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A CONVERGENT FINITE VOLUME SCHEME FOR DISSIPATION DRIVEN
MODELS WITH VOLUME FILLING CONSTRAINT

CLEMENT CANCES AND ANTOINE ZUREK

ABSTRACT. In this paper we propose and study an implicit finite volume scheme for a general
model which describes the evolution of the composition of a multi-component mixture in a
bounded domain. We assume that the whole domain is occupied by the different phases of
the mixture which leads to a volume filling constraint. In the continuous model this constraint
yields the introduction of a pressure, which should be thought as a Lagrange multiplier for the
volume filling constraint. The pressure solves an elliptic equation, to be coupled with parabolic
equations, possibly including cross-diffusion terms, which govern the evolution of the mixture
composition. Besides the system admits an entropy structure which is at the cornerstone of
our analysis. More precisely, the main objective of this work is to design a two-point flux
approximation finite volume scheme which preserves the key properties of the continuous model,
namely the volume filling constraint and the control of the entropy production. Thanks to these
properties, and in particular the discrete entropy-entropy dissipation relation, we are able to
prove the existence of solutions to the scheme and its convergence. Finally, we illustrate the
behavior of our scheme through different applications.

1. INTRODUCTION

In this work we consider in € a connected bounded domain of RY and for any arbitrary finite
time horizon T" > 0 the evolution of a mixture made of n + 1 components. The evolution of the
mixture composition u = (u;)<;<,, is given by the following partial differential equations

(1) Opu; + div(—diuiVui) =0 inQr=0x (O,T), 1 =0,...,n,

where d; > 0 is the diffusivity of the i*" component, p; is its potential and u; denotes its volume
fraction. The whole domain 2 is occupied by the n 4+ 1 phases, leading to the following volume
filling constraint

(2) (u,1) =) w; =1 inQr,
=0

where (-,-) stands for the canonical scalar product of R"™!. In what follows, we use the same
notation for the canonical scalar product of R("*1)*N = The difference of the potentials between
the phase ¢ and the phase 0 is given by

oF oF

(3a) Wi — o = —(u)

5, () mQpr,i=1,...,n.

" buo

Here, g—g(u) = (gTE(u)) : Qr — R™*! denotes the first variation (or Fréchet derivative) of
i 0<i<n
some energy functional E : [0,1]""! — R . Motivated by applications to be discussed later on in

Section &8, the energy functional E is assumed to have the generic form

E(u) = Z/ [; (u;(log(u;) — 1) + 1) + w; 0] dz +/ B(u)dz.
i=0 7@ Q
In the above definition of E, the coefficients a;; > 0 can be thought as related to thermal agitation,
U, a given external potential acting on phase i (and assumed to be independent on time for
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2 C. CANCES AND A. ZUREK

simplicity) and B : R"*! — R is a O! convex function. Using the above definition of E we can
rewrite the equation on the difference of the potentials as

(3b) Wi — po = oz log(u;) — aglog(ug) + ¥; — ¥g + bi(u) —bo(u), i=1,...,n,

where we denoted by b;(u) = g,—i(u) for i = 0,...,n. Finally, we prescribe no-flux boundary and
initial conditions:

(4) diu;Viy;-v=0 ondQx (0,T), ui(-,0)=u) inQfori=0,...,n,

where we assume that u) is nonnegative for i = 0,...,n with > juf(z) = 1 for a.e. z € Q and

v denotes the exterior unit normal vector to 0f.

The system (1)—(4) is not yet closed. Indeed, the potentials g = (44;)<;<,, are defined up to a
common additive constant due to the no-flux boundary conditions. The approach proposed in [33]
for fixing this degree of freedom consists in enforcing a zero-mean condition on some averaged
potential, i.e.,

Z/ wi(x, t) pi(z,t)de =0 for 0 <t <T.

i=0 78

Here, we rather impose the condition

(5) Z/ wi(z, t)pi(z,t) de = Z/ u;(x,t) ﬁ(u(x,t))dx for 0 <t <T,
=079 =079 :

the meaning of which will become clear after a reformulation of the problem to be presented in
Section 2.2.

