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DATA DRIVEN MODEL SELECTION FOR
SAME-REALIZATION PREDICTIONS IN
AUTOREGRESSIVE PROCESSES

BY Kare KAMILA*

SAMM, Université Paris 1 Panthéon-Sorbonne, FRANCE

Abstract

This paper is about the one-step ahead prediction of the future of observations
drawn from an infinite-order autoregressive AR(c0) process. It aims to design penalties
(fully data driven) ensuring that the selected model verifies the efficiency property
but in the non asymptotic framework. We show that the excess risk of the selected
estimator enjoys the best bias-variance trade-off over the considered collection. To
achieve these results, we needed to overcome the dependence difficulties by following a
classical approach which consists in restricting to a set where the empirical covariance
matrix is equivalent to the theoretical one. We show that this event happens with
probability larger than 1 — co/n? with ¢y > 0. The proposed data driven criteria are
based on the minimization of the penalized criterion akin to the Mallows’s C),.

Key words: Model selection, oracle inequality, efficiency, autoregressive process, data
driven.

1 INTRODUCTION
Consider observations (X1, Xo, ..., X,) arising from a trajectory of the process
X; = f*((Xt—i)z‘eN*) + o0& forany t € Z. (1.1)

where (§;)iez is a sequence of zero-mean independent identically distributed random vari-
ables (i.i.d.r.v) satisfying E(|&|*) < oo and f* : RY — R is a measurable function and
o > 0 an unknown constant.

The problem is to estimate the function f* using these observations. The process (1.1)
is a particular case of the general class of affine causal process studied in Doukhan and
Wintenberger (2008) and Bardet and Wintenberger (2009). The study of this type of pro-
cess more often requires the classical regularity condition on the function f*, which are
not restrictive at all and remain valid in various time series models. This condition can be
stated as follows:

z:l (zsél]g; (;j:k *(:U)D <1, (1.2)

k=

provided that that f* admits partial derivatives on RY. Under (1.2) and if the noise &
admits r-order moments, Doukhan and Wintenberger (2008) showed that there exists a
stationary, mixing and ergodic solution to (1.1) admitting r-order moments.
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Moreover, Bardet and Wintenberger (2009) studied the consistency and the asymptotic
normality of the Quasi-maximum log-likelihood estimator (QMLE) of 6* = (0});cy in the

case f* = fg=.

In this paper, we will focus only on processes with a linear regression function (fg«) with
respect to the past and depending on some parameter * € RY ; that is

FX, Xy ) = for (X1, Xoa, ) = D 07X, (1.3)
i=1
For such processes, condition (1.2) becomes
Al: > 1651 < 1.
i=1

Even if this condition reduces the set of parameters a bit, the class of AR(00) processes
checking the condition A1 is rich and of practical importance because it contains almost
all invertible causal ARMA((p, q) processes and it is very useful for prediction given the
past. Moreover, contrary to the autocovariance of ARMA (p, q) processes which decays ex-
ponentially fast, AR(co) are able to model more complex behaviour such as slower decay
of the covariance structure.

Henceforth, let observations (X1, X2,. .., X,) be a trajectory of the solution X := (X;)cz
of (1.1) verifying A1. The goal of this paper is to predict the next value X,, ;1. In fact, if 6*
were known, a simple prediction of X,,+1 could be fp« (X, X;—1,...) setting X; = 0 for all
t < 0. However, 6* is generally unknown and it is impossible to provide a direct estimator
since its coordinate are infinite. It is classical to identify a ’good’ finite-dimensional model
based on the data which can be done by sieve estimation where only a finite number of
{07 1{;1 is estimated and letting K grows as the sample size increases. A usual approach
to this is model selection and the goal is to provide a model with the prediction error as
small as the oracle’s one.

This question has already been addressed in the literature. Shibata (1980) was the first to
tackle this issue. He proved that Akaike criterion is asymptotically efficient in the sense
that the selected model achieves a smaller one-step mean squared error of prediction when
it is fitted to predict an independent realization of the same process. Following Shibata’s
asymptotically setting, Ing and Wei (2003) and Ing et al. (2005) extended this result for
same realization predictions. Indeed, they argued that the Shibata’s idea to fit the model
to another independent realization is unrealistic since in practice we only have one data at
hand. The common feature of these works is their asymptotic framework.
Meanwhile, there were several authors which study this question in non asymptotic regime.
Goldenshluger and Zeevi (2001) in the non parametric framework, studied how well a Gaus-
sian process admitting an AR(oo) representation can be approximated by a finite-order AR
model.

In Baraud et al. (2001a) and Baraud et al. (2001b), they analyzed similar question, but
a little bit different as observations arise from an auto-regressive model of order k. They
proved an oracle inequality under several conditions, for instance the compactly supported
base of the regression function. Moreover, they assume that the process is S-mixing which
is usually admitted, but quite hard to verify in practice. For linear processes, the T-mixing
is more suitable since its coefficients can be easily computed (see Comte et al. (2008))
and be bounded by a function of the model parameter 8* (see Doukhan and Wintenberger
(2008)). In this work, we do not assume any mixing property of the process since the
condition A1 implies the 7-mixing property (see Doukhan and Wintenberger (2008)) and
we will see that the decreasing rate of 7-mixing coefficients is bounded by the decreasing



rate of the coefficients 0* = (67 )ien.

