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A CHEEGER-LIKE INEQUALITY FOR COEXACT 1-FORMS

ADRIEN BOULANGER AND GILLES COURTOIS

ABSTRACT. We state and prove a Cheeger-like inequality for coexact 1-forms
on closed orientable Riemannian manifolds.
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1. INTRODUCTION
Let M be a closed connected Riemannian manifold of dimension d and A = —divo

grad its Laplacian, acting on C*° (M) (we will not explicitly refer to the metric tensor
itself unless explicitly mentioned). The celebrated Cheeger’s inequality relates the
first non zero eigenvalue A1 (M) of the Laplacian with the ’Cheeger constant’ h(M)

defined as ()
. Hd—1
U I UANTUA
where the infinum is taken over all separating embeddings of codimension 1 subman-
ifold S into M, where 41 [resp. u| stands for the (d — 1)-dimensional Riemannian
measure, [resp. the Riemannian volume] of M and where V; and V3 are the two
resulting connected components of M \ S. Cheeger’s theorem states

Theorem 1.1 (Cheeger’s Inequality). Let M be a closed Riemannian manifold and
let A1 (M) be the smallest eigenvalue of the Laplace operator acting on functions of
M. Then
h(M)?

4

We can see the Cheeger constant as measuring a geometric cost of disconnecting the
manifold M and rephrase the above Theorem saying that if a closed manifold M has
a small non zero eigenvalue, then it tends to become disconnected. The heuristic
behind such a statement is that a small eigenvalue of the Laplace operator may be
thought of as an almost other dimension of ker A, which, by the maximum principle,
has the same dimension as the numbers of connected components of M.

1

(M) >
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FiGURE 1. The 'dumb-bell’ manifold represented here is almost
disconnected. It carries a small eigenvalue: the function f which
values +1 on one side, —1 on the other side and whose gradient
variations are concentrated around the hypersurface realising the
infimum defining Cheeger’s constant can be shown to have small
energy.

This article is dedicated to state and prove a Cheeger-like inequality for the first
positive eigenvalue of the Hodge-Laplace operator acting on 1-forms. The question
of a Cheeger-like inequality for differential forms was raised in Cheeger’s original
article [ ] and is formulated as Yau’s problem 79 | ]. The first positive
eigenvalue of the Hodge Laplacian was relativity poorly studied compared to the
functions case. Most of the work dedicated to the subject so far was turned toward
the study of classes of examples, as constructions for which it exhibits a desired

behaviour | , ] or in the setting of a sequence of manifold converging to
some limit object | , , , , , ] or when degenerat-
ing as in | ]. Note also that some of its general properties were investigated
in | , , , ], the first article of this list being also related to
eigenvalue lower bounds (involving Sobolev’s constants). Finally, let us mention the
recent work | ] in which the authors give related results for the first eigenvalue

of the Hodge Laplacian acting on 1-forms on hyperbolic 3-manifolds.

On a closed oriented Riemannian manifold, the associate Hodge Laplacian A, =
dd + 6d acting on p-forms preserves the Hodge decomposition of the space of L2-
differential forms and its spectrum decomposes accordingly in three types of eigen-
values. The eigenvalue 0, corresponding to harmonic forms, whose eigenspace is
identified to the p-th de Rham cohomology group HY g (M,R), the exact spectrum,
corresponding to exact p-eigenforms and the coexact spectrum, corresponding to
coexact p-eigenforms.

In particular, as the spectrum of exact 1-forms coincide with the non zero spectrum
of functions, the study of the spectrum of 1-forms reduces to the case of coexact
1-forms and we will concentrate from now on on this case. We denote it by

0< A <A <<

In order to motivate the introduction of our lower bound, one must start with a
preliminary observation: the spectrum of the coexact 1-form is the same as the
one of coexact (d-2)-forms. Indeed, the mapping that associates to a 1-form « the
(d-2)-form d=! * o, where d~! is the unique coexact primitive of xa, is by Hodge
theory, an isomorphism. If one wants to study the 1-forms coexact spectrum, one
can study equivalently the (d-2) coexact spectrum, which is indeed the perspective
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we have in mind in this article.

We define our ’Cheeger’s constant’ for the 1-forms analogously to the isoperimetric
constant. We observe that in the definition of the isoperimetric constant of M, one
first removes a separating hypersurface S in M and get two connected components
V1 and Va of M\ S. This may be considered as increasing by 1 the dimension of the 0-
th cohomology group HY, (M, R), which precisely counts the number of connected
components of M. Moreover, in the definition of the isoperimetric constant

o pa—1(S5)
s—M, [s]=0 min(p(V1), u(V2))’

h(M) =

the denominator may be interpreted as the minimum of the volumes of the two
primitives of S.

In that spirit, we look at a way of increasing by 1 the dimension of HgEQ(M ,R).
We shall do it by cutting off a knot v in M, meaning by removing a smooth curve of
M. Roughly speaking, the (d — 2)-th absolute homology group of M., := M\ v is of
dimension dim(Hg_RQ(M ,R)) + 1 and is generated by the homology of M together
with a meridean (d — 2)-sphere of the knot defined by 7. Following Cheeger’s
definition, we want to define the geometric cost of such a cutting by considering
the ratio of the length of the curve by the minimum ’area of a geometric primitive’
of ~. For a real homologically trivial curve v of M we set

(1.2) Aly) = i ArealS)

Sy, 0Sy=ry r
where r is any integer such that the curve v travelled up r times, that we denoted
r -7y, is trivial in H;(M,Z) and where the infinum ranges over all rectifiable cur-
rent whose boundaries is r - 7. Note that one can show, using Federer-Flemming
compactness theorem for integral currents see | ] or | , 4.2.17], that A(7)
is attained by a rectifiable current.

The integer r is meant to encompass the case where H;(M,Z) has a non trivial
torsion part but will play no significant role. Note also that we could have chosen
r independently of v, by setting, for example, r as the less common multiple of all
the possible orders of the torsion part of Hy(M,Z).

Definition 1.3. Let M a closed Riemannian manifold. We set

Bl— 1(7)

=l A
where the infinum runs over all real homologically trivial smooth closed curves ~y
and where [(7) is the length of ~.

Remark 1.4.

e The larger the class of ’surfaces’ we consider when setting A(y), the better
the constant h'; it is meant to be a lower bound. We did not require for
example that the chain is either connected or embedded. Ultimately, the
class we want to work with is the largest one for which the area is well
defined and for which one can use Stokes’ theorem for smooth differential
forms.

e It is a priori not clear whether or not the above constant is positive. It
seems well known to the expert but since we couldn’t find a ready-to-use
statement we devoted the appendix of this article to it. This proof was
suggested to us by Laurent Mazet.
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Let us now state our main Theorem, which we think of as a Cheeger-like inequality
for coexact 1-forms in the regime of small eigenvalues.

Theorem 1.5 (Main Theorem). For any Rmin € R and any D > 0, there is a
constant C' = C(Rupin, D) such that for any closed orientable Riemannian manifold
whose Ricci curvature is bounded from below by Ruyin and with diameter bounded

from above by D we have
)\} > min(1,C - h1)2 .

Remarks. 1. In section 5, we construct a family of metrics (¢))o<e<1 on the 3-
sphere with uniformly bounded by below sectional curvature, diameter tending to
oo when € tends to 0, such that lim._,o A} (S3,¢!) = 0 and h'(S3,g)) > C" > 0.
This example shows that in Theorem 1.5, the dependency of the constant C' in the
diameter is necessary. Since the family of metric g. also carries negative curvature,
one can scale the metrics to have diameter 1 but Ricci curvature unbounded from
below, which also shows the assumption on the Ricci curvature are necessary.

2. Our definition of h! is very close in spirit to the definition of Cheeger’s constant
h0. However, the statement of our main theorem and the counterexample of Section
5 show a different feature for the 1-forms case: the lower bound is not universal
since it depends on the global geometry, through the diameter, and the local one,
through the Ricci curvature. One can wonder if the definition of 'least area of a
geometric primitive’ may be relaxed to get a lower bound as in Theorem 1.5 but
with an universal constant. Such a question will be addressed in a forthcoming
article, see Section 6.

3. There is a noticeable difference between small eigenvalues for the functions and
for the differential forms. The geometry of M gives more constraints in the first
case. Indeed, on the one hand, as shown in | ] and | ], a lower bound
on the Ricci curvature together with an upper bound on the diameter of M pre-
vent the Cheeger’s constant -and thus, by Cheeger’s Theorem, A1 (M)- to be small.
On the other hand, the same assumptions on Ricci curvature and diameter do not
prevent from small eigenvalues for differential forms. For example, the family of
collapsing Berger’s metrics on the 3-sphere (S®, gc)o<c<1 have bounded sectional
curvature and diameter while the first coexact eigenvalue for the 1-forms satisfies
M(M, go) = 4€%, cf. | ].

