" vl +Vpl=pf  in Qp, (68)
-2V (W D) +Vpl =pf in Qy,

still supplemented with the boundary conditions (16) on I'” and 19 on I'f and coupled with the
stress jump interface conditions below on X with the definitions (9) and fy, € L?(X)%:

[ve]y, =0 ie. 'vgz = vl = vy
p
1 on X. (69)
= By ves — fx

[[U(vs,ps)°nﬂ2 = \/[?p

Let us now consider the bilinear form a. (., .) below, the other forms in (27, 29-31) remaining
unchanged:
ac(.,.): W xW =R, (70)

defined for all v, w € W by:

as(v,w) := 2/ p! D(v) : D(w) dx—|—25/ D(v) : D(w)dx (71)
Qy Q
p
+ /Q wP (K v) -wdgc—i-/E H%p (By vs) -wxds.

Then we have the following solvability result as a consequence of Theorem 1.

P

Corollary 1 (Solvability of the regularized Stokes/Darcy flow (68) coupled with (69)). Under
the assumptions of Theorem 1 and for all € > 0, there exists a unique solution (v, p;) € W x Q
to the coupled Stokes/Darcy-Brinkman fluid-porous flow (68, 16, 19) supplemented with the stress
Jjump interface conditions (69) that is also equivalent to the following mixed weak problem:
find a pair (ve,pe) € W X Q such that:
ae(ve, w) + b(w, pe) = L(w), forall weW, (72)
b(ve,q) = g(q), forall q€Q=L*Q),

with the definitions (71, 29-31).

Proor. The result directly stems from Lemmas 1, 2, 3 and Theorem 1. O
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4.2. Solvability of the Stokes/Darcy problem

Now to recover the Stokes/Darcy problem from the study in the previous section 4.1, it is
necessary to pass to the limit in the mixed weak formulation (72) when ¢ goes to zero. This
requires uniform energy estimates proved further in Lemma 4. Henceforth to get (13) with (11),
we consider an homogeneous Dirichlet boundary condition for the pressure p = 0 on I'?, i.e.
g = 0. Besides in addition to (24), we assume the following bounds on the data on ¥ with
m > 0and Bp; > B, > 0 to be compatible with the coupling of Stokes/Darcy flows:

pe M; pbi(s)> pm >0 a.e. s €,

By € LX) oo i= [|Bs || oo (yaxa, (73)
B ly1* < (Bs(s)y) -y < Bulyl*, Vy € RY ge.seX.

Lemma 4 (Uniform energy estimates for the weak problem (72) with vanishing viscosity). Under
the assumptions of Corollary 1, with (73) and g = 0, the unique solution (v.,p.) € W x Q of

the mixed weak problem (72) satisfies the following uniform energy estimate for all ¢ > 0 such

that e < 1:

Hm f fu2 D 2 Hm 2 Hm 2
— Cr Vi1 o, +eCk Ve 0, + = km V25,0, + == Bmllveslo s
2 € f € P 2 € D 2 Kp
2
+ 5 llpellf o 74
< C (lanlBa+ P2l 130+ 1 5B + BNl 0, + 1AI% 1 arpye)

with some C(y,Q,, %, Fg,FS,FfL,Kp,uM,,um,ﬁm, km, koo, Bp) > 0 depending only on the
data and C’If<(Qf, Fg), C% (2, T5) > 0 coming from Korn’s inequalities in Qg (55) and Uy,
respectively.

Proor. By taking w = wv. and ¢ = p. in the weak problem (72) and substracting the two
equations, we have:

ae(ve,ve) = L(ve) — g(pe) < [l(ve)| + |g(pe)l- (75)

More precisely with the definition (71), a. (v, ve) reads:

ag(vg,ve)zz/ /,Lf\D('UE)\de—FQs/ |D(va)|2dm+/ o (K w,) v, de
Q; Q, Q,
(76)

