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ABSTRACT

This paper deals with a mathematical and numerical investigation of double-diffusive natural convective heat and mass transfer in a cavity
filled with Newtonian fluid with significant density and mass diffusivity changes. In such a situation, the assumption of the Boussinesq
approximation is not justified, and an appropriate model based on a set of Low Mach Number equations is used. The active parts of two ver-
tical walls of the cavity are maintained at fixed but different temperatures and concentrations, while the other two walls, as well as inactive
areas of the sidewalls, are considered to be adiabatic and impermeable to mass transfer. The coupled momentum, energy, and solute transfer
equations in binary mixtures of ideal gases are solved through a global iterative procedure based on the finite volume methods in the context
of the low Mach number approximation. The study includes the effect of the buoyancy ratio N with the aim to find its application limit in
the Boussinesq conditions. The results show that if we use the Boussinesq approximation to study double-diffusive convection, the value of
parameter N must be between —6 and 27.

NOMENCLATURE t time, s
c on. ke/k T temperature, K
conc%nt;atlon, g/kg u,v dimensionless velocity-components
CP specific heat . ) u,v velocity-components, m/s
D binary mass diffusion coefficient, m*/s W mass fraction
8 gravitational acceleration, m/s* X, Y dimensionless coordinates
H height of the enclosure, m ’
k thermal conductivity, W/mK
Le=a/D Lewis number GREEK SYMBOLS
M molecular we?ght, kg/ kmol a=k/p.c, thermal diffusivity
M molecular weight ratio, M* = M; /M, B thermal expansion coefficient,
n unit outward normal to surface dS K!
N Buoyancy ratio er non-Boussinesq thermal
Nu convective Nusselt number parameter &7 = AT /2T,
p dynamic pressure, Pa Em non-Boussinesq solutal param-
p mean thermodynamic pressure, Pa eter g, = %
Pr=v/a Prandtl number v kinematic viscosity, m? /s

Ra = gBATH? [ (va)
Sh

Rayleigh number
local Sherwood number

L= (p—p+ pogy)/po(20/H)*

dimensionless dynamic
pressure



u dynamic viscosity, kg m™ s
p fluid density, kg m™

T dimensionless time
SUBSCRIPTS

avg  average value

BS Boussinesq model

c cold

CP constant properties

h hot

max  maximum value
mid ~ midplane
min minimum value

0 reference state
1 for gas

2 for air

*

dimensionless parameters

I. INTRODUCTION

Compressible low-Mach number flows of double diffusive con-
vection appear frequently in nature and industrial processes such as
atmospheric and oceanographic flows, combustion, vapor deposition,
and natural gas storage. The compressible low-Mach number flow
(Ma < 1) is defined as such when pressure variations are small, but
temperature/concentration (and hence density) gradients are large.

Natural convection in enclosures filled with binary mixtures due
to combined thermal and solutal body forces has been investigated
extensively both experimentally and numerically and has received
increasing attention. Over the past decades, a considerable body of
research has thus been conducted in this field, both experimentally
and numerically.

The greatest portion of the more pertinent binary gas literature
has focused on analytical and numerical investigations of natural
convection due to horizontal temperature and concentration
gradients.

With the exception of some works using the non-Boussinesq
model, it appears that the Boussinesq approximation was used in
both cases of aiding and opposing buoyancy forces, which states that
variations of density in the equations of motion can safely be ignored
everywhere except in its association with the external force. The
approximation is well justified in the case of incompressible fluids.

Ferziger and Peric ~ assert that the use of the Boussinesq approxi-
mation in the Navier-Stokes equations introduces errors of the order
of 1% if the temperature differences are less than 2 °C for water. These
errors are led to augment for more important difference of tempera-
ture and can lead to qualitatively wrong resolutions.

The effect of buoyancy ratio on the flow structure was investi-
gated numerically for a binary mixture gas in a rectangular enclosure
by many authors.

In most of the works studying double-diffusive convection, a
wide range of the buoyancy ratio N was considered. The question that
arises is whether the buoyancy ratio N has a limit when using the
Boussinesq approximation. Such a ratio N denotes the relative
strengths of the thermal and solutal buoyancy forces, and it is based
on the concentration and temperature differences between left and
right vertical walls. In this study, we will try to answer this question by

taking into account the variation of the thermophysical properties of
the studied fluid.

