H?-REGULARITY FOR A TWO-DIMENSIONAL TRANSMISSION
PROBLEM WITH GEOMETRIC CONSTRAINT

PHILIPPE LAURENCOT AND CHRISTOPH WALKER

ABSTRACT. The HZ-regularity of variational solutions to a two-dimensional transmis-
sion problem with geometric constraint is investigated, in particular when part of the
interface becomes part of the outer boundary of the domain due to the saturation of
the geometric constraint. In such a situation, the domain includes some non-Lipschitz
subdomains with cusp points, but it is shown that this feature does not lead to a regu-
larity breakdown. Moreover, continuous dependence of the solutions with respect to the
domain is established.

1. INTRODUCTION

The H?-regularity of variational solutions to a two-dimensional transmission problem
with geometric constraint is investigated, in particular when part of the interface becomes
part of the outer boundary of the domain due to the geometric constraint, a situation in
which the domain includes some non-Lipschitz subdomains with cusp points.

To set up the geometric framework, let D := (=L, L) be a finite interval of R, L > 0,
and let H > 0 and d > 0 be two positive parameters. Given a function u € C(D, [~ H, o))
with u(£L) = 0, we define the subdomain Q(u) of D x (—H,00) by

Qu) ={(z,2) e DxR: —H < z < u(x) +d} = Q(u) UQ(u) UX(u),
where
Q(u) :={(z,2) e DxR : —H < z < u(z)}
and
Qo(u) :={(z,2) € D xR : u(z) <z <u(x)+d}
are separated by the interface
Y(w):={(z,z) e DxR: z=u(z)>—-H} .

Owing to the (geometric) constraint u > —H, the lower boundary of Q(u), given by the
graph of the function wu, cannot go beyond the lower boundary D x {—H} of Qq(u) but
may coincide partly with it, along the so-called coincidence set

Clu):=={zxeD :ulx)=-H}, (1.1)

see Figures 1 and 2. Clearly, the geometry of Q(u), as well as the regularity of its boundary,
heavily depends on whether minp{u} > —H or minp{u} = —H. Indeed, if minp{u} >
—H (i.e. the graph of u is strictly separated from D x {—H} as in Figure 1), then the
coincidence set C(u) is empty and Q(u) is connected. In contrast, if minp{u} = —H so
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FIGURE 1. Geometry of Q(v) for a state v € S with empty coincidence set.
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FIGURE 2. Geometry of Q(w) for a state w € S with non-empty coincidence set.

that the graph of u intersects D x {—H}, then C(u) # () and Q(u) is disconnected with
at least two (and possibly infinitely many) connected components, see Figures 2 and 3.

For such a geometry, we study the regularity of variational solutions to the transmission
problem

div(eVey,) =0 in Q(u), (1.2a)
[[¢u]] = [[vau]] TNy(y) = 0 on E(u) ) (1'2b)
Yy = hy on 0Qu), (1.2¢)

where
o =01l ) + 0210,w)
for some positive constants o1 # o2, and ny,) denotes the unit normal vector field to
Y (u) (pointing into Q9(u)) given by
o (—&cu, 1)

Ny, = ————t .
B(u) V14 (Opu)?

In (1.2¢), h,, is a suitable function reflecting the boundary behavior of v, see Section 2
for details. In addition, [-] denotes the (possible) jump across the interface 3(u); that is,

[[f]](xvu(x)) = f’Ql(u)(‘Tau(x)) - f’Qg(u)(xau(x))v zeD,

whenever meaningful for a function f : Q(u) — R.
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Let us already mention that there are several features of the specific geometry of Q(u)
which may hinder the HZ?-regularity of the solution ¥, to (1.2). Indeed, on the one
hand, the interface ¥(u) always intersects with the boundary 092(u) of Q(u) and it follows
from [9] that this sole property prevents the H>2-regularity of ), unless ¢ and the angles
between X(u) and 9€Q(u) at the intersection points satisfy some additional conditions. On
the other hand, Q(u) and Qy(u) are at best Lipschitz domains, while ©;(u) may consist
of non-Lipschitz domains with cusp points.

The particular geometry Q(u) = Q;(u) U Qa(u) U X(u), in which the boundary value
problem (1.2) is set, is encountered in the investigation of an idealized electrostatically
actuated microelectromechanical system (MEMS) as described in detail in [6]. Such a
device consists of an elastic plate of thickness d which is fixed at its boundary {£L} x (0, d)
and suspended above a rigid conducting ground plate located at z = —H. The elastic plate
is made up of a dielectric material and deformed by a Coulomb force induced by holding
the ground plate and the top of the elastic plate at different electrostatic potentials. In
this context, u represents the vertical deflection of the bottom of the elastic plate, so that
the elastic plate is given by Qs(u), while Q;(u) denotes the free space between the elastic
plate and the ground plate. An important feature of the model is that the elastic plate
cannot penetrate the ground plate, resulting on the geometric constraint v > —H. Still,
a contact between the elastic plate and the ground plate — corresponding to a non-empty
coincidence set C(u) — is explicitly allowed. The dielectric properties of € (u) and Q9 (u)
are characterized by positive constants o1 and o9, respectively. The electrostatic potential
1, is then supposed to satisfy (1.2) and is completely determined by the deflection w.
The state of the MEMS device is thus described by the deflection u, and equilibrium
configurations of the device are obtained as critical points of the total energy which is the
sum of the mechanical and electrostatic energies, the former being a functional of u while
the latter is the Dirichlet integral of v,. Owing to the nonlocal dependence of ¥, on u,
minimizing the total energy and deriving the associated Euler-Lagrange equation demand
quite precise information on the regularity of the electrostatic potential 1, for an arbitrary,
but fized function u and its continuous dependence thereon. This first step of provisioning
the required information is the main purpose of the present research, and we refer to the
forthcoming paper [8] where the minimizing problem leading to the determination of w is
analyzed.

Since the regularity of the variational solution 1, to (1.2) is intimately connected with
the regularity of the boundaries of Q(u), Q1 (u), and Q9(u), let us first mention that Q(u)
and Q9(u) are always Lipschitz domains and that the measures of the angles at their
vertices do not exceed 7, a feature which complies with the H?2-regularity of 1),, away from
the interface ¥ (u) [4]. This property is shared by €©;(u) when the coincidence set C(u) is
empty, see Figure 1, so that it is expected that 9|, (,) belongs to H2(Q4(u)), i = 1,2, in
that case. However, when C(u) is non-empty, the open set €;(u) is no longer connected
and the boundary of its connected components is no longer Lipschitz, but features cusp
points. Moreover, there is an interplay between the transmission conditions (1.2b) and
the boundary condition (1.2¢) when C(u) # 0. Whether 1|, () still belongs to H?(Q;(u)),
1 = 1,2, in this situation is thus an interesting question, that we answer positively in our
first result. For the precise statement, we introduce the functional setting we shall work
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with in the sequel. Specifically, we set
S:={ve H¥D)NH}D) : v>—-Hin D and = [o]d,v(xL) <0},

and
S:={ve H*D)NHyD) : v>—-Hin D and = [0]d,v(+£L) <0}.

Clearly, the coincidence set C(u) is empty if and only if v € §. In addition, the situation
already alluded to, where C(u) is non-empty and ;(u) is a disconnected open set in R?
with a non-Lipschitz boundary, corresponds to functions u € S\ S. Also, we include the
constraint +[o]d,u(+L) < 0 in the definition of S and S to guarantee that the way ¥ (u)
and 9Q(u) intersect does not prevent the HZ2-regularity of v, in smooth situations (i.e.
u € SNW2 (D)), see [9].

Theorem 1.1. Suppose (2.1) below.

(a) For eachu € S, there is a unique variational solution 1, € hy,+ HE(Q(u)) to (1.2).
Moreover, Yy = tulo, @) € H*(Qi(u)) and y2 = ul,w) € H*(Q2(u)), and
Yu is a strong solution to the transmission problem (1.2).

(b) Given k > 0, there is c(r) > 0 such that, for every u € S satisfying ||ul g2(py < &,

Il )y + 1wl g2 @0 @) + w2l 220 w)) < (k) -

It is worth emphasizing that, for ¢ € {1,2}, the restriction of v, to ;(u) belongs
to H%(Q;(u)) for all w € S. In particular, there is no regularity breakdown when the
coincidence set C(u) is non-empty. A similar observation is made in [7] for a different
geometric setting when one of the two subsets does not depend on the function .

Remark 1.2. When the upper part Qa(v) is clamped at its lateral boundaries in the sense
that

u € H3(D) :={ve HYD)N HY(D) : d,v(£L) =0},
Theorem 1.1 applies whatever the values of o1 and os.

Theorem 1.1 is an immediate consequence of Proposition 4.9 below. Its proof begins
with quantitative H>-estimates on ¢, depending only on [lul| g2(p) for sufficiently smooth
functions in S, the H2-regularity of 1, being guaranteed by [9] in that case. Since the
class of functions for which these estimates are valid is dense in S, we complete the proof
with a compactness argument, the main difficulty to be faced being the dependence of
Q(u) on w.

More precisely, we begin with a variational approach to (1.2) and first show in Section 3
by classical arguments that, given u € S, the variational solution 1, to (1.2) corresponds
to the minimizer on h, + HE(Q(u)) of the associated Dirichlet energy

T)[o] = %/Q( IV A ), 0E byt HYO).

Thanks to this characterization, we use I'-convergence tools to show the H!'-stability of
1, with respect to u in Section 3.2. Section 4 is devoted to the study of the H2-regularity
of 1, which we first establish in Section 4.1 for smooth functions u € S N W2 (D) (thus
having an empty coincidence set), relying on the analysis performed in [9]. It is worth
mentioning that the constraint involving [o] in the definition of S comes into play here.
For u € SNW2 (D), we next derive quantitative H?-estimates on v, which only depend on
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|l r2(py as stated in Theorem 1.1 (b), see Section 4.2. The building block is an identity
in the spirit of [4, Lemma 4.3.1.2] allowing us to interchange derivatives with respect to
z and z in some integrals involving second-order derivatives, its proof being provided in
Appendix A. We then combine these estimates with the already proved H'-stability of
variational solutions to (1.2) and use a compactness argument to extend the H?2-regularity
of 1, to arbitrary functions v € S in Section 4.3. In this step, special care is required to
cope with the variation of the functional spaces with w. In fact, as a side product of the
proof of Theorem 1.1, we obtain qualitative information on the continuous dependence of
1, with respect to u, which we collect in the next result.

