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ABSTRACT

Quantum clustering (QC), is a data clustering algorithm based on quantum mechanics which is accomplished by
substituting each point in a given dataset with a Gaussian. The width of the Gaussian is a ¢ value, a hyper-parameter
which can be manually defined and manipulated to suit the application. Numerical methods are used to find all the
minima of the quantum potential as they correspond to cluster centers. Herein, we investigate the mathematical task
of expressing and finding all the roots of the exponential polynomial corresponding to the minima of a two-
dimensional quantum potential. This is an outstanding task because normally such expressions are impossible to
solve analytically. However, we prove that if the points are all included in a square region of size o, there is only one
minimum. This bound is not only useful in the number of solutions to look for, by numerical means, it allows to to
propose a new numerical approach “per block”. This technique decreases the number of particles by approximating
some groups of particles to weighted particles. These findings are not only useful to the quantum clustering problem
but also for the exponential polynomials encountered in quantum chemistry, Solid-state Physics and other
applications.
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1. INTRODUCTION

The primary motivation for this work stems from an important component of the area of information
retrieval of the IT industry, namely data clustering. For any data of a scientific nature such as Particle
Physics, pharmaceutical data, or data related to the internet, security or wireless communications, there is a
growing need for data analysis and predictive analytics. Researchers regularly encounter limitations due to
large datasets in complex simulations, in particular, biological and environmental research. One of the
biggest problems of data analysis is data with no known a priori structure, the case of “unsupervised data”
in the jargon of machine learning. This is especially germane to object or name disambiguation also called
the “John Smith” problem [1]. Therefore data clustering, which seeks to find internal classes or structures
within the data, is one of most difficult yet needed implementations.

It has been shown that the quantum clustering method (QC) [2] [3] can naturally cluster data originating
from a number of sources whether they be: scientific (natural), engineering and even text. In particular, it is
more stable and is often more accurate than the standard data clustering method known as K-means [3].
This method requires isolating the minima of a quantum potential and is equivalent to finding the roots of
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its gradients i.e. an expression made of exponential polynomials. Finding all the clusters within the data
means finding all the potential minima. The quantum clustering method can be viewed as “dual” or inverse
operation of the machine learning process known as a nonlinear support vector machines when using
Gaussian functions are used as its kernel function; this machine learning approach being the very inspiration
of the quantum clustering method [4].

This is not the only problem in quantum mechanics requiring such solutions. The nodal lines of any given
wave function characterize it with respect to internal symmetries and level of excitation. In general, if one
arranges the eigenstates in the order of increasing energies, e.9. €1 ,€; , €3, ...the eigenfunctions likewise
fall in the order of increasing number of nodes; the nt" eigenfunction has n — 1 nodes, between each of
which the following eigenfunctions have at least one node [5]. In diffusion Monte-Carlo calculations for
Molecules, a precise determination of the nodal structure of wave function yields greater accuracy for the
energy eigenvalues [6] [7] [8]. Furthermore, solutions in terms of Gaussian functions involve the most
developed mathematical “technology” of quantum chemistry (e.g. The Gaussian program [9]). This is not
surprising for the following reasons:

1. In principle, we can get all the roots of polynomial systems. However, quantum mechanical systems
need exponentials in order to ensure a square-integrable wave function over all space. About an atom,
the angular components over a range (0,27) can be modeled in terms of polynomials of trigonometric
guantities such as e.g. Legendre polynomials. However, the radial part extends over all space requiring
exponential apodization.

2. Thanks to properties such as the Gaussian product theorem, Gaussian functions allow for exact
analytical solutions of the molecular integrals of quantum chemistry [10] [11] [12].

3. In general, for small atoms and molecules, the nodal lines can be modeled as nodes of polynomial
exponentials [13] [14] [15].

More recently, in the area of low temperature Physics (including superconductors), clustering within
machine learning has been used in finding phases and separating the data into particular topological sectors
[16] [17] [18]. High accuracy of the clustering is crucial in order to precisely identify transition points in
terms of e.g. temperature or pressure.

To reiterate, any insight concerning the isolation of all the roots or nodal lines of polynomial exponentials
is useful for quantum clustering and computational quantum chemistry and condensed matter Physics and
data analysis. This has applications in all cases for any given function covering all space in principle but
whose extrema and/or roots are in a finite local region of space.

1.1 Statement of the Problem

Consider a set of particles (X;);=1.n, the quantum clustering is a process that detects the clusters of the
distributed set (X;);=1_y by finding the cluster centers. Those centers are the minima of the potential energy
function defined by [2] [3]:
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20_2 (X_Xi)z (X - Xl) e 20 (1)
MLie 207 i1

such that X € R2. This function results from injecting a Parzen window into the Schrodinger wave equation
[2] [3] and balancing the resulting energy. Other methods based on energy variation may also be instructive
[19]. The minima of this potential provides the cluster centers for a given standard deviation o. As stated
before, we limit ourselves to two dimensions. This method is more stable and precise than the standard K-
means method [3].



Moreover, and in contradistinction to other data clustering methods, the determination of the parameter o
gives a number of extrema. The number of minima is not determined beforehand but obtained numerically.

One main difficulty is to determine the minima of the potential energy. Nowadays, the technique used to
approach the minima is through the gradient descent or the Broyden-Fletcher-Goldfarb-Shanno (BFGS)
algorithms [3]. Some investigations have been made to improve the detection of clusters via the potential
energy function. For instance, in 2018, Decheng et al. [20] improved the quantum clustering analysis by
developing a new weighted distance once a minimum had been found. Improvements are needed to capture
all the minima efficiently.

The present work consists, as shown in Subsection 2.1, in simplifying the derivatives of the potential energy
function such that the minima can be determined by some solution of a system of equations. Finding the
extrema (minima, maxima and saddle points) of the function (1) is equivalent to solving a system

M(x,y)=0
{L<x, ) =0 @)

where M(x,y) and L(x, y) are bivariate exponential functions which can be expressed as polynomial in x,
e*, y and e”Y. In this scenario, the degrees of M and L in x (respectively in y) are one. In Subsection 2.2,
the implicit functions of M = 0 and L = 0 are investigated and the on going Crab example is presented
Subsection 2.3. Section 3, the case N = 2 is formally solved and a new block approach is presented in
Section 4. The aim of this new method is to reduce memory and computation costs. The main formal result
is given in Subsection 4.1. We prove that the function (1) has only one minimum if the set of particles
(X;)i=1.n are all included in a square of side ¢. Then, we propose a method based on this result and a block
approach to capture all the minima in a more efficient way. The presentation of benchmarks closed Section
4. Finally, we conclude Section 5.