When the fluids are compressible, the equations governing the
system become quite complicated. In such situations, all assumptions
used to justify the Boussinesq approximation fail and a different
modeling approach is required, one that accounts for realistic nonlin-
ear fluid property variations. The Low Mach Number approximation
(Ma< 1) suggested by Paolucci” was developed in our previous
works for natural convection; natural convection coupled with surface
radiation and combined natural convection-volumetric radiation.
This approach is used in this study to solve the momentum, heat, and
solute equations, which lead to take into account fluid flows under
large temperature/concentration gradients and variable transport
coefficients.

The purpose of the present paper is twofold: the first is to develop
a mathematical model describing the double diffusive convection
under non-Boussinesq conditions and the other is to investigate the
limit of the buoyancy ratio of the double-diffusive convection in verti-
cal enclosures under the Boussinesq approximation.

Il. MATHEMATICAL FORMULATION

The aim of this section is to provide the governing equations to
be solved by the low-Mach number solver for the double-diffusive
convection. The low-Mach number approximation is carried out,
enabling the full low-Mach number system of equations to be written.

The geometry investigated as shown in is an enclosure
filled with a gas mixture in which natural convection is driven by ther-
mal and solutal gradients. The left wall is kept at high temperature
(Ty) and high concentration (Cyy), the right wall at low temperature
(T.) and low concentration (C;.) and the bottom and top walls
are adiabatic and impermeable. No-slip conditions are applied on all
boundaries. The kinematic viscosity, the thermal diffusivity, and the
concentration diffusivity are determined by the properties of this
binary gas mixture.

A. Governing equations

Since we are interested in the case of large thermal and solutal

gradients, the low-Mach-number equations are adopted™ "’ in order
to describe such a flow.
or ocC
H=V= —= L = 0
g oy Oy
i y

M :v:ﬁ’ u=v= 0,

T=T, r=1,

=G G=G,

o _3C, . *

U=v= 0

dy oy

FIG. 1. The flow configuration and coordinate system.



Stemming from the compressible Navier-Stokes equations, the
Low Mach Number (LMN) approximation constitutes an important
numerical problem for low speed compressible flows and has the
advantage that it presents the same mathematical structure as the
incompressible Navier-Stokes equations.

In this approximation, and as shown in Ref. 24, the total pressure
is divided into two components: a mean thermodynamic pressure p(t)
which is spatially uniform and depends only on time and a dynamic
pressure pg,,. Since for Low Mach number (Ma < 1), the thermody-
namic pressure is very high compared to the dynamic pressure, and this
decomposition leads to elimination of the acoustic waves while large
variations of density with temperature and concentration are allowed.

The conservation equations of mass, momentum, energy, and
species for laminar double-diffusive convection in the horizontal cavity
can be expressed as follows:

dp _
o TVeV =0, (1)

ov 1
p(a + VVV) =P8 = VPayn + V.uVV +-VuV.V, 2

or dp
06, (a ¥ VVT) — (VAVT) + d—ft’, 3)
p (%—f n vvc) — (V.pDVC), (4)

V is the velocity vector of components (, v).

The system of conservation equations is completed by the ideal
gas law used in order to determine the mixture density field p for a
binary mixture of gases with molecular weights M; and M,,

N N
_ _ nRT RT
P=X hi=Tg =gl
p

7RT N m;

i_ﬁizlﬁi7 (5)

M;: molecular weight of the ith component. m;: mass of component ().
n;: number of moles of component (i). With: m = n.M total mass and
p = § mix density.