2. PRELIMINARY CONSIDERATIONS ON THE CONTINUOUS MODEL

Prior to discretizing the model under consideration, we discuss several aspects of the contin-
uous model. First, we highlight in Section 2.1 that the continuous model can be interpreted as
the generalized gradient flow of the energy E in a geometry related to optimal transportation
constrained by the volume filling condition (2). A reformulation of the problem is then proposed
in Section 2.2 in order to make explicit the corresponding Lagrange multiplier, while we introduce
in Section 2.3 an entropy production estimate on which the definition for weak solutions and our
numerical analysis will rely. Finally, in Section 2.4 we present the main objectives of this work
and give a state of the art.

2.1. Variational interpretation of the model. The system (1)-(5) can be interpreted as a
generalized gradient flow in some constrained Wasserstein space. More precisely, the space

M= {u € Ll(Q;RTrl)

(u,1y =1 a.e. in Q and][

udx :u},
Q

9)g<i<, belongs to M.
<i<n

In particular, (@,1) = 1. The space M can be equipped by the constrained Wasserstein metric
defined as follows: let ug, u; be two elements of M, then define the squared distance

n 1 1
2 = inf 7/ / i, Fy)dadt
(6) W (uo, u1) z«lrelx;:() ), QB(U, )dzdt,

where B : R x RV — R, U {+o0} is the convex lower semi-continuous function introduced by
Benamou and Brenier [10] defined by

where the mean values w = (U;)y<;<, € (0,1)"! are such that u® = (u

EE gy > 0,
B(u, F) =<0 if F=0and u=0,
400 otherwise.

In (6), the fluxes F' = (F}),,<,, are required to belong to the set

X={F:Qx(0,T)—R™N|
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Qi +divE; =0, F;-v =0, u(-,0) = ug, u(-,1) =uy, (divF,1) =0}.

While the first four constraints in the definition of X classically appear in the dynamical formu-
lation of the optimal transportation problem, the last constraint (div F', 1) = 0 is there to enforce
that u(-,t) € M for all t € [0, 1], i.e., all along the geodesics joining uy to u1. We refer to [11] for
the computation of such geodesics.

Remark 1. The definition of the space M depends on the initial data u® via the mass allocated
to each species, so that Mz would have been a more rigorous notation. For the ease of reading,
this dependency of M with respect to the mass repartition will be highlighted in what follows.

Saying that the dynamical system (1)—(5) can be seen as the gradient flow of the energy E in the
metric space M equipped with the metric W means that this system evolves along the steepest
descent direction of the energy E for the geometry of optimal transportation with constraint (2).
While the gradient flow structure in this complex geometry was already pointed out in the pi-
oneering works [68], the mathematical analysis for such problems using a variational approach
has been proposed much more recently. The model for incompressible multiphase porous media
flows considered in [27] is very close to our problem, whereas [33, 32] deal with the extension to
fourth-order dissipative system.

As a consequence of the gradient flow structure of the problem (1), the energy E(u) decays
along time. More precisely, multiplying (1) by p;, summing over ¢ = 0, ..., n and integrating over
Q) yields after integration by parts

/ (Opu, pydx + Z/ diu; |Vy|* dz = 0.
Q /e

Using (2) and (3), the first term rewrites

OF d
/Q(é)tu,u>dx = /Q(atu, E)dx = aE(u)

Therefore,

d = 2

—E(u) = — E U ; <0.
(7) ” (u) i_O/deuz [V |"de <0

This energy-dissipation relation is one of the core properties of the system. However, the analysis
carried out in the paper does not rely on it, but rather on the control of the production rate of an
entropy functional to be introduced in Section 2.3.

2.2. Reformulation of the model (1)—(4). Let u,pu be C! functions satisfying (1)-(4). It
follows from the condition (3) that the potentials g can be rewritten

oF
(8) i =3
Following [68, 27], the pressure 7 : Q7 — R defined by the algebraic relation (8) shall be thought
as the Lagrange multiplier for the constraint (2). Now, our goal is to rewrite the system (1)
(4) with the 2n 4+ 2 unknown functions po, ..., u, and ug,...,u, as a system of n + 1 unknown
functions wuq, ..., u,, 7. In this purpose, we first rewrite, using the expression (8) of the potential
i, the equation (1) as

Then, summing over ¢ = 0, ..., n these equations and using the constraint (2) we deduce that

(u) + 7= o;log(u;) + U + bj(u) +m, i=0,...,n.