12
Jr/ 2_ (Bg ves) +vex ds,
5

VK,

that can be lower bounded as follows using Korn’s inequalities (55) on €2 and €2, and the bounds
(24,73):

ae(Ve, ve) > 2 pim C{((Qfﬂ Fé) ”vsH%,Qf +2eCR (2, T7) ”vs”iﬁp

Hm

()
+ tm km Hveng,ﬂ + ——bBm ”'UEEH(Z),D
P Kp
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Then with the definitions (30,31) and g = 0, the right-hand side terms in (75) are upper bounded
as below using arguments already invoked above and the inequality a b < (a? + b?)/2:

[(ve)| < poo ||f||0,Q [|ve
< poo I fllo.c (lvellog, + lvellie,) + [ Fsllos [veslos
QT Wl im0,

0.0 F Ifsllos lvesllos + 1Rl g-12ps)a 1Vell g1z )

(73)
I p
< mcf € ? Mlkm £ 2 - m £ 2
< pm Oxc [Jvell1,0, + 1 [velloq, + 1 \/Kipﬁ [ves 5.5
+ C(Qfargarinufmv kvap,ﬂm) (Pgon (2),9 + ”fE”(%,E + ||h||%—1/2(1“£)d) :
l9(Pe)l < Nlgmllo.c2 Ipello,0
1 1 (79
< 3 ﬁz?HPEH(Q),Q + Tﬁf ”(Im”%,Q'
Besides, by estimating the pressure p. with the inf-sup condition (58), we have using (72):
b(w, l(w) — as(ve,w
By llpelloo < sup bw.pe) _ sup [b(w) — ae(ve )|, (30)
weWw20 |WIw  wew w0 [|wl|w

and the bounds of the two terms in the right-hand side follow with the definitions (71,30) and
g=0:

0(w)| < poc |1 £
< (poe IFlo.0 + (25, %) [ Fslloss + (2 T [l 12y ) ool

0.z lwsllox + 1l g-1/20fya 1wl g1z psya

0. llwlog + sl

(81)

|ac(ve, w)| < 2 p [[Voelloo, [Vwloo, +2¢[Voeloe, [Vwllog,
+ b koo [[vello,e, [[wllo.q, + (7,9, B, Kp) Boo [ 1
< (2pm [[Velloo; +2¢€ [Voellog, + par kso lvelloe,) lwllw
+c(Qf, 2y, B, Kp) Boo |1tll1,0, [[ves o5 lw]w

1.9, |veslos [[w|w

(82)
By gathering (81,82) in (80), it gives:
By Ipello,e < 2par [[Voelloo, +2¢[Voclloo, + b koo [[vello,0,
+ (5,2, 2, Kp) Boo [[1l1,0, [vesloz (83)
+ poo [ Flloe +¢(4,2) | fellos + (2, T) ||hHH—1/2(r{l)d‘

Now from (83) at the power 2 and Young’s inequality, we get:

1% o,
By Hpc‘”g,ﬂ < TM O{( ||’Ue||iQf +eCk ||’Us||%,9p + Tm km ||’Ue||(2J,Qp
L
+3 \/%ffm lveslg,s (84)
p
+C (PR30 + 1Bz + B2, + 1RIE . agrgy ) -
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with some C(Q, Q,, 3,5 T8 TL K, g, fhmy km, koo ) > 0.
Then, by summing the inequalities (75) and (84) taking account of (77) and the estimates
(78,79), it yields after absorption of some terms in the left-hand side and for all 0 < ¢ < 1:

HEm ~f . f112 P 2 Hm 2 Hm 2
= Cx Wlliq, +eCk V2, + = km 1V2]6.0, + == Bm vesllo s
2 1> f g P 2 1> D 2 Kp
ﬂ2
+ 5 el 0 (83)

<C (quH(2),52 + 0% Fle + 1 f5lfs + @onMH?,QP + Hh”%—l/Z(FfL)d) )

with some C'(€2,$,, E,I‘g,I‘Z, UL, Kp, fiads oms By Ems Kooy Bo) > 0 depending only on the
data, which finally proves (74). O

Lemma 5 (Weak limits in the problem (72) with vanishing viscosity). Under the assumptions
of Lemma 4, there exists v € V, xP € L*(Q,)™% and p € Q such that, up to a subsequence, the
solution sequence (Ve,pe)eso € W X Q of the mixed weak problem (72) satisfies the following
weak limits when € — 0:

i) ve — v weakly in V and vl — v’ strongly in L ()<,
ii) /€ VP — xP weakly in L?(£2,)4*4,
iii) vl = veyy = vgz — vy = vé weakly in H'/2(2)% and strongly in L(%)%,
) vlgen = venon = vfz-n —vl-n =wvy-n = Ué-n weakly in ﬁ1/2(2) and
strongly in L*(3),
v) pe — p weakly in L*(Q).