We therefore have

m,) (6)
N N\ )
ﬁ:%ZmI:pRTZ—Z :pRTZQ

C; is the concentration, mass fraction.
Since we only have two constituents (air and an other gas), we
will have:

N
_ Ci Cl C2 R Ml
= pRTY = pRT( 4 ) = p o T(C G
P=PRt 2y =P (M1+M2) P, (1+M2 2)

R M,
=p—T ety f - )
P (CI+M2( cl))

Therefore,

p=pRT(C(1—M)+M). 7)

with

R = R and M* =—.
M, M,
It is also assumed that the dynamic viscosity is, depending on the
case studied, taken either constant u(T) = u(Tp) = i, or given by
the Sutherland law

- (1) Thes, ®)
o \To) T+S,’
where S, = 110.5K, g = 1.68 x 10 > kgm™!s7 L.
Thermal conductivity is given by
k
K(T) = u(T) 2. ©)

Vo

More generally, the diffusion coefficient of gases into the air can
be approximated by the following formula:

T 1685
D=D2 (—) . (10)
p \To
The non-slip boundary conditions are imposed over the walls, so
the boundary and initial conditions can be expressed as
u=v=T=C,=0att =0,
u=v=0,T=Ty, C =Cyfor0<y<Hand x=0,
u=v=0,T=T, C =Cyfor0<y<H and x =H,

T C
u:v:O,a—ZO,h:OforOngH and y =0,

dy dy

oT 0C,
u=v=0,—=0,—-—=0for0<x<H and y=H.

dy dy

B. Additional equations

In the numerical resolution of Egs. , the problem that
arises is that there are more unknowns than equations (at 2D, there
are seven unknowns). This comes from the decomposition of the
pressure, which introduces the thermodynamic pressure p as an
additional unknown. In order to close the problem, we need an
additional equation representing the initial state, that of the conser-
vation of the mass.

1. Calculation of p

In an open cavity, the thermodynamic pressure is the ambient
pressure

p(t) = po, Vt. (11)

In a closed cavity, it is determined by the conservation of the total
mass

J pdQ = M, :J 0odQ | V. (12)
Q Q

Q is the volume of the system and M, is defined as the initial
mass of the system.



Using Eq. (7), we get
p P
dQ = dQ.
JQ R*T(Ci(1 — M*) + M*) JQ R Ty (Cro(1 — M*) + M)
(13)
Therefore,
I ! do
_ 2 To(M* + Cio(1 — M*
P = po 0( iO( )) . (14)
dQ

Jo T(M* + Ci (1 — M*))

2. Calculation of 9°

The second additional equation is given by the calculation of the
term dp/dt.The mass conservation equation, associated with the
energy equation and the equation of state, allows writing the diver-
gence of the velocity. According to Eq. (7), we have

dp _ ! dp _ P ar
dt  RT(M*+C(1—M*))dt RT2(M*+ C(1—M")) dt

_ pu—Mm) dc,
RT(M* +C (1 —M"))* dt
(15)

From equations of continuity, energy, and concentration, we get

1dp
B 16
% dr’ (16)
T 1 1
d—:—V kVT+—d—p (17)
dt  pe pep dt’
dc; 1
=1 = 2 V.pDVC,, (18)
.  p
with ¢, = )' o
So,
vV 1 dp p dar

pR*T(M*+C,(1—M*)) dt
p(1—M*) dc,
PR T(M* +C,(1—M*))* dt

PR T2(M*+C;(1—M*)) dt

(19)

Taking into account the equation of state given by (7), Eq.
becomes then:

V.V = iK%(qu(l—M*))q)j—fJ*

X (M* 4 Cy(1 — M*))V kVT+R*T(1 — M*)V.pDVCl} .
(20)

For impermeable wall conditions,

J V.vdQ = J V.ndS =0. (21)
[0} s

So,

1[/vy—1 . dp y—1

V.VdQZJ :[(7 M'+Ci(1-M" —l)**%
JQ ap 7 ¢ il D)
* (M*+C,(1— M*))V KV T+R T(1—M*)V.pDVCy],
(22)

p depends only on time. The application of the divergence theorem
gives
dap 1

dr .
Ldg L . Lor 1 a1 - m))d

/7 * * 8T Cz *
[ S +C1(1—M))Jk6—ds+/( _ M)
8C1

where the speed of sound in an ideal gas c is given by: ¢ = \/yR*T.

C. Dimensionless form of equations

The following parameters are used to put the equations in dimen-
sionless form:

ot X
=— . X= Y =
H?

