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A CONVERGENT FINITE VOLUME SCHEME FOR DISSIPATION DRIVEN
MODELS WITH VOLUME FILLING CONSTRAINT

CLEMENT CANCES AND ANTOINE ZUREK

ABSTRACT. In this paper we propose and study an implicit finite volume scheme for a general
model which describes the evolution of the composition of a multi-component mixture in a
bounded domain. We assume that the whole domain is occupied by the different phases of
the mixture which leads to a volume filling constraint. In the continuous model this constraint
yields the introduction of a pressure, which should be thought as a Lagrange multiplier for the
volume filling constraint. The pressure solves an elliptic equation, to be coupled with parabolic
equations, possibly including cross-diffusion terms, which govern the evolution of the mixture
composition. Besides the system admits an entropy structure which is at the cornerstone of
our analysis. More precisely, the main objective of this work is to design a two-point flux
approximation finite volume scheme which preserves the key properties of the continuous model,
namely the volume filling constraint and the control of the entropy production. Thanks to these
properties, and in particular the discrete entropy-entropy dissipation relation, we are able to
prove the existence of solutions to the scheme and its convergence. Finally, we illustrate the
behavior of our scheme through different applications.

1. INTRODUCTION

In this work we consider in € a connected bounded domain of RY and for any arbitrary finite
time horizon T" > 0 the evolution of a mixture made of n + 1 components. The evolution of the
mixture composition u = (u;)<;<,, is given by the following partial differential equations

(1) Opu; + div(—diuiVui) =0 inQr=0x (O,T), 1 =0,...,n,

where d; > 0 is the diffusivity of the i*" component, p; is its potential and u; denotes its volume
fraction. The whole domain 2 is occupied by the n 4+ 1 phases, leading to the following volume
filling constraint

(2) (u,1) =) w; =1 inQr,
=0

where (-,-) stands for the canonical scalar product of R"™!. In what follows, we use the same
notation for the canonical scalar product of R("*1)*N = The difference of the potentials between
the phase ¢ and the phase 0 is given by

oF oF

(3a) Wi — o = —(u)

5, () mQpr,i=1,...,n.

" buo

Here, 2£ (u) = (2£ (u) : Q7 — R"T! denotes the first variation (or Fréchet derivative) of
ou ou; 0<i<1
some energy functional E : [0,1]""! — R . Motivated by applications to be discussed later on in

Section &8, the energy functional E is assumed to have the generic form

E(u) = Z/ [; (u;(log(u;) — 1) + 1) + w; 0] dz +/ B(u)dz,
i=0 7@ Q
In the above definition of E, the coefficients a;; > 0 can be thought as related to thermal agitation,
U, a given external potential acting on phase i (and assumed to be independent on time for
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2 C. CANCES AND A. ZUREK

simplicity) and B : R"*! — R is a O! convex function. Using the above definition of E we can
rewrite the equation on the difference of the potentials as

0B OB )
(3b) Wi — po = o log(u;) — aglog(ug) + ¥; — ¥g + (u) — —(w), i=1,...,n.
8ui 8’&0
Finally, we prescribe no-flux boundary and initial conditions:
(4) diui Vi -v=0 ondQx (0,T), ui(-,0)=u? inQfori=0,...,n,
where we assume that u) is nonnegative for i = 0,...,n with >I juf(z) =1 for a.e. € Q and

v denotes the exterior unit normal vector to 0f).

The system (1)-(4) is not yet closed. Indeed, the potentials g = (14;)<;<,, are defined up to a
common additive constant due to the no-flux boundary conditions. The approach proposed in [31]
for fixing this degree of freedom consists in enforcing a zero-mean condition on some averaged
potential, i.e.,

Z/ui(x,t),ui(ac,t)dxzo for 0 <t <T.
i=0 7§

Here, we rather impose the condition

(5) ZZ:% /Q ui(z, t)pi(z,t) de = ZZ:% /Q u;(x, 1) Tm(u(%t))dx for 0 <t < T,

the meaning of which will become clear after a reformulation of the problem to be presented in
Section 2.2.

2. PRELIMINARY CONSIDERATIONS ON THE CONTINUOUS MODEL

Prior to discretizing the model under consideration, we discuss several aspects of the continuous
model. First, we highlight in Section 2.1 that the continuous model can be interpreted as the gen-
eralized gradient flow of the energy E in a geometry related to optimal transportation constrained
by the volume filling condition (2). A reformulation of the problem is then proposed in Section 2.2
in order to explicit the corresponding Lagrange multiplier, while we introduce in Section 2.3 an
entropy production estimate on which the definition for weak solutions and our numerical analysis
will rely. Finally, in Section 2.4 we present the main objectives of this work and give a state of
the art.

2.1. Variational interpretation of the model. The system (1)—(5) can be interpreted as a
generalized gradient flow in some constrained Wasserstein space. More precisely, the space

(u,1) =1 a.e. in Q and][

M = {u e L' (R
Q

udzx :u},

where the mean values w = (u;)y<;<,, € (0,1)""! is such that v’ = (u?)0<i<" belongs to M.

In particular, (w,1) = 1. The space M can be equipped by the constrained Wasserstein metric
defined as follows: let ug, w1 be two elements of M, then define the squared distance

n 1 1
6 2 = inf — B(u;, F;)dzdt,
() W) = ot 3 [ B R

where B : R x RV — R, U {+0o0} is the convex lower semi-continuous function introduced by
Benamou and Brenier [10] defined by

L£12 if u > 0,
Bu,F)=<¢0 if F=0and u=0,
+00 otherwise.

In (6), the fluxes F' = (£),,<,, are required to belong to the set

X={F:Qx(0,T)—R™N]|
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Qi +divE; =0, F;-v =0, u(-,0) = ug, u(-,1) =uy, (divF,1) =0}.

While the first four constraints in the definition of X classically appear in the dynamical formu-
lation of the optimal transportation problem, the last constraint (div F',1) = 0 is there to enforce
that u(-,t) € M for all t € [0,1], i.e., all along the geodesics joining ug to w;. We refer to [11] for
the computation of such geodesics.

Saying that the dynamical system (1)—(5) can be seen as the gradient flow of the energy E
in the metric space M equipped with the metric W means that this systems evolves along the
steepest descent direction of the energy F for the geometry of optimal transportation with con-
straint (2). While the gradient flow structure in this complex geometry was already pointed out
in the pioneering works [64], the mathematical analysis for such problems using a variational ap-
proach has been proposed much more recently. The model for incompressible multiphase porous
media flows considered in [26] is very close to our problem, whereas [31] deals with the extension
to fourth-order dissipative system.

As a consequence of the gradient flow structure of the problem (1), the energy F(u) decays
along time. More precisely, multiplying (1) by p;, summing over ¢ = 0, ..., n and integrating over
Q yields after integration by parts

/ (Opu, pydx + Z/ diu; |Vyi|* dz = 0.
Q /e

Using (2) and (3), the first term rewrites

OF d
/Q@tu,u)d:c = /Q@tu, E>dz = aE(u)

Therefore,
d ” 2
(7) B =— Z%/Qdu |V * dz < 0.

This energy-dissipation relation is one of the core properties of the system. However, the analysis
carried out in the paper does not rely on it, but rather on the control of the production rate of an
entropy functional to be introduced in Section 2.3.

2.2. Reformulation of the model (1)—(4). It follows from the condition (3) that the potentials
p can be rewritten

OF
(8) i = &u‘(u)—l—ﬂ:ailog(ui)—&—\lli—l—bi(u)—i—w, i=0,...,n,

where the pressure 7 : Q7 — R is the Lagrange multiplier for the constraint (2) and b(u) =
(bi(u))o<i<n = (0B(u)/0u;)o<i<n. Now, our goal is to rewrite the system (1)—(4) with the 2n +2
unknown functions po, . . . , tn, and uo, . . . , Uy, as a system of n+ 1 unknown functions uq, ..., uy, 7.
In this aim, we first rewrite, using the expression (8) of the potential y;, the equation (1) as

Then, summing over ¢ = 0, ..., n these equations and using the constraint (2) we deduce that
n
Z div (—aidiVui — dzuzv\lll — dluZVbl(u) — diuiVﬂ') =0.
i=0
Thus, the function 7 solves the following elliptic equation
n n
div (— (Z dzuz> Vﬂ') = Z div (alleuz + d;u; VV; + dluZVbl(u)) .
i=0 i=0
Now, we rewrite the system (1)—(4) as: find a solution wy, ..., u,, 7 of the system

(10a) Ou; +divF;, =0 inQpr,i=1,...,n,
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(10b) div < (Z diui> w) +divG =0 inQrp,

i=0

where the fluxes are given by

(lla) ]: = Oéld Vul diuiV\Ili — dZU1Vb1(’lL) — diuiVﬂ', for i = 0, oy,
(llb) Gg=-— Z (aidiVui + d;u; VU, + dzu,Vbl(u)) s
=0

and wug is defined as
(12) up=1-> u; inQr.
i=1

So far, 7 is defined up to an additive constant. We eliminate this degree of freedom by imposing
(5), which in the current context simply rewrites

(13) / m(x,t)dr =0 for 0<t<T.
Q

Eventually we prescribe no-flux boundary conditions

(14) Fi-v=0, ondQx(0,T), fori=0,...,n
and initial conditions

(15) u(-,0) =u’ € M,

the vector w of the average values appearing in the definition of M being adapted to the choice
of u®.