4. In section 4, we show that the inequality of Theorem 1.5 is sharp up to a con-
stant: indeed, the Berger’s spheres satisfy A\1(S3, g.) = 4€? and h'(S3, g.) ~ ae for
some constant a > 0 when € tends to 0.

5. In dimension 3 and 4, the full spectrum of M (the union of the spectrum of all
degrees) corresponds to the 1-forms spectrum (exact and coexact). Theorem 1.5
together with Cheeger’s inequality give a lower bound on the full spectrum of M
in these dimensions.

A word on the proof. Since the two next sections of this article readily address
the proof of Theorem 1.5, we will not discuss it here in detail. We however shall
quickly explain how the constant h! and Al may sensibly be related. The key for
proving the classical Cheeger’s inequality is to relate the geometry of the level sets
of a function with its Rayleigh quotient. In the function case, a somewhat natural
tool is the coarea formula, which is indeed the starting point of Cheeger’s proof.
The main difficulty, as noticed by P. Buser, to generalise Cheeger’s inequality to the
setting of differential forms is to replace the use of the coarea formula by another
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tool. Let us explain what is this tool in our context, meaning in the setting of
coexact (d-2)-forms.

Let then « be such a differential forms. We set X := (xda)?, which is a vector field.
The fact that da is exact implies that the flow of X preserves the Riemannian
measure u. This measure preserving property implies that the following identity
holds for any 1-form g and any 7" > 0:

(1.6) Jaans=[2 [ 5aut).
)

M M ~(z,T

where v(z,T) is the piece of trajectory of the X-flow issued from z up to time
T. This formula may be read by duality: the (d-1)-form de is dual to the foliation
induced by the flow of X, or in other words, dual to the trajectories of X. Instead of
directly relating h! to A1, we shall first relate h' to the L2-Rayleigh quotient of « (as
in Cheeger’s proof). The starting point of the analysis is to use the above formula
with the 1-form S such as its integral over v(x,T) is the length of v(x,T). The
left member will then turn out to be the L! norm of de, the numerator of the L'-
Rayleigh quotient. Note that this step is completely analogous to Cheeger’s starting
point. In order to insert the constant A', one must work with homologically trivial
closed curves, which may not be the case of the y(z, T')’s. Therefore, instead of using
the u-average over all trajectories as in the right hand side of Formula 1.6, we will
produce a family of ’closed trajectories’ I'(n,T)nen, >0 which are homologically
trivial and such that the integration currents
1
nT /
T'(n,T)

acting on 1-forms approximate, when 7', n — oo, the term

/da/\-

M

of the left hand side of Formula 1.6. These curves I'(n, T),en, 750 Will be produced
by a probalistic argument, choosing at random n trajectories of the flow of X up
to time T that are glued altogether in a careful way in order to get te two above
properties. This point, the heart of this article, will be discussed in details in Sec-
tion 3.

Let us conclude by reviewing the historical works that inspired us. The starting
point is Arnold’s idea to use the geometry of the trajectories of a flow (the self
linking number or isoperimetrical ratio) in order to interpret an analytical quantity
associated to the dual 1-form (the helicity or its energy). Arnold’s idea may actu-
ally be rooted in Schwartzmann’s theory of asymptotic cycles [ ], generalised
by Sullivan | ], which relates the average homology class defined by the orbits
of a measure preserving flow to the so called ‘asymptotic cycle’ associated to the
pair (measure/vector field). It is on this rooting idea that relies the key step of the
proof: closing up a random trajectories for a small cost in length in such a way
that the resulting curve becomes homologically trivial.

Acknowledgement. We would like to thank Laurent Mazet for having indicated
to us the proof of our appendix statement. We would also like to thank Antoine
Julia for his explanations of Federer-Fleming compactness theorem. We finally
would like to thank Sylvestre Gallot for having communicated to us the paper

[ J
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2. PROOF OF OUR MAIN THEOREM; REDUCTION TO PROPOSITION 2.10

This section is devoted to the first step of the proof of our main theorem. The
next subsection aims at recalling some basic facts together with introducing the
notations we will use.

2.1. Generalities and notations. Let M be an oriented Riemanian manifold of
dimension d. For any € M we denote by T, M of tangent plane at x, by (-,-),
the metric on T, M, by T M the tangent bundle of M and by (-, -) the Riemannian
metric on M. If X, € T, M we denote by |X,| is norm with respect to the metric
of T, M. If X is a vector field, we denote by |X| the function = +— |X,|. If M has
dimension d and 0 < p < d, we denote by AE(M) the set of p alternating multilinear
form on T,,(M). A differential p-form on M is a section of the fibre bundle A?(M).

If a € A*(M) we denote by of its musical dual vector field X defined as
a(Y) = (X,Y) ,

for any vector field Y. Conversely, if X € T, (M), we denote by X’ the 1-form «
defined as above. This duality is usually refered as the musical duality. The above
duality endows the vectorial spaces AL(M) with a scalar product and a norm as
well. We shall keep denoting them by (-,-) and |- |. There is another way to think
of this scalar product thanks to the Hodge star operator, or Hodge operator for
short, which is defined as follows.

Definition 2.1. Let M be an oriented d-dimensional Riemannian manifold, 0 <
p <nand a € AP(M). The Hodge operator, denoted by x, is defined as the unique
operator from AP(M) to A" P(M) which satisfies the following: for any « € M and
for any oriented orthornormal basis (v, ..., ;) of AL(M)

* o Ao ANay) =apr1 A A, .
One can easily check from the above definition that * is an involution, up to sign:
(2.2) *x = (—1)P=P 1 .
Note also that the above definition readily implies
*xpu=1,

where we denoted by p the Riemannian volume form associated to the metric. We
shall also refer to the Riemannian measure as p, slightly abusing the notation. The
scalar product induced by the musical isomorphism is easily generalisable by using
the Hodge operator. We define the punctual scalar product of two p-forms «, 5 as
the following real valued function

(2.3) (o, B) :=*(a Axf) .

Note that Equation (2.2) is mandatory to reach the symmetry required for a scalar
product. This symmetry implies in particular

|* Bl =181 .
The norm induced by the previous scalar product extends the one already men-
tioned on 1-forms; which is why we will also denote it by | - |. The punctual norm

can be integrated to endow AP(M) with LF norms for 1 < k < oo . For any

B € AP(M) we define
1/k

1611 = / 1BI¥ d
M
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which makes (for any k¥ > 0 and any 0 < p < n) the Hodge operator an isometry
from AP(M) to A"P(M), both of them endowed with the L* norm. In the case
where k = 2, the space of L?-differential forms comes with a global scalar product.
Indeed, for o, 8 € AP(M) we set

(a, By := [an%8,
/

slightly abusing the notation since we already use the brackets for the Riemannian
metric. The exterior derivative d has an adjoint ¢ with respect to the above scalar
product:

6= (=)D gk .
Note that § maps AP(M) to AP~1(M). Stokes formula then shows that for any
a € AP~ (M) and any 3 € A""P(M) we have
(da, B) = {,00) .

We now have the material to define the Hodge Laplacian.

Definition 2.4. Let M be a closed oriented Riemannian manifold of dimension d.
For 0 < p < d we define de Hodge Laplacian A, which acts on AP?(M) as

A, = d6+6d .

By construction, this operator is symmetric, meaning that for any «, 8 € AP(M)
we have

(Ap(a),B) = (a, Ap(B)) -
The two following simple lemma will be used in the sequel.

Lemma 2.5. Let M be a closed oriented Riemannian manifold of dimension d.
For any 1-form B and any vector field Y we have

(2.6) iy (8) = *(Y? A%B) = (Y, 8) .

The proof of the above identity consists in evaluating the above formula on an
oriented orthonormal basis of the form

e o)
— Xo, o, X
(IIYII ?

at each point of M where Y does not vanish and is left to the reader. We shall also
need the notion of mass of a differential form.

Definition 2.7. Let M be a Riemannian manifold of dimension d. for any p-form
8 we define its punctual mass as

(2.8) pmass(8)(z) = sup B(X1,....,Xp),
X100 Xp

where the sup runs over the set of orthonormal systems (X, ..., X,) of vectors in
T.M. We also define its mass as

mass(f3) := || pmass(5)||oo -

The punctual norm of a differential form and its mass are closedy related as testified
by the conclusion of the following lemma whose proof is also left to the reader.