== U
H’

b
T o

L= (p—p + pogy)/po(on/H)*, P =

G — Gy
AC,

Ty + T,

W= or AT =Ty, — T, Ty = and

[\S)

Cin + Cic

AC = Cip = Gy, Co = 2

The thermo-physical properties (density, dynamic viscosity, ther-
mal conductivity, thermal diffusivity, and mass diffusivity) are scaled,
respectively, by py, uo, ko, 0o, Dy where the subscript 0 denotes values
at the reference temperature Ty. The influence of the temperature on
the specific heat is assumed to be negligible so that ¢, /c,o = 1.

The system of equations is expressed in non-dimensional conser-
vative form™" as

ap*  O0p*U  0p*V
ot 0X oY

*(07U+U87U+V87U>_
P o "Yox T ay) ~

oIl o ( .oU a LA O R

(25)

=0, (24)

US4+ ve ) = -2 — RapPr
ac T ax TV ay oY 2y |

(26)
o ( . ov\ 8 [ .ov\ 1_ .
Pr{ax(” ax>+ay( ay>+ Vi VV}

p(av ov av) oIl p—1



90 90 90\ 9 (,.00\ o (.00 _ Jod?’
Nt U Vs | = = k*—)+ <k* ) p= ; (29)
p (af ox 8Y> X ( ax) "oy \" oy I L .
5 Y (2670 + 1)(1 + &, W)
y—1dP
) (27) . f)
2ery dt Pt = , (30)
(1+2er0)(1+¢,W)
*(aw+an+Vaw)_1 (a (*D*6W> P _ i 1
o " Voax TV ay) Tre\ox P 7 ox d@ aQ ,J 7=l s wder
Q m
M*+C10(1 —M*) o Y (31)
+ 2 (W (28) 260(1 + enW) [k L ast 4 i [ e OV g
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N
35 —r—T— : . T —— = = = 60,00 316 4,86 545 575 593 -606 614 -621 6,26 -630
1’2 Ll T * I b I *. T * I L] T v T ¥ I ¥ T . Ll
30 - - 1w 1
| 1,0 4
[ ]
25 - . |
0,8 . 4
20 - - .
1 06 3 i
15 - - |
= 1 [
10 - WE i )
5- ] 02 4
0 _ 0,0 .
-5 — 0,2 4
Ll I . 1 I 1 I 1 I 1 T ¥ T T T T T T T T T T T T
0 2 4 6 8 1, 12 14 18 18 20 0 2 4 6 8 10 12 14 16 18 20
M M
(a) (b)
FIG. 2. Evolution of (a) N and (b) ¢y, as a function of M*(N).
TABLE 1. Air benchmark test cases.
Heuveline Vierendeels Present work
Test case 1 (Ra=10°, ¢, = 0.6, and constant properties)
Nu(h) 8.859 778 8.85 978 8.85 847
Nu(c) 8.85 978 8.85 978 8.85 847
P/po 0.85 634 0.856 340 0.85 584
Test case 2 (Ra=10°, ¢, = 0.6, and Sutherland law)
Nu(h) 8.6889 8.6866 8.70 078 8.68 451
Nu(c) 8.6831 8.6866 8.70 057 8.68 316
}_7/170 0.9249 0.924 489 0.92 498 0.92 425
Type of Mesh 400000 2048 x 2048 300 x 300 202 x 202
TABLE II. Buoyancy ratio parameter as a function of M* and &,
N 5 2 1 0.5 0.1 0 —0.1 —0.5 -1 -2 -5
M* 0.524 0.744 0.855 0.922 0.984 1 1.017 1.09 1.196 1.476 4.333
Em 0.167 0.0667 0.0333 0.0167 0.00333 0 —0.0033 —0.0167 —0.0333 —0.0667 —0.167




TABLE IIl. Average Nusselt and Sherwood numbers along the hot wall, Le =1, Pr=0.71, and Ra = 107,