From the previous computations we deduce that any (regular enough) solution of (1)—(4) such
that (5) holds, is also a solution to (10)—(15). In the following statement we prove the other way
around.

Lemma 1. Any (regular enough) solution of (10)—(15) is also a solution to (1)—(4) satisfying (5).

Proof. First, using equation (10b) and the definition of G we obtain that
(16) div (ndo Vg + douo V¥ + dotg Vbo (w) + douoVr) = Y _ div F;.
Then, we simply derive in time the constraint (12) and we have

Oiug = — zn:atui = Zn:div]-'i.
i=1 i=1

Inserting (16) in the above equation implies that
Oiu; +div(—d;u; V) =0 in Qpr,i=0,...,n

Moreover, the equality (5) is a direct consequence of (13) and the constraint (12) since

0 :/Q /Qul x, ) (x,t)dx
/ ui(x (/LZ (z,t) — :;i (u(x,t))) dz.

This finishes the proof of Lemma 1. O

||
-
s 1 M:
o

i
=)
2
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2.3. Control on the entropy production and weak formulation. As already mentioned in
Section 2.1, the numerical analysis to be carried out in the paper does not rely on the energy
dissipation estimate (7) but rather on the control of the dissipation of another functional, that
we call entropy functional in what follows. The purpose of this section is to present this entropy
production estimate at the continuous level, as well as an estimations on the pressure field .
First, the regularity deduced from these estimates is sufficient to define a proper notion of weak
solution. Second, the Finite Volume scheme presented in Section 3 has been designed in order
to ensure that discrete counterparts of these estimates are satisfied. The rigorous proof for the
convergence of the scheme will then rely on these discrete versions of the estimates below.
Let us introduce the entropy functional H : M — R defined as

"1
(17) H(u) —;di/ﬂ(ui(log(ui)—l)—Fl) da.

Note that H is bounded on M, hence H(u’) < +oo whatever u’ € M.

Lemma 2. Let u: [0,T] — M be a regular and positive solution to (10)—(15), then

d - ) "1 )
(18) dtH(u)+;2ai/Q|V\/qTi da:+/ﬂ<Vu,Vb(u)>da:§§2ai/Q|V\I/i| da.

In particular, if ¥ = (V;)g<,<,, = 0, then H is a Lyapunov functional for the system (10)—(15)
since the convezity of B implies that (Vu, Vb(u)) > 0.

Proof. In this purpose we use the equivalence established in Lemma 1 and we multiply (9) by
log(u;)/d; for i = 0,...,n, we integrate in space, we use some integration by parts and we sum
over ¢ to obtain the following relation

n 1 n
Z E/ Oru; log(u;) do + Z/ (aiVui + u; V¥, 4+ u; Vb (u) + UZ‘VTF) - Vlog(u;)dx = 0.
i=0 0 i=0 /€2

Since 22 (u) = X log(u;), one has

=~ 1 d
Z —/ O log(u;) de = — H(u).
—d; Jo dt
On the other hand, since u;V log(u;) = Vu; and since (Vu, 1) = 0 in view of (2), one gets that
Z/ (uiV\Ifi +u; Vb, (u) —|—uiV7r) - Vlog(u;) do = / (Vu, Vb(u) + V) da.
i=0 79 Q
Besides, a simple chain rule together with the uniform bound 0 < u; <1 leads to
Vu, - Viog(u;) = 4|Vy/ui|? > |Vug)?.

Altogether, one obtains that

d 3 T 4 Y T2 / __/
dtH(u)—k; /Q (20u/V VP + GV )do + [ (V. Vb(a)) do == [ (Vu, V) da.

Then it only remains to use the weighted Young inequality
SN 1
~(Vu, v8) < 37 (SHVuil + 5[V
(V) <3 (FITul + 51V
to recover (18). Finally, if ¥ = 0, then the right-hand side in (18) vanishes. As B is a convex

function, one obtains that %H (u) <0, hence H is a Lyapunov functional. O

Thanks to Lemma 2 together with the L>°(Qr) estimate stemming from u(t) € M fort € [0, 77,
we conclude that w is bounded in L2(0,T; H'(Q))"*!. It remains now to establish an a priori
estimate for the function 7.
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Lemma 3. There exists a constant C > 0 which depends on d;, o, T, H(u®), [|Db;||oo, ||V W] 12w
and |V \/uil| L2y~ , which is uniformly bounded thanks to (18), for i =0,...,n such that

(19) ||V7THL2(QT)N S C.

Proof. We multiply (10b) by 7, we integrate over Qr, we use an integration by parts, the Cauchy-
Schwarz inequality, the L™ estimate 0 < u; < 1 and the Lipschitz regularity of the functions b;
fori=0,...,n to get

// (Z diui) [Vl de < d; (ai”V“i”L?(QT)N + T2V L2 yn
QT \4;=0

i=0
n
# Db Y1190 201 )19l @y
j=0
To conclude the proof, it remains to apply the L estimate 0 < u; < 1 and to notice that thanks
to (2), one has (3}, d;u;) > min;—g,. » d; =: d., so that the estimate

n

1 n
Vrlzsia) < 73 di( @l Vusliains + T2V Wil + 2100l Y- IV s )
* =0 j=0

holds. O

Now applying the Poincaré-Wirtinger inequality and using the zero-mean constraint (13) we
deduce that there exists a constant, still denoted by C' and depending only on €2 such that

||7T(t)||L2(Q) < CHVTF(I?)H[;(Q)N, for a.e. t € (O,T)

In particular, as a direct consequence of Lemma 3 we conclude that = € L%(0,T; H'(12)).
Thanks to the results obtained in this section we can define a notion of weak solution for the
system (10)—(15).
Definition 1. (u, ) is said to be a weak solution of (10)—(15) if
o€ L20,T; HY(Q)), w € L>®(Qr)" N L*(0,T; HY(Q))" ! with u(-,t) € M for a.e.
t € (0,T) and 7 satisfying the zero-mean condition (13) for a.e. t € (0,T);
o forall o € C(Q x [0,T)) and all i € {0,...,n}, there holds

(20) // u;Oppdxdt + / ud (-, 0)dx
T Q
=d; // (@i Vu; +u;VV¥; +u; Vbi(u) + u; V) - Vo dadt.
T
Note that summing (20), one recovers the weak formulation

(21) Z d; // u; V7 - Vedadt = Z d; // (a;Vu; + u; VU, +u;Vb;(u)) - Ve dadt,
i=0 Qr i=0 T

with ¢ € C2°(2 x [0,T)) arbitrary, which implies that (10b) holds in the distributional sense.

2.4. Main objectives and state of the art. Before to enter in the core of this work let us
explain the main goals of the paper and describe its position within the literature of entropy
preserving numerical methods. Our main objective is to design and analyze a fully implicit two-
point flux approximation finite volume scheme for the system (10)—(15) preserving at the discrete
level the following properties:

(i) The conservation of the mass (see Lemma 7);

(ii) The nonnegativity of the mixture composition u (see Lemma 8);
(iii) The volume filling constraint;
(iv) the entropy-entropy dissipation relation (see Proposition 6).
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The property (i) will be a consequence of the conservativity of the finite volume scheme introduce
in Section 3.2, the properties (ii) and (iii) will be established thanks to the monotonicity of the
scheme while the proof of (iv) will rely on the entropy stability of our numerical method. In
particular, this last property is at the cornerstone of the proofs of our main results, namely the
existence of nonnegative solutions to the scheme at each iteration (Theorem 4) and its convergence
(Theorem 5).

Let us notice that the idea to build finite-volume schemes which preserved at the discrete level
the entropy production inequality, in order to study these numerical methods, for dissipation
driven models is far from being new. Indeed, there exists a wide literature concerning the design
and the analysis of entropy stable finite volume schemes. For instance, let us mention the following
(non-exhaustive) list of contributions [7, 13, 15, 16, 17, 18, 21, 23, 29, 32, 33, 34, 47, 62, 50, 66].

Now, in the particular framework of cross-diffusion systems which admit an entropy structure as
described in [56, 57], we would like to mention the papers [1, 3] where the authors proposed some
convergent two-point flux approximation with upwind mobilities schemes for a seawater intrusion
model in an unconfined and confined aquifer. In [5] a first order in space convergent finite volume
scheme is considered for the approximation of the cross-diffusion Shigesada-Kawazaki-Teramoto
(SKT) model [67]. The results established in this last work have been recently generalized in
[60] by employing a two-point flux approximation finite volume scheme with mobilities given by
logarithmic mean ensuring the preservation of the entropy structure of the models exhibited in [37].
We also refer to [35] where an entropy preserving finite volume scheme is analyzed for a spinorial
matrix drift-diffusion model for semiconductors, and to [45] where two energy stable two-point flux
approximation finite volume schemes are studied for a generalized Poisson-Nernst-Planck system
accounting for the excess chemical potential of the solvent in multicomponent ionic liquids.