2. PROBLEM REDUCTION AND FIRST ANALYSIS

In this section, we transform the minimization problem of the potential energy function (1) to the resolution
of a system of two equations in two variables and 2N parameters, namely the particles coordinates

Xi)i=1.n-
2.1 Problem reduction

It is known that the value of ¢ has a crucial role on the number of minima: the greater the value of o, the

smaller the number of minima. To simplify the potential energy function, we denote Y = % This variable
change remove ¢ from the function. Discussion of ¢ will be presented at the end of this section.
We get
N N
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where for all i, ¥; = —=—. We denote this function h(Y).
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Theorem 1. The extrema Y = (x,y) of function
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h(x,y) =



satisfy the system of the following two bivariate functions:

M(x,y) =0
{L(x, ) =0 ®)
withY; = (x;,y;) foralli = 1..N and
N N N
M(x, y) = Z e—zxiz—zyiz e4xix+4J/iJ/(x — xi) + 2 Z e—xiz—yiz e—x]?—y]?ez(xi+xj)x+2(yi+yj)y
i=1 i=1 j>i (6)

[(2x —x; — x) (1 — (x; — %)) — (% — ) i — )y — yi — ¥})]

and L(x’ y) = Z le zyl e4’x x+4’y1y(y y ) + Z Z xl yl e —y}?eZ(xi+xj)x+2(yi+yj)y

= i=1 j>i

[(23’ —yi =y =i =y — i — ¥y (x; — %) (2x — x; — x;)]
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Remark: We will also use the shortest expression:

N
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Proof. h(Y) is a fraction of two exponential polynomials, namely h(Y) = f( 5

g(Y) = Iiv=1e—(Y—Yi)2 and f(Y) — §V=1(Y _ Yl_)Ze—(Y—Yi)Z (9)

Since Y € R?,Y isdenoted Y = (x, y), then f and g can also be written as

N N
Fy) = D (= x)? + (v = ypPe 000" and g(x,y) = Y e O (10)
i=1 i=1
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ox

by denoting Y; = (x;,y;). The extrema of h(x,y) satisfy the system o) _ o which is equivalent to:

ay

of (x,
TED) 5, y) - L&D f(x,y) = 0

P P since g(x,y) #+ 0 everywhere.
f(xy)g( x,y) — g(xy)f(x y) =

The formal computation of the equations of the last system gives expressions which can be divided by
2e~*"~¥*_ We finally obtain Theorem (1).



f (x,y) ag(x,y)
e g(x, )——xf(x,y)

= 2% (x — x)e” D O — (x — x;)% — (y — y)?] X Te @ x -0y

+22(x — x;)e” XD =YD 5 Y[(x — xL)Z + (y — yp)?)e” x0*--y0)®

=2 Z(x — )6’ 2(x—x)?-2(y-yi)? + Z Z 2 CU(X y)e—(x—xi Z-(y-y)i-(x—xj)*-(y— y])2

i=1 j>i
We have foralli,j, i #j,
cj(xy) =2x—x—x+ (g —x)[(x —x)*+ (@ —y)*— (x—x)* = (v —y)?*]
= 2x —x; — x5 + (% — %) (205 — x)x + xf — % + 200; —y)y + ¥ =¥}
=2x(1 = (x; — %)) —x; — x5 + (5 — %) (6 — 7 +207; — ¥y + ¥} —¥])
=2x(1 = (x; — )3 + (6 + %) (5 —x)* = D + (x5 — ) QU —v)y +yF —¥))
=x —x =)A= (xi — %)) — (i = )i —¥;) Ry —yi = ¥})

By dividing this result by 2e=**~¥* we obtain 2L y)g(x,y) fg(x Y)f( ,y) =0 < M(x,y) = 0 where
M(x,y) = l=1(x l)Kl + Zz<] cij KiK;

and K; = e~ @0~y +x2+y% = o=x{ -y} g20xi+x))x

Proceeding in the same way on the equation (L2), we find that finding the extrema of Function (1) is
M(x,y) = LN (x — x)K? + Ticjcij KiKj = 0
L(x,y) = ZiLi(y — y)K? + Xicjdij KiK; = 0

withd;; = Ry —yi =y = i —y)») — i —y) (X — %) (2x —x; — x;) O

equivalent to solve the system {

2.2 Cylindrical decomposition

For a given set of particles (Y;)i=1.ny = (xi,¥i)i=1.n, the solutions of System (2) correspond to the
intersection between the implicit functions of M(x,y) = 0 and those of L(x,y) = 0 (see Figure 1 for the
example of crab with N = 200). Let us denote ymax (resp. xmax) the index the greatest element of
Vi)i=1.n (resp. (x;)i=1.n) such that Vi € {1, ..., N} — {ymax} Yymax > y;. In the same way, we denote
ymin (resp. xmin) the index the smallest element of (y;);=1.n (resp. (x;);=1.ny) Suchthat vi € {1, ..., N} —
{ymin} yymin < yi. We have the following results:

. The infinite branches of the implicit functions of M (x, y) tends t0 x5, at —c0 and xypqyx at +o0
. The infinite branches of the implicit functions of L(x, y) tends t0 y,mn at —c0 and yy,qy at +oo

The remainder of this subsection will display three useful lemmas, then, the proof of the stated results will
be presented.

Lemma 1. Let gq(x,y) be a real bivariate function in x and y which can be expressed as a polynomial in
the variable y such that g (x,y) = XL, a; (x)y" with d = deg, (q). Let us denote y = &(x) as an implicit
function defined by g (x, y) = 0. If there exists a real x* such that lim,._,,+@®(x) = too then a;z(x*) = 0.

This lemma is an application of Cauchy’s bound and some details are given in Ref. [21]. It also gives the
following symmetric lemma:



Lemma 2. Let q(x,y) be a real bivariate function in x and y which can be expressed as a polynomial in
the variable x such that q(x,y) = %™, b; (y)x* with m = deg,(q). The finite limits at oo of the implicit
functions of p(x,y) = 0 are contained in the solutions of the equation b,,(y) = 0.