M 1.00167 1.017 1.0344 1.09 1.1515 1.1734 1.196 1.3226 4.3333
Em —0.0003 —0.0033 —0.0067 —0.0167 0.0267 —0.03 —0.033 —0.05 —0.167
N —0.01 —0.1 —-0.2 —-0.5 —-0.8 -0.9 -1 —-1.5 -5.0
Nu( Sh) present study 16.465 16.049 15.55 13.69 10.67 8.81 2.88 13.69 23.86
16.4 16.0 15.5 13.6 10.6 8.8 13.6 23.7
16.3 15.9 154 13.5 10.5 8.6 13.5 13.6
16.7 16.0 15.3 13.6 10.6 8.8 13.5 23.7
where ¢, = % and ey = ZATTO' M — 0, &, — 2, (34)
Note that AC,
M — 00, &m — 3¢ . (35)
AG -1
M*_>07 &m — — (32)
Cio The corresponding boundary conditions are
M*—>oo,sm—>CAcll. (33) U=V=00=0.=05W=W,=05atX=0,0<Y<I,
10 —

Dimensionless height

Nusselt mumber along the hot wall

FIG. 3. Distributions of local Nusselt numbers on the hot wall in (a) present study and (b)

U=V=0,0=0,=-05W=W,=-05atX=1,0<Y<I,

1,0

0,8 -

—u—N=-0,1

Dimensionless height

(b)

40

Nusselt number along the hot wall

atRa=10"and Le = 1.
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=V=0,—5=0,-=0,atY=1, 0 <X<1.
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The transport coefficients ;*(6) and k* () are given, respectively,
by
1+8,/Tp)
g0+ 1y ST 36
1% (ST + ) 28T0+1+SH/T0, ( )
u*
kK==—. 37
Pr (37)
The mass diffusion coefficient is given by
1
D' =5 (210 + 1'%, (38)
1"0 i LI T 1 1 i
. | —=—Le=0,5
0.8 1 X - —e—Le=0,8 .
—a—Le=1
—v— Le=2
%5 +— Le=5 7
> 1 ;
0‘4 sl aey v saged ' ..... L . .............. e b ey -
0,2 |
al'o I T T ] 1 1 - 1 .:‘"

nless height

imensio

.

D

FIG. 4. Distributions of local Sherwood numbers on the hot wall in (a) present study
and (b)*° at Ra = 10" and N = —0.1.

To characterize heat and mass transfer of the double-diffusive
convection in the cavity, the local Nusselt number Nu and Sherwood
number Sh on the heated vertical surface are defined by

00

Nu = _a_X X=O, (39)
Sh = —p D B_X X:O. (40)

The average convective Nusselt number and Sherwood number
are calculated by integrating the temperature and concentration gradi-
ent over the vertical wall as

1
Nu,, = L Nu(X)dX, (41)
1

Sharg = L Sh(X)dX. 42)

D. Boussinesq approximation recovery

Boussinesq’s approximation is characterized by a small difference
in temperature and concentration (er — 0, &, — 0), a zero velocity
divergence (V.V = 0), and thermodynamic pressure tending toward
unity (P = 1).

If we hold these hypotheses, Eq. (39) becomes

1

* = . 43
P T ¥ 2600)(1 + W) | &7 — 0 (43)
em — 0
The term %;1 in Eq. (35) becomes
-1 w
P BN g 0w (44)
28T 28T

So, for (7 — 0, &, — 0)

FIG. 5. Near-wall refinement for grid using exponential distribution.
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emW
28T
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SN
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where 7 tend toward a value N (positive or negative, depending on
or

the sign of ,,) and which represents buoyancy ratio N = ﬁtAA%‘ =,
and where

ﬁ‘:#ﬁ[—)]\/ﬁ)andﬁt:%@
We get
A (46)
%_U+UZ—;] Vg—;]:—g—}l:,-l-PrVM (47)
%VJF U%‘;+ Vg—‘;:—gl;+PrVV+RaPr(9+NW), (48)
g+ug_)"(+vg_§:ve, (49)
8(9_V:I+U%_¥+ %—v;:LieAW (50)

1. NUMERICAL SIMULATION

The numerical solution of the governing differential equations
for the velocity, pressure, and temperature fields is obtained by using a
finite volume technique. A power scheme was also used in approxi-
mating advection-diffusion terms. The SIMPLER algorithm whose
details can be found in Patankar ™~ with a staggered grid is employed to
solve the coupling between pressure and velocity. The discretization
equations were solved by the Gauss-Seidel method. The iteration
method used in this program is a line-by-line procedure, which is a
combination of the direct method and the resulting Tri Diagonal
Matrix Algorithm (TDMA).