Theorem 1.3. Suppose (2.1) below. Let k>0, u € S, and consider a sequence (U )n>1
in S such that

lunllg2py <k, n>1, Jim{|un, —ul[grp) = 0. (1.3)

Setting M := d + max {|u|r_(p) » sup,si{llunll ()} }
nh—>Igo H(¢zm = hy,) = (Yu — hU)HHl(QM) =0. (1.4a)
In addition, if i € {1,2} and U; is an open subset of ;(u) such that U; is a compact subset
of Q;(u), then
¢Un,i - T;Z)u,i in H2(Uz) . (1.4b)
Also, for any p € [1,00),
nh—>Hc?>lo “v¢un,2('y un) - v¢u,2('y U)HLP(D,RQ) =0,

| (1.4c)
T [V, 2 +d) = Vi a(sutd)[|,  gay =0

Clearly, the quantity M introduced in Theorem 1.3 is finite due to (1.3) and the con-
tinuous embedding of H'(D) in C(D).

Notation. Given v € S, f € Ly(2(v)), and i € {1,2}, we denote the restriction of f to
Qi(v) by fi; that is, f; := fla,)-

Throughout the paper, ¢ and (c;),>1 denote positive constants depending only on L, H,
d, V', o1, and o3. The dependence upon additional parameters will be indicated explicitly.

2. THE BOUNDARY VALUES

We state the precise assumptions on the function h, occurring in (1.2c). Roughly
speaking, we assume that it is the trace on 9Q(v) of a function h, € H'(2(u)) which is
such that hlg, (,) belongs to H?(€2;(v)) for i = 1,2 and satisfies the transmission conditions
(1.2b), as well as suitable boundedness and continuity properties with respect to w.

Specifically, for every v € S, let

hy: D x (—H,o00) = R
be such that
ho € H'(Q),  hyi = holo,w) € H*(Qu(v)), i=1,2, (2.1a)
and suppose that h, satisfies the transmission conditions
[ho] = [0oVh,] - nge) =0 on %(v). (2.1b)
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For k > 0 given, there is ¢(x) > 0 such that, for all v € S satisfying [|v g2(p) < &,
||hv,i||H2(Qi(v)) < C(I{) 5 1= 1, 2. (21(3)
Moreover, given v € S and a sequence (v,,),>1 in S satisfying
nh_{I;O [vn = vllg1(py =0,

we assume that

i (e, = holl g (px (—ma1)) = 0 (2.1d)
and
T, (v ) = o0+ d) ooy = 0. (2.10)
where

M := d + max {HUHLOO(D) ; sgl;{anHLw(m}} < 00.

Observe that the convergence of (vy,)n>1, the continuous embedding of H(D) in C(D),
and (2.1d) imply that

lim o|Vho, |2 d(x, 2) = / o|Vho|2 d(z, 2) (2.2)
0 JQ(vn) Q(v)
From now on, we impose the conditions (2.1) throughout.
We finish this short section by providing an example of h, satisfying the imposed con-
ditions (2.1).
Example 2.1. Let ¢ € C?*(R) be such that Cli=o01] = 0 and (lj144,00) = V for some
V > 0. Givenv €S, put
hy(x, 2) == ((z —v(z) + 1), ~-H<z, ze€D. (2.3)
Then (2.1a)-(2.1e) are satisfied. In addition,
hy(x,—H) =0, hy(z,v(x)+d) =V, xeD.

In the context of a MEMS device alluded to in the introduction, these additional properties
mean that the ground plate and the top of the elastic plate are kept at constant potential.
For instance, ((r) := V min{1, (r —1)2/d?} for r > 1 and { =0 on (—o0, 1] will do.

3. VARIATIONAL SOLUTION TO (1.2)

In this section we investigate the properties of the variational solution ¢, to (1.2)
for v € S and, in particular, its H'-stability.

3.1. A Variational Approach to (1.2). Given v € § we introduce the set of admissible
potentials

A(v) = hy + H} (Q(v)),
on which we define the functional

T@)[0] = %/Q( )J|V9|2d(:1:,z), 0c Av). (3.1)

The variational solution 1, to the transmission problem (1.2) is then the minimizer of
the functional J(v) on the set A(v):
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Lemma 3.1. For each v € S there is a unique minimizer 1, € A(v) of J(v) on A(v);
that is,

T)len] = min T ()] (32)
In addition,
/ ayv¢vy2d(x,z)g/ o|Vh|?d(z, 2). (3.3)
Q(v) Q(v)

Proof. Let v € S and recall that h, € H'(Q(v)) according to (2.1a). Thus, the existence
of a minimizer 1, of J(v) on A(v) readily follows from the direct method of calculus
of variations due to the lower semicontinuity and coercivity of J(v) on A(v), the latter
being ensured by the assumption o > min{oj,09} > 0 and Poincaré’s inequality. The
uniqueness of 1, is guaranteed by the strict convexity of J(v). Next, since obviously
hy € A(v), the inequality (3.3) is an immediate consequence of the minimizing property
(3.2) of 1. O

For further use, we report the following version of Poincaré’s inequality for functions in
HE(Q(v)) with a constant depending mildly on v € S.

Lemma 3.2. Letv € S and § € H}(Q(v)). Then
101 Lo () < 2[1H + d+ 0|1 (0)l|0:0]| Ly (2w)) -
Proof. For x € D and z € (—H,v(x) + d),

(z,2)? = 2/_ZH9(:E,y)8Z(9(:E,y) dy.

Hence, after integration with respect to (x, z) over Q(v),
02 o = / 0(z,2)? d(z, 2
19117, ) o) (2,2)" d(z, 2)

<YH +d+ll o) / 0(2,4)/10.60(z, )| d(z, 2)

Q(v)
<2[H +d+ v 1o )10l L0 19201 Lo (v)) 5
from which we deduce the stated inequality. O

3.2. H'-Stability of 1. The purpose of this section is to study the continuity properties
of the solution v, to (3.2) with respect to v. More precisely, we aim at establishing the
following result.

Proposition 3.3. Consider v € S and a sequence (Un)n>1 in S such that
v, — v in H}(D), (3.4)
and set
M= o max ol o) suplenlzn o)} 35)
which is finite by (3.4) and the continuous embedd;ng of HY(D) in C(D). Then
i [[(vho, = To,) = (Yo = ho)ll g3 (D~ 1,00)) = 0
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and

lim T (0n)l,] = T()[6].

To prove Proposition 3.3, we make use of a I'-convergence approach and argue as in [7,
Section 3.2] with minor changes. For the sake of completeness we provide a complete proof
in Appendix C.

4. H2-REGULARITY

In the previous section we introduced the variational solution v, € H'(Q(v) to (1.2) for
arbitrary v € S and noticed its continuous dependence in H'(Q(v) with respect to v. We
now aim at improving the H'-regularity of Yl (v) tO H?(Q;(v)) for i = 1,2. To this end
we first consider the case of smooth functions v € SNW2, (D) with empty coincidence sets
and provide in Section 4.1 and Section 4.2 the corresponding H?-estimates that depend
only on the norm of v in H?(D) (but not on its W2 (D)-norm). In Section 4.3 we extend
these estimates to the general case v € S by means of a compactness argument.

4.1. H?-Regularity for v € SN W2 (D). Assuming that v is smoother with an empty
coincidence set, see Figure 1, the existence of a strong solution v, to (1.2) is a consequence
of the analysis performed in [9].

Proposition 4.1. If v € SNW2,(D), then the variational solution 1, to (3.2) satisfies
Yui = tula,w) € H (%), i=12,

and the transmission problem

div(eV,) =0 in Q(v), (4.1a)
[o] = [oViby] - ny,) =0 on X(v), (4.1b)
ty =hy  on 00(v). (4.1¢c)

Moreover, Optby + 0,00, and —a0,v0:, + 00,1, both belong to H'(2(v)).
Besides [9], the proof of Proposition 4.1 requires the following auxiliary result.
Lemma 4.2. Let v € S and consider ¢ € La(Q(v)) such that
¢i = dlo,w € H' (Qu(v), i=1,2,

and [¢] =0 on X(v). Then ¢ € H (Q(v)) and

91l 51 )y < N1l (@1 @) + 1020l 51 (0o (0) - (4.2)
Proof. We set e; = (1,0) and e. = (0,1). Given § € C(Q(v)) and j € {z, 2} we note
that

2
0d(z,2) = [ div(ebe;)d(z,z) — 00;¢; d(z,
/Q | 904, /Q COLEEEDY /Q  fssd(e.)

2
= [#] Oe; - nx () dos ) — / 00;¢:d(x, 2),
/E(v) ! ; Q;(v) !
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due to Gauf’ theorem. Thus, since [¢] = 0 on X (v),

‘/ $0;0d(z, 2)
Q(v)

for j = x,z and § € C2°(Q(v)). Consequently, ¢ € H'(Q(v)). O

< (1l (01 ) + 020l 52 (20())) 101l Lo @2(0)) -

Proof of Proposition 4.1. We check that the transmission problem (4.1) fits into the frame-
work of [9]. Since v € SN W2 (D) and v(+L) = 0, the boundaries of Q;(v) and Q(v)
are W2 -smooth curvilinear polygons and the interface ¥(v) meets the boundary 9Q(v) of
Q(v) at the vertices Ay := (+L,0). Moreover, at the vertex A, the measures w4 ; and
w4 2 of the angles between —e, and (1, F0,v(+L)) and between (1,F0,v(£L)) and e,
respectively, satisfy w4 1 +w+ 2 = 7, as well as

v

IR T

Wi 2 if o] <O,

wro < — if o] >0,

by definition of S. According to the analysis performed in [9], these conditions guarantee
that the variational solution 1, to (3.2) provided by Lemma 3.1 satisfies 1, ; = wvlgi(v) €
H?2(Q;(v)) for i = 1,2 and solves the transmission problem (1.2) in a strong sense.

Next, owing to the just established H2-regularity of y,1 and 1, 2, we may differentiate
with respect to z the transmission condition [¢,](z,v(z)) =0, € D, and find that

[021y + 0,v010,] =0 on X(v).