Finally, the third lemma is more known (see e.g. Ref. [23] for the proof) which states that
Lemma 3. Vs € R**, Inx < x?s

We consider the implicit functions of the equation M (x, y) = 0. We now prove the following theorem:

Theorem 2. Let (x;);=1.nx and (y;)i=1..n be the sequences defining M (x, y) = 0. Assume that the greatest
element of (y;);=1.n is reached in a value named ymax such that Vi € {1, ..., N} — {ymax} yymax > ¥i.
Then there exists an implicit function of M(x,y) = 0 named x = @(y) such that lim,_,®(¥) = Xymax-
Xymax 1S @ finite limit at +co.

Proof. Let us proceed to the variable changes z = e* and t = e¥ on M(x,y). By denoting a; = e"‘iz‘yiz,
we obtain m(zt) = XN, af z¥itYi(In(z) — x;) + DL, XS 4 ajzz("i+xi)t2(Yi+3’j) [(2In(z) — x; —
%) (1 = (x; — x)%) — (x; — %) (vi — ) 2In(t) — y; — ¥})]

m(z,t) is a function of two variables z and t. Moreover, this function can also be viewed as a univariate
function of the variable t with a parameter z. In that case, it will be denoted m,(t). This rule of notation
holds for other functions derived from this proof.

This proof is constructed as follows: Firstly, two univariate polynomials in ¢t named m; (t) and m (t) are
created such that m (t) < m,(t) < mJ(t).

Then, we will prove that m~(z,t) = 0 and m*(z,t) = 0 have the same finite limit in x when y tends to
infinity. Finally, we prove that it is the same for m,(t) = 0.

m,(t) bounds:

We define the condition C;; to be (x; — x;)(y; —y;) > 0. Let us consider a real s such that 0 <s <
min(|Yymax — ¥j1), and for y > max (0, yymayx ), lemma 3 gives max (0, yymax) < In(t) < %S

Thus, when the condition C;; holds, 2(x; — x;)(y; — ¥;)max(0, Vymax) < 2(x; — x;)(y; — yj)In(t) <
2(x; —x)(yi — yj)ts—s, whereas when —C;; holds, 2(x; — x;)(y; — y;)max(0, Yymax) = 2(x; — %) (i —
YO = 206 — ) i = ) =

Thanks to the C;; condition, m,(t) is decomposed into:

N N N

D a2 () — 20 + ). )z RO [@In() — 3 - 1)1 (= 1)) + (e = %) 0 = 30+ 3]

i=1 =1 j>i

N N N N
-2 Z Z a; ajzz(xi+xj)t2(Yi+yj)(xi - xj)(yi - Yj)ln(t) -2 Z Z a; ajzz(xi+xj)t2(yi+yj) (x; — xj)(yi - y]-)ln(t)

i=1 j>i,Cj i=1 j>i,2Cj

and we then construct the polynomials m; (t) and mj (t) to be respectively: m; (t) =



N

Y@ e in() = x) + ) ) 4@t tROM[2InG) - x - 1)1 - = %)) + (@ = )0 = Y0+ )]

=1 i=1 j>i

N N N N

t* s ty s v
_z?z z a; ajZZ(XL+xJ)t2(yl+yj)(xi _ x])(yl _ y]) _ zmaX(O,yymax)z Z a; ajZZ(X1+X])t2(3’L+.'Y]) (xi — xj)(yl — yj)
i=1 j>i,Cij i=1 j>i,ﬂCij
and m}(t) =

N N N
af z*¥it*i(In(z) — x;) + Z Z a; q;z* D 2ORID[2In(z) — x; — 1) (1= (x = %7)%) + (e = %) 01 = ¥ Oi + ¥))]

i=1 i=1 j>i

N N N N
—2max(0, Yymar) Y. D @ @z OO (g — )y~ ) 25 YN @@ RO (= ) (v, — )
i=1 j>i,Cyj i=1 j>i,Cjj

We obtain that, if y > max(0, Yymay), then mz () < m,(t) < m7 (t).
Finite limits: Let us denote ymax the index such that Vi € {1, ..., N} — {ymax}, yymax > ¥i-

For y > max(0, Yymayx) < t > max(1, e?ymax), mz (t) and m7 (t) are constructed such that there exists at
least one implicit function of m(z, t) = 0 between one implicit function of m~(z,t) = 0 and m*(z, t) = 0.
Moreover m; (t) and mj (t) are polynomials having the same leading coefficient

agzzmaxz4xymax(ln(z) - xymax) = agzlmaxe4xymaxx(x - xymax)-

Lemma 2 tells us that the finite limits at +co of the implicit functions of m~(z, t) and m* (z, t) are contained
in the solutions of the equation af,maxz‘”ymaX(ln(z) — Xymax) = 0 Which is equivalent to the equation x —

Xymax = 0.

If X > Xymay, lime,omz (t) = +oo and lim,_,,,m7 (t) = co. Moreover if x < xymay, lime,comy (t) =
—oo and lim_,,m; (t) = —oo. Hence there exists an implicit function x = @~ (y) defined by m~(z,t) = 0
and there exists an implicit function z = @*(t) defined by m*(z, t) = 0 such that lim;_,,®~(t) = e*ymax
and lim;_,, @~ (t) = e*ymex, We conclude that lim,_,, @ (t) = e*ymex and M(x,y) = 0 admit x4, has
a finite limit at infinity.

Remark: If (y;) are not integers but are instead rational, it is easy to find A such that Vi € [1,N], dy; €
N and As € N, m; (t) and m;} (t) can be easily transformed into polynomials M; (T) and M} (T) by
applying t = T*. Both M7 (T) and M;(T) have the same leading coefficient af,maxz‘*xymax(ln(z) —
Xymax) = Qomaxe Y (X — Xymay). By means of lemma 2, the finite limits at +co of the implicit
functions are contained in the solutions of the equation x — xymax = 0. if X > x4y, limr_ oM, (T) =
lime,eomz (t) = +0  and  limp M7 (T) = lim,,,om7(t) = .  Moreover, if x < Xymax,
limy_ oMy (T) = limi_,om; (t) = —oo and limy_, .M (T) = lim;_,om; (t) = —o0. O

Since for large z and large t, m(z,t) > m~(z,t) > 0 we obtain the following theorem:
Theorem 3. M(x,y) = 0 has no infinite branches at infinity.

From Theorem 2 and Theorem 3, we derived that in the half-plane t > eYymax, there is only one implicit
function which is living between m~(z,t) = 0 and m*(z,t) = 0.