Lemma 2.9. Let M be a Riemannian manifold of dimension d. Then, for any
p-form B of M we have

mass(/3) < [|B]]eo -
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2.2. Reduction to Proposition 2.10. This subsection aims at reducing the proof
of our main theorem to the key proposition stated below, whose proof will occupy
entirely the section 3. Given a coexact form a € A9~2(M) and 3 any 1-form such
that xa = dfB, the Proposition provides a family of homologically trivial closed
curves I'(n, T')en, 70 which, roughly speaking, can be thought of as typical long
trajectories (up to time T') of the vector field X dual to *da glued up altogether.
The main properties of these curves are that [|dal||; is approximated by

I(T'(n,T))
nT

an/)b’,

T'(n,T

and ||a|3 is approximated by

leading to the relation between the Rayleigh quotient of o with the constant h'.
We now state this Proposition and prove how it implies Theorem 1.5.

Proposition 2.10. Let o € AY"2(M) be coexact and B any I1-form such that
*a = df. For all € > 0 there is a time T = T'(¢) > 0, an integer n = n(T,e) € N
and a closed curve I'(n,T) such that the following holds simultaneously,

(1) the closed curve I'(n,T) writes as an union

'(n,T)=~(n,T)Uv(n,T) ,
with
l(v(n,T)) <e:
nT -
(2) the curve y(n,T) satisfies that

l(v(n,T))‘
_ AV < e
[ldally = =022 < e

)

(3) the curve T'(n,T) is homologically trivial as a cycle with real coefficients;
(4) the curve y(n,T) satisfies that

1
2
[ < €.
‘HQHQ n'l /6‘_6

v(n,T)

As it has been already alluded to, the role of the curves I'(n, T') is to get the analogue
of Formula 1.6 saying that the integration currents on 1-forms
1
T / - approximate /da A- when T,n—oo.
n
T'(n,T) M
Applying this successively to appropriate 1-forms give the items (2), (3), and (4),
see section 3.

Proof of (Proposition 2.10 = Theorem 1.5). The proof of Theorem 1.5 uses
all the items of Proposition 2.10 one by one. The first item of 2.10 readily gives
that for all € > 0 there exist n € N, T > 0, curves I'(n, T') and y(n,T) such that

(1) U0, T))

nI - nT
Combined with the second item of Proposition 2.10 we then get
1(y(n,T))
d >t
lldally 2 ===
T,

nT
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Since T'(n, T') is homologically trivial as a real cycle, there is an integer r such that
r-T(n,T) bounds a 2-chain Sp(, 7y and which realises A(7). Our definition of h'
then implies that

Area(Srn,1))
,

hl
> —  sup / w
T mass(w)<1

SF(n,T)

hl
— sup W,
T lwllee<1

ST (n,T)

I(T'(n,T)) > h*-

Y

because of Lemma 2.9. In particular, one has

*
sup / w > / @ / dg ,
llwl|oo <1 *alle Halloo

St(n,T) Sr(n,T) Sr(n,T)

since % is an isometry and by definition of 5. Stokes theorem then yields

ol / ‘”>||a||oo / 8= Tall= / 4

T(n,T) r-I'(n,T) n,T
and then
ht 1
(2.11) e e e A
llal|oe nT
T'(n,T)

We chop off the above integral in two pieces with the objective of using point (4)
of Proposition 2.10.

= [ o=z [ 5 [ 8

I'(n,T) ¥(n,T) v(n,T)

Because of Proposition 2.10 (1) we have

= [ 8 <8le.

(n,T)

1 1

— > - €.

7 / bz / B—=1|Blloo - €
0(n,T) +(n,T)

Combined with (2.11), it yields

and then

1
jaalh > | o L[] ey

llel[os nT ||a||oo
v(n,T)
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We now use Proposition 2.10 (4) to get

)

¥(n,T) M

> /dﬁ/\a—e

Y
—
=
>
U
Q
I
[0}

V

Y
—
*

o)
>
o
|
[0}

v
2
o0
!
[0}

by Stokes theorem. Therefore,

h! ht.
ldall > (= (el =) - Sl 2
et |oo o] |oo
ht - lal|2
Wl
llat]|oo
with C = C(a, 8,h') some constant independent of e. Since none of the above
quantities depends on € (except e itself, of course) one can let e — 0 and get

ht - lo3

lledloo

[[dal]y >

)

We use the Cauchy Schwartz inequality to give an upper bound to the above left
L'-norm;

1 Rl lall?
ldal|y p(M)= > A llefly

We prefer to rewrite the above inequality as

|WM&,O¢Mﬁ-nmm>Zh,

ez llall2

Let then 8y € A'(M) be the eigenform of A; associated to A\{. As already em-
phasized, the Hodge theory guarantees that there is an unique coexact (d-2)-forms
ap € A72(M) defined as doyy = x39 which has same eigenvalue A}. In particular,

we have
||| |2 :\/;
|evol[2 b
and then

(2.12) AL </“W)é'||0‘0|°°> > Kt

vl |2

Our Main Theorem 1.5 now follows from the above (2.12) and a classical upper
bounds of the ratio
(M) - [ |
llevo |2
for any eigenform «g of the Hodge Laplacian depending on the associated eigen-
value, a lower bound of the Ricci tensor and an upper bound on the diameter of
the underlying manifold M. Let us now describe this bound.

Theorem 2.13. | , 1,[B88, page 391] For any Ryin € R, any D > 0
and any B > 0, there is a constant C1 = C1(Rmin, D, B) such that any closed
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Riemannian manifold whose Ricci curvature is bounded from below by Ruyin and
with diameter bounded from above by D and for any 1-form a which satisfies
Ala| < Blal
in the distributional sense, then
/2.
PODY2 ol _ (-
llerfl2

The above theorem is actually stronger since it can be stated for sections of a general
fibre bundle. Moreover, the constant C; may be exhibited as the first zero of an
explicit differential equation with parameters explicitly related to the constants D,
Rpin and B. The min appearing in the lower bound of our Theorem 1.5 can now be
explained: if A} > 1 there is nothing to prove so that one can assume that A\l < 1.
Under this extra assumption, in order to use the above Theorem 2.13, one is left to
show the

Lemma 2.14. For any Rnin € R and any 0 < X\ < 1, any closed Riemannian
manifold whose Ricci curvature is bounded from below by Ry, and for any 1-form
o of M such that

Ao =,
then
Alaf < Bla|
holds in the distributional sense where B := 1 + max(—Rpin, 0).
Proof. The proof is classical and can be extracted from | ] or [B&g] as
well. We write it down for the reader’s convenience. It relies on the second Kato’s

inequality which asserts that the following inequality holds in the distributional
sense

(2.15) la|Alal < (Ao, )
where A; is the Bochner Laplacian, also called rough Laplacian. This Laplacian is
related to the Hodge one by the Bochner formula,

Aja = Aja — Ric(af, ),

where of is musical dual vector field of o and where Ric stands for the Ricci tensor.
Therefore,

(Ara,a) = (Ao, a) — Ric(a?, af) .
Since we assume a lower bound on the Ricci curvature and that Ao = Ao with
A <1 we have

(A, a) < |a|* + max(—Runin, 0)|r|?
< (1 + max(—Ruin, 0)) - |

Together with (2.15) it yields
(alAla] < (14 max(— R, 0)) - af?

in the distributional sense. The above inequality holds at points where o = 0: these
points are local minimum of |a| which implies that A]a| < 0 (in the distributional
sense) at such points. Dividing both members by |«| whenever « # 0 yields to the
desired conclusion by setting B := (1 + max(—Rpmin,0)). |

The Main Theorem 1.5 is therefore a consequence of (2.12), Theorem 2.13 and
Lemma 2.14 by setting C := Cfl. ]
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3. PROOF OF PROPOSITION 2.10

It remains then to show that Proposition 2.10 holds, proposition that we recall here
with a slightly different but equivalent statement: the only difference resides in the
new constant C' > 0 which we introduce in order not to discuss so much the e along
the proof.