The stated H!-regularity of 9,1, + 0;v0,1, then follows from Lemma 4.2 and the bound-
edness of d,v and 9%v. In the same vein, due to (1.2b), the regularity of v, and the
identity

H_Jamvax¢v + Jaz¢v]]

= [[vav]] ‘Nyy) = 0,

1+ (0zv)?
the claimed H'-regularity of —c0,v0,1, + 00,1, is again a consequence of Lemma 4.2
and the boundedness of 9,v and d2v. O

4.2. H%-Estimates on ¢, for v € SNW2 (D). The H?-regularity of v, being guaranteed
by Proposition 4.1 for v € SNW2 (D), the next step is to show that this property extends
to any v € S. To this end, we shall now derive quantitative H?-estimates on 1), paying
special attention to their dependence upon the regularity of v. As in [7], it turns out to
be more convenient to study a non-homogeneous transmission problem with homogeneous
Dirichlet boundary conditions instead of (4.1). Specifically, for v € SN W2 (D), we define

X = Xv =ty — hy € Hy(Q(v)), (4.3)

where ¥, € H'(Q(v)) is the unique solution to (4.1) provided by Proposition 4.1. Since
Yui = Pol, @) belongs to H?(Q;(v)) for i = 1,2, we readily infer from (2.1a) and (4.3)
that

Xi = Xoloiw) € H*(Qi(v)), i=1,2. (4.4)

We omit in the following the dependence of x on v for ease of notation.
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According to (2.1a), (2.1b), and Proposition 4.1, x solves the transmission problem

div(cVy) = —div(oVh,) in Q(v), (4.5a)
Ix] =[eVx] - ny,) =0 on Y(v), (4.5b)
x=0 on 09Q(v), (4.5¢)

and it follows from (2.1a) that it is equivalent to derive HZ2-estimates on (¢, 1,%y2) or
(X1, X2)-

For that purpose, we transform (4.5) to a transmission problem on the rectangle R :=
D x (0,1 + d). More precisely, we introduce the transformation

z+ H
T; = _ Q 4.
w0 = () ) e m). (4.6)
mapping 4 (v) onto the rectangle Ry := D x (0,1), and the transformation
To(x, z) = (z,z —v(z) + 1), (x,2) € Qa(v), (4.7)

mapping Qs(v) onto the rectangle Ro := D x (1,14 d). The interface separating R; and
RQ is
EO =D X {1},

so that

R =D x (0,1+d) =Ri1URUX.
It is worth pointing out here that T is well-defined due to v € S. Let (z,n) denote the
new variables in R; that is, (z,n) = Ti(z,z) for (z,2) € Ry and (z,n) = Ta(x, z) for
(x,2) € Ro. Then, (4.4) implies

D= B11g, + Polg, € HI(R), ®i:=x;0(T) e H(Ry), i=12. (48)

For further use, we also introduce

g1
) z,n €ER )
5‘(33,77) = v(a:) + H ( ) !
g2, (.Z',T]) € RQ )

and derive the following fundamental identity for ®, which provides a connection between
some integrals involving products of second-order derivatives of ® and is in the spirit
of [4, Lemma 4.3.1.2], [7, Lemma 3.4], and [9, Lemme I1.2.2].

Lemma 4.3. Given v € SNW2 (D), the function ® defined in (4.8) satisfies

2 2
3 / 502, 020, d(z,m) = 3 / 510,0, % d(, )
i=17Ri i=1 7 Ri

Opv
— 01 /Rl m@nq)laxanq)l d(l’,n)

1 [ 020((0v)* — 1)
+53 ), s e @) e ar

Proof. We adapt the proof of [7, Lemma 3.4] and [9, Lemme 11.2.2]. Note that (4.5b),
(4.6), (4.7), and (4.8) imply [®] = 0 on Xy, so that

[0:2] =0 on X. (4.9)




H2-REGULARITY FOR A 2D TRANSMISSION PROBLEM WITH GEOMETRIC CONSTRAINT 11

Consequently, since (9, ®1,9,®2) lies in H'(R1) x H'(R3) by (4.8), we may argue as in
the proof of Lemma 4.2 and deduce from (4.9) that

F:=0,9c H(R).

Moreover, by (4.8),

F(z,0)=F(z,1+d) =0, zeD. (4.10)
Similarly, setting
Og¥
=—0————-50,P+50,P
G 01_1_(89”})28 + 00,

we derive from (4.8) that G; := G|, € HY(R;) for i = 1,2, while (4.5b), (4.6), (4.7), and
(4.8) imply that, for x € D,

01

Gi(@:1) = — s [~0:0(@)01 (@,0(2)) + Do (@,0(0))
= ¢1+<082W [~0,0(2) Dy x2 (2, v(x)) + D xa(@, v(x))] = Ga(a, 1);
that is, [G] = 0 on %o, and we argue as in the proof of Lemma 4.2 to conclude that
G e H(R).
In addition, by (4.8),
G(£L,n) = —o(£L,n) (%) (£L)0,®(£L,n) + 6(+L, 1), ®(+L,n)

= —o(£L,n) (W) (£L)0;®(£L,n)
for n € (0,1 + d). Hence,

G(+L,n) + o(+L,n) ( Oa )2> (£L)F(+L,n) =0, ne(0,1+d). (411)

14 (0pv

Owing to (4.10), (4.11), and the H'-regularity of F' and G, we are in a position to apply
Lemma A.1 (see Appendix A) with

(V,W)=(F,G) and 7= =0 <%) (£L),

to obtain the identity

/&cF@nGd(:E,n):/ OnF0,Gd(x,n). (4.12)
R R
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Using the definitions of F' and G, the identity (4.12) reads

ZZ:/RZ 20, <—018(7;)8 On®; + 60, <I>> d(z,n)
2 Opv o[l — (9,v)?]
:;/R 0,0, %; <—0mﬁ2® o e <I>> d(x,7)
+ 22: /R 00,94 (0,60,®; + 50,0, ) d(w,7).

Noticing that the first terms on both sides of the above identity are the same and that

implies that

2 [(8,0)%) — 1]
Z/Ria T+ (0,027 0, P;0,0,P; d(x,n)

02v[(0,v)? — 1
=3), [1[+(<am)v>212] L0 (o1 e

the assertion follows, recalling that 9,6 = 0 in Ro. O
Remark 4.4. If 0,v(£L) = 0, then (4.11) reduces to G(£L,n) = 0 forn € (0,1 + d)
and the crucial identity (4.12) used in the proof of Lemma 4.3 directly follows from [4,
Lemma 4.53.1.2]. For the general case v € S, we require the extension given in Lemma A.1.

We now translate the outcome of Lemma 4.3 in terms of the solution y to (4.5).

Lemma 4.5. Let v € SNWZ (D). The solution x = 1, — hy to (4.5) satisfies

2
o d? 28 id(z, 2) 00,0, xi|? d(z, =
;/w 2 02 d 2/1@' il d(z, 2)
/ O%v(z) (02x2(z, v(z )+d))2dx
02v(z) 9
_2/ + (0yv(x))? (oI} (z0(2)) dr

Proof. Let us first recall the regularity of ® stated in (4.8) which validates the subse-
quent computations. Using the transformations 77 and T3 introduced in (4.6) and (4.7),
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respectively, we obtain

2
Z/ o 93x; 92xi d(x, 2)
i=1 /$(v)

o 01 2 ax'l) 2_ 82 8;1;'0
_/721”+H[8x<1>1+17<2< +H> U+H>a<1>1 1" 0:0y )

O0zv 9 9
+n <v+ > 7) @1}8 &y d(z,n)

+ / 02 [028y — 20,00,0, 8 — 200, s + (9,050 23 d(2.m)
Ra
2
:Z/ GO2®; 02®; d(x, n)
=1 g

Oy 02v O,
+/721U11H[n<2<v+3{)2_v+]{)8(1)1 U ! 58@1

Opv 9 9
+ (H ) B @1}6 &, d(z,7)

+ / 03— 20,00,0, %> — P20,y + (0,0)520s] s (2. )
Ro

We use Lemma 4.3 to express the first integral on the right-hand side and get

2
Z/ o 93x; 92 xi d(z, 2)
i=1 7 Qi(v)

- / 510,0, 1| d(z, ) + / 510,50, Bo? ()
R1 Ra

o1 Opv dyv 2
_ $,0,0,P1 — 2n——0,0,P,0-P
+/7€11)+H[ ot g OO0 = 20T T On Oy 81Oy

81,1) 2 2 ax’u 2
+”2<U+H> 623, +2”<—+H> 0,102
82

_nv+

a q)la CI)l:| (33777)

/ [ 2axvaxanq>ga§q>2—aguancbzagcpz+(axv)2\a,3<1>2\2] d(z,n)
1
2

* (14 (0

13

/ (@0l ~1) 1o )2 (1) do (4.13)
D )%)?
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We then compute separately the integrals over R;, ¢ = 1, 2, and begin with the contribution
of R1. We complete the square to get

8 v Op¥
I ;:/ o [\a 0,01 = —0,010,0, 81 — 20-0,0, 8,02,
OV 2 Oz \2
2 T 2 T 2
i <U+H) &l +2n<v+H) On®10y%1

82
—nwr Oy ®10 @1} d(x,n)
:/ o1 \aa<1>1\2+<—8” ) 10,®1]” + 1 ( Ocv ) |62, |2
R, V+H v v+ H + H n
_277U8 zV Oy 8 ®10 @14—27]( 8—|—UI{) 67,<I>18$<I>1
8?)

8 ®,0,0 (131] d(z,n)

Oy 3
+/R ’UilH[_<’U—|—?;I> ‘8 <1>1‘ + 8@158¢1

82

L 8 10 @1} d(z,n)

B 0:0,®1  Opv NN
_/72101(U+H)|:’U—|—H (U+H)28n<1>1 77<U+ )2 0,® } d(z,n)

(0y®1) ] d(z,n)

Opv

1
Oy 78<I>8x8<1>—7
+/Rf” ”[<U+H>”1 T o+ H)P

—/ 0& 8@8@ d(z,n).
- 1( —|—H)277 1 1 n

Thanks to the identities

2
L 0,10,0,8, — 5 (0,21)% = %ax << O > ) ,

(v+ H)? (v+H)

1
Oy ®10501 = 50,(0,%1)”

and the property 0,®1(£L,n) = 0 for n € (0,1) stemming from (4.8), we may perform
integration by parts in the last two integrals on the right-hand side of the previous identity
and obtain

B 9,0, ®1 v 0t g 1
Il—/Rlal(v—l—H)[v_i_H — (U+H)28,7<I>1—77m8 ] d(z,n)

01 8%?} 2

Transforming the above identity back to ©;(v) yields

I = /Ql(v) Ul|8vaX1|2d(x7z) — %/Dagv(x) (azX1($7U(x)))2dx. (4.14)
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Next, arguing in a similar way,

Iy =0 / [\awancmf — 20,00,0,®202®5 — 9200, 202D, + (amv)ﬂag%ﬂ d(z,7)
Ro

= oy / [\axancpgf — 20,00,0,$202®5 + (axu)ﬂagcpgﬂ d(z,n)
Reo

— 2 [ 9200, (0,92)" d(a,m)
Reo
202/ [88@2 8218(1)2] d($n——/82 ) (8, P2(, 1—|—d)) dz

/02 ) (8,®2(x,1))* .