Proor. From the uniform bounds in (74) or (85) of Lemma 4, the Hilbert spaces being reflexive,
it results the existence of the following weak limits by the Banach-Alaoglu theorem on compact
subsets for weak topologies and the compact injections theorem of Rellich (i.e. here the continuous
injection H'(Qf)? — L%(Qf)? is compact), e.g. [50, Theorems II.15 & II1.16] and [50,
Theorem IX.16], respectively. More precisely, there exists v/ € HY(Qf)?, vP € L?(Q,)4,
xXP € L2(Q,)™4, vy € L*(X)? and p € L?() such that the weak limits below hold up to
subsequences when € — 0:

« v/ — v/ weakly in H'(Q)? and v{ — v/ strongly in L?(Q)¢,

 vP — P weakly in L?(Q,)9,

s /e VP — xP weakly in L2(€2,)4*1,
s v.y — vy weakly in L2(%)?,
e pe — p weakly in L?(Q).

So, the items ii) and v) hold true.
This also allows us to define a vector field v € L2(Q)? by its restrictions per subdomain
v/ € HY(Qp)?and vP € L?(Q,)%. Besides with (68) or (72), we have V - v, = g,y,, so bounded
in L%(Q) independently of e. Thus, V -v. has a weak limit in L?(Q) which is nothing else
than V - v because the derivation operator is continuous in the sense of distributions and because
the limit is unique. Then, it turns out that v belongs to H 4;,(2) with V-v. — V- v weakly
18



in L2(£2). Moreover with the linear continuous normal trace operator H 4, (Q) — H~Y/2(%),
v, € W satisfies Green’s formula below in €, (and similarly in §2¢):

J

Passing to the limit in (86) when ¢ — 0 with the weak limits gives:

J

and similarly for v¥ in Q. So, we conclude that v’y, - n — v, - n = vy, - n by uniqueness of

the limit and using Lemma 6, we conclude that v%, - n = vy -n = vg -m since v € H 43, (Q).

By proceeding similarly with Green’s formula for the trace v/, € H'/2(%)4 of v/ € H' ()¢

on X, we get that: v’y = voy = 'vgg — vy = ’Ué weakly in ﬁl/z(E)d. Hence from what

preceeds, the items 7ii) and iv) both hold true.
Finally, by doing once again similarly as above with the normal trace v - v = 0 on I'}} and

vl - Vodz + /Q ¢V -vlde = (vl - n, ¢>_1/272 forall ¢ € H&,FP(QP). (86)

P

vP . Vodr +/ ¢V -vPdz = (v, -n, ¢>71/2.2 forall ¢ € H&ypp(Qp), (87)
Q, ’

P

the trace v{ = 0 on Fg, we get that these homogeneous boundary conditions are preserved at the
limit, i.e. vP+v = 0onT% and v/ = 0on Fg, because v? € H 4;,(€2,) and v/ € H'(Q;)4.
Therefore with all the previous considerations, it turns out that v belongs to V' and that the first
item i) finally holds true, which concludes the proof. O

Using the fact that e Vo? — 0 weakly in L? (Qp)dXd with the item ii), it is an easy matter to show
that the weak convergence stated in the above Lemma 5 is actually strong. However, the proof
will be left to the reader for the sake of shortness since the strong convergence is not necessary
further.