Proposition 3.1. Let o € A2(M) be coexact and 3 any I1-form such that xa =
dB. There is a constant C > 0 such that for all € > 0 there is a time T = T(e) > 0,
an integer n = n(T,€) € N and a closed curve I'(n,T) such that the following holds
simultaneously,

(1) the closed curve I'(n,T') writes as an union
F(”v T) = 7(77'7 T) U I/(TL, T) )
with
(v(n,T))
nT
(2) the curve y(n,T) satisfies that

<C-e;

I(y(n,T)) ,
’HdaHl—T‘ <e

)

(3) the curve T'(n,T) is homologically trivial ;
(4) the curve y(n,T) satisfies that

1
2
[ < €.
‘HOZHQ nl / 5‘76

¥(n,T)
Beforing entering into the core of the proof, we sketch it and comment, again, the
statement. Recall that for X the vector field dual to *da and for z € M, the
trajectory of the X-flow starting at « up to time T" have been denoted by ~(x,T).
Let us describe first how the curve v(n,T) is contructed: it consists of the union of
n pieces of trajectory (y(x;,T))1<i<n Starting at some points z1, ..., z, € M. Note
that, given T' > 0, v(n, T) is completely determined by the starting points x1, ..., .
The points 1, ...z, won’t be explicitely constructed but we will show their existence
by a probabilistic argument: we will take n random points independently with
respect to the Riemannian measure p. The curve y(n,T') has now to be thought of
as a random curve. The key remark is that the random integration current (defined

on 1-forms)
1
i |

y(n,T)
satisfies the law of large number and must behave, when n tends to infinity, as its

L o

v(z,T)
which in turn can easily be identified to

/da/\~,

M

by Formula 1.6. From this remark, the Points (2) and (4) of Proposition 3.1 will
then boils down in evaluating appropriately chosen forms to the integral currents.

Let us now discuss the points (1) and (3) which are non trivially related and depend
on the curve v(n,T). We refer to the curve v(n,T) as the closing-with curve: its



A CHEEGER-LIKE INEQUALITY FOR COEXACT 1-FORMS 13

only purpose is to close up the curve vy(n,T) with a 'relatively small cost’ in length
(as in point (1)) but in a way that I'(n,T) is closed and homologically trivial (as
in point (3)). Following Arnold’s steps, we first glue altogether the n trajectories
of y(n,T) with uniformly bounded segments. The resulting curve ~.(n,T) is then
close but has no reason to be homologically trivial. In order to make it so, we shall
‘unroll’ it homologically with the help of a system of curves generating the homol-
ogy of M. The cost in length of such an unrolling must be controlled, meaning
that one must know a priori that the homology class of v.(n,T) is relatively small
with respect to its length. This points will also be handled by using the law of
large number, thinking of «y(n,T) as a random cycle, in the spirit of Schwartzman’s
theory of asymptotic cycles.

4

— AN\

FIGURE 2. This picture shows a typical realisation of a curve
Ye(n, T) (in red) in the manifold M = R3\ S! whose homology
is generated by a meridian of the black circle. The red curve tends
to be dense in M = R3 \ S! and is not necessary homologically
trivial. However, it tends to link with the black circle (meaning
not to be homologically trivial) not too often (once here) compared
to its length.

In order to emphasize the dependences between all the quantity previously in-
troduced (which is important because of how is T set) we shall first detail the
construction of the closing-with curve v(n,T).

3.1. Step 1: the closing-with curve v(n,T). In this step, we describe the con-
struction of v(n,T). We consider n points z1,za,....,x, € M and construct a
closing-with curve v(z1, 22, ...., 25, T), i.e a curve such that

D(x1,22, ooy @n, T) i = y(21, 22, ooy T, T) U (21, T2y ey Ty, T)

is a closed homologically trivial curve with some uniform control of its length.
Notice that at this stage, the construction will be holding for every choice of the
points x1, za, ...., z, € M and that we will have to choose these points more carefully
so that they satisfy all items of Proposition 3.1. We denote by (v;)1<i<r a basis
of the torsion free part of Hy(M,Z) (not to be confused with Hy(M,Z)) and by
(Bj)i<j<k a family of closed 1-forms dual to (v;)i<i<k. Meaning that for any
1 <14,57 <k we have

/51‘ =1 if i=j and 0 otherwise .

The Step 1 can be formulated through the following Lemma.
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Lemma 3.2. There is a constant C' > 0 such that for any ¢ > 0 there is T > 0

such that for any n € N and any 1, ..., x, € M there is a curve v(xy,...x,, T) such
that

(1) the curve
(21, 2n, T) i =y(21, ooy Xn, T) Uv (21, ooy 2, T)

s closed and homologically trivial.

(2)

(w(zy,..yzn, T)) 1 /
<e+C| sup —
nT 1§j2k nT

@1,z T)

Bl -

Proof. The construction of v(x1, ..., x,,T) is in two steps. First we glue altogether
the pieces of y(x1, ..., x,,T) with curves of uniformly bounded length. In fact, for
any x,y € M, we choose a segment v, , from x to y which is smoothly tangent to
the foliation induced by X at x and y. One can moreover assume that

sup l(vyy) <2D ,
z,yeM

where D is the diameter of M. We set
ﬁ(‘xh ,.’L’n) = ISL{JSan)g((mi)’zH—l )

where the indices in the above union are to be understood with cyclic order: we
glue y(zy,, T) with v(x1,T) (see Figure 3). Finally, we set

Ye(@1, ooy Tn, T) = y(x1,y oy T, T) U D (21, vy )

V(xlﬁT)

7(x27T)

VoKX (z2),2:

€2
O (21)
FIGURE 3. On the left side, two trajectories of the X flow up to
time time T starting at points x; and x2. On the right, the closed
up curve y.(x1,x2,T).
Note that

(3.3)  I(P(x1, 29, ey 0, T)) = 1(Ye(21, ooy 20, T)) = U(y(21, ooy 2, T)) < 2D .

The curve v.(z1, ..., Tn,T) has no reason to be homologically trivial. The second
part of the proof is devoted to ’homologically unroll it’. In order to do so, we
connect Yo(x1, ..., Zn, T') to the previously chosen system of closed curves (v;)i<p<k.
Recall that it is a system of closed curves generating the ring of integer coefficients
in Hi(M,R). The closed curve v.(z1,...,2n,T), as a cycle with real coefficients,
decomposes homologically with respect to the (v;)1<;<k: there are integers cy, ..., ¢k
such that
Ye(T1y ooy, T) — Z C;U;j
1<j<k
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is homologically trivial (the above formula is to be understood homologically). We
shall now make this homological relation geometric by relating the v.(x1, ..., x,, T)
with the v;. We slit open the curve 7.(x1,...,x,,T) at some definite point and
insert connecting paths from it to any of the (v;)i<i<x as in Figure 4. This can
be done using a similar system of paths as defined to construct v(xy,...,z,). As
this part of the argument is completely similar we left the details to the reader.
The resulting curve, the desired curve I'(zq, ..., x,,T), is then a real homologically
trivial closed curve which writes as

D(xy, ey zn, T) = y(x1, ooy T, T) U (21, ooy 2, T)
and satifies the item (1) of Lemma 3.2.

v st ’Yc(l'l,...,l'n,T)

FIGURE 4. Here M = R?\ S!. The red curve is not homologicaly
trivial since it links —1 times with S'. The blue curve v is any
meridian of the knot defined by S!: its class generates H; (R3\S?!).
The green dotted paths are meant to connect y(x1, ..., ,, T) to the
special representative v. The union of the (slitted) red curve, the
two green paths, and the (slitted) blue curve travelled up as many
times as the red one links the circle form the desired curve
Nay, ey @p, T).

Note that the construction gives
U1, s 50, T)) = UL (1,02, T)) = L (@1 0oy, T)

(3.4) <2Dn+4Dk+ sup l(v;) - sup |¢l,
1<j<k 1<j<k

where

e the term 2Dn, corresponding to the closing, comes from (3.3);
e the term 4Dk correspond to the length of the connecting system of paths
coming back and forth from v(z1,...,z,,T) to the v;’s;

o the term sup I(v;)- sup |c;j| corresponds to the length of the correcting
1<j<k i<k
homological curves U c;v;.
1<j<k

The final step consists in expressing the coefficients (¢;)1<i<x in term of the closed
1-forms (B;)1<;j<k whose classes generate Hpy(M,R). Together with (3.4), this
will prove item (2) of Lemma 3.2. Let us show that there is a constant Cy such
that for any 1 < j < k one has

‘Cj' <Oy |2Dn+ ‘ / ﬁj

Y(@1,eszn,T)
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The proof is straightforward and consists in integrating the forms j3; over the ho-
mologically trivial curve

I':= ’Yc(l'ly ...,In,T) 1§Lj_‘J§k CjU; .