Theorem 4. Let (x;);=1.n and (y;)i=1..n the sequences defining M(x,y) = 0. Assume that the smallest
element of (y;);=1..y is reached in an index value named ymin such that vi € {1, ..., N} — {ymin} yymm <
yi. Then there exists an implicit function of M(x,y) = 0 named x = ®@(y) such that lim,_,_,®(y) =
Xymin- Xymin 18 @ finite limit at —co.

Theorem 4 can be proven in a manner similar to that of theorem 2 with the variable change t = e™”.

Equivalent results can be obtained for the equation L(x,y) = 0

Theorem 5. Let (x;);=1_ny and (y;);=1_n the sequences defining L(x,y) = 0. Assume that the greatest
element of (x;);=1._n IS reached in a index named xmax such that vi € {1, ..., N} — {xmax} Xymax > X;.
Then there exists an implicit function of L(x,y) = 0 named y = ®(x) such that lim,,y_,o P (X) = Yxmax-
Theorem 6. Let (x;);=1.n and (v;);=1_n the sequences defining L(x,y) = 0. Assume that the smallest
element of (x;);=1_y is reached in a index named xmin such that Vi € {1, ..., N} — {xmin} xypmin < X;.
Then there exists an implicit function of L(x,y) = 0 named y = @(x) such that limy_,_,®(X) = Yxmin-
Vemin 1S a finite limit at —oco.

Again L(x,y) = 0 has no infinite branches at infinity.

2.3 Crab example

To illustrate our results, we use the crab data clustering example [3] using the dataset from Refs. [24] [25].
This two dimensional case has been presented in Refs. [2] [3]. This example is composed of four classes at
50 samples each, making a total of 200 samples i.e. particles and by taking = 0.05, we obtain, after the
variable change described in Section 2, a set of particles for which the x and y coordinates (x;);=1 200 and
(Vi)i=1.200 satisfy xmin = 150, xmax = 65, Yymax = —0.3190, yymin = 0.3640, ymin = 35, ymax =
105, Xymax = 0.0038,x,in = —0.7941. The curve M(x,y) = 0 is shown, Figure 1 (a) and (b), in red and
the curve L(x,y) = 0 is shown in green. The intersection between the red and the green curves corresponds

to the extrema of h.
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Figure 1: Crab example with ¢ = 0.05: (a) the set of points (x, y);, and the implicit curves of M(x,y) = 0 and
L(x,y) = 0. (b) the limits of implicit curves.(c) Crab clusters produced by using the minimum Euclidean distance
from the minima (¢ = 0.05)

Using the Maple computer algebra system [26], we obtain one maximum, four minima and four saddle
points. The clusters produced by using the minimum Euclidean distance from the minima are shown
Figure 1 (c). For larger o, the number of solutions decreases and hence, a coarser clustering is found. A
deeper analysis is provided by Table 1. It gives for some ¢ ranges the resulting number of clusters. It
shows that the non trivial number of clusters is more likely 4 because the corresponding o range is the
widest.
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o range | 0.085 < | [0.074, 0.084] | [0.071, 0.073] [0.025,0.070] | 0.0:
clusters 1 2 3 4
number

v|g
Y

Table 1: Range of o with respect to number of clusters.

This first example of 200 samples can be fully solved numerically but the corresponding function M(x, y)
and L(x, y) are sums of 20100 monomials in x, y, e* and e¥. The size of M and L is an issue and the aim
of the following section is to reduce the size of M and L while maintaining a good approximation of minima.

3. THE CASE N=2
In this section we present the case where N = 2. The potential energy function becomes

1 (X-x1)? (X—X2)2>

1
202 _(X—X1)? (X—X3)? (
e 202 +4e 202

X —X)?%e 202 4+ (X —X,)%e 202 (11)

The minimization problem is then reduced to the resolution of the System (12) defined by

(a%e4x1x+4y1J/(x —x1)+ a%e4x2x+4y2y(x —X3)

4 +a,a,e2Cat D20 YIY[(2x — 2 — x3) (1 — (01 — %2)2) — (%1 — %) (1 — ¥2) Ry —y1 —¥2)] = 0
| afe ™Y (y — yy) + afet XY (y — y,)

k+a1a292(x1+x2)x+2(y1+y2)y[(23’ —y1=Y2)(1 = 1 = ¥2)?) = (01 = x2) (V1 — ¥2)(2x — %1 —x)] = 0

2 2 2 2 . . .
where a; = e 1791 and a, = e™*27%2 are constants depending on the coordinates of the particles.

(12)

In the following, we prove that

«  If (X, — X,)? < 20%, Function (11) has one and only one minimum which is Xz—i;’i);z;

. Else, Function (11) has two minima and we give a way to compute them easily.

We begin with a useful lemma dealing with the function e* = —f_’—x. It belongs to the class of offset

logarithm functions e* == = a [27].
x+w

Lemma 4. The function e* = —f_r—x has only one solution x = 0 when w < 2. If w > 2, it has three
solutions including x = 0.

Proof. We use the derivative of h(x) = e*(x —w) +x + w. % =e*(x—w+ 1)+ 1 has no solution

when w < 2. It has 1 solution which is x =0 if w=2. if w > 2 the two solutions of %z 0 are

Wo(—exp(—w + 1)) +w—1 and W_;(—exp(—w + 1)) + w — 1, where W is the Lambert W function
[28], [29], [30], [31]. Finally, we directly obtain the lemma. O

The N = 2 case brings us back to the standard Lambert W function with applications in symmetry in the
context of linear molecules namely the double-well Dirac potential problem [32], [33]. The latter provides
a one-dimensional model of the diatomic molecule known as the Hydrogen molecular ion whose
eigenenergies in its three-dimensional version are also in terms of a fully generalized Lambert Function
[34]. It is also seen in quantum gravity [35], [36] and in semiconductor devices [37] found in applications
of Solid-state Physics. The ubiquity of applications is not surprising as they all involve exponential
polynomials of two physical bodies. Not surprisingly, the Lambert W function describes the nodal structure



of the lowest discrete energy states of the two-electron system, namely the Helium atom [8] and seems
ubiquitous to nature.