Now, since the Hilbert space V' defined in (66) satisfies W — V and that the definition
of the bilinear form b(.,.) given in (29) still makes sense in V' x @, let us still denote by
b(.,.) its continuous extension to V' x @ +— R. In addition, we define the bilinear form
asi(.,.) : V xV — R and extend the linear continuous form #(.) to a linear continuous
functional V' — R with g = 0 (still denoted by ¢(.)) by:

asq(v,w) = 2/Q p! D(v) : D(w)dx—|—/Q wP (K;l v) cwdz (88)
f P
P
Hs N\ L
+ s VK, (,6'2 v2> wy, ds, Vo, weV,

{(w)

/pf-wdx+/fz-wgds+<h,w>71/2_rf, Vw eV, (89)
Q D o

the linear form ¢(.) in (31) being unchanged. The above extensions of b(., q) and £(.) can be
actually extended by continuity using the direct consequence [50, Corollary 1.2] of the analytic
version of Hahn-Banach’s Theorem. Following Lemma 2, it is also an easy matter to show that
the bilinear form ag4(., .) is continuouson V' x V.

Then, the main result of solvability of the variable-viscosity Stokes/Darcy problem can be
proved below with no restriction on the size of the data.
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Theorem 2 (Solvability of variable-viscosity Stokes/Darcy flow coupled with (21)). Under the
assumptions (24,73), let us consider any data p € L= (Q), u € M, f € L*(Q)?, ¢ € L?(Q),
fs e L?(X), he H-Y 2(T1)?, any bounded, symmetric and uniformly positive definite tensor
K, € L>=(,)?? and any bounded uniformly positive semi-definite tensor By, € L>(X)4*4.

Then, there exists at least one solution (v,p) € V' x Q to the mixed Petrov-Galerkin weak
problem below:

find a pair (v,p) € V X Q such that:
asq(v,w) + b(w,p) = l(w), forall weW, (90)

b(v,q) = g(q), forall qeQ=L*%Q),

with the definitions (88,29,89,31).

Moreover, this solution (v,p) € V x Q also solves the Stokes/Darcy fluid-porous flow
(22,11,13,19) coupled with the modified stress jump interface conditions (21) on . Therefore,
the regularity of the data in the Darcy equation (10) implies that VpP? € L? (Qp)d and thus
pP € H'(Q,,) and since g = 0 on T'E, we have finally with (11): p? € H&,Fﬁ (Qp).

Proor. Using the results of Lemma 5, it suffices to pass to the limit when ¢ — 0 in the two
linear equations of the weak problem (72), where only the weak limit of (v, p¢) is required, by
noticing that:
lim a. (ve, w) = asq(v, w) forall we W, 91)
e—0

since /¢ v? remains bounded independently of € and thus /¢ VP — xP and e Vv? — 0 weakly
in L2(,)?<4. Hence, it turns out that the limit (v,p) € V x Q of (v.,p:) solves the mixed
weak problem (90).

Then, by adapting the proof of Lemma 1 made for v € W to the present case withv € V,
it results the equivalence between the mixed weak problem (90) and the Stokes/Darcy flow
(22,11,13,19) coupled with the modified stress jump interface conditions (21) on Y, assuming
existence of solutions (v,p) € V' x Q. Therefore, that ends the proof. O

Remark 2 (On the continuity of the tangential velocity in (20) on X). It stems from Theorem
2 that any solution (v,p) € V X Q of the Stokes/Darcy problem (90) satisfies the modified
stress jump interface conditions (21), thus with continuity of the normal velocity on 3. Indeed,
without any more regularity for the velocity field vP in Qp, it is not allowed to argue that
vAnyg = viAny € ﬁl/Q(E)d is the trace of the tangential component of vP on X. However,
as soon as the regularity of the Darcy problem 10 is sufficient to define the latter tangential
trace VPN ny on Y. (in addition to the normal trace vP - ny), at least in a weak sense, e.g. with
vPAng € HV2(2) ifoP € H?,,(Q,) = {u € L?(Q,)% V xu € L1(Q,)% 1 < ¢ <2}
by density of the continuous imbedding H*(Q,)? — H? ,(S),), then the results of Lemma 5
ensure the velocity continuity v, = vy, = ’Ug € I:P/Q(E)d (by uniqueness of the limit) and the
original interface conditions (20) are satisfied on ..