Based on the above and following a model selection approach, our purpose in this work
is to design adaptive penalties in such a way that the selected model mimic the oracle
when observations arise form AR(co) under mild conditions, including the existence of the
all order moment of the noise, the decreasing rate of the coefficients of (0 );cn so that
thanks to a result by Doukhan and Wintenberger (2008), the generating process has nice
properties such as stationarity, 7-mixing.

The main contribution of this paper is to have proved that the excess risk of the selected
estimator enjoys the best bias-variance trade-off over the considered collection.

The paper is organized as follows. The model selection approach along with preliminary
results are described in Section 2. The main results are presented Section 3. Finally,
Section 4 contains the proofs.

2 MODEL SELECTION APPROACH AND PRELIMINARY RE-
SULTS
2.1 Model Selection Approach

Let S, (shortly m) a model for f* be the set of linear function f from R”= to R such that
D,

f(:Elal'Z,-'-nym):Zeixi, (21)
i=1

with 6 = (01,...,0p,,) € ©,, and O,, a compact set of RP™ satisfying sup ZZD:TT 160;] < 1.
0cOm
Sm can be viewed as an AR(D,;,) model.

Given a predictor fy € Sy, its quality is measured by the quadratic loss
R(0) = E[(Xnt1 — f3)?]

where fg = fo(Xn-1,...,Xn-p,,). According to Bardet and Wintenberger (2009), the
Bayes predictor which minimizes R(f) over the set of all predictors is the inaccessible
function fg«. Let then introduce the excess loss of the predictor fy (with respect to fy«)

0(0,0%) == R(0) — R(0*) = E[(f;:t" — f3t1)?] > 0.
Given a model m, we define its best predictor fp: by

0, = argmin R(6).
€O,

Its empirical version minimizing the least-squares contrast is

n

~ 1
Om = argmin 7,(0) where n(0) = — Y (X¢ — f§)>. (2.2)
6€0m, ne-

In this work, we will consider that the excess loss is measured on the design points, that
is to say

00,0") =& [HF§ — Fy ﬂ (2.3)

where Fp == (f},.... ff)" and |[z|2 = 1 37 | 27,
Given that all the models which can be considered must have finite dimensions for fixed

n, making all S,,, wrong models, it is classical to let the dimension of competitive models
grow with the number of observations. This will help reduce the excess loss and provide a



better approximation of fy-.

Let M,, a countable collection of hierarchical model S,, and K, is the dimension of the
largest model in M,, satisfying | M,| < K,, < n. We follow the classical approach of model
selection which consists in minimizing the penalized LSE. Let pen: M,, — R™ be a penalty
function, possibly data-dependent, and define

m = zige;rj\ri[in {C(m)} with C(m) =, (§m) + pen(Sy,). (2.4)

Thus, the best possible choice over M, is m* the so-called oracle defined as

* inf  ((0n, 0%). 2.
m* € arg inf (O, 07) (2.5)

meMp

The oracle m* is unachievable since it depends on 6 and the distribution Py, . x,) that

are unknowns. However, we hope to select a model m so that 6(1/9\@,6*) is closest to
(O, 07).

The goal of this paper is to propose a data driven penalty in order to obtain an oracle
inequality

Co

((0s,,6") < Cy inf {(B,,,0%)) + = 2.6
( ms )_Clmlel}\/ln{ ( ms )}+ n ( )
with the leading constant Ci close to one and Cy > 0. This goal could rather be to
show that that the excess risk of the selected estimator 6 realizes the best bias-variance

trade-off, which would make our penalty an ideal choice in terms of excess risk.

/
0(07,0") < C} inf {E(an, 0%) + pen(Sm)} + G (2.7)

meMy, n

with the leading constant Cf =1+ ¢ with § > 0 (and close to 0) and C% > 0.
That is to say that the selected model m will be large enough to reduce its bias, but
not too large to avoid high variance.

2.2 Notations

We will use the following norms:
e ||.|| denotes the usual Euclidean norm on R”, with v > 1;

e || Allop is the operator norm of A as the square root of the largest eigenvalue of AT A.
If A is symmetric, then ||A[|op is the largest (in absolute value) eigenvalue of A.

e if X is a R”-random variable and r > 1, we set || X]||, = (E[HXHT])I/T € [0, o0].

2.3 Preliminary Results

As we are in dependence setting, we are going to leverage the 7-mixing property of (X¢)iez
in order to obtain some exponential inequalities. The 7-mixing coefficients are a measure
of the dependence of the process and has been introduced by Dedecker and Prieur (2005).
This will help us build ’independents’ random vectors and apply classical exponential
inequalities. Let then introduce some notations.

Let (2,C,P) be a probability space, M a o-subalgebra of C and Z a random variable
with values in a Banach space (E,||.||). Assume that E|Z| < oo and define

M2 = || sw [ t@Pamtin) - [ rapsan)}]

EA(E



where A(E) is the set of 1-Lipschitz function, i.e. the functions f from (E,||.|g) to R
such that | f(z) — f(y)| < [z -yl 5.