3

i=0
Thus, the function 7 solves the following elliptic equation

div ( (Z diui> w) = div(aid; Vu; + du; VU, + diu; Vbi(u)) .
=0

=0



4 C. CANCES AND A. ZUREK

Now, we rewrite the system (1)—(4) as: find a solution wy, ..., u,, 7 of the system
(10a) O +divF, =0 inQr,i=1,...,n,
(10b) div (— (Z diui> w) +divG=0 inQr,
i=0

where the fluxes are given by
(11&) fl = 7Oél'divui — dlu,V\I'I - dzuZVbl(u) — diu,;VTr, for i = 1, e,y

n

i=0

and wug is defined as
(12) up=1-> u; inQr.
i=1

So far, 7 is defined up to an additive constant. We eliminate this degree of freedom by imposing
(5), which in the current context simply rewrites

(13) / m(x,t)de =0 for 0<t<T.
Q
Eventually we prescribe no-flux boundary conditions
(14) Fi-v=0, ondQx(0,T), fori=1,...,n,
and initial conditions
(15) u(-,0) =u’ e M,

the vector w of the average values appearing in the definition of M being adapted to the choice
of u®.

From the previous computations we deduce that any classical solution of (1)—(4) such that (5)
holds, is also a solution to (10)—(15). In the following statement we prove the other way around.

Lemma 2. Any classical solution solution of (10)—(15) is also a solution to (1)—(4) satisfying
(5).

Proof. First, using equation (10b) and the definition of G we obtain that
(16) div (ndo Vg + douo V¥ + dotg Vbo (w) + douoVr) = Y _ div F;.
i=1

Then, we simply derive in time the constraint (12) and we have

8{[140 = — Z@tui = Zle]:Z
i=1 i=1
Inserting (16) in the above equation implies that
O;u; + div (—dz U V,ui) =0 inQr,i=0,...,n.

Moreover, the equality (5) is a direct consequence of (13) and the constraint (12) since

O:/Qﬂ(x,t)da: i/ui(x,t)w(x,t)dx

zOQ

I

I
o

l /S2 wi(,t) (Ni(x,t) - gi (u(ag,t))) de.

This finishes the proof of Lemma 2. O
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2.3. Control on the entropy production and weak formulation. As already mentioned in
Section 2.1, the numerical analysis to be carried out in the paper does not rely on the energy
dissipation estimate (7) but rather on the control of the dissipation of another functional, that
we call entropy functional in what follows. The purpose of this section is to present this entropy
production estimate at the continuous level, as well as an estimation on the pressure field 7. First,
assuming the existence of a classical solution to (10)—(15) with positive volume fractions u; we
establish some a priori estimates required to deduce the sufficient regularity needed to define a
proper notion of weak solution for the system. Second, the Finite Volume scheme presented in
Section 3 has been designed in order to ensure that discrete counterparts of these estimates are
satisfied. The rigorous proof for the convergence of the scheme will then rely on these discrete
versions of the estimates below.
Let us introduce the entropy functional H : M — R, defined as

(17) H(u) = ; d%— /Q (ui (log () — 1) + 1) da.

Note that H is bounded on M, hence H(u’) < +o0o whatever u’ € M.

Lemma 3. Let (u,m) be a classical solution to (10)—(15) where w : [0,T] — M is assumed
positive, then

] n ) n 1 )
X \V4 : < AVA\2 .
(18) tH(u) + ;0 2041/ |V/ui|® da 4 /<Vu7§7b(u)>d:1c ; O: 2 / [VT,;|° dzx

In particular, if ¥ = (V;)y<,<,, = 0, then H is a Lyapunov functional for the system (10)—(15)
since the convexity of B implies that (Vau, Vb(u)) > 0.

Proof. In this purpose we use the equivalence established in Lemma 2 and we multiply (9) by
log(u;)/d; for i = 0,...,n (which is well defined since we assume that wu; is positive, i.e., u; > 0
everywhere on @Qr), we integrate in space, we use some integration by parts and we sum over i to
obtain the following relation

n

1 n
7 Opu; log(u;) do + Z/ (oziVui + w; VU, 4+ u; Vb (u) + UiVﬂ') - Vlog(u;)dx = 0.
i Jo /e

=0

Since #(u) = J-log(u,), one has

"1 d
§ - 1 , = —H(u).
2.3, /Q Oru; log(u;) da T (u)

On the other hand, since u;V log(u;) = Vu; and since (Vu, 1) = 0 in view of (2), one gets that
n
Z/ (uiV\I'i +u; Vb (u) +uiV7r> - Vlog(u;) dz = / (Vu, Vb(u) + VE) da.
panavie) Q
Besides, a simple chain rule together with the uniform bound 0 < u; < 1 leads to
Vu; - Vlog(u;) = 4|V/ui|* > |V,
Altogether, one obtains that

d

d - T 4 T2 _
dtH(u)+§ /Q (20l Vvl + LIVl ) + /Q<Vu,Vb(u)>das /Q (Vu, V) da.