Theorem 7. System (12) has one solution if 1> (x; —x3)? + (y; —¥,)? and the solution is

(xl";xz,y”yz) If1 < (x; — %)% + (1 — )2, S, has three solutions. One of them is ("1+x2 y1+y2) The

_y
others are the (x,y) solutions such that y satisfies the univariate equations e S7eT My —y) +
Y
e i Ty —y) + 20y B (A —w) = 0 with u=(x; —x)2 + (1 —¥2)? and x=(y -

J/1+YZ) X1—X2 + X1+X2

2 Tyi—y2 2
Proof. We first centralize the system by setting @ = x — =2 and g =y — yl+y2 . Then System (12) is
equivalent to the system:
(e4x10v’+4J/13 (a — %1~ xz) + e4xza+4y2ﬁ(a + X1~ xz)
2 2
) +e2(atx)at20nty DB 20 (1 — (o — %)) = 2B(x1 — %) (1 — ¥2)] = 0
edxia+ay. (ﬁ — H) + e‘”z“"’“’)’zﬁ(ﬂ + H)
2 2
\ +e2(Mtx)at 20 VI 28(1 — (y; — ¥2)?) — 2a(x1 — %) (Y1 — ¥2)] = 0

(=1
e2(x1—x2)a+2(y1-y2)B (a — %) + e 2(x1—x2)a-2(y1-¥2)B (a + xlz;xz) +2a(1 = (2, — xz)z) — Zﬁ(xl - xz)(yl — 3’2) =0

e2ta—x)a+2(i-y2)f (B — %) + e~2(r1—x2)a=2(n1-y2)B (B 4 3’12;3’2) +2B(1 = (1 — y2)%) — 2a(x; — x)(y1 — y;) = 0

\

Since the point (a, 8) = (0,0) is a solution of the system, (leer y1+y2) is a solution of the System (12).

Moreover, some linear combinations simplify System (12). Let us denote (L1) and (L2) as respectively
the first and second lines of System (12).

x1 X2

(LD(B +Z22) — (L2) (a +7172) gives (B(xy — Xp) — a(yy — ¥2)) (€270 201v2)F 4 2 (x; —

)+ 280n—y) + 1) =0 and (L1)(B - P2y — (L2)(a —72) gives (B(x —xp) —a(yr —
y2)) (e 2017 x2)a=20n=yf — 2 (xy — x,) — 2B(y1 —y2) + 1) = 0

S|nce e_z(xl_xZ)a_Z(yl_yZ)B —_ Za(xl —_ xz) —_ Zﬂ(yl — yz) + 1 and ez(xl_XZ)a"'z(yl_yZ)B + 2a(x1 —
%) + 2B(y1 — y,) + 1 have no common root, the System (12) is equivalent to the System (13) defined
by

e2(x1—x2)a+2(y1-y2)B B - Y1 yz) + e—z(xl-xz)“—z(}h—h)ﬁ(ﬁ + Y1 Y2

)

1281 (01 —y2)D) — 2a(x; — )y —y) =0 13
B(xy —x) —a(y;— y2) =0

Finally, System (12) is equivalent to the simplified system:



ZB(X1—X2)2+(J’1—3’2)2 _zﬁ(xl—xz)z"'(J/l—J’z)z

e i (B-B2) e v (BT 4 2B(1 - (0 — )2~ (71— ¥2)H) =0
a=3ﬁ (14)

The first equation of this last system depends only on the variable 5. By denoting u = (x; — x,)? + (y; —
y2)? and v = y; — y,, it can be rewritten as

h(E) = s (f-2)+ e (f+2)+2601-w)  (15)

. . . 0 - dh _ u Z[)’E _ZBE
Assume v > 0 without loss of generality, h is a C* function such that E(ﬁ) = Zgﬁ(e v—e )+

(1—w)(e*v +e 2% +2) and there limits are limg_,,h(8) = +00 and limg_,_,h(B) = —oo. lts
number of solutions depends on the sign of 1 — wu.

If1-u=>0, %(ﬁ) > 0 and the only solution of h is 0. This solution corresponds to a minimum of the
initial problem.

If 1—u <0, we have h(0) = 0, %(0) =4(1-u) <0, 1imﬁﬁ+w%(ﬁ) >0 and 1imﬁﬁ_w%(ﬁ) >
0.Thus h has at least 3 solutions. The solution 0 corresponds to a local maximum of the initial problem. Let
us prove that h has exactly 3 solutions. Since the number of solution of ;%f B =
d?h*
dazg
= 0 is of the form e* = —it—xby setting x = %and w = 2(u — 2). Thanks to Lemma

2—ue‘zuﬁ/v(ez“uﬁ’/"(%u,B —u+2)+ 271‘[3 +u — 2) is equal to that of

v

B) = ™R —ut2) +
d?n*
dazp
4, it has at most 3 solutions. Moreover, in both cases %(0)<0, 1im5ﬁ+oo%(ﬁ)>0 and

2u
7[3+u—2.

limg_, o % () > 0 meaning that % has exactly two solutions (Symmetric) and h has three solutions.

O

4. THE BLOCK APPROACH

In this section, we present a new numerical approach per block. First we present the algebraic property
needed to develop the new algorithm presented theoretically in the second subsection and algorithmically
in the third subsection. Finally the Crab example is revisited and some other benchmarks are presented.

4.1 o estimations

We have seen (Table 1) that the ¢ value is of crucial importance to the number of minima. The greater o is,
the smaller the number of minima. But obviously the number of minima also depends on the data. In this
subsection, we link the value of a with the values of the initial data in order to obtain a bound from which
the number of minima is one.

Theorem 8. Consider a set of particles (X;);—; y Where for all i = 1..N, X; = (v;,w;), the potential
X-X)?