Let us point out that the previous contributions did not deal with the development and the
analysis of finite volume schemes for cross-diffusion systems with volume filling constraint. In fact
there exists only few papers on this subject. Let us cite [22, 24, 27, 38] where the authors studied,
using similar techniques than in this paper, some convergent finite volume schemes for an ion
transport, the Maxwell-Stefan, a thin-film solar cells and a biofilm cross-diffusion system with a
volume filling constraint. However, in these former works the numerical schemes was designed for
particular models. This differs from the present study where we consider, thanks to (10)—(15), a
rather general model (including or not cross-diffusion terms). Up to our knowledge, there does not
exist, so far, “black-box” results which state the existence of solutions to a finite volume scheme
and its convergence for a general class of (cross-diffusion) systems with volume filling constraint.
This fact is one of the main source of originality of this paper.

Let us also notice that in the literature other numerical methods have been proposed for the
discretization of models (with or whithout volume filling constraint) admitting an entropy struc-
ture. Indeed, some authors designed finite element /finite difference schemes. Let us mention the
following list [8, 19, 44, 46, 52, 58, 59] (again far from being exhaustive) of such contributions.
Closer to our study we mention [25], where a model admitting a gradient flow structure for a
constraint Wasserstein metric, similar to the one presented in Section 2.1, is discretized thanks
to a minimizing JKO scheme [12, 55]. An other approach dealing with discontinuous Galerkin
method has been used in [20, 68, 69]. Finally, we also refer to [2, 28, 53] for numerical schemes
based on the control volume finite element method which preserved the entropy structure of some
dissipative models.

3. NUMERICAL SCHEME AND MAIN RESULTS

3.1. Notation and definitions. We present the discretization of the domain Qr = 2 x (0,7).
Let Q € RN be a bounded, polygonal (or polyhedral if N > 3) domain. An admissible mesh of
Q is given by (i) a family T of open polygonal (or polyhedral) control volumes (also referred as
cells in what follows), (ii) a family £ of edges (or faces if N > 3), and (iii) a family P of points
(xx)KkeT associated to the control volumes and satisfying Definition 9.1 in [43]. This definition
implies that the straight line Tz between two centers of neighboring cells is orthogonal to the
edge o = K|L between two cells. For instance, Voronol meshes satisfy this condition [43, Example
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9.2]. The size of the mesh is denoted by Az = maxgcy diam(K). The family of edges £ can be
split into interior edges &y satisfying o € Q and boundary edges o € oy satisfying o C 9. For
given K € T, £k is the set of edges of K, i.e. ergK o = 0K. It splits into Ex = Eint,xk U Eext, K5
with Eint, k = Ex NEiny and Eext, k = Ex NEext. For any o € £, there exists at least one cell K € T
such that o € k.

We need the following definitions. For o € £, we introduce the distance

@ = d(zg,xr) if 0 = K|L € Eint, k>
7 d(xK,O') iergext,Ka
where d is the Euclidean distance in RY, and the transmissibility coefficient
m(o)
22 o = )
(22) T d,

where m(c) denotes the (IV — 1)-dimensional Lebesgue measure of o, which is set to 1 if N = 1.
The mesh is assumed to satisfy the following regularity assumption: There exists ¢ > 0 such that
for all K € T and o € &k,

(23) d(zg,0) > {d, and Card(Eg) < %

Let T > 0, let Ny € N be the number of time steps, and set At = T//Np the time step as well
as ty, = kAt for k = 0,..., Np. We denote by D the admissible space-time discretization of Qr
composed of an admissible space discretization (7, &, (vk)gc) and the values (At, N7). Note
that the choice of a uniform time discretization is made only to avoid extra notations, and that
our study can be extended in a straightforward way to the case of variable time steps, as used in
practice for the simulations presented in Section 8.

We also introduce suitable function spaces for the analysis of the numerical scheme. The space
of piecewise constant functions is defined by

Hr = {v Q= R:J(vi)ker CR, v(z) = Z vKlK(x)},
KeT

where 1k is the characteristic function on K. Since there is a one to one correspondence between
a function v € Hy and a vector (vk)ger in R? (with § = #7) we will make a slight abuse of
notation by writing v = (vk)ke7 € H7. In order to define a norm on this space, we also introduce
the notation

vy, ifa':K|L€51nt7K,
VK,c = .
VK if 0 € Eoxt, K,

for K € T, 0 € £k and the discrete operators
DKJ’U = VK,0c — VK, D,v = |DK7U’U| Vv € Hr.

The discrete H' seminorm and discrete H' norm on H are given by

2
olfar = 7 (Deo)’, |07 =lv
oe€

2
0,2,7>

to7 + Y]

where |[v]|o,2,7 denotes the L?(Q2) norm for v € Hr.
Finally, we introduce the space Hp of piecewise constant in time functions with values in Hy,

Nt
Ho = {v Q% [O’T} —-R: El(vk)kzl,-..,NT C Hr, U(xat) = ka(x)l(tkhtk](t)}’
k=1

equipped, with the discrete L2(0,T; H*(£2)) norm

Nr 1/2
(vakniﬂ) |
k=1
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3.2. Numerical scheme. We define now the finite volume scheme for the cross-diffusion model
(10)—(15). We first approximate the functions u and the external potential fields ¥; by

(24) u o = ﬁ/}(ug(x)dx, U, g = ﬁK)/K\I/idx, for KeT,i=0,...,n.
With the above definition, (u(}{)KGT € (H7)"™ belongs to M if u® does.
For k > 1, let uf~! = (u’f}{l,,uﬁ}g) be given for each K € 7. Then, for i = 1,...,n the
value uf % is determined by tine implicif Euler finite volume scheme
k k—1

us —u.
(25) m(K) 5 N FR =0, VK ET,

At c€EK
where for all K € 7 and o € £k the fluxes fi’fK’J are given by
(26) Flio = ~Todi [@iDicout + 1k, (Dicobi(u’) + Dic o Wi) + uf7 Dicom*] .
Moreover, the value 7% is obtained by solving

(27) -y (Zn: diufg> Diomf+ Y Gh, =0 VKeT,
=0

o€k c€EK
with

(28) Gko=— ZTodi (D ouy +uf, (Diobi(u”) + Dg o ¥;)), VK €T, o€ &k,
i=0

where u’g, i 1s discretized thanks to the constraint (12) by

(29) ug g =1-Y ufp, VKeT.

i=1
Furthermore, in the relations (26)—(28) the components of the vector u¥ = (Uia)ogign are defined
as

uﬁK ifufﬁK :uf,K,U >0,
. . k k
(30) U?a _JO ) 1fm1n(ui’K,ui7K70) <0,
' DK,aui .
— otherwise,
DK,a’ IOg(uz )
while uf; is an upwind mobility given by
. ub o if ko >k
(31) Uiy =9 1 ek k
(g if Tko > i
for every o € &t x and i = 0,...,n. Finally, we approximate (13) in a straightforward way by
imposing
(32) > m(K)rf =0.

KeT

Let us notice that we design our scheme in such a way that ulg_’ x satisfies an equation of the
form (25) for every K € T and k > 1. Indeed, summing over i = 1,...,n equation (25), using
(27) and the constraint (29) we obtain that u’&K is solution to

ug g — UIS _K1
. ; k
(33) m(K) ===+ ) Fix, =0, VKET,

cEEK

where .7-'(’)“7 Ko is defined by (26) with ¢ = 0. Thus, similarly to the result established in Lemma
1, the scheme (24)—-(32) is equivalent to (24)—(26) and (29)—(33). In the sequel depending on our
needs we will consider either of them.
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3.3. Main results. Let us first gather our hypotheses.

(H1) Domain:  C R¥ is a connected bounded, polygonal (or polyhedral if N > 3) domain.
(H2) Discretization: D is an admissible discretization of Qr satisfying (23).

(H3) Initial data: u’ € M.

(H4) External potentials: ¥; € HY(Q) fori =0,...,n

(H5) Function B: B is a C1'! convex function.

(H6) Given constants: d; > 0 and a; > 0 for i =0,...,n.

We introduce the discrete counterpart of the entropy functionals H as follows

Z > m(K) (uf g (log(uf o) = 1) +1)  for k > 0.

" KeT
Our first main result deals with the existence of nonnegative solutions to scheme (24)—(32) at each
time step.

Theorem 4 (Existence of discrete solutions). Let Hypotheses (H1)-(H6) hold. Then there exists
(at least) one solution (u*, 7*)>1 to scheme (24)—~(32). Moreover, this solution satisfies the
following properties:

(i) Mass conservation:

Zm(K)u?’K:/u?d:v, Vk>0,i=1,...,n
Q

KeT

(i1) L*° bounds: O<ukK<1f0rallK6T k>1andi=0,.

(iil) Volume-filling constraint: > ,u K =1forall KeT and k > 1.