Then it only remains to use the weighted Young inequality

"o 1
~(Vu, V) <3 (S Vul + 5 [VEi[2),
V9 < 3 (1Tl + 5 90
to recover (18). Finally, if ¥ = 0, then the right-hand side in (18) vanishes. As B is a convex
function, one obtains that %H (u) <0, hence H is a Lyapunov functional. O
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Thanks to Lemma 3 together with the L>°(Q 1) estimate stemming from u(t) € M fort € [0,T],
we conclude that w is bounded in L?(0,7; H*(Q))"™!. It remains now to establish an a priori
estimate for the function 7.

Lemma 4. There exists a constant C > 0 which depends on d;, o, T, H(u®), [|Db;lsc, [V W4l 2(c)x
and ||V \/uil| L2y~ , which is uniformly bounded thanks to (18), for i =0,...,n such that

(19) ||V7THL2(QT)N < C.

Proof. We multiply (10b) by 7, we integrate over Qr, we use an integration by parts, the Cauchy-
Schwarz inequality, the L™ estimate 0 < u; < 1 and the Lipschitz regularity of the functions b;
fori=0,...,n to get

// (Z diui) VP de < d; (ai”vuiHLz(QT)N + T2V L2 )n
Qr \3=0 i=0

n

S |Vuj||Lz<QT>N) IVl
=0

To conclude the proof, it remains to apply the L>° estimate 0 < u; < 1 and to notice that thanks
to (2), one has (3°1"  diw;) > min;—g,.._» d; =: d,, so that the estimate

1 n n
197l2@uyw < = D d (aiwm(@ﬂw + T2 V| 2(y + 2/IDbil|oe Y |vm|Lz<QT>N),
* =0 j=0

holds. O

Now applying the Poincaré-Wirtinger inequality and using the zero-mean constraint (13) we
deduce that there exists a constant, still denoted by C' and depending only on €2 such that

||7T(t)||L2(Q) < CHVF(t)||L2(Q)N, for a.e. t € (O,T)

In particular, as a direct consequence of Lemma 4 we conclude that = € L2(0,T; H'(12)).
Thanks to the results obtained in this section we can define a notion of weak solution for the
system (10)—(15).
Definition 1. (u, ) is said to be a weak solution of (10)—(15) if
o € L2(0,T; HY(Q)), uw € L®(Qr)"" N L%(0,T; HY(Q))"*! with u(-,t) € M for a.e.
t € (0,T) and m satisfying the zero-mean condition (13) for a.e. t € (0,T);
o forall p € CX(Q x [0,T)) and all i € {0,...,n}, there holds

(20) // u; Oy pdadt + / ud (-, 0)dx
Qr Q
= d; // (i Vu; + u; VU, + u; Vb (u) + w; V) - Vi dadt.

Note that summing (20), one recovers the weak formulation

(21) Zdi// uiVﬂ-Vapdxdt:—Zdi// (0 Vs + u; VU, 4+ u; Vb (w)) - Vo dadt,
i=0 Q@ i=0 T

with ¢ € C2°(Q2 x [0,T)) arbitrary, which implies that (10b) holds in the distributional sense.

2.4. Main objectives and state of the art. Before to enter in the core of this work let us
explain the main goals of the paper and describe its position within the literature of entropy
preserving numerical methods. Our main objective is to design and analyze a fully implicit two-
point flux approximation finite volume scheme for the system (10)—(15) preserving at the discrete
level the following properties:

(i) The conservation of the mass (see Lemma 10);
(ii) The nonnegativity of the mixture composition u (see Lemma 11);



FINITE VOLUME SCHEME FOR DIFFUSIVE MODELS 7

(iii) The volume filling constraint;
(iv) the entropy-entropy dissipation relation (see Proposition 9).