Corollary 2 (Equivalent problem to (90) and uniqueness of the solution). Under the assump-
tions of Theorem 2, any solution (v,p) € V X Q of (90) also solves the following mixed problem
and obviously vice versa since W — V:

find a pair (v,p) € V X Q such that:
asa(v, w) + b(w, p) = {(w), forall weV, 92)
b(v,q) = g(qz)(,) forall qe€ Q= L*Q),



with the definitions (88,29,89,31).

Then, the problem (92) has a unique solution (v,p) € V x Q that is thus the solution of the
Stokes/Darcy flow (22,11,13,19) supplemented with the modified stress jump interface conditions
(21). In addition, this solution satisfies the following energy estimate:

[vllv + lIplle < Claa, Bos llall, [16I]) (1llv: + llgmllo.) - (93)

Proor. Let (v,p) € V' x @ be any solution of (90). Since the continuous injection W — V is
dense, for all w € V there exists a sequence (wy)ren C W such that |[w — wy||y — 0 when
k — +oo. Then using w = wy + (w — wy), we have since (v,p) € V x @ solves (90) and
using the continuity properties:
|asa(v, w) + b(w, p) — L(w)| < |asa(v, wi) + b(wk, p) — L(wg))|
+ lagal(v,w — wy)] + [b(w — wy, p)| + [£(w — wy)|
< (llasall [lollv + [1olHIpllQ + [1€lv) [lw — wkllv
—k—00 0.

(94)

With (90), the second equation in (92) obviously holds too, and thus (v,p) € V' x @ also solves
(92). The reciprocal holds true immediately because W — V. Therefore, the weak problems
(90) and (92) are equivalent.

Let us now observe that the bilinear and linear forms involved in (92) are continuous. More-
over, it easily results from the proof of Lemma 3 that the bilinear form as4(.,.) is coercive on
the Hilbert space V defined in (66) that is the kernel or null space of the form b(.,.). Then it
results from the theory of abstract mixed weak problem [51, Theorem 4.1 & Corollary 4.1] that
the weak problem (92) is well-posed if and only if the bilinear form b(.,.) satisfies the inf-sup
condition below:

b(w, q)
weviwzo [[w]v

> By llqllq, forall q € Q. (95)

Now, it suffices to notice that the construction made in the proof of Theorem 1 to show the inf-sup
condition of b(., .) between the spaces W and () also works here between V' and () because the
injection W — V is continuous. Hence, the inf-sup condition (95) also holds and the mixed
weak problem (92) has a unique solution that is also the solution (v,p) € V' x Q of (90). This
concludes the proof. O

Remark 3 (Concluding observation). It turns out finally that Theorem 2 and its Corollary 2
provide an independent proof of a generalized version of the stationary counterpart of Theorem 5. 1
in [45]. Indeed, the present analysis is carried out for more suitable fluid-porous configurations
where the interface % is not a closed surface in view of practical applications and for a different
context including more general boundary conditions, a non-zero mass source term and the case of
variable-viscosity flow. Moreover, the technique of proof is different: in [45], the analysis is made
via Leray’s weak formulations with divergence-free test functions and recovering the pressure
with De Rham’s Theorem. Here, the analysis is performed with mixed weak formulations that are
thus ready for many numerical discretization methods.

5. Conclusion

In this study, the well-posed coupling of the Stokes/Darcy fluid-porous flows with variable
viscosity is solved using original interface conditions from [46, 48] where the normal velocity
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field is continuous at a suitable interface > = X}, inside the porous medium on which an optimal
stress jump condition is applied. Moreover, the variable-viscosity Stokes/Darcy-Brinkman flow
coupled with velocity continuity and stress jump interface conditions is also proved to be well-
posed. The present approach is unusual and not found in the literature because the Stokes
and Darcy partial differential equations are not of the same order and thus, almost all authors
use ad-hoc extended velocity slip conditions inherited from [13, 18]. However, the proposed
mixed variational framework, and then also the further numerical discretization, is simpler than
with Beavers-Joseph’s or Beavers-Joseph-Saffman’s conditions because no Lagrange multiplier
is required at the interface.
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Appendix A. Auxiliary results

Lemma 6 (Equivalence of normal velocity continuity on X). Letv € L*(Q)? suchthatV - v/ €
L3(Qf) in Qp and V - vP € L*(Q,) in Q. Then V - v € L*(Q) over the whole domain X if and
onlyif [v-n]y, = (v/-n —vP-n)x =00n 3.