(iv) Entropy production estimate: for all k > 1 there exists a constant C¢c > 0 only depending
on C such that

e S )

=0 oc€ef
k CC
+ ZTU<DK,UU' D ob(u”)) < Z H‘I’ 72 (-
oce& =0

Note that, due to the convexity of B, each term (Dg ,u*, Dk ,b(u¥)) is nonnegative. The
proof of Theorem 4 is based on a topological degree argument. In this aim, we establish in Section
4 some a priori estimates and we prove Theorem 4 in Section 5.

Now, thanks to Theorem 4 we deduce the existence of a solution (u*,7w*);>; for each Az and
At. In the sequel we will prove that when Ax — 0 and At — 0 then there exists a subsequence
of solutions to the scheme (24)—(32) which converges towards a weak solution to (10)—(15) in the
sense of Definition 1. In order to state precisely our convergence result, we need some notation.
For K € T and o € €k, we define the cell Tk , of the so-called dual mesh:

o If o = K|L € &y i, then Ty, is that cell (“diamond”), the vertices of which are given by
Tk, Tr, and the end points of the edge o.
o If 0 € Eexi K, then T, is that cell (“half-diamond”), the vertices of which are given by xx
and the end points of the edge o.
The cells (15),c¢ define a partition of £ up to a negligible set. It follows from the property that
the straight line Txxy, between two neighboring centers of cells is orthogonal to the edge o = K|L
that
m(o)d, = Nm(7,) foro €.
Following [36, 42], the approximate gradient of v € Hp is defined by
m(o)
m(To)

where vk » is the unit vector that is normal to o and points outwards of K.

VDv(x,t) = (DK_,,,vk) Vko foraz €Tk, t€ (tpo1,til
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We introduce a family (D,,,)men of admissible space-time discretizations of Q7 indexed by the
size 1, = max{Az,,, At,,} of the mesh, satisfying n,, — 0 as m — oco. We denote by T, the
corresponding meshes of ) and by At,, the corresponding time steps. Finally, for every m € N
we set (U, Tm) = (UWlims -+ > Un.m, Tm)men € Hp,, and V™ = VP,

Theorem 5 (Convergence of the scheme). Let the assumptions of Theorem 4 hold, let (Dy,)men
be a family of admissible space-time distretizations of Qr satisfying (23) uniformly in m € N.
Let (W, T )men be a family of finite volume solutions to (24)—(32) constructed in Theorem 4.
Then there exists a weak solution (w,m) to (10)—(15) in the sense of Definition 1 such that, for
1 =0,...,n, the following convergences hold up to a subsequence:

Uim — U;  Strongly in L*(Qr) asm — oo,

V™ Uiy — Vu;  weakly in L*(Qr)Y  as m — oo,
T — T weakly in L*(Qr) as m — oo,

V" — V. weakly in L*(Qr)Y  as m — oc.

In order to prove Theorem 5 we establish in Section 6 some uniform w.r.t. Az and At estimates.
These estimates will allow us to apply a compactness result obtained in [6] and prove the existence
of (u, 7). Finally, following [36], we will identify the functions (u,7) as a weak solution to (10)-
(15).

The remaining of the paper is organized as follows. In Section 4 we establish some a priori
estimates needed for the proof of our existence result. Then, we prove Theorem 4 in Section 5.
In Section 6 we show some uniform estimates w.r.t. Az and At, while we prove Theorem 5 in
Section 7. Section 8 is devoted to numerical experiments in one and two space dimensions for
some models which enter in the framework described by (10)—(15). Eventually, Section 9 gathers
some concluding remarks on possible extensions of the present work.

4. A PRIORI ESTIMATES
One of our main objectives in this section is to show the following entropy dissipation inequality:

Proposition 6. Let the assumptions (H1)—-(H6) hold and let (u*, 7w%)>1 be a solution to (24)-
(26) and (29)-(33). Then for all k > 1 there exists a constant C: > 0 only depending on ¢ such
that

wF) — H(uF-1 n 2
py A HETD S an 3 (no u>
1=0

oe€

n C
+ D 7o {Drot®, Dic (b)) <3 o [ Wi -
=3 i=0 "

The proof of Proposition 6 is a transcription to the discrete setting of the proof of Lemma 2.
To prove that (34) holds true we will use log(uf ;) as “test function” in the equations (25) and

(33). Then, we first need to show that uﬁK >0forall K € T andi=0,...,n. In this aim, let us
first prove that

Z m(K)ufK>O, i=0,...,n.
KeT

Lemma 7. Let the assumptions of Proposition 6 hold. Then, the solutions to (24)—(26) and
(29)—(33) satisfy
(35) Zm(K)uﬁK:/ugdx>o, VE>0,i=0,...,n.

KeT @

Proof. We simply sum equation (25) or (33) over K and using the conservativity of the scheme
lead to

Z m(K)uﬁK = Z m(K)uf’;, Vk>1,9i=0,...,n.
KeT KeT
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We conclude the proof by induction and thanks to definition (24) of u% i for all K € T and
assumption (H3) on the initial data. O

Let us now show that the discrete concentrations are positive.

Lemma 8. Let the assumptions of Proposition 6 hold. Then the solutions to (24)-(26) and (29)-
(33) satisfy
(36) O<ujp <1, VKeT,k>1,i=0,...,n

Proof. Let i € {0,...,n} be fixed. Assume by induction that for £ > 1 we have 0 < uﬁ}l and

Yo m(K )uf;(l > 0 (we recall that this property has been already established for every k > 1 in
Lemma 7). Let us now define the subset IC; C T by
(37) Kf={KeT|ujg <0}
Our goal is to show that ¥ = (). In this aim, we proceed by contradiction by assuming that
KE#£0.
The case K = T easily leads to a contradiction with Y- o m(K)uﬁK > (0 obtained in Lemma
7. We restrict then our attention to the situation where K¥ C T .
Let us introduce the subset
Eh={oeétx | KekKkF}ce.
Such edges o € EF are of three different types:
(i) o € Efext = EF N Eet;
(i) o = K|L € &F_ if both K and L belong to Kf;
(ili) 0 = K|L € &F, if K € K} whereas L ¢ KF.
Since  is connected, and since KF C T, then the subset £F, of £F is not empty. It follows from
" ko k : k k
the definition (30) that u; , = 0 for any o € &, hence, assuming that (WK)KeT and (uf ;)
are given, the vector @} = (u} x) KKt solves the linear system: YK € KF,

KeT\Kk

+ +
ubem(K) + A Y 7o [ (b — ke ) + b (mhe = o)~ ubae g (theo — )]
oefﬁ_

+ At Z To |:O[Z'LL7IiK + UﬁK (’/T?( — W’;{,J)*‘r}

a€£f+
k=1 k k k kT
=U; m(K) + At E To [aiui,K,a + U Ko (WK,U - WK) } ;
Geg}ﬁ#»
or for short
k~k _ ~k
Afui =7;,

where Af is a column M-matrix, and where ﬁ’? is component-wise nonnegative. Moreover, the
contributions related to edges o € E{f . yield strictly positive values of some components of ¥ for
each irreducible component of A¥. So Perron-Froebenius theorem implies that uf x > 0 for all

K € KF, which is absurd in view of the definition (37) if K¥. O

Thanks to the previous result the values log(u?’K) has a meaning for all K € T andi =0,...,n.
Therefore we are in position to prove Proposition 6.

Proof of Proposition 6. We multiply (25) by log(uf x)/d;, equation (33) by log(ug x)/do, we sum
over K € T and i =0,...,n, and after some discrete integration by parts we have

Ji+ Jo =0,
with

_ (ufK'_'uk;}) 1 k
Jl = E m(K) - LR 1Og(ui,K)7
1KeT At &

0=
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i=

Jo = Z Z To (O‘iDKvﬂu? + Ui, (DK,vbi(uk) + DK,U‘I’i) + uﬁfDx,aﬂk) Dk, log(uf).
0 o€&int
o=K|L

For Ji, using the convexity of z — x(log(z) — 1) 4+ 1 allows us to conclude that
H(u") — H(u""")

At '
and the inequality

(38) Ji >

For J, thanks to definition (30) of uf

(a —b)(loga — logb) > 4(va — Vb)? Va,b € (0,00),

we deduce that

n 2
Jo > Z Ty <4ai <Dg\/u§"> +Droul (D ob;i(u") +DK’U\IIi)>
1=0 0EEint
o=K|L

+Z Z TGDKUﬂ' u "Dk o log(u )

=0 0EEint
o=K|L
Now using the definition (31) of u ™ and the inequality
a(loga — log b) >a—0b2>b(logh—loga) Va,be [0,00),
which follows from the convexity of the exponential function we get
n 2
Jo > Z Z To <4ozi (DU uf) —|—DK oW; (DK obi ( k) +DK,0‘ILL) +DK,g7rkDK,au§> .
i=0 0€&iny
oc=K|L

For the last term, thanks to the constraint (29), we notice that the following relation

Z Ty (i DK,qu + DK’U’LL18’> DK)UTI'k =0,

o€Eint =1
oc=K|L
holds. Thus
n 2
(39) Jy > Y 1 <4ozi (DU u;ff) + D oul (D o b (uF) +DK,U\111;)> .
=0 0€E&int
oc=K|L

Gathering the inequalities (38) and (39), we conclude that

H(uk)—Af(ukl)JrimiZTa (Dg uf)Q

+ ) 7o (Diouf, D ob(u®)) < 7, (D, ¥, Dyut).
oe€ oce&

Finally, we use that 2Dg\/u§C > Dguf since 0 < ufK < 1 to control the right-hand side of the
above inequality, leading to

A(u) ~ W) +§;2azz . (b, uk)

oe€

+ > 75 (Dk.ou¥, Di o b <Z > 7 (Do)
o€l i e
It remains to apply [43, Lemma 9.4] in order to complete the proof of Proposition 6. O

Let us now establish the discrete counterpart of Lemma 3.