Using the definition of 7, we will measure the dependence of the strictly stationary sequence
(Zt)tez thanks to the coefficients defined as follows. For any s > 0, let introduce the norm
|z = yllgr = (l21 =91+ - + |2k — yx|) and setting M; = 0(Z;, < i) and if E(|Z1]) < oo,
let

(») _ { 1 {(p) (7 V) s << }}
ANC) sl1>110i> [max o Sup T (M, (Ziy,y oo Ziy)) it s<ip <. <igg

(p)

Finally, the time series (Zy)iez is 7,
0 as s tends to infinity.

-weakly dependent when its coeflicients Tép io tend to

The next Proposition that is a consequence of Theorem 3.1 in Doukhan and Winten-
berger (2008) gives a link between the 7-mixing coefficients of the process (X;)iez and the
coefficients 67 of the model (1.3).

Proposition 1. Assume A1 holds and if |6f| = O(t™7) with v > 1, there exists a T-weakly
dependent stationary solution of (1.1) and a constant Cr > 0 such that for r >0

2 log r\r—1
P <o (22 (28)
Proof. With G(z,&)) = 0 & + fo~(x) for any x € R*, it holds
|G, &) = Gy, &) ||, = | for (x) = for ()| < D105 i — wil.
i=1

Therefore (2.8) is a straightforward application of Theorem 3.1 in Doukhan and Winten-
berger (2008). [

As we are going to need independence for block of random variables, let denote for t =
1,...,n the random vector X; := (Xy_1,...,X;_x,) ' One can see that the process (X;)scz

7')(?1)0O upper bounded by K, 7')((1)Oo (see Lemma 1).

Now, we construct random variables approximating X,’s enjoying the independence by
block property. Let sy, g, two integers such that n = 2s, ¢q,. We are going to build 2 s,
blocks of length ¢, so that the even index blocks are independent and so the odd index
blocks.

For £ =0,...,s, — 1 let denote by

is also mixing with

Ay = (X2kqn+17 e a)?(QkJrl)qn) and By = (X(2k+1)qn+la . 7X(2k+2)qn)~

We recall a result of Lerasle et al. (2011) which is a consequence of the coupling in Dedecker
and Prieur (2005).

Proposition 2. Let (Xy)iez be the stationary mizing process process obtained in Proposi-

tion 1. Let also sy, qn, A, By defined as above for k =0,...,s, — 1. There exist random
vectors Aj = (nganrl’ . ,XE“%H)%), B; = (XEk?kH)anrl’ ces ’X€2k+2)qn) such that:

1. For k=0,...,s, —1, A} has the same law as Ay, also B}, and By,.
2. The random vectors (A} )o<k<s,—1 are independent and so are the vectors (B} )o<k<s,—1-

3.

Ak = Af]|, < o K1 (an)
and || By, — Bi|, < a0 Kn 751 (an)-



To prove the oracle inequality, we will assume some constraints on the observations.
A2 X, is sub-Gaussian with variance proxy 0(2) > 0 i.e.

E[e} Xt < N 7/2 for any A > 0.

Condition A2 implies that the vector Z® = (X;_1,...,X;_p,,)" which will be prominent
in the proofs, is sub-Gaussian with variance proxy D, ag. Indeed for any v € RPm such
that |jv|| =1,

E{exp (A UTZtm)} = E

ﬁ exp ()\ Ui(Xt_Z)]
i=1

I oo (v )
=1

‘ m

IN

D,
- H exp (A? Dy, 0 v7/2)
i=1
= e% Dm 0(2) R
where the Inequality follows from Holder’s Inequality.

The following assumption provides a sufficient condition to ensure the invertibility of
both £y, := M, My, and £, := E[£,,] where My, = [Xi_1,..., X;_p,, |,
A3: For any fyp € S, < a,0fp >=0as. = a=0
This condition means that the columns of the matrix M, are linearly independents.

We will also need to bound eigenvalues of the matrices X, for any m € M,. To do
that, we will leverage the relation between the spectral density of the process and these
eigenvalues. Let us denote by r, the covariance function r(h) := E[X; Xy, ] for any integer
h. Let also introduce the function g : [—7, 71[— C such that for any A,

— 1 —ihA
g()\)—ﬂZr(h)e )
heZ
which exists under A1 with |0}| = O(t™7) where v > 1 . Therefore, r is the inverse trans-

form of g and r(h) = [™ e’ g(A\)dA for any h € Z. We will assume that

A4: There exists a constant @ > 0 such that inf g¢()\) > a.
—m <AL
This is a very weak assumption, and we are going to give the value of a for AR(p)
process with p € N*. Let denote 6*(z) =1 — Z?:l 0727, it is well known for such process

that

J2

9gA) = ——— .
2%’0*(6*“\)‘2
For instance for p equal to one, and X; = 07 X;_1 + 0 & with 07| < 1, it follows

02

2 |1 — 07 e~

02

27r<1 — 207 cos(\) + (91‘)2)

gA) =

)

6



and then it is simple to see that

o2 o?