IV. VALIDATION

In order to check on the accuracy of the numerical technique
employed for the solution of the problem considered in the pre-
sent study, we have first validated our numerical code to ensure
that it delivers correct results. The code has been verified by com-
paring our results with those available in the literature.
Results for the problem of the pure natural convection for a large
temperature gradients and for the problem of the double-diffusive
convection for a low temperature and solutal concentration gra-
dients are compared with those obtained by and,
respectively. For the case of thermal convection for large

N
60,00 -316 -486 545 575 593 606 -614 621 -6,26 -6,30
T v T ’ T ¥ T L T v T b T A T v T ' T ¥
1,00 4 — i I =)
095 m -
1
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0,85« A
r
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E
0,75 - T T T — T T T T
0 2 4 [:] 8 |ﬂ_ 12 14 16 18 20
M

FIG. 7. Variation of the thermodynamic pressure P as a function of M* (N) at
Ra=10%and Le = 1.
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FIG. 8. Maximum and minimum (a) horizontal and (b) vertical velocities as a function of M*(N) at Ra = 10% and Le = 1.

temperature gradients, calculations were carried out for air ini-
tially at temperature Ty = 600K and for Ra = 10° and & = 0.6.
The test cases include problems with constant and variable prop-
erties. Data presented in , including average Nusselt num-
bers at the active walls and the pressure ratio p/p,, show a good
agreement with results of Heuveline™” and Vierendeels.

For double-diffusive convection, we used specified values of the
molecular weight ratio M*, which correspond to values of buoyancy
ratio N widely used in the literature. We also used weak thermal and
solutal gradients to obtain quantitative bounds for the validity of the
Boussinesq approximation.

shows the values of buoyancy ratio N = 72 correspond-
ing to the different values of molecular weight ratio M* and non-
Boussinesq solutal parameter &,,.

N
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o 2 4 6 8 10, 12 14 16 18 20
M
(a)

The quantities N and ¢, are inversely proportional to M* and

following a hyperbolic trajectory ( ), so that
AC €
M —0, g, — — =2or; N = = 60,
C() er
g
M — 00, &y — = —0.2220r; N = = —6.66.
C() —1 25T

shows the values of average Nusselt and Sherwood

numbers along the hot wall for Le=1, Pr=0.71, and Ra = 107.

and 4 show the distributions of the local Nusselt (Nu) and

Sherwood (Sh) numbers on the hot wall for over a range for buoyancy
ratio N and for Le=1, Pr=0.71,and Ra = 10’.

It can be seen from the comparison that the solution found by

the low Mach number approximation approaches the Boussinesq
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FIG. 9. Variation of the maximum and minimum (a) density and (b) mass diffusivity as a function of M*(N) at Ra = 10% and Le = 1.



solution, the present work is in a very good agreement with the previ-
ous works. Note that for the case N= —1 (M* =1.196) a slight devia-
tion between the results is observed, which means that the non-
Boussinesq effect begins to affect the flow. In this special case, the ther-
mal and solutal buoyancy forces are canceled. Thereby, the convection
motion disappears, and the heat and mass transfers are induced only
by diffusion.

V. RESULTS AND DISCUSSION

This section is devoted to find a limit value for the buoyancy
ratioN in the Boussinesq approximation for natural convection flows
evolving inside a close and differentially heated cavity, which is filled
with an air-gas mixture, both for assisting and opposing flows depend-
ing on the molecular weight ratio parameter M*.

The grid independence test is carried out to examine the depen-
dence of numerical accuracy on grid sizes. The distribution of grids in
the near walls was done using an exponential bunching methodology
chosen in such a way that there is a greater mesh density near the wall
as shown in . It turns out that the solution becomes independent
of grid size at 202 x 202; this is a best trade-off between the accuracy
and the computation time

Therefore, Prandtl (Pr), Rayleigh (Ra), Lewis (Le) numbers, non-
Boussinesq thermal parameter ¢r, and concentration gradient (AC)
are fixed to Pr = 0.71, Ra = 10°%, Le = 1, &7 = 0.017(AT = 10K),
and AC = 0.2 (20%, Cy = 0.1), respectively. The controlled variables
are the molecular weight ratio 0 < M* < 20, which corresponds to
non-Boussinesq solutal parameter &,, —0.21 <¢, < 1.07 and to
buoyancy ratio N, —6.3 < N < 32. The thermophysical properties
are estimated at a reference temperature of 300 K.