14 C. CANCES AND A. ZUREK

Proposition 9. Let the assumptions (H1)-(H6) hold and let (u*, 7w%)>1 be a solution to (24)-
(26) and (29)—(33). Then, for all k > 1 we have

n

d n
(40) ‘ﬂ-k|17277— < Z dii Q; ’uﬂl’gﬂ* + HDblnoo Z |u?’172,7— + llIli|1,2,T )
i=0 j=1

with dy, = min;—q,... p d;.

Proof. In this aim we multiply (27) by 7%, we sum over K and after some integration by parts
we have

Z (i dmff) (D(,ﬂ'k)2 = Js,

€&y \i=0
oc=K|L
where
k k
Z Z TO' 7 azDKo'u —|—U (DK70bi<u )+DK,Uqli,K>>DK7U7T .
=0 0E€Eint
oc=K|L
Now thanks to Lemma 8 we notice that for every K € T we have 0 < uny <1lfori=0,...,n.

Then for i =0,...,n and o € &k we obtain by definition (30)
sk k k k k
0< mln(ui’K, Ui g o) S UG, < max(ui}K,ui’K’g) < 1.

Hence, using these L> bounds, the Lipschitz regularity of the functions b; for i = 0,...,n and the
Cauchy-Schwarz inequality we find that

(41) 5] <Zd al|uk’12T+||Db HOOZ‘uk’mT Cilo g | 7 |12T
=0 7=0

Let us notice that depending on the sign of Dy ,m" then either Y uf;r =Y oufg =1lor
YUy =2 qul KU = 1 which implies

© S (Sants) 0oy
UEISSTi i=0 w

where d, = min;—g ., d;. Thus, collecting (41) and (42) we obtain

.....

n

n
k|1,2,7' Z @i |uﬂ1,2,7' + [[Dbs| Z ‘u?|1,2,7' + Wil o7
P =0

This concludes the proof of Proposition 9. O

5. PROOF OF THEOREM 4

First, we notice that the scheme (24)-(26) and (29)-(33), denoted (S) in the sequel, is an
overdetermined system of equations, (n + 2)8 + 1 equations for (n + 2)0 unknowns with 6 = #7.
However, for k > 1 and u*~! € M given, let Ky € T and consider the set of equations

u;‘C,K - u?,;(l ke .
(43) m(K) == Y Flk,=0, VKeT,i=0,...,n

c€EK

where for all K € T and o € Ek the fluxes F['j , are given by (26). We also impose the constraint

(44) iuﬁ]{ =1, VK eT\{Ko},
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and the zero-mean constraint

(45) Z m(K)rh = 0.

KeT
Hence the system (43)—(45) has (n + 2)6 equations for (n + 2)0 unknowns. Moreover, we claim
that (S) and (43)—(45) are equivalent. Indeed, it is clear that a solution to (S) is also a solution
to (43)—(45). Besides, we have the following result:

Lemma 10. For k > 1, let u*~1 € M be given. Then every solutions to (43)—(45) is also a
solution to (5).

Proof. In this aim we need to show that > uf &, = 1. We first notice, thanks to equation (43)
that it holds

Z m(K)uﬁK = Z m(K)uf;(l i=0,...,n.
KeT KeT

Then

Z Z m(K)uf’K = Z Z m(K)uf;{l =m(Q),

=0 KeT =0 KeT

since u*~1 € M. Moreover, the constraint (44) yields

Z Zm(K)UﬁK = Zm(KO)Uf,KO +m(Q2\ Ko).

n
KeT i=0 =0

Therefore we deduce that

which implies the result. O

Hence the systems are equivalent and in the remaining of this section we will focus on (43)—
(45). Now for k > 1, we assume that u*~! € M is given. In order to prove the existence of
(u®, ") we will use a topological degree argument, see [40, Chap. 1]. In particular, we will build
(u®, %) as a solution to a nonlinear system F'(u” w¥) = 0 where the map F' correspond to
the scheme (43)-(45). Roughly speaking in the sequel we will define an homotopy F*, where A
denotes a parameter in [0, 1], such that if A = 0 the system F?(u® 7%) = 0 is linear and admits
a unique solution. Then, we will conclude thanks to the invariance by homotopy of the Brouwer
topological degree that the nonlinear set of equation F!(u, ) = 0 admits at least one solution,
i.e., the scheme (43)—(45) (or equivalently (.5)) possesses at least one solution at time ¢ denoted
by (u”, k).

In this aim we introduce, for R > 0, the set

n
ZR = {(u,ﬂ') = (uo, e ,un,ﬂ') € 7—[?]"2 | H7T||072,7’ + Z ||’U,i||07177’ < R},
=0

and for each X € [0,1] amap F* : Zp — R("+2)? with # = #7. In the following instead of defining
the map F* we define the zero finding problem F*(u*, 7*) = 0 for every A € [0,1]. Since the
construction of the homotopy F?* is non-trivial we split those definitions in two cases.

Case 1. If A € [0,1/2], then the problem F*(u* 7*) = 0 is given for every K € T and
i=0,...,n by

Uu; - u’L_ d* _ T _
m(K)u -5 Z T (aiDKﬂuiA + (uZ +2) (uf‘a — uz)) DK,Uﬂ'}‘) =0,

cEEK
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where d, = minj—o___,d; and @ = m(Q) ™" Y e m(K)u} o = m(Q) 7" [, u) (x) dz. Moreover we
add the constraints

iugK =1 VK eT\{Ko}, Y m(K)ry =0.

=0 KeT

We notice that for A = 0 the map F° reduces to

d _
46) m(K)u? o — At— 7o (iDg ot + 4 Dg o7°) = m(K)uF 72, VK eT,i=0,...,n,
i, K 2 ) K3 ’ 1,
c€lK
and
(47) g =1 VKeT\{Ky}, > m(K)rg=0.
i=0 KeT

This system is linear and correspond to a matrix L. € M, 42y, (n4+2)9- Now our objective is to
show that the system (46)—(47) is well-posed. In this aim we study the kernel of L, i.e., we set
the right hand side of the previous system to 0. Using the constraint > . u?’ x = 0 for all
K € T (we simply adapt the proof of Lemma 10) and the fact that by construction we have
> ou; = 1, then summing (46) over i = 0,...,n we readily deduce that 7% is a constant for
every K € T. Moreover, thanks to the constraint ), . m(K)n% = 0 we conclude that 73 =0
for all K € 7. Thus, u; is solution to the classical backward Euler TPFA scheme for the heat
equation for i = 0,...,n which is well-posed. In particular this implies that ker(L) = {0(n+2)9},
i.e., the system (46)—(47) admits a unique solution given by 7% = 0 for every K € T and u{ is
the “solution” to the heat equation with diffusion constant equal to a;d./2 for i =0,...,n.

We conclude that deg(F°, Zg,0) = 1, where deg denotes the Brouwer topological degree, for
any R > 0 such that

(48) R>m(Q)"? Y ul o7 = C1,
=0

In order to obtain this condition on R we simply multiply (46) by Atu?, x and we sum over
K eT andi=0,...,n. Furthermore, arguing as before we notice that deg(Fk7 Zr,0) =1 for all
A € [0,1/2] where the solution to F*(u*, 7*) = 0 is given by (u?, w°).

Case 2. If A € [1/2,1], then the problem F*(u* 7*) = 0 is given for every K € T and
1=0,...,n by

ud e —ub 7t
(49) m(K)“KTt“K —d} > 7o | @Dgoud

c€EK

)

1
+2 <A - 2) U?’U (DKJbi('u,)‘) + DK,a\Ili) + uifDK UTI'A> = 07
where d} = (A — 1/2)(2d; — d.) + d./2 and we impose the constraints

(50) zn:ui{,{ =1 VK eT\{Ko}, Y m(K)ry =0.

i=0 KeT

Let us notice that for A =1 and thanks to Lemma 10 we recover the scheme (5).