- 7 < 40 <—2
S S Y S maomy
For p>1and Xy = >0, 07X, + 0 & satisfying 327_, 07 < 1 and 7 > 0, we have

J=1"j J
2
o
A =
W= 11— S22, 07 e=iA|?
P P p—1 P -1
= o?(2m)! <1 + 2(9;)2 -2 Zﬁj cos(jA) + 22 9};{ Z 05 cos ((j — k)A) }) .
Jj=1 Jj=1 k=1 j=k+1

Thus, using —1 < cos(x) < 1 for any real z, it follows for every A

P p p—1 p -1
o2 (2m)~! <1+Z(9;‘)2+2 20;—1-229}2{ Z 9;}) < g(A)
j=1 j=1 k=1

j=k+1
P p p—1 p -1
< o (2m)! <1 + 05 -2> 65— 229;;{ > 9;}) :
Jj=1 j=1 k=1 j=k+1
For such AR(p) process, one can take the constant a in A4 to be equal to
p P p—1 P -1
a=o®(2r)" <1 @2 Y02y 0 Y 9;}) .
J=1 J=1 k=1 j=k+1

We can now state an important intermediate result which provides uniform lower and
upper bound on the spectral norm of the matrices X,,.

Proposition 3. Under A1 with |0y| = O(t™7Y) where v > 2 , we have for any m € M,,

[e.e]
[Zmllo, <71 D [E[Xo Xi]| < oo (2.9)
i=0
Moreover and under A3-A4, it holds
=5, < 1/ (2.10)

Let us introduce extra important notations. Let denote by u the law of the vector )Zt

and
Q, = {w :

where || Fy|2 := 1 E[Z?:l(fg)ﬂ = [(f)*dp. It is common to consider the set €, which

T n

|1 Foll7
2
1E5ll

1
1] < =
_27

Ve | (Sm+5m/)}

m,m’ My,

makes a link between the empirical norm ||.||,, and the to Ly norm (see for instance Baraud
et al. (2001b), Hsu et al. (2011), van de Geer (2002), Comte and Genon-Catalot (2020)
among others). We will see that in our framework, €2,, holds with large probability.

In all of this work, we assume that g, was chosen to verify

1 -1 A
A5 (%)7 <2 (2.11)
qn n
for some constant A and v > 1. Also we choose the integer s,, such that
1 ? 1
Sn .
A6: — > 31 2.12
5 m1n{<27agKn) ’280'3}(”}_ ogn, ( )

This means that s, is of the form s,, = C logn where C > 6 max { (27 0'(2) Kn)z, 28 08 Kn}

7



Proposition 4. Under assumptions A1, A6 and if |0f| = O(t™") with v > 8, there exists
a constant C' such that

C
P(QS 2.13
PO5) < o (213
3 Bias-Variance Result
We are now able to state the main result of the paper.
Theorem 3.1. Let consider observations (X1, ..., Xy) arising from a solution of the pro-

cess (1.1) satisfying A1 with |07| = O(t™7) wherey > 8 and also verifying A2 and A4. Let
M., be some countable family of AR models satisfying A3 and A5-A6. For any constant
x > 2, let a penalty function pen: M, — R such that

D
pen(S,,) > 8302 =2, (3.1)
n
Then, the LSE é\m with m given in (2.4), satisfies
z(z+2) Cy

E[HF@%—FG* e

(3.2)

meM

iﬂgn} < Ci(x) inf {E[“Fg*—FQ:ﬂ Z}—I—Qpen(sm)}%-

2
where C(x) = (%) > 1 and Cy > 0.

As we can see, this result is almost similar to that of Baraud et al. (2001b) obtained in
non parametric framework. However, their result is only valid if we want to estimate the
function Fy« on some compact set. This restriction is lifted in our parametric framework.

4 PROOFS

4.1 Proof of Theorem 3.1

Proof. We follow the scheme of the proof of Baraud et al. (2001b). Let fix m € M,,.
From the definition (2.4), we have
’yn(ﬁ ) + pen(Ss) < %(9 ) + pen(Si) < Y (6;,) + pen(Sp). (4.1)

Since,

~ 2 g
) = 2 P IS P T g - 2T S fh,

t=1 [ t=1 t=1
(4.1) yields to

2
n

<|I£)

+2§Zﬁt<f> — Jo;,) + pen(Sim) — pen(Sz).  (4.2)

The difficult part of this proof is to handle the inner product %Zleaft( ng — fh),

which can be rewritten as

2 & A 2 noo G )
— E = i = — || — B« E —m
n et O—é.t(feﬁl f@m) n H 0 am O—gt HF’\ — Fg H
2
< —||F5 — Fyx
< |F5 — Foy, gezupvu) ; 1 o & gp

IN

V|| Fy — Fyr i

—|—n_2x< sup Zagtge)

9EB(M,p) 41—



since 2ab < 7! a? + z b? for any z > 0 and where

B(m/,p) = {Fg € S+ S ¢ | Fyll% < 1}.
Moreover, on the set €1,,, it holds

|5 — Foy, .