On the one hand one has for all 1 < j <k

[5,=0.
T

the above integral also writes as

e
r

Bi+ > Ci/ﬁj

<
Ye(@1, 020, T) lsisk

Bi +¢j,

Ye(1, 020, T)

by construction of 3;. Therefore,

el = J/ Bi| < ‘ l/n ﬁ%‘-%‘ J/ ﬁ%’
Ye(Z1yeoos@n,T) Y(@1,eeyn,T) v(z1,...,tn,T)
S / ﬁj‘+c3 l(f/(xlaaxan))
'Y(wl:"'vwan)
< / 8|+ Cs20n
’Y(wl:“'vwan)

where

C3:= sup [|Bj]loo -
1<j<k

Looking backward to (3.4) we get

l(v(z1,....2n,T)) <2Dn+ 4Dk + sup l(v;) - sup ||

1<j<k 1<j<k
<2Dn+ 4Dk + sup I(v;) sup ‘ / ﬁj’ + C352Dn
1<j<k 1<j<k

’Y(xl 7<~~7$n7T)

< Cy4n+ Cs sup / Bl

1<5i<k
(@1, Tn,T)

for some constants C4 and C5. Therefore one has

W(v(z,..,zn, T)) < g+05 sup 1

nT T 1<j<k nT /
Y(@1,e @0, T)

5;“-

Setting T such that C4/T < e concludes. [ |
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3.2. Step 2: the starting points. Let us then come back to the proof of Proposi-
tion 3.1. The idea is to consider the set of pieces of trajectories y(x1, T2, ..., Tpn, T)
of X as a probability space and show the positivity of the probability of the set
of trajectories such that the closed curve I'(n,T') constructed in step 1 satisfy all
items of the Proposition 3.1. In order to do so we fix € > 0 and T such that the
conclusions of Lemma 3.2 hold. We set

(Q7A7 ]P) = (MN7V47 MN) )

where A is the cylindrical o-algebra on the product space M™ and p" is the product
measure. We denote by w an event of 2, by Z; the projection that associates to an
event w its (¢ —1)th factor. The (Z;);~¢ are by construction independent identically
distributed random variables taking value in M: they correspond to the random
starting points. For any 7" > 0 we denote by

Y, T,w) =v(Z1(w), ..., Zn(w),T) .

The following simple lemma is the key. Its proof is a basic application of the (weak)
law of large number.

Lemma 3.5. Let M be a closed Riemannian manifold. Let ¢, T > 0 and n be a
bounded 1-form. Then the following holds

1
—_ — ) < .
nT / B / ix () d,u‘ =€ n—)—o>o 1

ym1) M

Proof. For any fixed differential form n and any 7" > 0 we define

1
unT —
i (w) = T / -

Y(Zi(w),T)

The above defined random variables are independent and identically distributed
random variables since they write f(Z;) for some measurable function f, where
the (Z;)1<i<n are themselves independant identically distributed random variables
by definition. Notice also that the random variables Ui"’T are bounded since 7 is
assumed to be bounded and since the curves v(x,T) have uniformly in 2 bounded
length.

Note that

o R SR

<<
v(n,T,w) =rsn

by construction of y(n,T,w). Therefore
1
nT g
v(n,T\w)

writes as the mean of independant identically distributed bounded random vari-
ables. One can then apply the law of large number to get the conclusion of Lemma
3.5 provided that

E(U?’T)=/ix77 dp .
M



18 ADRIEN BOULANGER AND GILLES COURTOIS

The above equality follows from a simple computation. Indeed, for any ¢ > 1 one

has
E %/n =/%/ndu($)

v(Z;,T) M ~(z,T)

/ / )) dt du(x)
/ / ixcn) (@ (2) dt du(z)
: / / (ix7) (@7 (2) du() dt
= [t an.

M

since y is invariant under ®;¥ by construction of X. ]

Note that we have a stronger convergence than the one stated in Lemma 3.5 since
the (strong) law of large number asserts that an almost sure convergence holds.
Note also that we could have stated Lemma 3.5 with the assumption that 7 is in-
tegrable but we would also have had to show that the random variables Uf T are
integrable.

We are now ready to find points x1, x1, ..., x, such that for every T > 0, the curve
I'(n,T) constructed in step 1 and satisfying item 3, also satisfies items 1, 2 and 4
of Proposition 3.1. In order to do it, we shall apply Lemma 3.5 to several 1-forms
according to each item.

Item 1: Recall that (81, B2, ..., Bx) have been defined as a smooth 1-forms basis of
H}p(M,R). Lemma 2.5 implies that for all 1 < j <k

/iXBj:/da/\ﬁjzo,

M M
since f3; is closed. Lemma 3.5 then gives that for every 1 < j <k one has

nT n— oo
v(n,T,.)

(3.6) S / ﬁjlge 1.

We set
v(n, T,w) = v(Z1(w), ..., Zn(w),T) ,
where v is the closing-with curve given by Lemma 3.2.

Note that if w € € is such that for every 1 < 5 < k we have

1
x| o=
¥(n,T,w)
then Lemma 3.2 (2) implies
l T
o W Tw) (o,
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From (3.6) and (3.7) we get

(3.8) P (l(”("T)) < (1+C)e) 1

nT n—o00
which implies that, for n large enough and any w in a subset of €2 of probability

close to 1, the first item of Proposition 3.1 is satisfied.

Item 2: We now apply Lemma 3.5 to the differential form

da)y -
o | i (da), £0
0 otherwise .

Lemma 2.5 implies that

(3.9) /z’X (?Zi&) :/%Adaz/ |« da| du = ||da]|1,
M

M M

the last two equality coming from the definition of *da. On the other hand, the
integral over the random curves appearing in Lemma 3.5 in the summation values

of the term
/ wda

v(n,T,.)

writes

—_ T —_—
wda = [ o @ (2:0) de = 10(Z:).T)
v(Zi(.),T) 0
and therefore Lemma 3.5 implies

l(v(anv)
(3.10) P(‘nTHdah‘ge — 1.

As above, we conclude that for n large enough and any w in a subset of €2 of prob-
ability close to 1, the item 2 of Proposition 3.1 is satisfied.

Item 4: We finally apply Lemma 3.5 to a 1-form g such that df = xa. We use
Stokes formula to get

éﬁ/\da:/dﬂ/\a:/*a/\a:Ha@.

M M

Lemma 3.5 then gives

1 2
. — — < .
(3:.11) F ‘nT / B = llell: d“’—e oo |
A(mT )

We conclude that for n large enough and any w in a subset of 2 of probability close
to 1, the item 4 of Proposition 3.1 is satisfied.

To summarize, by (3.8) (3.10) and (3.11) each item 1, 2 and 4 corresponds to an
event having probability to be satisfied which tends to 1 as n — co. An element in
the intersection of all these events satisfies all the items of Proposition 3.1. There-
fore, for n large enough, all these events must intersect non trivially.
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In particular, there exists n € N* and finitely many starting points x1,...,z, € M
such that the following union of curves
T):= U i T
ly(nﬂ ) 1<i<n ’}/({E“ )
together with its closing curve v(x1, ..., x,,T) satisfies all the items of Proposition
3.1, concluding. ]

4. AN EXAMPLE: THE COLLAPSING HOPF FIBRATION

Consider the S'-isometric action on the round 3-sphere

$* = {(21,22) € C*||21|* + |20)* = 1}
given by
(4.1) €i9(21,22) = (€21, €2,).

This action provides S? with a S'-fiber bundle structure S* — S* — CP' over
the one dimensional complex projective space CP' called the Hopf fibration. The
projection m : S* — CP' turns out to be a Riemannian submersion over CP
endowed with the round metric of constant sectional curvature equal to 4. We now
endow S® with the family of Berger’s metrics (ge)o<e<1 defined as deformations
along the Hopf fibers of the round metric g; as follows. The tangent bundle T'S? =
V @& H splits as the sum of the one dimensional 'vertical’ subbundle V' tangent to
the Hopf fibers and its "horizontal’ g;-orthogonal complement H. This gives rise to
the following decomposition of the metric g1 = g, + gn, where g, (resp. gp) denotes
the restriction of the metric g1 to V' (resp. to H). The family of Berger’s metrics
ge is the following deformation of g1,

ge := gn + 6291} .

We emphasize with a subscript the different quantities associated to the g. metric
(for example, the length of a curve v for the metric g will be denoted I.(7)).
Endowed with the Gromov-Hausdorff topology, the family of Berger spheres (53, g.)
converges to the 2-sphere endowed with the round metric. This family exhibits three
main features:

e it collapses as the injectivity radius at any point tends to 0 as € — 0;

e it has uniformly bounded from above (and below) diameter (it actually

Gromov-Haussdorff converges toward CP!);

e it has uniformly bounded sectional curvature.
In particular, the metrics g, satisfy to all the assumptions of Theorem 1.5. The
St-action (4.1) is isometric for each of the Berger’s metrics g. hence its generating
vector field X is divergence free. Let us consider a := X” the dual 1-form of X
with respect to g;. Notice that e?« is the dual 1-form of X for the metric g. and
that « is therefore a coexact 1-form with respect to every metric g.. One can verify
that Ajo = 4€2av as well as that

Ao(e) == 4é?

is the smallest possible eigenvalue of the 1-forms on (53, g.). Another important
property of « is that

(4.2) da = 27%Q),
where Q is the volume form of CP', that is the 2-form on CP* satisfying

/ Q = vol(CP") = 7.
CP!