Transforming this formula back to Q2 (v) yields

I, = 0—2/ |8 8ZX2‘ d(z,z) — —/ 2u( z) (9:x2(z, v(z) +d))2d:1:
(4.15)
/82 (02x2(z,v(z ))) dz.
Finally,
O2v[(0,v)* — 1] )
| o [0, 1) da
07v[(9av)* — 1]
_/D T (oo o0+ 0:00.x)7] (1) da
and we deduce from (4.13), (4.14), (4.15), and the above identity that
2
Z/ o 93xi 02x: d(, 2)
i=1 /i (v)
2
:Z/ !8 E?ZXZ‘ d(z, 2) /82 (D=x2(z, v(x )+d))2dx
; (4.16)

_ _/ P2v(z) |o(dsx2) H (z,v(z))dz

Ozv [(3xv) ~1]
*3 /D [+ (9,0)22 [[U(axx +3xvazx)2]] (z,v(z))dz.

It remains to simplify the last two integrals on the right-hand side of (4.16). To this
end, we first recall that the regularity of x allows us to differentiate with respect to = the
transmission condition [x] = 0 on X(v) to deduce that

[0xXx + 0zv0,x] =0 on X(v), (4.17)
while the second transmission condition in (4.5b) reads

[0 (02v02x — 0:x)] =0 on E(v). (4.18)
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In particular, (4.17) and (4.18) imply that, on ¥(v),
lo (8xU6mX - azX) (890X + 8952162}()]] = (890X1 + am'UaZXI) lo (8xU6mX - azX)]]

+ 02 (a:cvax)@ - 82)(2) [[(81‘X + 890@82')()]]
=0.

Therefore,
J = [(0p0)2 — 1] [[a(@xx + axvazx)ﬂ] — [+ (9,0)2]? [[a(azx)2]]
= [(020)? = 1] [ (Bx + 0200:3)° | = [1+ (00)22 [ (0:x)°]
= 20,00 (8,00.x — 0:X) (Box + D,00:X) |
- [[a[(azvﬁ —1-2(0,v)?] (axX)Q]]
+ [ [2@0@((@6@)2 1) = 2(000)* + 20,0] 23021
+ [o[@:0)* ((@r0)? - 1) +2(0,0)° ~ [1+ (20)°)°] (9-x)]
—[1+ (02v)?] H o(9:x) ]]
~[1+ (9,0)?] [[J|Vx| ]]

Hence,

D)% —
[1( + ()amélrz o (@ax + 000.0)" | = |o(0:0)7) = _W [olVxI?] - (4.19)

Consequently, (4.16) and (4.19) entail

2 2
S [ ettuituden =Y [ oo de:)
i=1 7 Qi) i=1 7 Qi(v)

—%/0282 (zxng _|_d)) dz
D
! v(a) )
- i/DW [o1Vx] (, v(2)) e,
as claimed. .

In order to estimate the boundary and the transmission terms in Lemma 4.5, we first
report the following trace estimates.

Lemma 4.6. Given k> 0 and o € (0,1/2], there is c(a, k) > 0 such that, for any v € S
satisfying ||v| g2(py < k and 0 € H(Q3(v)),

162 0) 210 () + 10200 + )| ey < el ) 10201 2000 1620155 o, -

Proof. Let 6 € H'(Q2(v)). Using the transformation T3 defined in (4.7) which maps Q2 (v)
onto the rectangle Ro = D X (1,14 d), we note that ¢ := 6o T2_1 belongs to H'(Rz) with

H¢”L2(R2) = ”HHLZ(QZ(’U)) (420)
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and
VN7, (r) = 1020 + 0:006117, 0wy + 11020117, (200

so that the continuous embedding of H?(D) in WL (D) and the assumed bound on v
readily imply that

191l 21 (Ro) < e(W)NO] 1 (2 () - (4.21)
By complex interpolation,

[La(R2), H (R2)]at1/2 = H*T2(Ry),

from which we deduce that

1-2a)/2 (2a+1)/2
18]l ras1/2(ra) < cl@) 1B ey N6l iy

Since a > 0, the trace maps H**1/2(Ry) continuously on H*(D x {1}), and we thus infer
from (4.20) and (4.21) that

16C, o)l e Dy = loC Dl 0y < (@)@l grasrszr,)

1 20c 2a 1 2
< c(o)llollS ) Pl

12a2 2a12
T L] s

< C(Oé H)|’6HL2 (22(v)) f—I1 (Q2(v)) *

The estimate for [|6(-,v + d)|| gro(p) is proved in a similar way. O

Based on Lemma 4.6 we are in a position to estimate the boundary and transmission
terms in the identity provided by Lemma 4.5.

Lemma 4.7. Let ¢ € (3/4,1) and k > 0. There is c(¢, k) > 0 such that, if v € SNWZ (D)
satisfies ||v||g2(py < K, then the solution x = X, to (4.5) satisfies

02/ P2v(z) (9. x2(z,v(z )+d))2d:17

(4.22)
< ¢(C, )”82X2HL2 QQ(U HaZXQHI—[l(QZ )

and
2v(x
‘%/D 1+ (maw(v()x 3 [o1VxI] (2,0(2) da

< (¢ ) V2l oty IV X231 0o

(4.23)

Proof. To prove (4.22), let us first note that H¢~/2(D) embeds continuously into Ly(D).
We use the Cauchy-Schwarz inequality and Lemma 4.6 with « = ¢ — 1/2 and deduce

g g
2/ 2v(x)(0:x2(z,v(x )+d))2d$‘ < 72||3§UHL2(D) 102x2(- 0 + d)|1Z, ()
< (k) [|0:x2(sv +d)\|§{<,1/2( D)

< oG 1) 102301 2 omtany 10=X2 1551 0y -
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As for (4.23) we obtain analogously

o Ov(x
_2/D Hx—() [(@E)@(:E,U(:E)))z - (@X2(x,v(x)))2} dx

2 (O:0(x))?
g
< S92l o) VX2 0) 7, )
< (¢, k) HVX2”2L(21(;2<2)(U)) HVX2H§{<1(Q2(U)) (4.24)

and

o 2u(x
3 /D % [ (@1 (2, 0(@))* + (931 (@, v(2)))?] da

g
< S0l o) IV (0l )

(4.25)

At this point, we use (4.17) and (4.18) to show that

o1 + 09(0,v)? [o]oxv
Opx1 = ———<0, — 0, 3(v),
X1 0_1(1 T (amv)2) X2 + o1 (1 n (89021)2) X2 on (U)
[o]Ozv o1 + 09(0,v)?
oox1=—F—7 0, — =0, 3(v).
X1 01(1 n (amv)2) X2 + p (1 n (89011)2) X2 on X(v)
Consequently,
O] < 224002} (4 josal) on B(),

max{oy,09}

’aZX1’ < (’a:cx2’ + ’azX2’) on 2(?}) )

so that

HVX1(':U)HL4(D) < CHVXQ('7U)HL4(D) .
Owing to (4.25) and the above inequality, we may then argue as in the proof of (4.24) to
conclude that

o 2o(z
3 /D % [ (@1 @, 0(@))* + (031 (@, 0())?] da

< (¢ ) IVl 196230
as claimed in (4.23). O

We now gather the previous findings to deduce the following crucial H?-estimate on the
solution 1, to (4.1) for v € SNWZ2 (D), which only depends on the H?(D)-norm of v (but
not on its W2 (D)-norm).

Proposition 4.8. Let x> 0 and v € SNWZ(D) be such that ||v]|g2(py < k. There is a
constant co(k) > 0 such that the solution 1, to (4.1) satisfies
X 71 @e)) + Xl E200 ) + X2l 2200 (0)) < c0(K) (4.26a)
and
ol z1 )y + 1w a2 0) + Y02l B2 (00 0)) < C0(K) (4.26Db)
recalling that x = vy, — hy and xi = x|, @), = 1,2.
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Proof. Let v € SNW2 (D) with vl 2(py < K. Since o is constant on Q4 (v) and on Qa(v),
it readily follows from (4.5a) that

2 2
Z/ ol A2 d(z, 2) :Z/ o| Ay s d(z, 2).
i—1 7 (v) i=1 7 (V)

Since
A2 = 102x: 2 + 102 x:|? + 20%x:0%xi 1=1,2,

we infer from Lemma 4.5 and the above two formulas that

2
S [ ofiodal + 20,008 + 02} de2)
i=1 /i)
2 2
=Y [ bR +2Y [ o (@0 - i) de2)
i=1 7 $(v) i=1 7 $(v)
2
< Z/ o|Ahy ;|? d(z, 2) + 02/ P2v(z) (02x2(z,v(x) + d))2 dz
i—1 7 Qi(v) D

(Opv(2))?
Using Lemma 4.7 with ( = 7/8, along with the identity

O2v(x
_|_/D—1+ ;v (2) [o|VxI*] (z,v(2)) dz.

2
3 / {122 + 200,03 + 2P} d(z, 2)
i—1 7 ()

= UIHVXlHZHl Q) T U2HVX2H2H1 Qa(v))
(Q1(v)) (Q22(v))
we further obtain

a1 VX1l 0, ) + 22V x2lF (0 0))
2
7
< Z/Q ( )O‘|Ahv,i|2 d(:E, z) + C("f) ||VX2||1L/24(QZ(U)) HVX2H1{/f(QQ(v)) :
=1

Hence, thanks to Young’s inequality,

O'l”VXlH?{l(Ql(U)) + 0-2||VX2H%{1(QQ(U))
2
g
< Z/Q ( )U‘Ahy,ip d(sz) + 72 ”VX2H%{1(Q2(U)) + C(H)HVX2”%2(92(U)) .
1=1 A
Recalling that

1 1
2 2 2
Vel < 57 [ oIV @) < o [ ol VR a2)

max{o1,o
< {0_7212}”th”%2(9(0))
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Q2(w)

—L C(w)i D L

FIGURE 3. Geometry of Q(w) for a state w € S with non-empty and disconnected
coincidence set.
by (4.5) and that min{oq, 09} > 0, we conclude that
IV 1171 (0 () + IV X271 (000 0
< (k) (”Ahv,l”%g(ﬂl(v)) + AR 2117, 050y + ”v}lv”%g(ﬁ(v))> :

Owing to the continuous embedding of H?(D) in C(D), combining (4.27) and Lemma 3.2
leads us to the estimate

(4.27)

XN e )y + XL E2(00 @) + X2l 200 (0)
< ¢(8) (IV Aol Lyw)) + 1870111700 0)) + 12202117 (000 0))) -

The bound (4.26a) then readily follows from the assumptions (2.1a) and (2.1c). Finally,
(4.26a), together with (2.1a) and (2.1c), yields (4.26b). O

4.3. H?-Regularity and H?-Estimates on 1, for v € S. Finally, we extend Propo-
sition 4.1 and Proposition 4.8 by showing the H?-regularity of 1), and the corresponding
H?-estimates for an arbitrary v € S; that is, we drop the additional W2 -regularity of v
assumed in the previous sections and also allow for a non-empty coincidence set.