< 2|F, - Fy,

2

In
2

)

221y Y ||Fo — Fo,

< 2(|F, - B

A+ || Foe — Fo,

< 2(1+y) | F5. - Fo 2

for some y > 0. As a result,

(1+vy)

2 (1+y™h 2
22D 2

2 n
Ezaft(fgﬁ — fos) <2
=1

X

n
T 2
c (. Yoaa)

gEB(fﬁnu) t=1

Therefore, from (4.2), it holds on Q,

1 14yt
(1 ol +y)) [ o (sz) 1Ep- — Fe ||
x m x
ro? = )2
+pen(Sy,) — pen(Sz) + —5- ( sup Z & 99)
n geB(’ﬁl,u) t=1
1+y !
< <1 +2 (xy)) HF@* — Fp, i + pen(Sy,) — pen(Ss)

+8 230

2Dm+Dm+xa2
n n

( sup E”: & gé)Q —8n :L‘QD(S,%)]
= +

where D(Sz) = dim(S,, + Siz) < Dy, + Dg. Hence using the condition on the penalty
(3.1),

(1_2 (1+y)) HF@%—FQ*

T

1 -1
(_::y)) ’ i+2pen(5’m)+x02 Va,

(4.3)

2 < (142 | Fo- — F,

with
Vi =

2 2
(s valo) 8% D(Sw)|
ge€EB(m/ 1) " +

where vy, (gg) :=n"1t S0, & g5
The proof will be established after controling the expectation of Vi which involves the
supremum of an empirical process.

Now we leverage the mixing property in order to apply Talagrand’s Inequality (Theo-
rem 5.1) to tackle E[Vz].

We have
Va=| s (nalon)’~ 85 DSa)| <2 swp (valon) —vilen)) +Vi (49)
ggEB(T?L,,LL) n + gGGB(m’“)
where
* * 2 .’IJ2 * 1 g ok
V=12 sup (Vn(gg)) —8— D(Sp) and yn(gg):—zgtgg( 5
QOEB(mvﬂ) n =+ n t=1




2
1/ Control of E[ sup (un(gg) - I/,;:(gg)) } Let m’ € M,, and g9 € B(m/, ). Since

go€B(M, 1)

the parameter set are compacts and 6 — gy is continuous, there exists 6y € 0,, U ©,,,, such

that

sup )(Vn(ge)— )— (Z& 900 (Xt) — 6, )))2-

gOEB(mlvu

As & and F; are independents, it follows that

IE[ sup )(Vn(ge)—vi(ge))z] Y] ZE[ (900 (X 990(4:))2}

geEB(m/ 1

= - E[(ggo (Xo) — 96y (XS))z}

since E[¢3] = 1. In addition,

D(S,,r) D(S,,/)
E[(geo(Xo)—geo(Xé‘))ﬂ = > 0o, 00, E[(X—; — XZ;)(X-; — XZ;)]
=1 j=1
D(S,,) 2
< ( > 90,i||Xi—Xfi||2>
i=1

using Cauchy-Schwarz Inequality. It then follows as ZlD:(f m) |60,i| <1

B[ s (vl —vi) ] < L (D)

goEB(M/ 10 n
C? <logq )
n qn

where the last inequality follows from Proposition 1. Thus,

[ s (mlon) i) ] = X E[ s (valo) -

QQEB(ﬁL7M) mleMn QGEB(m/#)
- K C?<10gqn)272
iy n
n qn
_oxc
— n2 )

using Assumption A5 and since K,, < n.

2/ Control of E[VX].

First, let us rewrite /% (gg) for gg € B(m’, ). Setting X; = (X ...

vion)|

* T
7Xt—D(Sm/)) » W

have
1 n
vo(90) = EZ 1 90(X7)
1 sn—1 dn dn
= 2 $n Z <Z§2kqn+z‘ QG(Xékkqn-i-i)“‘Z 5(2k+1)qn+z‘ ge(X(*zk+1)qn+i))
AR =0 \i=1 i=1
= v;,1(90) + vy 2(90)
with
1 Sp—1 1 Sp—1
- Z Vn,1,k (90) and VZ,z(ge) = nz,k(ge)
Sn 120 " k=0

10



where

* 1 w 5k * 1 o ok
Vn,l,k;(ge) = ﬁ Z E2kgn+i 99(X2kqn+i) and Vn,2,k(96) = ﬁ Z 5(2k+1)qn+i g@(X(2k+1)Qn+i)
"oi=1 " oi=1

Now let remark that v}, ;(ge) and v}, 5(gg) are both sum of s, independent random variables
by virtue of Proposition 2. Hence,

Va<( s 4(iale)’ —4a* 07 D(SR))

9o E€B (1) +

+ ( sup 4 (u:;z(gg))? —42%n! D(Sfﬁ))
goEB(m,u)

+
As a consequence it is sufficient to study E} := IE( Sl(lp )4 (2 1(99))2—4 x?n1 D(Sfﬁ))
geB(m,u

and the bound for IE( sup 4 (v} 2(99))2 —4z%n7! D(Sﬁ)) will follow by using anal-
ggEB(ﬁz,p,) 7 +

+

ogous arguments.
Bounding Ej

Since the noise (&) is not bounded, the process Vp, 1 1s not bounded either. Let’s use the
technique used in Comte and Genon-Catalot (2020) to overcome this difficulty. Therefore,
we decompose &; as

Se=m+e, =8N <k,

where k,, is a deterministic sequence or a constant to be chosen later. We then have

vy1(90) = vy 1(90) + vy, 2(90), Where

1 = * . * 1 o Ok
Un,l(ge) = Un,1,k(99) with Un,l,k(ge) =94 Z M2kqn+i ge(XqunH) and
" k=0 In i
1 Spn—1 1 dn B
v, - Z n2k (90) with U;,z,k(ge) =5 Z €2kqn+i gQ(X;kanri)'
8” k=0 2qn i=1
Thus,
% * 2 _ " 2
E} < 8E ( sup (vn’l(gg)) —052%n 1D(Sm)) +2FE sup (Un’Q(gQ))
9o € B(,u) + 9o € B(, 1)
% 2 _
<8 Y sup  (v1(99))° — 052 1D(Sm/)> (4.5)
m/EMn QGGB(m/uu) +
" 2
F2E| sup (uh(00)? (46)
g€ B(M,p)