The goal of this subsection is to show that Theorem 1.5 is sharp along the collapsing
in the sense of the following
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Proposition 4.3. With the notations introduced above, there is a constant a > 0
such that we have

Proof. We start by showing an upper bound on h.. This upper bound will be
improved latter into the asymptotic appearing in the conclusion of Proposition 4.3.

Lemma 4.4. With the notation introduced above, we have for all € €]0, 1]
hl < 2.

Proof. Recall that
hi = inf Le(7)
y—M Ae (’Y)
therefore, in order to show the upper bound, it is sufficient to find a curve with the
above isoperimetric ratio bounded above. The curve we will consider is any given
fiber of the Hopf fibration that we denote simply by . By definition of the metric

ge its length . (v) is easy to compute:

)

le(y) = 2me .
Therefore we have
2me
4.5 hl < ,
(4.5) Ac(7)

hence, in order to prove 4.4, one is left to show that A.(y) > 7. This will be a
consequence of the following observation. Let S be a surface whose boundary is +.
Since 7 : S* — CP' is a Riemannian submersion, we have for any = € S* and any
e>0
[ Qfe(z) =1,
and then
/ T Q < Area.(S) .
s

We then deduce by (4.2) and Stokes formula,
1/oz:/w”‘Q < Area.(S5) ,
2/, s

m < Areac(9) ,

/a:27r.
.

Now, S being arbitrary in the above inequality, we get
(4.6) < Ad) .

Therefore, using (4.5), we have

thus,

since by definition of «, we have

27e

Ac(7)
which concludes the proof of Lemma 4.4. |

hl <

The next Lemma shows that a family of curves 7. which almost realize the constant
hl is ’almost vertical’; we say that a family of curve (Ye)egjo,1) is almost realizing
hl if for all € > 0 we have
le(7e)
Ae (’Ys)

<hl(1+e).
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Given a curve 7 : [0,1] — 53, the tangent vector %(t) = 4" (t) + 4 (t) decomposes
along the vertical and horizontal bundles V and H and we call the horizontal (resp.
vertical) length of v with respect to the metric g,, x € (0, 1] the quantity

1 1
= [, esp 10) = [l
Lemma 4.7. For any k there is a constant Cy, such that for any family v. almost
realizing hi with 0 < € < Kk, we have
L(ve) < (1+Cy - €) Li(7e)-
Proof. By the triangle inequality we have,
Le(ve) < Ui(ve) + lZ(’Ye) )

so that we will conclude provided that there is a constant C,; such that for all € < &,
(4.8) l:(%) < Cy € ls(e) -

We will now focus on proving (4.8). We start with the observation that for any
k,€ €]0,1] we have

ZZ('YE) = l?('}/e) <le(7e) -
Since we assumed that 7. is almost realizing h! we also have

le(ve) < he Ac(ye) (1 +¢)
which implies, together with the already obtained upper bound 4.4
(4.9) () <2 € Ac(ve) (1 +e) .
We denote by S,. a minimal surface realising Ac(v.), i.e

Ad(r) = Area (S,,) -

Because g, < g, for every € < k, we have

Area.(S,,) < Area,(S,,) ,
and, by definition of A, we also have

Area(S,.) < (h) ™" - L(ve)
therefore we obtain
(4.10) Ac(ve) < (h)™h - L) -
Putting together the relations (4.9) and (4.10) yields
e(ve) €2 € (hy) ™ - le(ve) (1 +¢)
which concludes the proof of (4.8) setting
Croi=4-(h) ' 22-(1+e)- (hy) "

This ends the proof of Lemma 4.7. |

We are now ready to conclude the proof of Proposition 4.3.

We consider a family of curves 4. almost realizing h! as defined above. For ¢ < &,
we also choose surfaces SY whose boundary is 7. and which realizes A, (v.), i.e
such that

Area, (S5 ) = Ax(7e) -
By definition we have
ln(’yﬁ) — lm(’ye)
Ak (7e) AreaK(SfY‘E) '

hl

IN
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Using successively the above Lemma 4.7 and the inequality g. < g,, we get
(1 + Cf'i i 6) ) l:(’)/e) < (1 + Cm ) 6) ) ZZ(’Ye)

1
<
e < Area, (S~ ) - Area.(S% )
But since I} (ye) = £17(ve) we get
hl < Y 15(76) (1+Cn '6) )

e zAreae(S';E)
Therefore, since I (7e) < lc(7e) and Areac (S5 ) > Ac(7e),

1 ko le(7e)
< —. . .
h, e A7) (14+Cx-¢)

Recall that we have chosen v, almost realizing h
inequality

1

€

, thus we deduce from the above

< Rl (14140, 6.

€
We then have, for every 0 < e <k <1,
AL Al

(4.11) <

IN

(141 ()),

where lim._,o 7, (€) = 0. We end the proof of Proposition 4.3 by noticing that the

1 1
above almost monotonicity property (4.11) implies that lim sup,_, h? = liminf. g h?

1
and that lim._,q h? =a>hi>0. [ |

5. A CUSP-LIKE COUNTEREXAMPLE

This subsection is devoted to exhibit a counter example to Theorem 1.5 if one re-
moves either the assumption that M has bounded diameter or that M has a Ricci
curvature lower bound. We shall actually focus on exhibiting a counter example
when M has Ricci curvature bounded below but with a large diameter. Since our
counterexample will carry negative curvature it also shows, by scaling the metric,
that the lower bound on the Ricci curvature is mandatory.

Let us describe the sequence of Riemannian manifold we want to study. The man-
ifold M is a topological 3-sphere. The central part Mc of M, in green in Fig-
ure 5, is the product [—In(1/€),In(1/€)] x S?. Metrically, it is a warped product
ge = dt? + €% - cosh(t)? - gs2, where gs2 denotes the round metric of curvature 1 on
the 2-sphere.

The metric on some uniformly-in-e-fat-neighbourhood of 0M¢, for example
[—In(1/€), —In(1/e) + 1] U [In(1/e) — 1,In(1/e)] x S* ,

is smoothly close to the product metric on S? x [0,1] and interpolating with the
round metric on a half S, hence has uniformly bounded geometry with respect
to €. Note also that the central part has Ricci curvature bounded from below but
diameter > —21In(1/€). The metric does not need to be explicit on the extreme
parts My, and Mg, in red in Figure 5: we only require that they have uniformly
bounded geometry with respect to e.

As in the previous section, we shall emphasize with respect to which metric we
measure by using the subscript €. In order to make the above described sequence of
Riemannian metrics a counterexample, we show that (A1), goes to 0 as e — 0 and
that (hi)ee]o,l} is bounded below by some constant independent of . The following
lemma addresses the eigenvalue part.



24 ADRIEN BOULANGER AND GILLES COURTOIS

M, —In(1/e) 0 In(1/e)  Mp

FI1GURE 5. The direction of the variable ¢ is thought of as the hor-
izontal direction in the picture. The vertical directions correspond
to the slicing of M by 2-spheres.

Lemma 5.1. With the notation introduced abowve,

Proof. Since H'(S*,R) = {0}, there is no harmonic 1-forms and the conclusion
of the above lemma follows from finding a coexact 1-form with small Rayleigh
quotient. We shall exhibit one supported on the central part of M. We denote by
gs2 the round metric on S2. Let a be any coclosed 1-form of (S?,gs2) that we fix
once and for all and f be a function compactly supported on |In(e), —In(e)[. We
set

(B)(w,t) = f(t)aac y

which is a well defined 1-form supported on the central part of M. Since the metric
is a warped product on the central part we have

*ew = (kgz) A dt
and then
xB= f(t) (ssma) Nt

which shows that 8 is coclosed since we assumed that « was coclosed with respect
to gs2. We then compute

BA*B = f2(t) a (xg2a) Adt
which after integration yields
18I =llallteee [ £ dt
In(e)
Let us now compute the L? norm of dB. Since

g = f'(t) dt Na+ f(t) da

we have
f(t)
_ gl )
*edf = f(t) dt N *szcx + = cosh(t)th ,
and then
_ 2 P
dB A xdB = f'(£)°dt AN o A xgzar + dt N\ da .