. 1 1 N 2 - ..
energy function ﬁthl(X—Xi) e 202 has only one minimum for

N 2
Yi=1€ 20

0 = max(Vmax — Vmin» Wmax — Wmin)- (16)



M(x,y) =
L(x,y) =

Proof. To complete this proof, we prove the equivalent property: System (2) { has only one

solution if the set of points (x;, y;)i=1._n lies in a square of side %

YmaxtYmin

First, we define the center of the square which is C = (x., y.) with x, = andy, = > and
proceed to the variable changes @« = x —x.and f = y — yc, a; = x; — ¢, ﬁl =y, —y.foralli=1...N.
We obtain M(x, y) = e~2X¢~2VE+4xcx+4yey M . (a, B) where M, (a, B) is defined by the sequences (@;)i=1.n
and (B;)i=1.n such that

xmax"'xmm

N N N
Mc(a, B) = z e~2a{ 2B} gaaia+apip (a —a;) + Z Z e~ —Bf e_“12'_f”jgez(“i+“j)“+2(ﬁi+ﬁj)ﬁcij. (17)
i=1 i=1 >
Where Cij = (2a —-a; — a])(l — (ai — aj)z) — (ai — a]-)(ﬁi — ﬁ])(Zﬁ — ﬁi — ﬁj) In the same way,
L(x,y) = e 2XE-2VE+4xex+4yeY |, (g, B) with

N N N

LC(a:ﬂ) — Z e—Zaiz—Z,Biz e4aia+4[3iﬁ (ﬁ _ ﬁl) + Z Z e—a’iz—ﬁiz e—ajz'—szeZ(ai+aj)a+2(,8i+ﬁj)ﬁdij. (18)
i=1 i=1 j>i

where d;; = (28 — B — B))(1 = (B; — B)?) — (& — &) (B — B)) 2a — a; — ).

Mc(@p) =0 only one solution if for all

Le(a,B) =0

Now we have to prove the equivalent statement: the system {

€ [LN], |ai| < 55 andlﬁll<

The proof of the last statement is decomposed into two parts. First, we prove that there is at most one
minimum: % (a, B) is composed of a sum of terms of the form e=2%{ =267 g4@ia+4BiB (4, (a — ;) + 1)

and e~ Bl e~ B e2arapat2BitBDE (2(a; + a)[(2a — a; — o) (1 — (a; — @))?) — (2B — Bi —
Bj)(ai —a)(Bi — Bl +2(1 — (a; — aj)z)) All those terms are positive when «;, 8;, a, 8 € [— # #]

thus (cx B) > 0. In the same way —(a B) > 0. Here agaln in the phase space, there is at most one

solutlon in a of Mc(a,B) forall B €R and a € [— ] and there is at most one solutlon in y of

\f 22
1 dMc(a,B dM, ,(a,p dLC
Lc(a,B) forall eR and B €[— 2\/_2\/_] da o > 0 and
. . 1
meaning that there is at most one solution in [— ? T]
Secondly, we prove that at least one implicit curve of M = 0 lies in the square [—7 ?] .Todoit, itis
enough to prove that Mq(a,8) > 0 for a >— and M(a,f) <0 for a < ——=: Without loss of

\F \F
generality, we set (a;);=1.y Which satisfies for all j > i, a; > ;. A simple index permutation allows us to

order the sequence (a;)i=1.n-

We know that for all j > i, ¢; j(a, B) = 2 — a; — a; + (a; — ap)[(a — a;)* + (B — B)* — (@ — a))* —
(B — B;)?*]. From the triangular inequality, we obtain 2a —a; —a; — |a; — a;|[(a; — a;)* + (B; —
B < cij(ap)and c; (e, B) < 2a —a; — a; + |a; — a;|[(a; — @) + (B; — B;)?]Since (a; — a;)* +
(Bi —B)* <1, we get clj(a B) =2a—a;—a; — (a; — ;) = 2a — 2a; and c¢; (e, f) = 0. Finally

Mc(a,f) >0 foralla > — f With the same approach, we get



. Mc(aﬂ)<0foraua<—L,ﬁeR
. Le(a,B) > 0 forall g > \/_,aeR
«  Le(a,p) <Oforall g < —T,aeR

Finally there is one implicit function of M-(a, ) = 0 forall § € R when a € [— ] and there is one

\F 22
implicit function of L.(a,8) =0 for « € R when B € [—#,#] . We conclude that the two curves
intersect in the square [—L —] and this intersection corresponds to a minimum. O
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For instance, in the crab example, max(Vimax — Vmin» Wmax — Wmin) = 0.297 and without any
computation, we know that if @ > 0.297, the function (1) has exactly one minimum.

To serve our new block method presented next subsection, we give another formulation of Theorem 2 as a
corollary
. . . 1 1 (X_X
Corollary 1. The bivariate function EWZ ', (X —X;)?¢" 262 has only one minimum if the
Zli\;],e 202
set of points (X;);=1 y are all included in a square of side .

4.2 System approximation construction

In the general case of N particles, the functions M(x,y) and L(x,y) are sums of Ni+1) exponential
. M(x,y)=0
2 .
polynomials of the form (x — x;)K;", ¢;;K;K; or d;;K;K;. We recall System (2): {L(x, ) =0

such that

M(xy)—Z(x—xl)K +ZCUKK and L(xy)—Z(y yl)K2+ZdUKK (19)

i<j =
where K; = e_(x_xi)z—(y—yi)2+x2+y2.

When N is large, we need a strategy to decrease the length of M(x,y) and L(x,y) while maintaining the
main property of System (2) which is to define the cluster centers.

Let us denote R = [Xmin, Xmax] X [Vmin Ymax] the rectangle containing all the points (Y;);=1_n. The basic
idea is to partition R into squares and approximate the minimum locally by considering for each square,
only its particles. These new points will correspond to a weighted approximation of the particles in the
square. They will therefore correspond to the weighted particles of the approximate system.

The block construction consists of subdividing R into k? square blocks of length %max(xmax —

Xmin» Ymax — Ymin)- SiNce the particles are numbered from 1 to N, we denote B (i) the block containing the
particle i. i is named a representative of the block and we have: B(i) = B(j) if i and j belong to the same
square. We denote R a set containing exactly one representative of each non empty block.

Let a € R, the function M is reduced to the particles of the block B(a) which is denoted Mp (4 and

Mg (x,y) = Z (x —x)K? + z cij KiK; (20)

i€eB(a) i<j;i€B(a),jeB(a)



Similarly, Lpy(x,y) = Z (y —y)K? + Z dij KiK; (21)

ieB(a) i<j,ieB(a),jeB(a)

By setting o = %max(xmax — Xmin» Ymax — Ymin), theorem 8 guarantees that the system governed by
{MB(a)(x» y)=0

has exactly one minimum (xp(q), ,
Lp(ay(x,y) = 0 y (XB(a) YB(a))

Therefore, M(x,y) = Xaer Mp(a) + Zi<j jen(i) Cij KiK; and we approximate M (x,y) by

Mps(x,y) = Z Pe(a) (¥ = *p(@)Kp@) + 2 PB(a) PB()CB(0)B(B)KB(0)KB(S) (22)
a kER,IER,a<f

where pg 4 corresponds to the number of particles inside B(a). Equivalently, we approximate L(x,y) by

Mp;s =0 K2 (k?+1)

Lgis(x,y) to obtain the block-system {L —0 .Mpg;s and Lg;s are now sums of at most
Bls —

exponential polynomials and k? << N.