We start by bounding the term in (4.5). Let m’ € M,,. In order to apply Theorem 5.1,
one has to find M, H and v such that

2
sup o inloo)| <M, B[ s Juna(eo)] < B2
goEB(m/ ) go€B(m’ 1)

and  sup  Var (v} ,(g9))) < v.
gEB(M/ 1)

11



e Since the noise is bounded here and from the assumption A1, the process (X;) is also
bounded. Indeed, under A1, there exists (¢;) such that

o0 o
Xy=> ¢f&i with Y |¢7] < +oo.
=0 i=0

Therefore | X;| < ®g k;, with ®g := )2 |¢7]. Moreover, for any gy € B(m/, 11), we have

D(Sp) D(S,,)
90(Xe)| = ‘ D 0iXii| < Bokn Y 16 < Dok
i=1 i=1
As a result, we have

1 In -

sup ‘U;,l,k@@)‘ < 5g,  Sup Z |T12kq +i ge(X;anJri)‘
gGGB(m/7M) qn gGGB(m/#) =1
< D k2 .y
2

e Next, since the parameter set are compacts, there exists 6y € ©,, U ©,,, such that

sup | vf1(g0)|” = |vi 1 (g00) |-
geE€EB(m/ 1)

Moreover,

1

Effora(on)l] = - Eljvrolom)]’]

1 qn

_ > Elmgo(X7) 0y g0(X7)]

45n‘]721

1,j=1

= L SE[man(R)?]

2
45,47 —

P32 k2 P32 k2 5
L < 2 D(S,,)=H
2n - 2n (Sim')

IN

since D(Sy,/) > 1.
e Lastly, as Var [X] < E[X?], it follows from the previous series of equations
P2 k2

Var (v;10(90))) < E[[05100900)| ] < P =0

As a consequence from Theorem 5.1 and taking a = %(% —1) > 0, we have
0"™vn

E ( sup (Ui;,l(ge))z—0-5$2”_1D(Sm/)>+]

9o eB(ml7l"’)

i (@%kiemn0<sm/><mﬂgi%l> 4993kL_aaicci) YD) ,>>.

il _ 27700 Fn
K\ 4q, An2KC?(«) ¢

Hence there exists a constant K’ such that

> el

swp (wha(0))” — 0547 n—lD<sm/>)+] <K u
m/'EMn,

geE€B(m/ 1)

12



e Now, let us upper bound the term in (4.6). For any m’ € M,, and any gp € B(m/, ),
we have

D(S,1) D(S,,1)
90(Xt) = 0:; X, i< sup X[ (D l6l) < swp|XG|.
i1 t—D(S,,)<i<t =1 t—D(S,,,)<i<t
Therefore,
1 &
U:;,z,k(go) = g Z§2kqn+zge X2kqn+z)
T
< — |E2kqn +il sup | X/ | =Y, (4.8)
2 Z I g tie K <t<2kqnti F
so that
Sn—1
sup v 5(g0) < — Z Y.
gEB(M,p)

Let us notice that (Y}"); is a family of independent random variables as (v} ; .(9))k-
Thus, it follows

Sn—1
2 1 N
]E{ sup ‘U;,Q(gg)‘ ] < = Z [E[YZ*YJ]
9o €B(M1) Sn oz
1 Sn—1
*2
< =z D E[¥7]
n =0
1 *2
= ;E[Yo ]
n
Moreover,
dn
E[Y;?] = Z 6] sw X7]1g] s |X7
) i—Kp<t<i J—Kn<t<j
ZE[( x;1)
= sup ) }
QVQLi 1 i—Kp <t<i !
M2
e 4.9
Tq, (4.9)
where po = E[X?] < co. It follows
H2 M2
IE[ sup  |v; 1(90) 2} < == (4.10)
geGB(ﬁw)’ ! ‘ dspgn 21
Inequality (4.7) along with (4.10) yields to
E} < 8K + B2
n n
We conclude that there exists K > 0
K
E[Vz] < —. (4.11)
n

13



Returning to (4.3), and taking expectation on both sides, it then follows

1+ 14y! K
(12 ) Bl 5] < (142 522 Bl e 2mentee
(4.12)
For y = % >0, s0that 1 +y = f—fz and 1 4+y~ ' = I2”32, we obtain
+2) K
B[l - f?] < c@) (E[Hfé* ~ 5, I7] + zpenwm)) y Ao K
with C(x) = 222 > 1. n

4.2 Proof of Proposition 4

Since the collection M,, is hierarchical, we have

PQ) < Y P(3IFeS: Ifolls _ ] o 1
T 1 foll? 2

mEMn
< > PQ5)
meM,y,
where
1Fol12 1
Q — no_ S - VFQ S S
" { [Folz ~ | = 2 :
Let m S Mn~ We have
B 1
P(QS,) <P| sup s —1>5 )
m (FgESm HFQH}QL 2
Moreover,
Fy||? 1 L
L e
FyesmlFslz=1 |1 F0 1% 2 ReSnlFlR=1 ?