€2 cosh(t)?
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After integrating over M and by noticing that the above second term vanishes
(using Fubini’s theorem and since do is exact) we get
~In(e)
Bl = llallBeeny [ 770 .
In(e)

In the end, we have shown

||dp]

18]

which corresponds to the energy of a compactly supported function f on the inter-
val |In(e), —In(e)[. One can then choose f to realise the minimum: it corresponds
to the first eigenfunction of the interval with Dirichlet boundary conditions. The
associated eigenvalue is known to converge to 0 as the length of the interval goes
to infinity, which is the case as € — 0. ]

1z |f'le2qing).~ mep
2 fllzzqme),— meon

The second part of the proof consists in showing that h! is uniformly bounded from
below which will be an immediate consequence of

Proposition 5.2. There is a constant C > 0 such that for any ¢ > 0, for any
embedded curve vy in S® there is a surface S, such that

Areac(Sy.) < C-le(y) .

The above proposition implies in particular that h!l > C~! for all ¢, which yields
to the desired conclusion. Its proof occupies the rest of this section.

Proof. In the sequel, C will denote a constant independent of the curve v and of
the parameter € whose value may change from line to line.

We shall give more or less explicitly the surface S, . In order to do so, we will
cut the curve « in suitable pieces (7;);e; depending on when ~ enters the different
parts of M. The endpoints of any of such pieces will then be glued back together
to get a family of closed curves (v;);cr all of which belonging to some definite part,
My, Mc or Mg of M. We shall see that there is a constant C' > 0 such that for all
i € I and all € > 0, there is a surface S, whose boundary is ; and which satisfies

Areac(Sy,.e) < C-le(vi) -

We will then slit these surfaces accordingly on how we have cut v and paste them
together to recover a surface S, . whose boundary is our initial curve « and which
satisfies to the desired inequality.

If the curve is contained in a definite part. Let us first investigate the case
where v will not need to be cut, namely the case where 7 is contained in some
definite part. We start with the central part, which is the most important one since
it is responsible for the large diameter of (M, ge).

We denote by g the projection of v on the 2-sphere S3 which lies right in the middle
of the central part, see Figure 6. The idea to construct a surface whose boundary
is « is to glue a ’good’ S, surface of S whose boundary is vy together with ’the
whole homotopy’ H (7, 7o) from 7 to v, see Figure 6.

The surface H(v,70) can be explicitly described by using the product structure of
M¢: we parametrize v by

(s) = (t(s),70(s))
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FIGURE 6. The 'whole homotopy’ H(7y,7o) is represented in light
blue in this picture. The ’good surface’ S, is represented in dark
blue. The seek surface S, correspond to everything coloured in
blue here.

where we denoted by 7o(s), slighly abusing the notation, the image of v under the
projection M = [In(e), —In(e)] x S? — S? and where s € S! is the parameter. Then
the 'whole homotopy’ writes like

(53) H(’%’YO) = {(U ’ t(S),’}/()(S)) | u € [07 1] y S € Sl} .
The ’good’ surface is chosen as any surface on S,, C S? such that
Areage (Svo> < C-lg2(v) and 9S4, = Y0

with C' which does not depend on 7. Note that we know such a constant C' > 0
to exist for the same reason that we know that A' > 0. Note also that the metric
on the Sg is €2 -gg with e < 1, therefore:

(5.4) Area.(S,,) = € - Areag:(S,,) < € - C-lg2(70) = €-C - l(70) < C-lc(0) »

since € < 1. The point is that the constant appearing in the above upper bound
can be chosen not to depend on €. We then set

S’va = H(’Y:’YO) U S’Yo 3

which as a subset of I x S? does not depend on e. The key property concerns
H(~,v0) as testified in

Lemma 5.5. Let v be any curve in M contained in its central part and let vy be
its central projection. There is a constant C > 0 such that for all € > 0 we have

Area.(H(v,7%)) < C-lc(v) .

The proof of the above lemma consists in using the explicit expression of the metric
on the central part M and the parametrization (5.3) of H(7y,70). The details are
left to the reader.

Because of Lemma 5.5 and Inequality (5.4), the surface S, . verifies
Areac(Sy,c) < C-le(v),

for some constant C' independent of €, concluding for central curves.

Let us now investigate the case of extremal curves. Let v be completely included
in, say, the left part of M. Recall that this part is smoothly close to half a round
sphere of radius 1 independently of e. Let ® be a diffeomorphism between M/,
and the round half 3-sphere which preserves the metrics up to a constant, so that
®() is included in half of a round 3-sphere. In order to fall back in the compact
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setting, we consider the double manifold, a full round 3-sphere of radius 1. As now
embedded in the round 3-sphere, there is a surface Sg () such that

Areags (Sp(y)) < C - lss(2(7)) -

FIGURE 7. On the left, the curve ®(v) in the half 3-sphere. On
the middle, ®(~y) seen as a curve of the full 3-sphere. As such there

—_—

is a surface Sg(4) of controlled area whose boundary is ®(). 5%
may not remain in the half part in which ®(v) is included. If not,
we use the symmetry defining the doubling to get a surface Sg(,),
in red on the rightmost picture, of same area but included in the
same half sphere than ®(7).

Using if necessary the symmetry between the two half 3-sphere, see Figure 7, one
can assume that Sg(,) is completely included in our original half sphere. Since ®
is an quasi-isometry, we have

Area (@ (Sp(y))) < C - Area (Sg(,)) and L(®7'(7)) < C” - l(7) .
In other word,
(5.6) Sy = CI:’_l(Sq;.(,y))

satisfies to the conclusion of Proposition 5.2.

Cutting off v and pasting altogether the S,,. It remains then to do the cut
and paste. As already mentioned, we shall cut the curve 4 whenever v goes from
the central part to the extremal ones. Namely, the two 2-spheres corresponding to
the boundary of the central part OM¢ will be considered as ’cutting subsurfaces’
we cut 7 whenever it crosses some definite small neighbourhood of these. We are
left with a collection of curves whose connected components (7;);c; are all con-
tained in one of the 3 parts My, Mo, Mg of M. This connected component will
not be closed, expect in the already-dealt-with-case where v was initially contained
in a definite part of M; we close them by considering any minimizing geodesic that
relates the exit points of v to the re-entering points in M¢.

Recall that any definite neighbourhood of the cutting subsurfaces is of bounded
geometry (independently of €). In particular, since we have chosen to close the
curves with minimizing geodesics there is a constant C' > 0, which does not depend
on €, such that

(5.7) > le(w) £ C-le(v)

iel
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gluing strip

FIGURE 8. In this schematic example, there is only one cutting
subsurface, in orange, which cuts the manifold in two pieces, part
1 and part 2 (on the contrary of M which has three parts). The
black curve plays the role of 7. The red and green curves ; and~ys
correspond to the leftovers curves obtained after the cutting, closed
up by short geodesics segments. These 2 closed curves are the
boundaries of two surfaces S,,5,, that we glue back together
with the help of a gluing strip in blue.

Because the curves (v;);cs belong to some definite part of M, we can use the work
already performed and find for any ¢ € I a surface S; such that Area(S;) < Cl.(v;)
for some constant C' > 0 independent of e. We then glue back all these subsurfaces
together according to how we cut the curve v by using ’gluing strips’ (see Figure
6). The resulting surface has, by construction, v as boundary. Let us conclude by
seeing that its area satisfies to the desired inequality of Proposition 5.2. We have
by construction

(5.8) Area(Sy) = Z Areac(S,,) + Area.(strips) .
iel
The area corresponding to the strips may be taken as small as desired, depending

on how thin we choose them, and the corresponding terms can be ignored. Since
we know that Area.(S;) < C - l.(v;), we get for all €

(5.9) Area(Sy) < C - le(vi) -
iel
Inequality (5.7) then gives
Area.(S,) < C -l (v),

concluding. ]

6. CONCLUDING REMARKS AND QUESTIONS

1. One may wonder if a Cheeger-like inequality as the one given by the conclusion of
Theorem 1.5 also holds for differential forms in any degree p. Indeed, the definition
of h' may straightforwardly generalised to any degree: given a homologically trivial
p-cycle we define its ’area’ as

PHHE™S) i= inf pPTH(N
prTdmS) = ik (N
and the associated isoperimetrical constant as

. 1P (S)
hP = f —_
S'—>J\}[I,l [s]=0 pPT1(d=1S)
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The main difficulty to overcome, as it was the case for 1-forms, is to find yet another
analogous to the level sets. The first not already treated case concerns coexact 2-
forms in dimension 5.