Proposition 4.9. Let k> 0 and v € § be such that ||v||y2(py < k.
(a) The unique minimizer v, € A(v) of J(v) on A(v) provided by Lemma 3.1 satisfies
Yoi =Pola,w) € H (Qi(v),  i=12,

and is a strong solution to the transmission problem (4.1). Moreover, there is
c1(k) > 0 such that

ol z1 )y + 1w lE2 (00 (0) + Y02l B2 (00 0)) < €1(K)- (4.28)
(b) Consider a sequence (vy)n>1 in S satisfying
lvallg2(py <k, n>1, and li_)m [vn — vl (D) = 0. (4.29)

Ifi € {1,2} and U; is an open subset of Q;(v) such that U; is a compact subset of
Q;(v), then

wvn,i — wv,i mn Hz(Uz) )
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recalling that 1y, ; = Py, |Qi(vn)'

The proof involves three steps: we first establish Proposition 4.9 (b) under the addi-
tional assumption

sup {1vn 1l 201 00)) + 1Wvn 2l H2(0(0n)) } < 00

Building upon this result, we take advantage of the density of SN WZ2(D) in S and of
the estimates derived in Proposition 4.8 to verify Proposition 4.9 (a) by a compactness
argument. Combining the previous steps leads us finally to a complete proof of Propo-
sition 4.9 (b). We thus start with the proof of Proposition 4.9 (b) when the solutions
(tw,, )Jn>1 to (4.1) associated with the sequence (v, ),>1 satisfies the above additional bound.
We state this result as a separate lemma for definiteness.

Lemma 4.10. Let & > 0 and v € S be such that ||v]|g2(py < k and consider a sequence
(vn)n>1 in S satisfying (4.29). Assume further that, for each n > 1, (y, 1,%u, 2) belongs
to H?(1(vn)) x H?(Q2(v,)) and that there is pn > 0 such that

1Von 1l 7201 (o)) T 1P0n 2l H2(Q0(00)) < 1 n>1. (4.30)
Then v € H*(Q;(v)), i = 1,2. In addition, if i € {1,2} and U; is an open subset of

Q;(v) such that U; is a compact subset of Q;(v), then
wvn,i - wv,i m H2(Ul)
and
10,1 7201 (0)) + V02l H2(Q0(w)) < B (4.31)

The proof of Lemma 4.10 is very close to that of [7, Proposition 3.13 & Corollary 3.14].
For the sake of completeness we provide a detailed proof in Appendix D.
Proof of Proposition 4.9 (a). Let v € S be such that [[v]|g2(py < k. We may choose a
sequence (vp)n>1 in S N W2 (D) satisfying

v, v in H*D), sg;l) lvnllg2(py < 25 (4.32)

Owing to (4.32) and the regularity property v, € SN W2 (D), n > 1, Proposition 3.3
guarantees that (1, 1, %y, 2) belongs to H2(Q1(v,)) x H?(Qa(v,)) and (1, )n>1 satisfies
(4.30) with g = ¢p(2k). We then infer from Lemma 4.10 that (i, 1, 2) belongs to
H?(21(v)) x H*(Q2(v)) and satisfies

10,1l m2(01 (0)) + V02l H2 (00 (0)) < C0(2K) -

Combining the above bound with (2.1d) and Lemma 4.10 gives (4.28). It remains to
check that v, is a strong solution to (4.1) which can be done as in [7, Corollary 3.14], see
Appendix D for details. O

Proof of Proposition 4.9 (b). Proposition 4.9 (b) is now a straightforward consequence of
Proposition 4.9 (a) and Lemma 4.10. O

Proof of Theorem 1.1. The proof of Theorem 1.1 readily follows from Proposition 4.9 (a).
O
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We supplement the H?-weak continuity of v, with respect to v reported in Proposi-
tion 4.9 with the continuity of the traces of Vi), 2 on the upper and lower boundaries of

QQ(’U).

Proposition 4.11. Let x > 0 and v € S be such that |[v||g2(D) < & and consider a
sequence (vp)n>1 i S satisfying (4.29). Then, for p € [1,00),

Vo, a(s,vn) = Vihpo(-,v) in  L,(D,R?), (4.33)
Vo, 2(vn +d) = Vipyo(nv+d) in Ly(D,R?), (4.34)
and
IVYo2(, )1, (pr2) + [Vbu2( v+ )1, pr2) < clp, k) - (4.35)
Proof. Recall first from (4.28) that
v, 2l 20 (a)) < €1(K),  n2>1. (4.36)

As in the proof of Lemma 4.6 we map Q3(v) onto the rectangle Ro = D x (1,1 + d) and
define, for (z,n) € Rg and n > 1,

¢n(x777) = 1/11)7“2(%,?’] + Un(x) - 1) ) <Z5(x777) = 1/%,2(33777 + U(‘T) - 1) .
Let ¢ € (1,2). Since

Vén(z,m) = <am¢vn + 0 vn0:y,, , az¢vn> (z,m +vp(z) — 1),
020(w,m) = (0200, + 20,000,000, + (02002020, + O20n0-00, ) (.1 + va(w) = 1),
ara??‘%(% n) = <amaz¢vn + amvnag¢vn> (z,n +vp(z) — 1),

Oon(w,m) = O2eby, (2,1 + va(2) = 1),
it follows from (4.29), (4.36), the continuous embedding of H?(D) in C*(D), and that of
H'(Ry) in L?9/(2-9(Ry) that
On € qu(Rg) with ||gz5n||qu(R2) < c(q,K), n>1. (4.37)
Now, given p € [1,00), we choose ¢ € (1,min{2,p}) satisfying 1 < 2/¢ < 1+ 1/p and
s€(2/qg—1/p,1). Since
$n—¢ in WH(Ry)
by (2.1d), (4.37), and Proposition 4.9, the continuity of the trace as a mapping from
W} (R2) to qu_l/q(D x {1}) and the compactness of the embedding of qu_l/q(D) in
L,(D) imply that
Vén(-,1) = Vo(,1) in  Wi=Y9(D) (4.38)
and
IVO(, Dllz,p) < clp. k). (4.39)
That is,
8,3%”,2(-7%) = 817¢n('7 1) — an¢('v 1) = 8,27/)1;,2(‘7”) in Lp(D)
and, recalling (4.29) and the continuous embedding of H%(D) in C'(D),
8907;%”,2('7 Un) = 89c¢n(v 1) - aﬂcvnavﬂsn(" 1)
— 0p9(-, 1) — 000y (-, 1) = Opty2(-,v)  in Ly(D).
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Furthermore, (4.38) and (4.39), along with the bound |[v||z2(py < & and the continuous
embedding of H?(D) in C*(D), entail that

”vwv,Z('?U)HLp(D) < c(p, "i) )

which proves (4.33) and the first bound in (4.35). Clearly, (4.34) and the second bound
in (4.35) are shown in the same way. t

Proof of Theorem 1.3. The proof of Theorem 1.3 is now a consequence of Proposition 3.3
for (1.4a), Proposition 4.9 (b) for (1.4b), and Proposition 4.11 for (1.4c). O
APPENDIX A. THE IDENTITY (4.12)

This appendix is devoted to the proof of the identity (4.12), which can be seen as a
variant of [4, Lemma 4.3.1.2] with piecewise constants linear constraints on the boundaries
instead of constant ones.

Lemma A.1. Let R = D x (0,1 +d) and consider (V,W) € H'(R,R?) satisfying

V(z,0) =V(z,1+d) =0, reD=(-L,L), (A.1a)
W(EL,n) + 75V (£L,n) =0,  ne(0,1+4d), (A.1b)
where T are piecewise constants functions of the form

™ =1 100) + 75 L1144 (A.2)

with (7'1Jr T ,7'2Jr Ty ) € R4, featuring possibly a jump discontinuity at n = 1. Then
/ 0.Vo,Wd(z,n) = / Oy VO, W d(z,n).
R R

When 735 = 735 = 0, Lemma A.1 is a straightforward consequence of [4, Lemma 4.3.1.2].
The novelty here is the possibility of handling the jump discontinuity in (A.1b) when
i # 755 in (A.2).

The proof follows the lines of that of [4, Lemma 4.3.1.2]. For s > 1, we introduce the
space

G (R) := {(V,W) € H*(R,R?) : (V,WW) satisfies (A.1)},
and first report the density of G2(R) in G1(R).

Lemma A.2. G?(R) is dense in G'(R).

As in the proof of [4, Lemma 4.3.1.3], the core of the proof of Lemma A.2 is to establish
the density of the space Z2(OR) of traces of functions in G?(R) in the space Z1(9R) of
traces of functions in G'(R), after identifying these two trace spaces. The proof is almost
identical to that of [4, Lemma 4.3.1.3] and we postpone it to the end of this appendix.

Proof of Lemma A.1. Due to Lemma A.2, it suffices to prove the identity in Lemma A.1
when (V, W) belongs to G?(R). This additional regularity allows us to use integration by
parts to interchange the derivatives and guarantees the continuity of both V and W on
R. Indeed, H*(R) embeds continuously in C*(R) for all a € (0,1) by [11, Chapter 2,
Theorem 3.8] and we deduce that

(V,W) € C(R,R?). (A.3)
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Next, after integrating by parts,

TV, W) = / (0.V0,W — 8,Va,W) d(z,n)
R

= [ [wamen)]

- /D (Vo w)@m|" T+ /R Vo,0,W d(x,1).

Since V(z,0) = V(z,1+d) = 0 for z € D by (A.la) and the second and fourth terms
cancel each other out, we obtain

L
dn—/ V0,0,W d(x,n)
- R

n=1+d

n=0

1+d 1+d
IV, W) = /0 V(L )0, W(L,n) di — /0 V(=L )0, W (~L1) dn.

Now, according to (A.1b) and the regularity of V and W,
oW (£L,1n) = =110, V(£L,m),  n€(0,1),
oW (£L,n) = —1370,V(£L,m),  ne(l,14d),

so that, since [n — V(£L,n)] € C([0,1 + d]) by (A.3),
1 1+d
VW) = =t [ Vo)) dn—rt [ (Vo)L dy

1 14+d
er [ oLy ansry [ (VoV)-L) ay
_ +V(L7 1)2 — V(L70)2 +V(L71 +d)2 — V(L7 1)2
-n 2 R 2
V(_L71)2 — V(_L70)2 = V(_Lvl +d)2 — V(_L71)2
2 2 2

+
STV - DVL0P - RV 4P ZV(L 1 dP (A)
oW 2 ’ g 2 ’ '

+ 7

+_ - -
- %V(L, 1)% + %V(—L, 1)?2.

On the one hand, it follows from (A.1) and the continuity (A.3) of V that
V(£L,0) = lim V(z,0) =0,
r—=+L

A.
VL1 +d) = lim Ve, 1+4d) =0. (A.5)
z—+L

On the other hand, using (A.1b) along with the continuity (A.3) gives
iV (£L,1) = lim 7% (n)V(£L,n) = — lim W(£L,n)
n/1 n/1
= —W(+£L,1) = — lim W(+L,n) = lim 75 (n)V (£L,
(£L,1) = = lim W(EL,n) = lim 7=()V (&L, 1)
= 7V (£L,1).