Proor. By the normal trace theorem [51, Theorem 2.5] in H 4;,(Q2s) or H4;,,(Q,), v/ or
vP admits a normal trace v/ -v € H~Y/2(9Q;) on 99 or vP-v € H'/2(99Q,) on 0%,
respectively. Besides from Section 2.1, we have on ¥: v/.n € H-Y/2(X) and v?-n €
H~1/2(%). With v € L%(Q)?, we have a priori V-v € H~(Q). Then for all ¢ € H (1),
using successively Green’s formula in €2, Q0 and ©2,,, we get:

<V"Uv¢>_1,ﬂ = _/

Q

v-V¢dx:—/ 'vf-Vquz—/ P -V da
Qy Q

p

= V-qu’)d:c—i-/ V-vP ¢dr
Q Q,

; ) (A1)
+ (v 'n|27¢\2>_1/272 — (v 'n|27¢\2>_1/272

:/§1V°v¢d$+<[['U’"HE’¢IE>71/2,E’
forall ¢ € Hy(Q),

where (.,.)_1/2 5 denotes the duality pairing between HY2($) and HY/2(X). Now, let us
observe that any function ¢ € H'/2(X) := H)/*(X) <> HY/2(S) can be extended in by
a function ¢ € H}(Q). Indeed, it suffices to take the solution ¢ € H}(Q) to the Dirichlet
transmission problem below:

Ap=0 in QrUQ,
$=0 on I':=00Q, (A2)
=1 on X:=00;N00,,

which states that the linear trace operator H} () — H'/2(X) is surjective. Then, the previous
equality A.1 gives the desired equivalence result. O

Proposition 1 (Hilbert space X in (66)). The vector space X endowed with the inner product
(., .)x naturally associated with the pre-Hilbertian norm ||.|| x defined in (67) is a Hilbert space.

Proor. Let us consider any Cauchy sequence (uy)ren in X. With the definition of the norm
||| x in (67), this implies that both ||y || g, (o) and Hu£||179f (where (ui) = (Uk)lﬂf) satisfy
Cauchy’s property. Since then the spaces H 4;,,(2) and H'(Qf)% are complete, the sequence
(uy,) has a limit w € H 4;, () (of course also in L?(Q)%) and (u]) has a limit &/ € H(Q)
(also in L2(€25)%) when k — +oo. By uniqueness of the limit in L2(€25)%, we get u/ = u/.
Hence, we conclude that the Cauchy sequence (uy) converges to u € X and the space X is
complete. O

Proposition 2 (Hilbert space V in (66)). The vector space V endowed with the inner product
(., .)v naturally associated with the norm ||. ||y (inherited from ||.|| x ) defined in (67) is a Hilbert
space as a closed subspace of X.
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Proor. Let us consider any sequence (vy)ren in V' that converges to some v € X, i.e. |vg —
v||x — 0 when k — +oc. This implies that: vy — V| g,,, (@) — 0 and ||v£ —vf10, = 0.
Then, with the continuity of the linear operator of normal trace on I'Y, we have:

v} v —oP- V”frlﬂ(rg) < (0, TH) [0} = Pl 0,) — 0 when k — +oo0. (A3)

Hence we get that v € X also satisfies v? - v = 0 on I'}) because v, - v = 0 on I with v, € V
for all & € N. Besides, from the inequality of trace’s continuity in H'(€2)?, we have since

HY2(%)d e HY2 (%)
o] — vf||ﬁ1/2(z)d < e(Qy, %) ol - v/|l1,0, 0 when k — +o0, (A4)

and thus ”i\z — vé in ﬁ1/2(2)d. Since we have also vi =0on Fg, we get similarly with the

trace inequality now applied on I‘g that v¥ = 0 on Fg . Finally, we have shown that v € V holds
and thus V is closed in X which ends the proof. O
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Appendix B. Pressure-driven Poiseuille fluid-porous channel flow