2. We discuss here, following up with the remark (2) stated after our main theorem
1.5, the definition of another Cheeger’s constant for 1-forms which may come with
a statement analogous to 1.5 but with a constant C' which does not depend on the
geometry of M, as in Cheeger’s theorem. In a forthcoming article we will state such
a Cheeger inequality between the following constant and A} when M has dimension
3:

hl = inf )

v M, [=0]|wy )1

where the infinum runs over all real homologically trivial smooth closed curves ~y
and where [(7) is the length of v and where w, is the magnetic linking form associ-
ated to . This 1-form, as suggested by its name, has a strong topological flavour,
when considered as the Hodge dual of a meridian of v, and a physical one, when
interpreted as the magnetic field generated by a stationary electrical current flowing
through . This physical/topological relation was discovered by Gauss in the 19th
century. In the definition of hl, the denominator can actually be interpreted as the
average area of the pages of an ’open book decomposition’ of M \ v — ~, so that
the minimal area of a surface with boundary « in the definition of h' is replaced
here by an average. However, the constant hl is more analytical by nature since
defining w, involves the Green operator.

3. It would be interesting to find examples where the quantity h! may be computed
explicitly. The study performed in Section 4 suggests that, in the case of the round
3-sphere, the constant h! is realized by the isoperimetrical ratio of any of the great
circle of S3.

APPENDIX A. POSITIVITY OF hj

The goal of this section is to show that the constant h; is positive for any Riemann-
ian manifold through the following

Proposition A.1. Let M be a closed Riemannian manifold. There is a constant
C > 0 such that for any smooth and real homologically trivial curve v of M there
is a rectifiable surface S, such that

(A.2) Area(Sy) < C-1(v) .

The above proposition implies in particular that A(y) < C -I(y) by definition of
A(7y). We decided to state Proposition A.1 this way to emphasize that we will
’exhibit’ a surface of controlled area in order to deduce an upper bound of A(7)
rather than trying to compute it directly.

Proof. Asin Section 5, the value of the constant C' appearing all along this section
may vary from line to line.

The proof relies on the existence of triangulations for smooth manifolds. We fix
from now a triangulation of M for which we denote by 7 the associated simplicial
complex and by 7; its i-skeleton. The first step of the proof consists in reducing
the study to the combinatorial case of v belonging to the 1-skeleton of 7.

Lemma A.3. Let M be a d-dimensional close manifold with a triangulation T.
There is a constant C > 0 such that for any curve v of M there is a curve y1 € 71
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and a surface Sy, such that

8Sv—)'y] =yU-—-"
(A4) Area(Sy 1) < C 1)

where —7y1 stands for the curve vy, endowed with the opposite orientation.

The second step of the proof will consist in dealing with the remaining case where
~ belongs to 7.

Lemma A.5. Let M be a d-dimensional close manifold with a triangulation T.
There is a constant C > 0 such that the following holds. For any curve real homo-
logically trivial y1 C 71, that is, such that r-~v1 =0 in H1(M,Z), there is a surface
Sy, satisfying

Area(S,,) <C-l(y1) and 0S5, =71 -m.

For a given curve 7, it is easy to verify that the surface
Sy 1= Sysm U Sy,

where 71, 8y-,, and S,, are as in the conclusions of Lemmas A.3 and A.5, satisfy
Inequality (A.2). One is then left to prove the two above mentioned lemmas.

Proof of Lemma A.3. We will have to work with a slightly greater class of met-
ric spaces than the one of manifolds, which is why we restate Lemma A.3 as follows.

Let T be a compact metric simplicial complex of dimension d, that is, endowed with
a continuous Riemannian metric which is smooth in restriction to the interiors of
the i-skeletons. There is a constant C' > 0 such that for any curve v of M there is
a curve y1 € Ty and a surface Sy, such that

aS’Y*)'Yl =7U—m
(A.6) Area(Sy-4,) < C-1(y)
l(y) <C-(v) -

Note that in particular the assumptions above encompass the case of a triangulable
Riemannian manifold. The proof of the above statement goes by induction on the
dimension d. Let then 7 be a metric simplicial complex as above and v be a curve
of 7. If the curve ~ is in the 1-skeleton 7y, there is nothing to prove. We thus
assume that (A.6) is proved for any curve in the (d — 1)-skeleton 74—1 and let us
prove it for v in 74.

We split v accordingly to when it enters/exits two different d-dimensional simplex
of 74. We are then left with a collection of possibly non closed curves (v7);es
whose endpoints lie in 74—1. All the simplex (7);e; of 74 are diffeomorphic to the
euclidean simplex Ay of dimension d. Since M is compact, there is only finitely
many d-simplex and therefore they are uniformly Lipschitz equivalent to A;. We
rely on the euclidean local analogous of Lemma A.3.

Lemma A.7. Let Ay be the Euclidean simplex of dimension d. There is a constant
C which depends only on d such that for any curve v of Ay whose endpoints are in
0Ag there is a curve yg—1 € 0Aq and a surface Sy, , such that

08y —yyy =Y —Yd-1
(A8) Area(S, ) < C-1(7)
I(ya-1) < C-U(y) -
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The proof of the above lemma is classical: one has to choose a minimizing geodesic
~va—1 of A4 whose endpoints are the same as those of v. We are then left with a
closed curve yU—74—1 for which we know that there is a surface S,_,-, , such that

Area(Sy—y,_,) < C - (1) + 1(va-1)) -

Such a surface can be constructed explicitly by fixing a base point in A and by
relating all the point of the closed curve v U —v4_1 to it by euclidean segments.
This construction (or variant of it) is sometimes referred as the ’cone construction’,
see for example | ]. We conclude by noticing that I(y4—1) < C - I(7y) for some
constant C' since y4—1 was taken as a minimizing geodesic of 74_;. The detail of
the proof are left to the reader.

Let us see how to use the above lemma to fall back within the induction assumption.
Let us denote by (7;)icr the images in Ay under the diffeomorphisms between
(74)ier and Ay of the curves (v;)ies. We use to above lemma with the (’Ny)geJ.
Because all the 7} are uniformly quasi-isometric to A4 there is a constant C' > 0

such that for any j € J there is a curve 7271 and a surface S such that

VY
8SW47§71 =7 U= ,

(A.9) Ar?a(svjﬂwé,l) g C-l(y7)
Wvg_y) <C-1(¥7) -

We set

o J - )
Yd—1 ‘= jLeJJ’ydfl and S’Y—)’Yd_l Ea ngS»)/J_yy{Ji_l .

Because of lemma A.7, both the length of the curve y4—; and the area of S, ,
are controlled by the length of v. We now use the induction assumption with ~4_1

to get a a curve ; and a surface S,, ,_,,, which satisfies all the conclusion of
Proposition A.1. We conclude by setting

S’YH’Yl = S’Y‘)'Yd—l U SW—1H71 )

which, together with the curve v; given by the induction assumption, satisfies all
the requirements of Proposition A.1. |

Let us conclude this section by proving Lemma A.5.

Proof of Lemma A.5. Because M is compact, the triangulation 7 is finite. In
particular, the vectorial space given by the 1-chains of 7 is finite dimensional and
comes with a natural basis ey, ..., e, given by the edges of the triangulation.

Since the boundary operators 0 are linear (in particular the one defined over the
2 chains into the 1-chains), the vectorial space of homologically trivial 1-chains
079 C 71 is also finite dimensional. We fix once and for all a basis v, ..., of Oy
that we complete with vgy1, ..., 1, as a basis of 7.

Note that there is a constant C' > 0 such that the coefficients of 1-chain -y, expressed
in the basis of 7 given by the edges writes like

Yo = E a;€; ,
1<i<p
then

Y lail < C-1() -

1<i<p
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Since 7 is finite, up to the choice of a linear change of basis, one has as well that
if a 1-chain 7 expressed in the basis given by the v; writes like
v = Z biv; ,
1<i<p
then
(A.10) Yol <ty
1<i<p

for some constant C' > 0 (the L; norms associated to the basis (e;) and (v;) are
equivalent).

For any 1 < ¢ < k we now fix a 2-chain S; such that 0S; = v;. Note in particular
that we have for any 1 <i <k

A(v;) < sup Area(S;) .
1<i<k

If v € O it decomposes with respect to the (v;)1<i<k:
Y=Y bivi.
1<i<k
In particular, the 2-chains
Sy = U bS;
7T <<k !
has vy has boundary. By construction we have

A(70) < Area(Sy,) = Y |bi|Area(S;) < C- > |bil

1<i<k 1<i<k
where C' := sup Area(S;). Combined with Inequality (A.10) we get
1<i<k
A(v) < C-l(v)
concluding. | N
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