Consequently,
(rif = 75) V(£L,1) = 0. (A.6)
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Ui

S3 T El+d S2
3%1
F4 :R FQ
Sy Fli S1
- --»
~L 10 r

FIGURE 4. The rectangle R.

Combining (A.4), (A.5), and (A.6) leads us to J(V,W) = 0 and we have proved that
J(V,W) =0, (V,WW) € G*(R). (A7)
In other words, the identity stated in Lemma A.1 is valid for (V, W) € G*(R). O

We provide here a proof of the density of G2(R) in G'(R) as claimed in Lemma A.2. It
is adapted from that of [4, Lemma 4.3.1.3].

Proof of Lemma A.2. To cast the problem under consideration in a form which is as close
as possible to that used in [4, Section 4.3.1], we recall that R is a polygon with vertices

Sy :=(L,0),  Sy:=(L,1+d), Ssy:=(=L,14d), S4:=(—L,0),
and edges
Iy =D x {0} =(54,51),  Ta:={L} x(0,1+d)=(51,52),
Dy:=D x {l+d} =(S2,83), Tai={-L}x(0,1+d)=(S354),

see Figure 4. We next introduce local charts (Y;)1<i<4 in the neighborhood of the vertices
(Si)1§i§4 defined by
= {

o) = {
i) = {

i) = {
We also set

()‘17)‘27)‘37)‘4) = (17T+717T_)7 (M17N27M37/’L4) = (071707 1)7 (A8)

and observe that the main difference to the situation studied in [4, Section 4.3.1] is that
Ao and A4 are not constants, but piecewise constant and possibly discontinuous functions.

,5), s€(0,1+4d),
L+5s,0), se(—2L,0),
L—-s,1+d), s€(0,2L),
L,1—|—d+8) G(_l_d70)7

L,14+d—s), se€(0,1+d),

L—s,1+d), se€(-2L,0),

L+s,0), se(0,2L),

(L
(
(
(
(—
(—
(—
(—L,—s), s€(~1—d,0).
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Now, according to [4, Theorem 1.5.2.3] and the definition of G'(R), the space Z'(OR)
is the subspace of ®?‘:1 H'Y2(I';, R?) defined by

(vi,w;) € HY2(T;,R?), 1<i<4,
Aivi + pyw; =0 on Ty, 1<1<4,
2
/(S [Ui+1(}/;(3)) - UZ(}/Z(_S))] ds < 00, 1<i<4 (AQ)
0 s -

ds < 00, 1<:<4,

2
/6 [wis1 (Yi(s)) — wi(Yi(=s))]
0 S
with 0 := min{l + d,2L} and (vs,ws) := (v1,w;). Owing to (A.8) and (A.9), the in-
tegrability properties listed in (A.9) simplify and Z*(9R) is isomorphic to P(IR,R?)
with
PLOR,R?) := PHOR) x PL(IR),

where P'(AR) is the subspace of ®;_; H'/?(T';) defined by

pi€ HY2(Ty), 1<i<d4,
d (Vi (—a))|2 . . 2 A10
i(Yi i+1(Yi ( )
[ (1P | oGO 4, oy 1cics,
0 S S
with 5 1= 1.

We next turn to Z2(9R) and deduce from [4, Theorem 1.5.2.8] that it is the subspace
of ®;_; H*?(I;,R?) defined by

(vi,w;) € H32(I;,R?), 1<i<4,
)\ivi + pw; = 0 on PZ’, 1 < 1 < 4, (All)
(Vit1, wi1)(Si) = (v, wi)(S) 1<i<4,

with (vs,ws) = (v1,wy). As above, the continuity requirements in (A.11) simplify due to
(A.8) and we conclude that Z2(9R) is isomorphic to P?(OR,R?) with
P2(OR,R?) := P%(OR) x P2(OR),
where P?(OR) is the subspace of ®?:1 H3/2(T;) defined by
pi € HY(Iy),  1<i<d, (A12)
@i(Si)) = ¢it1(S;) =0,  1<i<A4,

with @5 = ¢1.

Now, since ®?:1 C(T;) is dense in P(OR) by Lemma B.1 below and obviously in-
cluded in P?(9R), the density of P?(OR) in PL(GR) follows, and that of Z2(OR) in
Z1(OR) as well. The remainder of the proof is then the same as in [4, Lemma 4.3.1.3], to
which we refer. O

APPENDIX B. A DENSITY RESULT

In this appendix, we recall a density result which is stated without proof in [4, Lemma 4.3.1.3]
and used in the proof of Lemma A.2. We provide a proof for the sake of completeness.

Lemma B.1. The space C2°((0,1)) is dense in H'/2(0,1) N Ly((0,1), dz/z).
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A preliminary step is the analogue of Lemma B.1 when (0, 1) is replaced by (0, c0).
Lemma B.2. The space C°((0,00)) is dense in H'/?(0,00) N Ly((0, 00), dz/z).

Proof. Set X := H'Y2(0,00) N Ly((0,00),dz/x). The proof is divided into two steps: we
first show that C2°([0,00)) N X is dense in X with an argument from [10]. We then use a
method of truncation as in [12] to complete the proof.

Step 1: Density of C°([0,00)) N X in X. Consider f € X and 6 € (0,1). As in [10], we
define I := (1/4, ) for j > 1 and note that

- 1 1
Dj =L\l 1= —,—
3= L\ <j+1’j—1

Since (0,00) = I U (szz Dj>, there exists a partition of unity (1)j);>1 consisting of
non-negative functions in C2°((0,00)) such that

suppyq C I and suppy; C D; for j>2, (B.1a)

> () =1 for x € (0,00), (B.1b)
j=1

and, for every compact subset K of (0,00), there exist an integer /x > 1 and an open
subset Ok of (0,00) such that

lk

K C Og and ij(x) =1 for z € Ok. (B.1c)

j=1
Observe that, if x € (1/2,1) U (1,2), then « € Is N Dy and x ¢ Dy for k > 3, while,
ifx e (1/(j+1),1/j)U(j,j+1) for some j > 2, then x € D; N Dj;q and = & Dy, for
1<k<j—1landk > j+ 2 Inaddition, 1 € Is but 1 & Dy for k > 2. Consequently,
given x € (0,00), the series in (B.1b) has at most two non-vanishing terms.

Next, let (0e)ee(0,1) be a family of C*-smooth mollifiers satisfying

supp - C (—¢,¢e) and / o-(x) de =1 for £ € (0,1). (B.2)
R

Let j > 3 and € € (0,1). Owing to the properties of the convolution,

supp (0- * (¥ f)) C <j41r1 —

so that, if € € (0,1/(j + 1)(j +2)), then

1
E,j_1+€>u(j—l—€,j+1+a),

supp (0 * (¥;f)) C (j%] + 2) : (B.3a)
Similarly, for e € (0,1/12),
supp (0= * (¥2f)) C <%74> : (B.3b)

and, for € € (0,1/6),

supp (g6 * (¢1f)) C <%, 3> . (B.3c)
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Since (g6 * (ijf))ee(o ) converges to ¢, f in H'2(0,00) and in Ly (0, 00) for each j > 1 as
e — 0, we may pick €; € (0,1) such that

1 .
Ej c (O, m) s ] 2 1, (B4a)
e, * (Wi f) = Vifll gz <027, G 21, (B.4b)
)
| 0c, * (W5 f) — ¢jf||L2(O,OO) < x/j+—22_]’ j>1 (B.4c)

A first consequence of (B.3), (B.4a), and (B.4c) is that, for j > 1,

[0, * (w3 f) - ijfHLz((O,oo),dx/x)

j+2 2\
= (/1] (o, * (5.f) — i f) ()] d—>

/(i+2) x

j+2 1/2
<Vi+2 (/1 (0, * (Wi ) — w5 f) ()] dx)

/(i+2)
< Vi +2]ee; * (Wi f) - %fHLQ(o,oo)
<5279 (B.5)

Still following the argument in [10], we now define

00 k
Fi=> oc,x(1;f) and Fpi=> oo *(Wf), k>1. (B.6)
j=1

Jj=1

By (B.3), given z € (0, 00),

(00 * 3)®) =0 for j 22+ max (s 1}

so that F'(z) is actually a finite sum. As a consequence, F' € C°([0,00)) and, for k > 2
and z € Iy, we infer from (B.1) and (B.6) that

k+2
F(w) =3 (0% (956)) (@) = Fipa(2) (B.7a)
and
00 k+2
fl@) =3 W) @) =Y (1)) (B-7)

J=1 J=1
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Let k > 2. Owing to (B.4b) and (B.7),

k42 k+2
If = Fllgarzgy = ||D 0e % (if) = > i f
Jj=1 Jj=1 H1/2(Ik)
k42
< lloey * Wi f) = b fllgrey <6 (B.8)
j=1
In particular,
[N 2y < 6+ W f ey <0+ 11 lm2,00) - (B.9)

We use Fatou’s lemma first to deduce from (B.9) that F' € H'/2(0,00) with

I F N 172 (0,00) < 6+ Lf 1112 (0,00 +
and then from (B.8) that
1f = Fll /20,00y <6 - (B.10)
Similarly, for k& > 2, it follows from (B.5) and (B.7) that

k2 k2
1f = Fllpg (oo = || 05 % (i f) =D i f
j=1 j=1

Lo(Iy,dz/x)

k+2
< Z HQ€]‘ * (¢]f) - ¢ijL2(Ik,dm/w) <9d. (Bll)
j=1
In particular,
1| Lo (1 da/z) < 6+ 1l Loty da /) (B.12)

and we invoke again Fatou’s lemma to derive first from (B.12) that F' € Ly((0, 00),dz/x),
and then from (B.11) that

1f = FllLo((0,00),da/z) <6 (B.13)

According to (B.10) and (B.13), we have constructed a function F' € C*°([0,00)) N X lying
in a d-neighborhood of f in X. This result being valid whatever the value of 6 € (0,1), we
have established the density of C*°([0,00))NX in X. Finally, we use a standard truncation
argument to deduce that C2°(]0,00)) N X is dense in X.

Step 2: Density of C°((0,00)) in X. We argue as in the proofs of [12, Theorems 2.9.2 (c)
& 2.9.3 (d)]. We fix x € C®°(R) such that y(z) = 0 for z € (—o0,1], x(z) = 1 for
x € [2,00), and x(z) € [0,1] for x € [1,2], and set xa(x) := x(z/A) for z € R and
A€ (0,1).