Now our main objective is to prove that deg(F*', Zg,0) = 1 for R > 0 large enough. In
this purpose, thanks to the invariance by homotopy of deg, and since we already know that
deg(F*, Zg,0) = 1 for every A € [0,1/2], it is sufficient to prove that any solution (u*,7?) € Zp
to the zero finding problem F*(u*, 7)) = 0 satisfies (u*, w*) ¢ 0Zg for every A € [1/2,1] and for
sufficiently large values of R > 0.
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Hence we establish in the following some a priori estimates uniform w.r.t. A. First, adapting
the proof of Proposition 6 we deduce that (u*,7*) satisfies the following inequality

u’\ — u 2
(51) H )Af( +Z2a,z a( - uf‘)

occk

" C,
2(}\—2>ZTO-<DK70-'UJA,DKU Z ¢ ||\II HHl(Q

oe€ i=0

Now, we notice that for every C' > 0 it holds
log(1+ C)x — C < z(log(z) — 1) +1, Vax >0.

Then, adapting the proof of Lemma 8 and using the positivity of uf:K foral KeT,i=0,...,n
and the convexity of the function B, we deduce thanks to (51) that

- d- _ nCm(Q) ".C
=1 i=0

with d* = max;—g, .. n d;. Moreover, adapting the proof of Proposition 9 we have

n n
7127 < Z 7 ailu 1o + Dbl > [ fio 7 + [Wil1o 7
i=0 j=0

Now applying the inequality
(a—b)? < 4(va—Vb)? Va,be0,1],
we obtain

d,
|7l"\|1,2,T < — | 2
i=0 ds

by
u;

14y

2([Db; ‘,/ *‘ v,
T‘f‘ | ||ooj§0 u; 172)T+| l1,2,7

Thanks to (51) we remark that it holds

1” aAt +Z |\x1/||H1(Q Cs, fori=0,...,n

Thus

" d; C C
(53) [T 127 < Z 4 (Oéi\/g‘f' 73||Dbi||oo + |\Ili|172)7> = C,.

=0

Furthermore, applying the zero-mean condition o, m(K )W}\( = 0 and the discrete Poincaré-
Wirtinger inequality obtained in [14, Theorem 5] we deduce the existence of a constant C5 > 0
only depending on €2 such that

C
A 5 1A
|7 0,2,7 < 741/2|7" l1,2,7-

Hence, thanks to (53) we conclude that
C4Cs
(54) 7 o,2,7 < e

Finally, defining R = max{Cy + 1,Cs + Cs + 1} we deduce from (48), (52) and (54) that

n
17 o2+
=1

which implies that (u*, 7*) ¢ 0Zg and deg(I — Fy, Zg,0) = 1 for all A € [0, 1]. Thus, the scheme
(S) (or equivalently (24)—(32)) admits at least one solution denoted (u , mF). Moreover, thanks
to the a priori estimates established in Section 4 we conclude that (u*, w*) satisfied the properties
(i)—(iv) stated in Theorem 4.

= Ck.

[07 1]a
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6. UNIFORM ESTIMATES

Let us first collect the a priori estimates uniform w.r.t. Az and At already established in
Section 4 and Section 5.

Proposition 11. Let the assumptions of Theorem 4 hold. Then, there exists a constant C7 > 0
only depending on 0, T, Ymin, ¢, H(u) and the sum overi =0,...,n of the H* norm of ; such
that

n Nt
(55) SN At <Cr i=0,... .m0
i=0 k=1
Furthermore, there exists a constant Cg > 0 only depending on Q, T, Ymin, ¢, H(u®), o; and the
sum overi=0,...,n of the L™ norm of Db; and the H' norm of ¥; such that
Nt
(56) > At o < Cs.
k=1

Proof. First let us notice that (55) is a direct consequence of the L estimate ui“ x <1 for every
KeT,k>1andi=1,...,n obtained in Theorem 4 and the entropy dissipation inequality (34).
Indeed applying the inequality D,u¥ < 2D,+/u¥ for all o € £ and summing over k (34) yield

n Nr 9 n C
Do Atufffay < ZH@) +TY 5|l -
=0 k=1 ’ i=0

Moreover, estimate (56) is a straightforward consequence of Proposition 9 (see also the end of the
proof of Theorem 4). O

Let us now establish an other estimate uniform w.r.t. Az and At needed for the convergence
proof.

Proposition 12. Let the assumptions of Theorem 4 hold. Then there exists a constant Cg > 0
only depending on Q, N, T, ¢, oy, d;, C7, Cg and the sum over i =0,...,n of the L* norm of
Db; and the H' norm of W; such that for all ¢ € C§°(Qr) we have

Nt
(57) > m(K) (ubx —uhR) ploxt) < CollVellimgr), 1= 1.
k=1KeT

Proof. Let i € {1,...,n} be fixed. In the sequel for ¢ € C§°(Qr) we denote for all K € T and
k>1by o =m(K)™! [, o(x,t;)dz and by @ the sequence (¢} )xe7. Then, we multiply (25)
by Atga’;(, we sum over K € T and 1 < k < Np and we obtain after some discrete integration by
parts

Z Z m(K) (UfK - Uﬁ}l) o = Js + Jo + Jr + Js,

with
Np
J5 :ZAt Z ngiOéiDKﬁa'U/fDK,o(pka

k=1 0€E&int
oc=K|L

Nt

Js :ZAt Z To diuﬁg Dk obi(u®) Dy o 0",
k=1 0E€Eint
o=K|L

Nt
Jr=Y At Y 1rdiuf,Dg,¥; D o",
k=1

0€&int
o=K|L
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N
ngim > rodiull D emt Di 0"

0€E&int
oc=K|L

For |J5], using the regularity of ¢, the Cauchy-Schwarz inequality and the regularity assumption
(23) we have

Nt
5| < dici|Vpll L~ (@r) Y Atlul
k=1

Nt 1/2
d o
< Cl/g IVl > Atluf glia7 ( >y m(U)d(JJK,U)> ~

k=1 Kefk 0€Emt, Kk

(5 5 won)

Ke€Ex 0€€int, K

Now, we notice that it holds
>, 2 m(o)dlx o) < Nm(®),
Kelk 0€E€nt, Kk

which implies together with the Cauchy-Schwarz inequality and estimate (55) that

NC-m()T
(58) 5| < dio C” IVl (on)-

For |Jg| since

0< min(uf’K,uf’K’a) < uﬁa < max(uf,K,uﬁKJ) <1, VKeT,06€&umk,k>1,

we deduce, thanks to the Lipschitz regularity of the functions b;, that

n Nt

|']6| < ||Dbz||ooZZAt Z ToDau§D0¢k-

J=0k=1  oE€Em
o=K|L

Then, using the same techniques as for the term J5 we directly deduce that it holds

(59) 6] < IIDbilloo | =7 IV¥llz=(@n)-
For |J;| arguing as for the term Jg we get
Nm(Q)

|J7| < diT

c [Wil1,2,7 IVl Lo @)

Thanks to [43, Lemma 9.4] we deduce that there exists a constant C¢ > 0 only depending on ¢
such that

(60) |J7] < d;TCe

Wil 71 0) IVl Lo (Qr) -

Finally, bearing in mind the L*° estimate u T<lforal KeT,o¢c Eint,x and k > 1 and using
the same techniques as for the term J5 (for 1nstance) we conclude that

NCgI’Il Q T
(61) | Js| < d; C() IVellLe(@r)-

Collecting estimates (58)—(61) yields the existence of Cy > 0 such that (57) holds true. This
finishes the proof of Proposition 12. O
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7. PROOF OF THEOREM 5

Throughout this section we will assume that the assumptions of Theorem 5 hold and we will
consider the notations introduce in Section 3.3. Before to prove Theorem 5, we show some com-
pactness properties.

7.1. Compactness properties. Let (u,,, 7 )men be a family of finite volume solutions to (24)—
(32) constructed in Theorem 4. Our first aim is to prove some compactness properties on (U, )men-
In this aim we will use the black-box result [6, Theorem 3.9] (see also [32, Lemma B.1]).

Proposition 13. Let the assumptions of Theorem 5 hold and let (W, Tm)men be a sequence of
discrete solutions to (24)—(32) constructed in Theorem 4. Then there exists a subsequence of (uy,),
which is not relabeled, and w = (u1,...,u,) € A a.e. in Qr and ug =1— 3" | u; such that

Uim = U a6 N Qr asm—00,1=0,...,n.