It should be noted that for Boussinesq conditions, the solutions
remain symmetric, and consequently we always have the following
results: py =~ pro, Dio o~ D Upex ® Vinax = Vinin,
Pa~1, Nu=aSh for Le=1, and also isotherms merge with
isoconcentrations.

Depending on the molecular weight ratio, M* (M* > 1,
M* < 1), the definition of ¢,, implies negative values of ¢,, when the
molecular weight of the gas which diffuses into the cavity is higher
than that of the inert gas (M* > 1, opposing flows) and vice versa
(M* < 1, aiding flows). The solutal body force can either augment or
oppose to the thermal body force.

The value Le = 1 was used for the Lewis number to yield a simi-
lar distribution of the Nusselt and Sherwood numbers, as well as for
the distribution of isovalues of temperature and concentration, this is
only true in the Boussinesq approximation.

It is considered that the Boussinesq approximation is valid as
long as the temperature/solutal difference in the fluid does not modify
the physical properties by more than 10% compared to their values at
the reference temperature T,

The results are presented in terms of streamlines, isotherms, local
and average Nusselt and Sherwood numbers, and cross section of tem-
perature and velocity profiles. To check the symmetry of the solution
when the Boussinesq approximation is achieved, the results are also
presented, as a function of molecular weight ratio M*, in terms of rates
of change of density Ap* and mass diffusivity AD*, maximum and
minimum horizontal (Upax, Umin) and vertical (Viax, Vinin) velocities,
maximum and minimum density p* and mass diffusivity D*, and
thermodynamic pressure P.
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The deviation from the Boussinesq approximation is investi-
gated according to the value of M* in the range
0 < M*<20(—6.3 <N <32) for a mass fraction at the walls
AC = 20%. Whatever their values, the thermal conductivity and kine-
matic viscosity always remain constant and equal to their values given
by Sutherland’s law. The thermophysical properties which change by
changing the parameter M* are the density and the mass diffusivity.

According to and , it can be seen that the effect of
M?* on the variation in mass diffusivity is greater than that on density.

and show the evolution of the change rate in
percentage of the density and of the mass diffusivity compared to their
values in the reference state. It can be seen that the effect of M* on the
variation in mass diffusivity is greater than that on density. The results
show that for values of M* < 0.105 (N > 27), the rate of variation of
the density exceeds 10%, while the rate of change of mass diffusivity
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FIG. 11. Local Nusselt and Sherwood numbers on the hot wall M*(N) at Ra = 106
and Le = 1.






exceeds 10% for values of M* < 0.178(N > 18). For this range of var-
iation of M*, shows a significant decrease in the thermodynamic
pressure, varying up to 17% from its reference value due to a loss of a
large number of molecules between the initial and steady-state, while
it is almost constant and tends toward unity if M* > 0.5.This indi-
cates that in the context of the Boussinesq approximation, the ratio
M* must not be less than 0.105 corresponding to N = 27. For values of
M* less than 0.105 (i.e., for very light gases) compressibility has a con-
siderable effect on the flow and the Boussinesq approximation is no
longer valid and the low Mach number model must be used to account
for the effects of compressibility.

For M* < 0.105, a small decrease in M* leads to a large increase
in velocities ( ) and a large decrease in thermodynamic pressure
because the number of molecules within the cavity becomes much
small. On the other hand, the pressure does not vary much for M* >
0.35 (N < 9.4). A very important variation is also observed on the
density and the mass diffusivity [ and ], compared to
their reference values.

The local and average Nusselt and Sherwood numbers (
and 11) do not present a large deviation [2.66% for M*=0.08
(N=32)].