Let f € X and § € (0,1). According to the previous step, there is F' € C2°([0,00)) N X
such that

Hf - FHH1/2(0,00) + ||f - F||L2((O,oo),d:c/x) <5 (B14)

N S
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Since F' € C2°([0,00)) N X, we observe that, for € € (0, 1),

1 1 T 2
dz dx
F > [ |F(x)]? = [ |F(0 / F'(y) d
1Pliaomraore > [ 1P@F == [P0+ [P an) S5
HE©O)P ’ 2l de
> — F'(y) d
> /0 5 </0 () y) e
|F(0)? 1 "2 boa?
2 In{1l+-)- IE 17 0,1 e dz
2 F 2
JEOP 1Y e
2 € 2
Letting € — 0 in the above inequality implies that F'(0) = 0, from which we deduce that
|F(x)| < Az, x€10,2], (B.15)
with Al = HF/HLOO(O,2)'
Now, for A € (0,1), it follows from (B.15) that
2) ) 1/2
I~ 0Pl = ([ (- a@)F@P a)
22 1/2
< A ( / 22 da;) < V3BAN? (B.16)
0

and

[F" = (X2 F)' | £a0,00) =
<

1- XA)F/ + FX/)\HLz(O,oo)
1-— XA)F/”LQ(O,OO) + ”FX/)\HLz(O,oo)

2\ 1/2
< ([ 1ree )
0
Al 2 ) [T 2 1/2
+ ([ G )
/ 7A /
SV2A|F'| L 0,2) + §A1HX [ Loo (R)

< AV, (B.17)

where Ay := 2A;(1 + |[X'|lLo®)). By interpolation, we deduce from (B.16) and (B.17)
that

1€
1€

1/2 1/2
IF = XaF ll11/2(0,00) < AIF = xaFll 10 o) 1F = XaFl[12g o) < AN (B.18)
for some constant A > 0 depending only on F' and x. Similarly, by (B.15),

2\ ) ,da 1/2
IF =0 Fllaooaer = [ (1= @) F@PE)
1/2

< A </02/\x da:) = V24, ). (B.19)
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Thanks to (B.18) and (B.19), there is Ay € (0,1) such that

||F X)\(SFHHl/z 0,00) + ||F X)\(SFHL2 ((0,00),dz/x) <

l\')lQ':

Together with (B.14), the above estimate ensures that
1 = X0 F L ir1/2(0,00) + 11 = X0 F | Lo ((0,00) da /) < 0
and completes the proof, since xx,F € C:°((0,00)). O

Proof of Lemma B.1. The derivation of Lemma B.1 from Lemma B.2 is also adapted from
the proofs of [12, Theorems 2.9.2 (¢) & 2.9.3 (d)]. First, arguing as in the proof of [2,
Theorem 8.6], we construct an extension operator

E € L£(L2(0,1),L2(0,00)) N L(H'(0,1), H'(0,00)) ,
E € L(Ly((0,1),dz/z), L((0,00),dz/x)) ,
and satisfies Ef = f a.e. on (0,1). By interpolation, E € £(H1/2(0, 1), H'/? (0,00)).

Now, let f € H'/2(0,1)NLy((0,1),dz/x) and § € (0,1). Since Ef belongs to H/2(0, 00)N
Ls((0,00),dz/x), we infer from Lemma B.2 that there is £ € C¢°((0,00)) such that

1)
IEf = &llmr20,00) + 1ES = EllLo((0.00) da/z) < 7

We again fix x € C*°(R) such that x(z) =0 for x € (—o0, 1], x(z) =1 for € [2,00), and
x(z) € 10,1] for z € [1,2]. For A\ € (0,1/4) and = € (0,00), we set

o) = (7).

(B.20)

and observe that
Ex(x) =0 for ze€[l—-Xoo) and &y(x) =¢&(z) for x € (0,1 —2)].

Since £ € CX((0,00)) and x € C*°(R), we conclude that &, € C°((0,1)) for all \ €
(0,1/4). Furthermore,

1€ = Ellra0.1) < V2AI€ll o0 01) »
1€ = Ell La((0.1).d2/2) < 2V €N Loc(0.1) » (B.21)

2
1€" = E\llLo(0,1) < 7“5”@[01])

By interpolation, we infer from (B.21) that

1/2 1/2
”g_gA”Hl/?(O,l) < bHS_gkujjl((n Hf f)\”L/Q 0,1) b”guCl(Ol

for some positive constant b depending only on x. The above estimate ensures that
(€x)ae(0,1/4) 1s bounded in H'Y2(0,1), while it follows from (B.21) that (€x)ae(0,1/4) con-
verges to £ in L2((0,1), (14+1/z)dx). Consequently, there is a sequence (A;);>1 in (0,1/4),
Aj — 0 as j — oo, such that

1
]11330/ &y, (z) — £@@)|° <1+ )dsz, (B.22)
&, — ¢ in H1/2(0 1). (B.23)
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According to (B.23) and Mazur’s lemma, there is a sequence (£)x>1 made up of convex
combinations of (§),);j>1 such that (&k)k>1 converges strongly to & in H'Y2(0,1). Each &,
being a convex combination of (£y;);>1, it is obvious that § € C2°((0,1)) for each k > 1
and that (B.22) entails that

1
_ 1
lim / &k () — 5(33)‘2 (1 + —> dz =0.
k—o0 0 X
Therefore, there is ks > 1 such that

_ - 0
kaa - §HHl/2(o,1) + Hgks - gHLQ((O,l),dx/x) < 9 (B.24)

Recalling that Ef = f a.e. in (0,1), we combine (B.20) and (B.24) to conclude that
£, lies in a d-neighborhood of f in H'/2(0,1) N Ly((0,1),dz/z), thereby completing the
proof. O

APPENDIX C. PROOF OF PROPOSITION 3.3

For M > 0, we set 2y := D x (—H, M) and define, for v € S,
1 / 9
= oV (0 +h,)|*d(z,2), € HHQv)),
GW)[O] =1 2 Jow) 0
0, 0 GLQ(QM)\Hol(Q(’U))
We point out that G(v)[0] = J(v)[§ + hy] for € HE(Q(v)). The next result is devoted
to the stability of G(v) with respect to v which we express in terms of I'-convergence of
functionals.

Lemma C.1. Consider v € S and a sequence (vy)n>1 in S satisfying (3.4). Then
r— nh_)rrolo G(vp) = G(v) in Lo(Q),
where M is defined in (3.5) and Qp = D x (—H,M).
Proof. The proof follows the lines of that of [7, Proposition 3.11]. A first consequence of
(3.4) and the continuous embedding of H}(D) in C(D) is the uniform convergence
v, — v in C(D). (C.1)

Step 1: Asymptotic Lower Semicontinuity. Let (6,),>1 be an arbitrary sequence in
Lo(Qpr) and 0 € Lo(Q2ps) such that

Hn — 60 in LQ(QM) . (02)
In order to prove that
G(v)[d] < liniinfG(vn)[Hn] , (C.3)

we may assume without loss of generality that 6, € H}(Q(v,)) for all n > 1 and that
(G(vp,)[0n])n>1 is bounded, since (C.3) is clearly satisfied otherwise owing to the definition
of G. Therefore, denoting the extension of 8,, by zero in Qs \ Q(v,,) by 0, it follows from
assumption (2.2) that (6,,),>1 is bounded in HJ(Q), so that

(én)n21 is weakly relatively compact in Hg(Qa) - (C.4)
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Introducing 6= 01¢(,), we compute

én—é‘ :/ 10, — 0]2d(z, 2) +/ 10,2 d(z, 2)
L2 () Q(v,)NQ() Q(vn)N( 2 \Q(v))
+ 0 d(z,2)
(Qa\Q2(vn))N2(v)
g/ 6, — 012 d(x, 2) +2/ 10, — 012 d(x, 2)
Avn)NOv) Qo) (0 \2))

+2/ 0 d(z, 2) +/ 02 d(z, 2)
o)\ 20)) (ar\Awm)NAD)

2 2
<26, - HHLZ(QM) * 2/Q(v )N \2(v)) o)

+/ 0)?d(z, 2) .
(21 \2(vn))N2(v)
Owing to (C.1),

lim_ [2(0) 0 (@0 \ Qv))] = T [(Qar\ Q(en) N Qv)| =0,

n—o0

a property which, together with (C.2) and Lebesgue’s theorem, entails that the right-hand
side of the above inequality converges to zero as n — oo. Cons~equently, (0r)n>1 converges
to 6 in Lo(2pr). This property, along with (C.4), implies that § € H{(Qar) and, bearing in

mind that Q(v) C Qs and the compactness of the embedding of H*(Q(v)) in H3/4(Q(v)),

0, —0 in HY(Qy), 6,—0 in HY*Q)). (C.5)
Invoking (2.1d) and the continuity of the trace, we deduce

On + oy, = 0+h, in Ly(3Q(v)). (C.6)
We now claim that (C.5) and (C.6) imply 8 € H}(Q(v)). Indeed, on the one hand, § = 6
vanishes on D x {—H} and on {+L} x (—H,d). On the other hand, we infer from Hélder’s
inequality that

ho, (2, 00 (2) + d) — (B + ho, ) (@, v(z) + d)(

= | B+ B )@, 0 (@) + ) = (G + P, ), 0(@) + d)|

vp(z)+d B
/ 0.0y, + hy,))(z,2)dz
v(z)+d

M 1/2
< lon (@) — ()2 (/_H 102G + o, )z, 2)|? dz>
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for a.e. x € D, and thus

/D o (2, 00 (@) + d) — (G + B, )z, v() + d)[2 dz

/\vn —v(x ]/ (0 + ho, ) (2, 2))? dzdz

|vn — UHLOO(D)
min{oy, 02}

/ oV + by, ) (2, 2)? d(z, 2)
Qs

[vn —vllL (D) 2
=2—————=— { G(v,)[0, +/ o|Vhy, (x,2)|"d(z,2) p .
Y p— (vn)[6n] . ! (z,2)["d(z, 2)

Note that the sum embraced with curly brackets is bounded due to the boundedness of
(G(vp)[0n])n>1 and (2.1d). Consequently, the uniform convergence (C.1) guarantees that
the right-hand side of the above inequality converges to zero as n — oo. Hence, due to
(2.1e) and (C.6), we conclude that § = 0 on {(x,v(z)+d) : * € D} and thus § € H}(Q(v)).
Now, by (2.1d) and (C.5),

On + hy, = 0+h, in Hi(Qy),
so that

n—oo

o|V(0 + hy)|?d(z, 2) < hmlnf/ |V (0, + hy, )|? d(z, 2) . (C.7)
Qm

Qnr

Since 6,, € HE(Q(vn)),

/ 0|V (B + o, )2 d(x, 2) = / o|Vhe, [2d(z, 2),
QA{\Q(UTL) Q]W\Q(vn)

and we deduce from (2.1d) that

Jim oV (B + b, )2 d(z, ) = / o Vho|? d(z, 2)
o0 S \Q(vn) Qar\Q(v)