Proof. Let i € {1,...,n}. Assumptions (Ax1) and (Ax3) in [6, Theorem 3.9] are satisfied due to
the choice of finite volumes method. Assumption (Ay) is always fulfilled for one-step methods like
the implicit Euler discretization. Assumptions (a) and (b) are a consequence of the L bound,
while Lemma 12 ensures assumption (¢). Thus, the result, for i = 1,...,n, is a direct consequence
of the black-box result obtained in [6, Theorem 3.9]. Now, since

n
Uo,m = 1- § Ui, my
=1

we also deduce the existence of a ug such that ug =1 — Z?zl Us. O

Proposition 14. Under the assumptions of Proposition 13, there exists u = (u1,...,un) €
L*(0,T; HY(Q)" N L>®(Q7)" and ug =1 — Y7, u; and a subsequence of (Wm)men such that for
1=0,...,n, as m — o0,

(62) Uim — U  Strongly in LP(Qr), 1 < p < oo,

(63) V™ Ui — Vu;  weakly in L*(Qr),

where V™ is defined in Section 3.3.
Proof. The strong convergence (62) is a consequence of Proposition 13 and the L estimate
0<tuim<1 ae inQr,

obtained in Theorem 4 which allow to apply the dominated convergence theorem. Moreover,
the estimate (55) implies that (V™u; ., )men is bounded in L?(Qr). Thus, for a subsequence,
V™u; m — v; weakly in L?(Qr) as m — oo. Following the proof of [36, Lemma 4.4] we show that
v; = Vu,;. This concludes the proof of Proposition 14. O

Proposition 15. Let the assumptions of Theorem § hold and let (W, Tm)men be a sequence of
discrete solutions to (24)—(32) constructed in Theorem 4. Then there exists a subsequence of (7y,),
which is not relabeled, and m € L?(0,T; HY(Q)) such that

(64) T — 7 weakly in L?(Qr),
(65) V™, — V71 weakly in L*(Qr).

Proof. This result is a direct consequence of estimate (56). Indeed from this estimate we deduce
that the sequence (7, )men is uniformly bounded in L?(Q7) which implies the existence of 7w €
L?(Q7) such that (64) holds. The same argument shows that (V™7 )men is uniformly bounded
in L?(Qr) and applying the proof of [36, Lemma 4.4] we directly deduce that the convergence
result (65) also holds. O
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7.2. Convergence of the scheme. To finish the proof of Theorem 5, we need to show that the
function (u, ) obtained in Proposition 13-Proposition 15 are weak solutions to (10)—(15) in the
sense of Definition 1. To this end, we first notice that we can rewrite (32) for every 1 < k < Nr
as

/ Tm(z,t)de =0, Vit e ((k—1)Aty, kAt,y,].
Q
Now for an arbitrary function ¢ € C§°(0,T), we multiply the previous equality by

1 kAt
- o(t) dt,
Aty /(k—l)Atm ()

and we sum over k € {1,..., Ny} and we have

//T Tm (2, t)P(t) dzdt = 0.

Now using the weak convergence in L?(Qr) of 7, towards 7 established in Proposition 15, we
deduce that after passing to the limit m — 400 it holds

//QT m(x,t)¢(t) dzdt = 0.

Thus 7 satisfies (13) for a.e. t € (0,T).

It remains to prove that (u, ) satisfies (20)—(21). Since the proofs are similar we will only
show that (w, ) fulfills (20). In this aim we follow the strategy of [36]. Let ¢ € C§°(Q2 x [0,T))
be given, and let 7, = max{Az,,, At,} be sufficiently small such that supp(y¢) C {z € Q :
d(z,09Q) > 0} x [0,T). For the limit, we introduce the following notation:

T
Ky = */ /ui,mat@dl’dt* / Uim (2, 0)p(z, 0)de,
0 Q Q
T
oy = diai/ / V™ Uy g - Vipdadt,
0o Ja
T
Fyp = di/ / u; VT, - Vdadt,
0o Ja
T
Fp = di/ / Ui, Vi (W) - Vpdadt,
0o Jao

T
Fgp = dz‘/ / Wi, V" T, - Vodadt.
0o Ja

The convergence results of Proposition 13, Proposition 14 and Proposition 15, the regularity of
the functions b; and ¥;, and the assumption on the initial data show that

5 T
m _ : — 0
;Fjo T /0 /Quzatgodxdt /Qul (x)p(z,0)dz

T T
+ diai/ / Vu,; - Vedzdt + di/ / w; VU, - pdadt
0o Ja o Ja
T T
+d; / / u; Vb (u) - Vipdadt + d; / / w; V7 - Vdadt.
o Ja 0o Ja

We proceed with the limit m — oo in (25). For this, we set % = (v x,t;), multiply (25) by
Atmgo’;(_l and sum over K € T, leading to

(66) F"+ F"+ F" + F" + Fi" =0, where

Ft =3 Y m(K) (uf  —ufy) e
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Fzm = —d;q; ZAt Z Z TeDk qu 90][6( 1;

KeT 0€&int, k

D YT D SISt
k=1

KeT 0€&int, x

N
F;*l:—dif:mmz > rouf, Digbi(ub) ot

KeT 0€Eint, Kk

" = —d; ZAt Yo rul D emt O

KeT 0€€int, Kk
The aim is to show that Fjj — F/" — 0 as m — oo for j = 1,...,5. Then (66) shows that
Fiy + Fog + F35 + Fig + Fi5g — 0, which finishes the proof.

It is proved in [36, Theorem 5.2], using the L*(Qr) bound for u,, and the regularity of ¢, that
F% — F™ — 0. Using the bound (55) and arguing as in the proof of [36, Theorem 5.1] we easily
show that Fif — Fi" — 0. Moreover, applying similar arguments as in the proof of [60, Theorem
2] we deduce that Fjg — F;* — 0.

Let us now prove that F35 —F3" — 0 as m — oo. In this aim we first apply a discrete integration
by parts and write F§" = F3} + F335 where

N
F=d; imm > > mouf Do Di oot

KeT 0€Eint, kx

F =d; ZAt SN ro(uf, —uf ) Di o ¥ Dk "

KeT 0€&int, x

The definition of the discrete grad1ent V™ in Section 3.3 gives

|F35 — F§f|<dzz Z |U1KHDK0‘I’|

k=1 K€T 0€&int, Kk

tr DK Cpk_l 1
0 — V- vk dz | dt|.
/tkl ( dos m(TK»U) Tk, o o ) ’

It is shown in the proof of [36, Theorem 5.1] that there exists a constant C' > 0 only depending
on ¢ such that

X

L DK (Pk_l 1 ‘
o B Vo vigode |dt| < CAtym.
/tk 1 ( ds m(TK,U) Tk,s o ) !

Hence, thanks to the bound u’?‘ k <1lioral K € T, k > 1 and by the Cauchy-Schwarz inequality,

|50 — F31|<dCUmTZ Z 0) | Dk o ¥,
KeT o€&int, Kk

1/2
< diCnT W5, 5 . ( >y m(a)da> )
KeT o€&int, Kk
It follows from the mesh regularity (23) that
N Nm()
5w < LY S moenn) - X 3 i) - V0D
0€Eint KETO'EEK KeT

Moreover, applying [43, Lemma 9.4] there exists a constant, still denoted C¢, only depending on
¢ such that

1Wily o7, < Ccll¥illa (o)
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Therefore, we obtain

Nm(Q)

|F§101_F?:71L| < OCCdiTH\I’i”Hl(Q)nm_)Oy as m — oQ.

Finally, we estimate F35 according to

|F35| < CnmllwiHcl@T)Gm, where

Nt
G" = ZAtm Z Z TU|u§,U - uﬁK’ |DK’U‘I’Z’|-
k=1

KeT 0E€Eint, K

we deduce from the Cauchy-Schwarz inequality that

Nt 1/2 1/2
GM<<TV2<§:ALn§:ﬁ4DUuﬂ2> (E:ﬁADUWQQ) .

k=1 ce€ e

By Proposition 11 and [43, Lemma 9.4], the right-hand side is bounded uniformly in m. Thus, we
infer that |Fi5| < Cny, — 0 and Fi§ — F§* — 0 as m — oo. Finally, arguing as in the previous
case one can show that Fij — Ff* — 0 as m — oo This finishes the proof.

8. NUMERICAL EXPERIMENTS

8.1. About the practical implementation.

8.2. A vertically-integrated model for three-phase porous media flows. Multiphase porous
media flows have an important role in many applications, including oil engineering, water resource
management, carbone dioxide sequestration, or subsurface hydrogen storage. Dupuit’s approxi-
mation [41] leads to vertically integrated model with reduced dimension. The computational gain
when compared to the direct resolution of full Darcy problems makes this approach popular. We
refer for instance to [9, 51, 48, 49, 63, 54, 30] for examples of such reduced models, the list being far
from being exhaustive. Here, we are interested in the situation where three phases i € {0, 1,2} (say
two liquid phases ¢ € {1,2} and one gas phase i = 0) are flowing within a (N 4 1)-dimensional
porous medium with impervious boundaries. This situation typically occurs in the context of
oil engineering where water, oil and gas share the available porous space. We assume that the
(N + 1)-dimensional physical domains is of the form

Q% (0,h), QCcRY,

where h > 0 denotes the thickness of the porous layer.The phases flowing within the porous
medium are supposed to be separated because of gravity and to fill the whole porous space, see
figure 1.