with v, (F2) =n"130 <(f5)2 - E[(fel)z]) Hence,

155l 1 1
P( sup 2 —1>=| < P| sup |vn(F = .
(fGSm 1Eo]I7 2 FeGSm‘ D> 5

For any Fy € Sy, using the linearity we can write

D
(fol Xt (Z 0; X¢— z) Z 0;0; X i Xy j = 0S40

ij=1
where 0 = (01,...,0p,)", Sms = ZM(Z™ T with Z™ = (Xy_1,...,Xs—p,)T. So that
with X, = E[Em’t], it follows

F}) = %ZHT@ )0 =0"( — T,

14



where 3 = n~! oy S As a result,

sup  [un(FD) < || Em Sillop:
Fy S |1 Fy3=1
Indeed,

* ~ QT i Ry
wp ED = s 0TS D0 = sup o2 Lm0

FoeSm 6: 3 10:]<1 6: 3~ [6:|<1 101
0T (S —Sm)f e

< sup —— T _|I§ >
o: o]]><1 EE [Zm = Zmllop,

since —1 < ; < 1 ensures that ||0]|*> < > |6;|. Hence,
P sw  p@)> 1) < B[S0 Dalp >
Fp€Sm, || FollZ=1 2 P2

o o 1 - 1
P(HEm Sl > 4) +P<HEm Sullep > 4)

=: P+ P.

IA

IN

Using Lemma 3 with v = 1/4 and by virtue of A6, it follows

Py < 2exp ( — 3logn)
2
< el
Now let bound P;. We know that for a D,, x D,, matrix A

D,

lp < 14l i= a1
j:

Thus, from Markov’s Inequality,

Py < 4E[H§ -5 Hop}
4E| max Z! i)

= 4 ZE o E* 10 JH
Dm
Y B[ XeigXij — X7 0 X7 ]
j=1
X = XP XS] < X [ Xy — XP |+ | X ]| X — X7 so that
with Cauchy-Schwartz’s Inequality,

IN

IN

EHXt—z‘Xt—j - X;:iXt*fjH 2 HXon HXt—l - XttlH2

2[[Xoll, 7 (an).

IN A

Hence using Proposition 1, it follows
P <8 HXOHQDm 7—(2)((]71)
1 -1
Dm CT ( Og Qn>’y
dn

IN

8 || Xo

I

15



Moreover, since v > 8 and from assumption A5, one can find some constant A’ such that

(logqn)v—l < é’

an —nt
As a result, with ¢g := 8 HX0H2 C, A, it holds
€0
P < —.
1S3
As a consequence,

2+ Co
P(Q5) < .

4.3 Proof of Proposition 3

Proof. The proof of the will be based on the relation between the spectral density function
and the maximum eigenvalues of the variance covariance matrix.

Denote by u € RP™ the normalized eigenvector associated to the largest eigenvalue
Amax(2m). Hence,

™

D Dy,
Amax(Zm) = uw S, u= Z ujr(j — k) ug :/ g(N\) Z u;j e U=FA g dh

k=1 o Jik=1
i
- [ o
. <

D,
ujesz
1
< sup gV,
—m <AL

2 2
d\ < sup g()\)/ d\

—m <AL

D

S uy et
uje

j=1

S ]2
since, using Parseval identity, [" ’ Zf:"i u;j 62])\’ d\ = ZJD:"i u? =1.

But, from Lemma 2 and since v > 2, it follows

1
sup g)\’ < — r(h
e o] < X

CX 1
< —E —_ .
= Wh:o(h+1)y<oo

Given that X, is symmetric, it follows

CX 1
HEWHOp = Amax(Em) < p Zo 1)

which concludes the proof of (2.9).

Now we end by the proof of (2.10). Reasoning as above, and by virtue of A4, one can
show that

Amin(zm) > inf g()‘)>a

T <A< 7 -

which yields to
1

—1 _
Hzm Hop - )\min(zm)

IN

)

1
a

so that (2.10) is established.
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4.4 Technical Lemmas

Lemma 1. Assume A1 holds and (X;) the mizing stationary solution of (1.1). Then, the
process (X¢) is mizing and
() < Knr{l (r—1). (4.13)

,O0

Proof. Let set by /\/l’)-(- = U(Xt,t <i) and M% = o(Xy,t <) for an integer i. One would
like to bound T(l)(./\/l}, (le, e ,Xjk)) for jp > ...>j1>1+4r. .
Let assume that the universe €2 is rich enough so that, one can find X* = (X]*l Lreees X;Z_Kn)
with [ = 1,..., k verifying

1. (Xj*l, e ,)Z;k) is distributed as (Xju . 7‘)ij) and independent of M%;

2. (X]*1 Lree- ,X]’fk_l)—r is distributed as (le,l, . ,Xjk,l)—r and independent of M?X
As a result,
. ~ k - . k Knp
('/\/lZ ( Jis "7Xjk)) < ZH J ZHIZZ E[’le t— X]*l t”
=1 =1 t=1

IN

k
Ky Y E[Xj1— X5 4]

T * * T
( Jiloe e Xy 1) _( Ji=lrer jk*l) H
= K, TO (M, (X5 1, X5 1))

This fact along with the definition of T)(Z'l)oo(r) leads to (4.13).