The property (i) will be a consequence of the conservativity of the finite volume scheme introduced
in Section 3.2, the properties (ii) and (iii) will be established thanks to the monotonicity of the
scheme while the proof of (iv) will rely on the entropy stability of our numerical method. In
particular, this last property is at the cornerstone of the proofs of our main results, namely the
existence of nonnegative solutions to the scheme at each iteration (Theorem 7) and its convergence
(Theorem 8).

Let us notice that the idea to build finite-volume schemes which preserved at the discrete level
the entropy production inequality, in order to study these numerical methods, for dissipation
driven models is far from being new. Indeed, there exists a wide literature concerning the design
and the analysis of entropy stable finite volume schemes. For instance, let us mention the following
(non-exhaustive) list of contributions [7, 13, 15, 16, 17, 18, 22, 24, 30, 34, 35, 36, 51, 66, 54, 70].

Now, in the particular framework of cross-diffusion systems which admit an entropy structure as
described in [60, 61], we would like to mention the papers [1, 3] where the authors proposed some
convergent two-point flux approximation with upwind mobilities schemes for a seawater intrusion
model in an unconfined and confined aquifer. In [5] a first order in space convergent finite volume
scheme is considered for the approximation of the cross-diffusion Shigesada-Kawazaki-Teramoto
(SKT) model [71]. The results established in this last work have been recently generalized in
[64] by employing a two-point flux approximation finite volume scheme with mobilities given by
logarithmic mean ensuring the preservation of the entropy structure of the models exhibited in [39].
We also refer to [37] where an entropy preserving finite volume scheme is analyzed for a spinorial
matrix drift-diffusion model for semiconductors, and to [49] where two energy stable two-point flux
approximation finite volume schemes are studied for a generalized Poisson-Nernst-Planck system
accounting for the excess chemical potential of the solvent in multicomponent ionic liquids.

Let us point out that the previous contributions did not deal with the development and the
analysis of finite volume schemes for cross-diffusion systems with volume filling constraint. In fact
there exists only few papers on this subject. Let us cite [23, 25, 28, 40] where the authors studied,
using similar techniques than in this paper, some convergent finite volume schemes for an ion
transport, the Maxwell-Stefan, a thin-film solar cells and a biofilm cross-diffusion system with a
volume filling constraint. However, in these former works the numerical schemes were designed for
particular models. This differs from the present study where we consider, thanks to (10)—(15), a
rather general model (including or not cross-diffusion terms). Up to our knowledge, there does not
exist, so far, “black-box” results which state the existence of solutions to a finite volume scheme
and its convergence for a general class of (cross-diffusion) systems with volume filling constraint.
This fact is one of the main source of originality of this paper.

Let us also notice that in the literature other numerical methods have been proposed for the
discretization of models (with or without volume filling constraint) admitting an entropy struc-
ture. Indeed, some authors designed finite element /finite difference schemes. Let us mention the
following list [8, 20, 48, 50, 56, 62, 63] (again far from being exhaustive) of such contributions.
Closer to our study we mention [26], where a model admitting a gradient flow structure for a
constraint Wasserstein metric, similar to the one presented in Section 2.1, is discretized thanks
to a minimizing JKO scheme [12, 59]. An other approach dealing with discontinuous Galerkin
method has been used in [21, 72, 73]. Finally, we also refer to [2, 29, 57] for numerical schemes
based on the control volume finite element method which preserved the entropy structure of some
dissipative models.

3. NUMERICAL SCHEME AND MAIN RESULTS

3.1. Notation and definitions. We present the discretization of the domain Qr = Q x (0,7).
Let Q C RN be a bounded, polygonal (or polyhedral if N > 3) domain. An admissible mesh of
Q) is given by (i) a family 7 of open polygonal (or polyhedral) control volumes (also referred as
cells in what follows), (ii) a family & of edges (or faces if N > 3), and (iii) a family P of points
(xk)KkeT associated to the control volumes and satisfying Definition 9.1 in [45]. This definition
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implies that the straight line Tz between two centers of neighboring cells is orthogonal to the
edge 0 = K|L between two cells. For instance, Voronoi meshes satisfy this condition [45, Example
9.2]. The size of the mesh is denoted by Az = maxger diam(K). The family of edges £ can be
split into interior edges &yt satisfying o € 2 and boundary edges o € Eqyt satisfying o C 0€2. For
given K € T, £k is the set of edges of K, i.e. UaesK o = 0K. It splits into Ex = Eint, x U Eext, i »
with Eing,xk = Ex NEint and Eext, k = Ex NEext. For any o € &£, there exists at least one cell K € T
such that o € &k.
We need the following definitions. For o € &£, we introduce the distance

6 - {d(mK,a:L) if 0 = K|L € Eint,k»
7 d(zg,0) if 0 € Eext, i,
where d is the Euclidean distance in RY, and the transmissibility coefficient
m(o)
4
where m(c) denotes the (IV — 1)-dimensional Lebesgue measure of o, which is set to 1 if N = 1.