The benchmark problem of pressure-driven 1-D Poiseuille channel flow through a free-fluid
layer of height 2H superposed over a semi-infinite isotropic homogeneous porous one is studied
with: f =0, ¢, = 0, fy; = 0 and a no-slip velocity condition at the upper wall (at z = 2H).
The reference solution of the single-domain continuum model is governed by the generalized
Darcy-Brinkman equations with porosity smoothly varying in the viscous boundary layer (see
[5, 7, 8, 64, 47]) from ¢ = 1 (pure fluid) on ¥; at z = 0 to ¢ = ¢, in the porous bulk. The
permeability profile is given by the porosity-permeability correlation K (¢) of Kozeny-Carman
that has been calibrated for many random packed beds of spherical grains of variable sizes [57].
So, the reference solution is computed by a second-order accurate (in the L?-norm) finite-volume
method. We refer to [48] for more details. Then, the Beavers-Joseph’s velocity slip condition (1)
at ¥ (Z := z/H = 0) [13] and the optimal stress jump condition (20) at 3, (Z = —46*) [46] are
calibrated in a dimensionless setting (L = H being the macroscale length) using the reference
slip fluid velocity U := us/V on X; and the Darcy filtration velocity Up := up/V = Da. The
analytical calibration with U(Z = 2) = 0 yields:

8 o 1-%4 1
> vDa N\/Da

where the thickness 0* = d/H satisfies: 6* < Us in the present dimensionless setting. Typical
streamwise velocity profiles are shown in Figures B.2 (over the free-fluid layer) and B.3 (zoom
in the viscous boundary layer inside the porous medium). The comparative performance to
reduce the loss of flow rate in the viscous boundary layer (here of thickness 65 = 5¢/H where
{ is the size of the unit cell representative of the microstructure) inside the porous medium [47]
are supplied in Table B.1. This shows that the optimal stress condition (20) largely outperforms
Beavers-Joseph’s one (1). Moreover, it is remarkable that the reduced friction coefficient satisfies:
Bs: vDa ~ 1 when H is large enough such that 20* — Uy < 2, here H = 100/ (often far more
in practice). In addition, the comparison with the Stokes/Darcy-Brinkman model coupled with
() at ¥y (Z := z/H = 0) or with the optimal stress jump condition (20) at 3, (Z = —§*) is
shown in Figure B.4 (zoom in the viscous boundary layer). For this porosity ¢, = 0.75, the
former gives a relative loss of flow rate er® = 98.1 % whereas the latter yields er” = 8.88 %
and is thus the best solution. The increase of performance between the Stokes/Darcy-Brinkman
and Stokes/Darcy models is clearly better for larger porosities ¢, > 0.85; see [48].

on =%, at Z=-0% (B.1)

| ¢p & Up =Da (10°7) | U (107%) | 6* (1072) | SDat%¢(Z =0) | SDat 5,(Z = —§*) |

0.25 & 0.196 1.2974 1.2974 100 % 9.01 %
0.50 & 2.693 1.4408 1.4408 100 % 9.27 %
0.75 & 22.90 1.7254 1.7251 99.9 % 9.80 %
0.95 & 397.0 2.6625 2.6586 99.5 % 11.9 %
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Table B.1: Comparative performance of the relative loss of flow rate er?’ (Relative error in L'-norm in the viscous
boundary layer) in the Poiseuille channel flow for the Stokes/Darcy (SD) model coupled with Beavers-Joseph’s velocity
slip condition (1) at 34 [13] or optimal stress jump condition (20) at Xy, [46]: H = 100 and 6 = 5¢/H —Up, ~ 0.51

at Zpy, =~ 0.99 with er{n <210~ 7 and er/ < 410712 (parabolic profiles superposed in the free-fluid layer).




Pressure-driven Poiseuille channel flow: porosity = 0.75
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Figure B.2: Comparison of streamwise velocity solutions for the Stokes/Darcy model in the Poiseuille channel flow with
H = 100¢, 6p = 5¢/H, ¢ = 0.75 and Da = 2.29 10~5: general view with U,, = 0.509 at Z,,, = 0.992,
Up = Da and all solutions superposed in the free-fluid layer (same caption as in figure B.3).
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