—_

1

Lemma 2. Under A1 with |0f| = O(t™") where v > 1, we have
T(h) = E[Xo Xh] = O((h + 1)77)

Proof. By virtue of A1, the process (X1)¢ is causal; that is there exists (¢;);en such that
X = ZZ o i &i—i Wlth Z |pi| < oo. The sequence (¢;);en is given by the relatlon
P(z) = Y05 pit = @ w1th 0(z) = 1 — > %0 2". Equating coefficients of zj, j
0,1,..., we find that ¢g =1 and for ¢ > 1

di=> 07 dij.
=1

This fact allows us to deduce that the sequences (¢;)ien and (6]);cn decay at the same
rate. Therefore, since |0f| = O((t + 1)*7), there exists hg € Z such that for any h > hy, it
holds |¢¢| < C (t +1)77 for some constant C' > 0. Thus,

r(h) = D i din
=0

CQi 1 1
= G+ (j+h+1)

IA

< 0232 (h+1)77
= 6

]:0

where the last inequality follows from the fact that v > 2 and that established the Lemma.
|
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Lemma 3. Under assumptions A2, it holds for any model m € M,, and for all u > 0

2
~ s u u
]p( YE % > )<2 — =" mi ,
H m mHop—u = exp{ g M 16 D, o2 32 Dy, 08

Proof. One can write for a matrix A

HAHopi rﬁléﬁxl‘vTAU| |vg Aol

Therefore one can find a vector vg € RP™ with |jvg|| = 1 such that

P([|Z5 = Smllop = 4) = P(Jof (S5, = D) vo] > w).

But,
~ 1 <& .
o (S —Zw)uo = — 3 (0f Shyv0 = v Smvo)
=1
1 “
= > (w0 (Z™)(Z7™) w0 — vg Smwo)
t=1

1 n
= > (W -EN)
n
t=1
with Y; = vy Z" = ZZD"{ vh X ;. From A2,Y; is SG(D,, 02). Therefore, Y;? is SE(256 D2, 5,16 D, 03)
(where SE stands for Sub-Gaussian and SE for Sub-Exponential).
Moreover, we can write

o~ 1 &
v (S = Sm)o =~ > (¥ —E[7)
t=1
1 sp—1 1 qn 1 Spn—1 1 qn
2 2 2 2
= o <2q (mw—mm)) o <2q (mkﬂ)qﬁi—E[Yl]))
™ k=0 mi=1 " k=0 moi=1
= Y1 +Y2
Therefore,
1 sp—1 Sn—1
Yl—izYlk and Y2:7ZY2]€ with
- R—
dn dn
Ylk:LZ(YQ —E[Y?]) and Y ZLZ(W — E[Y?)
) 2 4 - 2kqgn+i 1 2,k 2 - - (2k+1)qn+i 11)-
1= 1=

{Y1} and {Y5;} are independent random vectors by virtue of Proposition 2. Now, let

us show that Y, are sub-exponentials. For A such that |A| < IGD%’ and denoting
w; = Y22kqn+i — E[Y{], we have

E[e)‘Yl”c] = E exp( Z)\wz)}

[ )\’LUZ
= E|II]"; exp ( 20, )]

- mju (e ()]
< e (8o ()"
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where we have used Holder’s Inequality. Hence Yy, is SE(64 D2, 04,16 D,,03). As a result,
using exponential inequalities for SE random variables, it follows

2
S u u
]P(Y> 2)< L 7
12 u/ —eXp{ Qmm{<16Dm03> 32Dmog}}

so that

2
T (S 5 i 4 u
P(\vo (Er, — ) vol Zu/2) < 2exp{ -3 mm{<16Dmg§> ’32Dma§}}'

Lemma 4. Assume A3 holds, then im s a.e. invertible. Also, X, is invertible.

n

Proof. We can write f)m = M;Mm with M,,, = [Xi_l, .. ,XZ-_Dm]
M,,, is of full rank which implies the a.e. invertibility of f]m

|- By virtue of A3,

1=

Moreover, ¥, = E[S,,] = E[Z5*(Z5")T] with 25" = (X_1,...,X_p,)T. Let u € RPm,
it follows u'Su = E[((Z§") "u)?] > 0. Let show that whenever the equality holds
(u'%,, =0),u=0.

Since ((Z§")Tu)? > 0, its expectation vanishes if and only if (Z§") "u = 0 a.e. which yields
to u =0 by A3. Hence, %, is positive definite and then invertible. |

5 THEORETICAL TOOLS

The next Theorem is a Talagrand’s Inequality given in Klein et al. (2005).

Theorem 5.1. Let Y1,...,Y, be independent random variables and let F be a countable
class of uniformly bounded measurable functions. Then for all a > 0,

< V2

E |sup [nn(9)]* — 2(1 + 2a) H? 2R

geEF

with 1,(9) = n~" 211 (9(Ye) — Elg(Y2)]) for any g € F;

2 (v _pgonH? 49M?  _2V2KC(e)va nh
| < 2 (Lomertt 0 )
n 4Kn2C?%(a)

Clay=(V1+a—-1)A1, K=1/6

1
sup [lglloc < M, E[sup n(g)l| < H, sup =3 Var(g(¥y)) < v.
geF geF geF M
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