The mesh is assumed to satisfy the following regularity assumption: There exists ¢ > 0 such that
for all K € T and o € &k,

(22) Ty =

(23) d(zg,0) > {d, and Card(Eg) < %

Let T > 0, let Ny € N be the number of time steps, and set At = T//Np the time step as well
as ty = kAt for k = 0,..., Np. We denote by D the admissible space-time discretization of Qr
composed of an admissible space discretization (7, &, (2x)xc7) and the values (At, N7). Note
that the choice of a uniform time discretization is made only to avoid extra notations, and that
our study can be extended in a straightforward way to the case of variable time steps, as used in
practice for the simulations presented in Section 8.

We also introduce suitable function spaces for the analysis of the numerical scheme. The space
of piecewise constant functions is defined by

Hr = {U Q= R:I(vk)ker CR, v(x) = Z vKlK(x)},

where 1 is the characteristic function on K. Since there is a one to one correspondence between
a function v € Hy and a vector (vi)ger in R? (with @ = #7) we will make a slight abuse of
notation by writing v = (vk)ge7 € H7. In order to define a norm on this space, we also introduce
the notation

v ifU:K|L€(€int’K,
VK,c = .
vg  if 0 € Eext K,
for K € T, 0 € £k and the discrete operators
Dk ot =vk,s —Vk, Dyv=|Dg,v| YveHr.
The discrete H' seminorm and discrete H' norm on H are given by

2
w2 or =37 (Dev)?, [l3ar = v
oel

%,27 + H'UH(Z),Q.,%

where ||v]g.2,7 denotes the L?(Q2) norm for v € Hy. More precisely, for every 1 < p < oo and
v € Hr, the LP(Q) norm is given by

1/p
0,7 = (Z m(K)vKI”> :

KeT
Finally, we introduce the space Hp of piecewise constant in time functions with values in Hy,

vl

Nt
He = {U 10 x [O’T] —R: H(Uk)kzl,m,NT CHr, ’U(S(,',t) = ka(x)l(tklytk](t)}7
k=1
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equipped with the discrete L2(0,7; H'(£2)) norm

Nt
k
(ZAM ||%,2,T)
k=1

3.2. Numerical scheme. We define now the finite volume scheme for the cross-diffusion model
(10)—(15). We first approximate the functions u and the external potential fields ¥, by

1 1
24 ul zi/u?(xdx, \IfiKzi/ U,de, for KeT,i=0,...,n
B = Sy i O e )

1/2

Remark 5. With the above definition (24), (uK)KeT € (Hr)"" belongs to M if u® does. From
a practical perspective, the initial data is rather approrimated by

0 0 :
up g =ui(2x), KeT,i=0,....n

provided u® is continuous so that the previous formula has a sense. This definition possibly intro-
duces some shift on the mean values, hence u® and (u(f)f)KeT do no longer belong to the same M
(cf. Remark 1). This shift tends to 0 for continuous u® as the mesh size Ax tends to 0, and it can
be quantified under further reqularity assumptions on u®, typically Lipschitz continuity. To ease
the presentation, we assume that the discretization of the initial data and of the external potentials
does not introduce mass shifts and that formulas (24) are satisfied.

Similarly, a classical approach for discretizing ¥ is to set

U =W (zx), KeT,i=0,...,n
Provided W is Lipschitz continuous, the estimate |¥;|; 27 < C||V¥;|| can be readily established

and allows to carry out the convergence proof. However, we stick to the theoretical definition (24)
of W; k since it allows for merely H*(2) and possibly not continuous functions ;.