Remark (Limit preservation): the minima of System (2) are usually in the domain R. Nevertheless, the limit
preservation of the approximate system is important. To do so, and according to Section 2, the four extrema

(xminx: Yminx)v (xminy! yminy)a (xmaxx: Ymaxx) and (xmaxyr ymaxy) are usually not inteQratEd into blocks
and appear without any modification in the block-system.

4.3. Algorithm
The main steps of the algorithm are as follows:

. Input: the list of particles (X;);=1.n = ((v;,W;));=1.ny and the parameter k of the block partition.
1
. Compute o = Emax(vmax — Vmin» Wmax — Wimin)-
. Normalize (X;);=1.n by setting Vi € {1..N},Y; = é‘a
g SetL = (Yi=1.n = (x5, 1)) i=1.n-
«  Forall (a,p) € {1..k}?
- CompUte B = [xmin + ao, Xmin + (a + 1)0] X [ymin + ﬁo-: Ymin + (:8 + 1)0]'
—  Find the list L of all the particles of L belonging to B.

Mg =0. . .
B ™ “involving only the particles
Lg=0

—  If Lg # @ compute the minimum m of the block-system {
of Lg.
—  The weight pg of this minimum corresponds to the number of particles inside the square. pg =
card(Lp).
. Consider the list L,, of all the minima with their corresponding weight. Compute the minima of the
Mpis =0 involving L
Lgis =0 m
. Deduce the cluster centers in the X —variable.

corresponding block system {

Remarks:

1-With regards to the third item: If needed, one can also centralize the data by setting C =

(vmm;vmax'wmm;w’"“") and Vi € {1..N},Y; = )fg(f The centralization and normalization of the data is

very important to avoid certain computational issues.




2-With regards to the fifth item: We have proven, thanks to Corollary 1, that {M has exactly one

Lg =
minimum mg. Indeed, the size of the block B is ¢ and the construction of the function MB and Ly involves
only the particles in the block B. This minimum is often close to the mass center of the cluster. Finding this
minimum using a Newton-Raphson method with the mass center as a starting point has fast convergence.
Moreover, one can consider a variation of our approach where o depends on an additional parameter [ > 1:

l . - .
o= Emax(vmax — Vpmin» Wmax — Wmin)- In this variation, theorem 8 holds since [ = 1 and ¢ and k can
ok

be chosen independently such that > 1. Therefore we can consider an

ax(Vmax—VminWmax—Wmin

approximation involving more blocks without changing o.
4.4 Crab Example Revisited

The block algorithm has been tested on the crab example [3] [24] [25] with varying values of k. For k = 5,
we have reduced the minimizing problem on 200 particles to a minimizing problem on 23 weighted particles.

These new 23 particles correspond to minima of a sub-problem reduced to blocks. Table 2 shows for various
k, the number of non empty blocks it produces (column two) and the value of o = %max(xmax -
Xmin» Ymax — Ymin) (€cOlumn 3). It also shows, in the fourth column, the approximation of the minima of
the block-system in the X variable, whereas the sixth column shows the approximation of the minima of the
original System (2). In the fifth and seventh column, the number of particles per clusters is given.

k blocks | minima clust. | minima clust.
and numb { Mpis = () size M=1 size
a ’ ,Cm = = E =10 e

5) 23 [ 0. I()_).ZT() 0.06! )M)t()} 40 [ 0.09612. 0.06! ))b] 41

and [—0.083935, —0.103749] | 36 [—0.07728, —0.10097] | 36

0.0594 [() 0474319, 0.089! )()T)] 60 [() 04818, 0.08: %b‘)] 59

0.084879, —0.073041] 64 [0.07861, —0.06591] 64

6 30 —0.104058, ().()58471()} 41 [ 0.09830, 0.0581 1] 41

and [—().(]8()777. —().()S)TT(]()] 36 [ 0.07653, —0.09! )(u\] 36

0.0495 [().()54()185. 0.()81(5837] 59 [ 0.05145, 0.081 14] 59

0.078933, —0.065 198] 64 [ 0.07766. —0. (]()33(]] 64

9 53 —0.100231. ().(J—l(i?%.()f)?)] 41 [ 0.09671,0.0472 1] 41

and [—0.072107, —0.086702] | 37 [—0.07653, —0.08632] | 37

0.0330 [().()(52‘279. ().()(58527(]] 59 [ ).06196, 0.0685 )] 59

[()‘()76()56. —0.05 15()3] 63 [ 0.07562, —0.054 l(]] 63

Table 2: Comparison of the minima and the clusters using the block method and the direct method.

The clusters are obtained by computing the Euclidean distance between a particle and the four minima
namely m,, m,, ms and m,. A particle p belongs to the cluster i if |pm;|=
min(lpmy|, [pma|, [pms|, [pmal).

We have compared the clusters produced by the direct method with ¢ = 5 and those produced by the block
method with k = 5, we observe that the result is the same except for one particle. For k = 6 or k = 9, we
obtain the same clusters from both methods.

4.5 Benchmarks

The block method can be tested on larger set of particles. In this subsection, we propose three other examples
(A fourth one dealing with exoplanet [38] is presented in [39]):

Gionis et al. [40] propose a method consisting of an aggregation of other approaches including single
linkage, complete linkage, average linkage, K-means and Ward’s clustering. The dataset proposed in [40]
is known to be difficult and the clustering outcome is usually imperfect. It has N = 788 particles and



contains narrow bridges between clusters and uneven-sized clusters that are known to create difficulties for
the clustering algorithms. The aggregation method gives seven clusters. The K-means method is unstable
and gives very different clusterings for this example. Figure 2 shows two different outcomes of the
MATLAB K-means program using as parameter, a number of clusters equal to 7.

0ed ‘.‘}\‘-
]

Figure 2: Example from [40] of N = 788 particles: Two K-means clusterings.