] (C.8)
:/ V(G + hy) | d(z, 2)
Qar\Q2(v)

the last equality being due to § € H{(Q(v)). Combining (C.7) and (C.8) gives (C.3).
Step 2: Existence of a Recovery Sequence. We only need to provide a recovery sequence
for € H}((v)), in view of the definition of the functional G(v). Note that 8 € H ()
and that f := —Af € H~1(Q/) can be considered also as an element of H~1(Q(v,)) by
restriction. Let now 6,, € H}(2(v,,)) denote the unique weak solution to

—Af0, =f in Qv,), 0, =0 on 0Qvy,).
Since the Hausdorff distance dg in Qp (see [5, Section 2.2.3]) satisfies

dp (Q2(wn), Q(v)) < |lvn = vl| Lo (p) =0

by (C.1) and since Qy; \ Q(v,,) has a single connected component for every n > 1 as
v, > —H, it follows from [13, Theorem 4.1] and [5, Theorem 3.2.5] that #,, — 6 in

H} (), where § € HO( is the unique weak solution to

M)
=f=-A0 in Qu, 6=0 on 0.
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Since 6 and 6 both belong to H&(Q M), we readily deduce from the above equation that
6 = 0, so that 6, — 6 in H}(Qu). Since 0, € H}(Q(v,)) and 0 € HE(Q(v)), this
convergence yields, along with (2.1d) and (2.2),

/ ayV(9+hv)y2d(x,z)=/ o (|VO]? +2V0 - Vhy, +|Vh|?) d(z, z)
Q(v) Q(v)

= lim o (|V0, > +2V0, - Vh,,) d(z,z)

n—oo Q]VI

+ lim o|Vhy, |2 d(z, 2)

n—oo Q(Un)

= lim a|V (O, + hy,)?d(z, 2) ;

n—oo Q(U7L)
that is,
G(v)[0] = lim G(v,)[0n].

n—oo
Hence, (0,,)n>1 is a recovery sequence for 6.

Thanks to the just established two properties, we have proved the I'-convergence of
(G(vp))n>1 to G(v) in La(Qpr). O

Proposition 3.3 is now an almost immediate consequence of Lemma C.1.
Proof of Proposition 3.3. For n > 1, set

Xn = Yy, — hy, € H&(Q(Un)) C H(%(QM),

and recall that X, is a minimizer of G(v,) in H}(Q(v,)) by Lemma 3.1 and Qp = D x
(—H,M). Since (v,)n>1 is bounded in H!(D), it follows from Lemma 3.1, Lemma 3.2,
and (2.2) that (xn)n>1 is bounded in H{(Qpr). Hence, there are a subsequence (n;);>1
and x € Hj(Qr) such that x,,; = x in La(Qar) and x»; = x in Hg(Qy). By Lemma C.1
and the Fundamental Theorem of I'-Convergence, see [3, Corollary 7.20], y is a minimizer
of the functional G(v) on L2(y). Clearly, from the definition of G(v), we see that
X + hy € A(v) minimizes the functional J(v) on A(v), hence 1, = x + hy, by Lemma 3.1.
Consequently, x = 1, — h, is the unique cluster point of the sequence (xn)n>1 in La(2ar)
and this sequence is compact in that space and weakly compact in H{(Q)/). Combining
these properties leads us to conclude that y, — x in La(2) and x,, — x in H(Qur).
Moreover, the Fundamental Theorem of I'-Convergence, see [3, Corollary 7.20], also ensures
that

Tim 7 (o), ]| = lim Glon)] = G) = T (0[],
In particular, this property, along with (2.1d), implies that
T {xnll g ar) = X2 00) -

Since (xn)n>1 converges weakly to x in Hg(Qp), this gives the strong convergence of
(Xn)nZl in H&(QM) U
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APPENDIX D. PROOF OF PROPOSITION 4.9
We first establish Lemma 4.10 which is the building block of the proof of Proposition 4.9.

Proof of Lemma 4.10. Tt first follows from (4.29) and the continuous embedding of H?(D)
in CY(D) that

M = s { ol suplonlo ) f <o
and
Jim [, = vljerp) = 0. (D.1)
We may then apply Proposition 3.3 to obtain that
Vo, — Py, — Yy — hy in HY(D x (—H, M)). (D.2)

Now, fix i € {1,2} and let U; be any open subset of Q;(v) such that U; is a compact
subset of Q;(v). Owing to (D.1), there is an integer N > 1 such that U; C Q;(v,,) forn > N.
We then infer from (2.1d), (4.30), and (D.2) that (3, ;)n>n is bounded in H?(U;) and

Yopi — Yy in HY(U;) as n — oo. Thus, (Yu,.i)n>nN is a weakly compact sequence in
H?(U;) which has a unique cluster point 1,.; for that topology, so that 1, ; € H?(U;) and

Voo i — i in HA2(U;) as n— oo. (D.3)
In particular, we deduce from (4.30) and (D.3) that

/ |8l 1/)v1|2 :EZ)<11H11Hf/ |8l8k¢vnl|2 d(z, 2)

< sup {/ \8§8§wvn,i!2 d(z, Z)}
n>1 Qi(vn)

for (I,k) € {(2,0),(1,1),(0,2)}. We then use Fatou’s lemma to conclude that 0Ld%, ;
belongs to La(£2;(v)) for (1,k) € {(2,0),(1,1),(0,2)} with

/ 10052 d(, 2) < sup{ / |aia§wvn,i|2d<:s,z>} .
QZ(U) n>1 Qi(vn)

Therefore, ¥, ; € H%(Q;(v)) and (4.31) readily follows from (4.30) and the above estimate.
O

Proof of Proposition 4.9 (a). Let v € S be such that [[v]|g2(py < k. We may choose a
sequence (v, )n>1 in S N W2 (D) satisfying
v, = v in H*D), sup [|vn | g2(py < 2k (D.4)
n>1

Owing to (D.4) and the regularity property v, € SN WZ2(D), n > 1, Proposition 3.3
guarantees that (1, 1, %y, 2) belongs to H2(Q(v,)) x H?(Qa(v,)) and (1, )n>1 satisfies
(4.30) with g = ¢o(2k). We then infer from Lemma 4.10 that (¢, 1,1y, 2) belongs to
H2(Q1(v)) x H*(Q2(v)) and satisfies

w1l 5200, ) + 1Yw2llm2(000)) < c0(25) -
Combining the above bound with (2.1d) and Lemma 4.10 gives (4.28).
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We now check that 1), is a strong solution to (4.1). As a minimizer of J(v) on A(v)
according to Lemma 3.1, the function ¢, satisfies

/( )awv -VOd(z,2) =0, 6¢c H(Qv)). (D.5)
Qv

Thus, since (¥y.1,%02) € H2(Q1(v)) x H?(Qa(v)) it readily follows that div(eViy,) = 0
in Q(v) as claimed in (4.1a). Moreover, owing to v € C(D), we can write the open
set {z € D : v(z) > —H} as a countable union of open intervals ((a;,b;))icr, see [1,
IX.Proposition 1.8]. Let i € I and set

O;(v) :={(x,2) € (a;,b;)) xR : —H < z <wv(z)+d} C Q).

For each 0 € D(O;(v)) we infer from (D.5) and GauB’ theorem that
b;

0= /Oi(v) oV, - VOd(z,2) = /a (IoVe] - nsy,0) (z,v(2)) da,

7

hence [0V, ] - nyp, (-, v(-)) = 0 a.e. in (a;,b;). Therefore, [oVi),] - nx(,) = 0 on ¥(v) as
stated in (4.1b). Finally, since ¢, € H*(Q(v)) we have [1,] = 0 on ¥(v), while (4.1c) is

due to 9, € A(v). O

Proof of Proposition 4.9 (b). Proposition 4.9 (b) is now a straightforward consequence of

Proposition 4.9 (a) and Lemma 4.10. O
REFERENCES

[1] H. AMANN AND J. ESCHER, Analysis I1I, Birkhauser Verlag, Basel, 2009.

[2] H. BREZIS, Functional analysis, Sobolev spaces and partial differential equations, Universitext,
Springer, New York, 2011.

[3] G. DAL MAso, An introduction to I'-convergence, vol. 8 of Progress in Nonlinear Differential Equations
and their Applications, Birkh&user Boston, Inc., Boston, MA, 1993.

[4] P. GRISVARD, Flliptic problems in nonsmooth domains, vol. 69 of Classics in Applied Mathematics,
Society for Industrial and Applied Mathematics (SIAM), Philadelphia, PA, 2011. Reprint of the 1985
original.

[5] A. HENROT AND M. PIERRE, Shape variation and optimization, vol. 28 of EMS Tracts in Mathematics,
European Mathematical Society (EMS), Ziirich, 2018.

[6] PH. LAURENGOT AND CH. WALKER, Heterogeneous dielectric properties in models for microelectrome-
chanical systems, SIAM J. Appl. Math., 78 (2018), pp. 504-530.

[7] ——, Shape derivative of the Dirichlet energy for a transmission problem, Arch. Ration. Mech. Anal.,
237 (2020), pp. 447-496.
[8] ——, Stationary solutions to a two-dimensional free boundary transmission problem arising in the

modeling of an electrostatically actuated plate. 2021.
[9] K. LEMRABET, Régularité de la solution d’un probléme de transmission, J. Math. Pures Appl. (9), 56

(1977), pp. 1-38.

[10] N. G. MEYERS AND J. SERRIN, H = W, Proc. Nat. Acad. Sci. U.S.A., 51 (1964), pp. 1055-1056.

[11] J. NECAS, Direct methods in the theory of elliptic equations, Springer Monographs in Mathematics,
Springer, Heidelberg, 2012. Translated from the 1967 French original by Gerard Tronel and Alois
Kufner, Editorial coordination and preface by Sérka Necasovs and a contribution by Christian G.
Simader.

[12] H. TRIEBEL, Interpolation theory, function spaces, differential operators, vol. 18 of North-Holland
Mathematical Library, North-Holland Publishing Co., Amsterdam-New York, 1978.

[13] V. SVERAK, On optimal shape design, J. Math. Pures Appl. (9), 72 (1993), pp. 537-551.



38 PHILIPPE LAURENCOT AND CHRISTOPH WALKER

INSTITUT DE MATHEMATIQUES DE ToOULOUSE, UMR 5219, UNIVERSITE DE ToOULOUSE, CNRS, F-
31062 TouLousE CEDEX 9, FRANCE
Email address: laurenco@math.univ-toulouse.fr

LEIBNIZ UNIVERSITAT HANNOVER, INSTITUT FUR ANGEWANDTE MATHEMATIK, WELFENGARTEN 1,
D—-30167 HANNOVER, GERMANY
Email address: walker@ifam.uni-hannover.de