When the Boussinesq approximation is invoked, the temper-
ature [ ] and concentration [ ] fields merge, it is
difficult to delineate between isotherms and isoconcentration, the
energy and mass fluxes at the walls are the same ( ). This
symmetry is also found on the streamlines [ ] plotted for
very weak compressible flows. The deviation of the thermody-
namic pressure from its value in the Boussinesq approximation
(P =1) is small ( ).

For values of M* close to 1, results show that the steady-state Nu
does not differ much from the Boussinesq value (Nu = 8.82, for the
case of pure natural convection).”" The variation in density [
and ] and mass diffusivity [ and ] with respect to
their reference values is negligible. The predictions of incompressible
and compressible models did not differ significantly, and the solutions
remain symmetric. These results are clearly seen in for iso-
contours of streamlines, temperature and concentration, temperature
at mid-height cavity, vertical velocity at the horizontal cross section,
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FIG. 13. Cross section of the temperature at mid-height cavity at Y =0.5 for Ra =
10° and Le = 1.
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and horizontal velocity at the vertical cross section, respectively. It can
be seen that the temperature ( ) and vertical velocity ( )
profiles are centro-symmetric with zero values at the cavity center.
This symmetry is also found on the horizontal velocity ( ).

At this limit of M*, M* > 0.105, the variation in density and
mass diffusivity [ and ] with respect to their reference val-
ues is no longer considerable. The maximum and minimum values of
the horizontal and vertical velocities [ and ] approach
increasingly indicating symmetry in their profiles.

For low M*, higher temperature and concentration gradients are
present in the region close to the lower part of the hot wall and top part
of the cold wall as shown in and (M*= 0.2 and 0.08).

For a considerable M*, higher temperature and concentration
gradients are observed near the top part of the hot wall and near the
lower part of the cold wall [ and for M* > 4.33],
which indicates higher heat and mass transfer by convection and diffu-
sion, the velocity gradients become steeper at both vertical sides of the
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FIG. 15. Horizontal velocity at the vertical cross section at X=10.5 for Ra = 106
and Le =1.



enclosure [ and for M* > 4.33 and M* < 0.2]. These
higher gradients in temperature and concentration cannot be observed
if we use the Boussinesq model.

For very low values of M*, M*< 0.105, The symmetry seen in
the previous case is broken due to the non-linear density and mass dif-
fusivity variations whose role is gradually strengthened as the flow
becomes more compressible.

On the other hand, for values of M* < 0.178 (N > 18.95), the
rate of change of mass diffusivity exceeds 10%, [ ], at which the
thermodynamic pressure deviates by 8%, ( ), compared to its
value considered in the Boussinesq approximation (P = 1),the sym-
metrical property of the solution is lost by 8%.

VI. CONCLUSIONS

Mathematical and numerical modeling of double-diffusive natu-
ral convection in an enclosure region is considered. The mathematical
model has been formulated using the low Mach number formulation.

Numerical solution of the governing differential equations for
the velocity, pressure, temperature, and concentration fields is
obtained by using a finite volume technique. A power scheme was
also used in approximating advection-diffusion terms. The
SIMPLER algorithm with a staggered grid is employed to solve the
coupling between pressure and velocity.

For large values of M*, the low Mach number approximation
approaches the Boussinesq Model for incompressible flows. Therefore,
the solution schemes are usually based on numerical methods devel-
oped for incompressible flows.

Validation tests on the model have shown that the numerical
simulation results in Boussniesq approximation are in good agreement
compared with the numerical data available in literature.

Results show that the Boussinesq approximation is not sufficient
to simulate double-diffusive natural convective flow when the buoy-
ancy ratio exceeds the values between —6 and 27 and the flow becomes
more compressible.

The changes in the thermal and dynamic fields introduced by the
non-Boussinesq formulation are considerably larger than those for the
aiding case.

If we take into account the variation of the mass diffusivity, it is
preferable to use values of N, which must not exceed N= 19.

Outside this range of N, all assumptions used to justify the
Boussinesq approximation fail and a different modeling approach is
required, one that accounts for realistic nonlinear fluid property
variations.

It is interesting to note that there are a number of avenues which
still remain to be explored or which have opened up during this work;
we can mention the extension to the 3D modeling problem.
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