Q

FIGURE 1. Schematic representation of the (N + 1) dimensional porous medium
with the stratified repartition of the 3 phases.
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Taking inspiration in [61] for the Wasserstein gradient flow, in [54] for the treatment of the
congestion, and approach and in [39] for the so-called sharp-diffused interface approximation,
consistent models for the evolution of the phase heights enter our framework. Concerning the con-
tributions appearing in the definition of the energy E(u), the external potentials ¥ = (V;),, .,
are all taken identically equal to 0, whereas the convex function B appearing in the energy is
defined by

1 Po Po Po

B(u) = ;(u,Bu) with B=g|po po+p  potp |,
2
PO Po+p1 potp1+p2

where py < p1 < p2 denote the densities of the phases, while g is the gravitational constant.
Concerning the quantities appearing in the definition of M and in the constrained Wasserstein
metric (6), we set d; = ﬁ where k > 0 is the permeability of the porous medium, where ¢ € (0, 1)
is its porosity, and where 7; > 0 denotes the viscosity of the i*? phase.

We use this example to validate experimentally our convergence result. Weset N =1, Q = (0,1)
and h = 1. The characteristics of the porous medium are ¢ = 0.35, k = 107! m?, while the gravity
constant is set to ¢ = 9.81kg - s~2. The properties of the fluids are described in Tabular 1.

Pi d; g
i=0]0.2 3.4 5x 1072
i=1[08|25x10"2|5x 1072
i=2| 1 |55x1072|5x1072
TABLE 1. Fluid properties

The initial profile u° is defined by
uf (z) = max(0, min(1, -2 + 3z)), u9(z) = max(0,min(1,2 — 3z)), wu)(x) =1—ul(x) —uy(z)

for z € (0, 1), while the final time is set to 7' = 1. Since we do not have an explicit exact solution
at hand, we use a solution (Uyef, Tref) computed on a reference (uniform) grid made of 25600 cells
to compare the results obtained on coarser meshes. The time discretization is not chosen uniform
is the same for all the meshes, and the k*" time step is given by

At? = min(Atpay, (1.1 x Ath).

In Figure 2, we plot the evolution of the errors

T T
(67) err, = / / (l1,m — w1 ret| + |U2,m — Uz ref|) dzdt  and err, = / / |7 — Trret|dadt
o Ja o Ja

as a function of the number of cell in the m*™ mesh. Only the error related to the space discretiza-
tion is recorded here since the time discretization is the same for all grids. One observes a first
order error decay, which was expected since we used upwinding in the definition of the scheme.

8.3. Diffusion in multicomponent solutions. In our second example, we consider an incom-
pressible mixture made of three inert species , inert in the sense that there is no reaction. The
vector © = ()<< denotes the volume fractions. Each specie has its own diffusion coefficient
as well as its own density p;, the external potential U,;(x) = —p;g - « accounting for gravity, where
lg| = 9.81, po = 0.4, p1 = 1.6, and py = 6.4. The convex function B is identically equal to 0, and
all the self-diffusion coefficients «; are taken equal to 0.1. The model then corresponds to the one
discussed for instance in [65, Sec. 6.2].

For the test case, we consider a two-dimensional domain 2 = (0,1)?, which is discretized with
a Delaunay triangulation made of 97908 triangles. We used a adaptive time stepping strategy.
Starting from an initial time step At® = 10719, the time step At* at the k*® iteration in the march
in time is initially set to At*¥ = min (1.1 x AtF=1 5 x 10_4). If the Newton-like method fails to
converge after 40 iterations, we restart the simulation with a reduced time step divided by 5.

All the phases aim at going to the bottom of the domain, but the Lagrange multiplier 7
introduces buoyancy, so that the lighter phase progressively moves to the top of the domain, cf.
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FIGURE 2. Evolution of the space-time L' errors (67) as a function of the number
of cells in the spatial discretization.

Figure 3. The most dense phase will concentrate at the bottom of the computational domain,
as observed on Figure 5, while the one with mid-range density locates at intermediate height, cf.
Figure 4.

9. CONCLUDING REMARKS AND POSSIBLE GENERALIZATIONS

In this paper we have shown the convergence of a finite volume scheme for a class of parabolic
systems (possibly including cross-diffusion terms) coupled with an elliptic equation ensuring the
volume filling constraint. In particular, our scheme preserves the conservation of the mass, the
nonnegativity of u, the volume filling constraint (u,1) = 1 and the decay of the entropy. However,
even though the problem we consider in this paper is rather general, several generalizations are
natural and worth being discussed:

(i) Generalizing the volume filling constraint. In the context of multicomponent mixtures as
discussed in Section 8.3, rather than choosing the volume fractions as main unknowns, it
is more usual to consider concentrations. Doing so, the volume filling constraint (2) should
turn to

(u,v) = iuivi =1,
i=0

where v; is the molar volume of the i*® chemical component. Such non-constant molar
volumes leads to a change in (8), which then turns to
oF .
Wi = J—Ui(u)—i—vﬂr, i=0,...,n.
Another natural generalization of the volume filling constraint (2) consists in incorporating
a space dependent constraint

n
<'U/, 1> = ZUi(J), t) = W(JT),
i=0
for some smoothly varying w bounded away from 0 and from above. This situation naturally
occurs for multiphase Darcy flows where w is the porosity, or in their Dupuit approximation,
cf. Section 8.2, where the thickness h could vary. To generalize our approach to this case,
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concentration - step 0 n [0,50] concentration - step 1 in [0,50] Y
05 z_x

t=0.01

FI1GURE 3. Evolution of the volume fraction ug along time.

the entropy H(u) has to be modified into

H,(u) = i d%/Q (uZ log (%) +w— uz> dz,
i=0

as it was for instance done in [26].

(ii) Dirichlet boundary conditions. Following [38], we could consider mixed boundary conditions
and include (at least) constant Dirichlet boundary conditions on I'” a subset of I' = 92 and
no-flux boundary condition on I'V = I' \ I'P such that I' = I'” UT. However, in this case
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concentration - step 0in [0.50] concentration - step 1 in [0,50] ¥
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FIGURE 4. Evolution of the volume fraction w; along time.

we need to consider the relative entropy functional given by

H(u|uP) Z / (uﬂog( ) D—ui> dz,

where (ud’, ..., E) € M is a constant vector such that u;(z,t) = uP for (z,t) € TP x (0, T).
Then, since H(u,u”) distinguishes from H(u) by linear terms we can easily adapt the proof
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FI1GURE 5. Evolution of the volume fraction us along time.

of Lemma 2 to obtain that any regular enough solution w : [0, 7] — M satisfies

d D - 2 ~ 1 2
dtH(u|u )+;:0 20¢Z/Q|V,/u1\ dx+/Q<Vu,Vb(u)>dx_ ;:0 2ai/§z|V‘1/z| dx

Moreover, we can establish a discrete counterpart of this modified entropy production in-
equality.

(iii) Reaction terms. If we want to incorporate reaction terms f = (fo,..., fn) in the system
(10)—(15), we first need to assume that Y . fi(u) = 0 for all u € R"*! such that the total
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FIGURE 6. Evolution of the Lagrange multiplier 7 along time.

volume is conserved and the volume filling constraint (u, 1) = 1 still holds. We also need to
preserve the positivity of the solutions to our scheme. In this aim we impose the condition
fi(w) > 0 for all w € R**! with u; < 0 for i = 0,...,n. Furthermore, in order to include
a suitable reaction term f which fit with the entropy structure of the model (10)—(15), we
need to assume, following [56], that there exists a constant C'z > 0 such that

S 7 fi(w) los(ui) < Cy(1 4 hw))
i=0 "
where

:Zdi (u;(log(u;) — 1) +1).

(3
1=

Then, assuming that At < 1/Cy and adapting the proof of [60, Lemma 5] we can show that
the solutions to our scheme satisfy

2
(1-CyAt)H +At22azz ,,< - uf)
oeé

+ ALY 7, (D ot D ob(uk)) < H(ub"1) + CpAtm(Q —I—Atz <||\1/ 131 -
oc& =0
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Let us remark that in this case, even if ¥; = 0for¢ = 0,...,n, then H is no longer a Lyapunov
functional for the system (10)—(15) but the above inequality yields enough estimates in order
to generalize the proofs of our main results.

(iv) Deep quench limit o; = 0. In this case we have to assume that B is a C? strictly convex

(1]
(2]

(3]

(4]

[6]

7

(8]

[9]
(10]

(11]

(12]

(13]
(14]

(15]

function such that its Hessian matrix B is a positive definite matrix with smallest eigenvalue
w1 > 0. Then, adapting the proof of Lemma 2, for every regular enough function w : [0,7] —
M we have

%H(u) + /Q<Vu,IBS(u)Vu> de = — /Q<Vu, V) dx.

Moreover, since it holds

/(Vu,B(u)Vu) deuZ/ |V, de,
Q /e

we obtain

d RS 2 1 n/ 2
—H = Vu|[de < — V¥, |° dz.
< (u)+2§/9| ol e <33 [ vwifds

Finally, replacing in the scheme (24)—(32) the logarithmic mean mobilities by upwind mobil-
ities, i.e. for all 0 € £ and i =0, ...,n we consider

k Ui i if DK,Ubi(uk) DK,U lz S O,
U,; = ’
u?‘,K,a’ lf EK,O bl(u’ ) DK,(T mz > (),

1,0
then we can extend the proofs of our main results in this setting, which is the one of [25].
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