Our quantum block method (with k = 9, 0 = 3.6889 ) gives also seven minima and thus seven clusters.
Figure 3 Shows 6 drawing : The first drawing is the initial data. In the second one, the black dots corresponds
to the new set of weighted particles obtained by using the block method with parameters k =9 and [ =1
(Consequently,  becomes o = 3.6889). The red and green curves correspond to the implicit functions of
Mpg,;s and Lg;s (The scale has been modified here following the variable changes proposed in Section 2).
The determination of the clusters is done here from the minima using the Euclidean distance. Unfortunately,
it faces some difficulties and some improvements could be done by using a spectral clustering. We use here
a e-neighborhood graph to produce the spectral clustering as shown in the second line of Figure 3. The
MATLAB algorithm used needs as input the data and the number of clusters. First, we see the level lines
and the clusters of the block data. The last drawing gives the rebuilding of the clustering on the initial data.
It shows that the quality of the clustering is similar to the one of the aggregation of five different clustering
approaches (see [40])

‘ . 10
[
st

5 10 15 20 25 30 35

Figure 3: Example from of N = 788 particles. From left to right, the initial data, the main characteristics of the
corresponding block method of parameters k = 9 and [ = 1, the clustering using the Euclidean distance from the
computed center (in black). Second line: The level line of the block potential energy function, new clustering based



on the spectral clustering method on the block data, reconstruction of the clustering on the initial data. The points in
black in the contour plot show the cluster centers.

Fu and Medico [41] present an algorithm named FLAME dedicated to genome data clustering. The first
step consists in the extraction of local structure information and identification of a “Cluster Supporting
Object” (CSO). In this step, the proximity between each object and its k-nearest neighbors is used to
calculate the object density. Here, this particular step is replaced by the computation of minima. We find
two minima which correspond to the two CSOs presented in Ref. [41]. In Figure 4, the original data of N =
240 particles are presented to the left. The drawing in the middle shows the particles computed thanks to
the block method and the associated implicit function with k = 8 and [ = 2. Two minima are obtained:
(7.044805245,25.30024272) and (7.359015753,17.11035066) Finally, the right plot gives the
clustering. Note that in this specific example, the Euclidean distance is not the best choice to construct the
clusters from the minima and a computation based on the spectral clustering is again needed to improve the
result. This clustering is shown Figure 4.

IS

Figure 4: Example from [41] of 240 particles. From left to right: The initial data, the main characteristics
of the block algorithm, the clustering based on the spectral clustering method

In our last example, we revisit the industrial optimization problem of Draper and Smith [3] [41] which
originally used the maximin clustering method [43, p.1425]. The problem itself consisted of reported
percentages of properly sealed bars of soap, sealer plate clearance x; and sealer plate temperature x,. This
is a fairly self-contained problem of two variables in 16 measured pairs:
x; = (130,174,134,191,165,194,143,186,139,188,175,156,190,178,132,148),

x, = (190,176,205,210,230,192,220,235,240,230,200,218,220,210,208,225).

Although the maximin method uses non-linear (constrained) optimization often requiring computational
tools, such as linear programming, the conceptually simpler quantum clustering method nonetheless yields

the same clusters. These are shown in Figure 5 using the same value of o = % = 14.1421 ... as used in

Ref. [3] to reveal four clusters. For the MATLAB spectral clustering, we used the ‘seuclidean’ option for
the distance metric i.e. the standardized Euclidean distance (each coordinate difference between
observations is scaled by dividing by the corresponding element of the standard deviation computed from
the x;, x, pairs). Also note that in three consecutive calls to MATLAB’s Kmeans program yields three
distinct clusterings for which only the first is correct, i.e. agrees with the quantum clustering, spectral
clustering and maximin result.
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Figure 5: Quantum clustering (The data and the implicit functions of M = 0 and L = 0 after centralization and
normalizalion with ¢ = 14.1421, the level lines and the clustering), MATLAB Spectral clustering using the
standardized Euclidean distance and three consecutive calls to MATLAB’s Kmeans clustering on the Smith and
Draper pairs. As before, the points in black in the contour block show the cluster centers. Note that only the first
Kmeans clustering agrees with both the quantum clustering and MATLAB's spectral clustering.

Unfortunately, some specific shapes such as ring-shaped or spiral-shaped clusters are challenging for
numerous clustering methods including our QC block method. To overcome this issue, an approach based
on optimization of an objective function, is proposed in [44] to detect specifically elliptic ring-shaped
clusters. However, this approach is not appropriate when different kind of shapes coexist as for example in
the case of Zahn’s compounds [45]. It also requires a skilled operator to visualize the clusters. It will be a
great challenge to improve the QC approach in order to detect such shapes.

4.6 Perspectives

In spite of claims to the contrary [46], even with extensions, K-means is no longer state-of-the-art. A means
of finding all the potential minima of the quantum potential and consequently the number of clusters for a
given range of o is an essential key feature for data clustering under program control without prior
visualization whilst K-means and even MATLAB’s spectral clustering require the number of cluster centers
on input and thus skilled operators. The quantum clustering approach yields this number for a given range.
Automatic Data clustering under program control allows the processing of much bigger and more complex
mixed datasets potentially providing a more robust industrial standard. It would multiply the number of
platforms with large data collection tools such as Hadoop or MongoDB and thus a greater realization of
patents for name of object disambiguation [1].

5. CONCLUSIONS

Herein, we have made considerable progress in dealing with the outstanding problem of getting all the
centers of the quantum clustering method, namely finding all the minima of the quantum potential of
Function (1) where ¢ is the standard deviation of the Gaussian distribution. The extrema of this potential
are the roots of two coupled equations, which in principle are impossible to solve analytically. After
simplifications, those equations become bivariate exponential polynomial equations and a number of useful
properties have been proved. More precisely, limits of implicit function branches are given and the case of
two particles is analytically solved. We also proved that the coupled equations have only one minimum if



the data are included in a square of side ¢. This bound is directly useful to propose a new approach “per
block”. This technique decreases the number of particles by approximating some groups of particles to
weighted particles. The minima of the corresponding coupled equations are then given numerically by which
the number of clusters is obtained. Those minima can be used as cluster centers. However, for some complex
examples, other clustering approaches such that spectral clustering gives better visual results (though they
still require the number of clusters on input). On such examples, the approach consisting in the use of the
block method (for the number of clusters but also for the weighted particles) gives very good results.
Example 2, from Gionis et al. shows that the quality of the clustering is similar to the one of the aggregation
of five approaches.

The approach used here is potentially useful for other types of exponential polynomials found in numerous
Physical applications such as, for example, quantum mechanical diffusion Monte-Carlo calculations, where
a precise knowledge of the nodal lines ensures accurate energy eigenvalues.
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