For k > 1, let uk—* (ulf T ,ufﬁ%) be given for each K € T. Then, the vector (u”, ") is
solution to the following nonlinear system
uF
(25) m(K) 2K ZK+Z ,=0, VKeT,i=1,...,n,
c€€K

where for all K € T and o € £k the fluxes FF "k o are given by

(26) filfK,o = —7,d; |:OéiDK7(;’u/i»C + Uﬁg (DKﬁbi(u ) + DK,Uqu) + uﬁ’; DK,aﬂ'k , t=1,....n,

and

(27) _ZTJ<ZCZU“,—>DK07T + > Gk,=0, VKEeT,
c€EK c€EEK

with

(28) Gh o= ZTC, i (D ouf +uf, (Dxobi(u*) + Dk o®;)), VK €T, o€ Ek.

where ulg’ i 1s discretized thanks to the constraint (12) by

(29) ug}Kzl—Zuf,K, VK eT.

i=1
Furthermore, in the relations (26)-(28) the components of the vector u% = (uf,)o<i<n are defined
as
Uik if “ﬁK = uf,K,a >0,
min(uk . ok
(30) W =10 if min(uf g, i g o) <0,
Doty

—>' _—  otherwise
Dy o log(uk) ’
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while uf; is an upwind mobility given by

b (ufK)+ :max(O,ufK) if wf( > W}“{J,
(31) o = kb + i ek k
(ui’K’U) = maX(O,ui,K,g) if T, > Thes

for every o € Engx and ¢ = 0,...,n. As it will appear later on in Lemma 11, the introduction
of the positive part in the definition of uf; is purely technical and can be removed in practice.
Finally, we approximate (13) in a straightforward way by imposing

(32) > m(K)rf = 0.

KeT

Let us notice that we design our scheme in such a way that u’& x also satisfies an equation of
the form (25) for every K € T and k > 1. Indeed, summing over i = 1,...,n equation (25), using
(27) and the constraint (29) we obtain that uf x is solution to

ug g — ug K
(33) m(K)>E Y Fog, =0, VKET,
o€lk

where ]-'(}f’Kya is defined by (26) with ¢ = 0. Thus the scheme (24)—(32) is equivalent to (24)—(26)
and (29)—(33). In the sequel depending on our needs we will consider either of them.

Remark 6. A more classical approach would consist in solving the problem in its form (1)—(5),
i.e. in terms of discrete unknowns approzimating (w, ) rather than (w, 7). A typical example
of such approaches is the widely used upstream mobility scheme (see for instance [46, 26]) or
smoothened counterparts taking advantage of the self-diffusion (see for instance [19, 49]). Such
schemes would naturally be energy diminishing in accordance with the gradient flow structure
highlighted in Section 2.1. Howewver, their convergence analysis can only be carried out in particular
situations, like when p; — o is a function of u; but not of u;, j # i in (3a) for the upstream mobility
scheme (as it is always the case in the two-phase case n = 1), cf. [26]. Putting the pressure w
apart in the fluzes (26) allows to get enough control on it to state the convergence of the scheme,
cf. Theorem 8 below, but at the price of (slightly) jeopardizing the energy dissipative character of
the problem.

3.3. Main results. Let us first gather our hypotheses.

(H1) Domain:  C R¥ is a connected bounded, polygonal (or polyhedral if N > 3) domain.
(H2) Discretization: D is an admissible discretization of Qr satisfying (23).

(H3) Initial data: u® € M.

(H4) External potentials: ¥; € H1(Q) for i =0,...,n.

(H5) Function B: B is a C*! convex function.

(H6) Given constants: d; > 0 and a; > 0 for i =0,...,n.

For any nonnegative v = (vg,...,v,) € "H’;—H, we introduce the discrete counterpart of the
entropy functional H as follows

1
H(v) = — m(K) (v; g (log(v; —-1)4+1),
) =35, 3 miK) Ciellogoi) = 1)+ 1
where the Boltzmann entropy density vlogwv is extended by continuity by 0 whenever v = 0 for
KeTandi=0,...,n.
Our first main result deals with the existence of nonnegative solutions to scheme (24)—(32) at
each time step.

Theorem 7 (Existence of discrete solutions). Let Hypotheses (H1)-(H6) hold. Then there exists
(at least) one solution (u*, 7*)>1 to scheme (24)—~(32). Moreover, this solution satisfies the
following properties:
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(i) Mass conservation:

Z m(K)uﬁK = / wde, Vk>0,i=1,...,n.
KeT @
(ii) L®° bounds: 0<uf7K <lforal KeT,k>1andi=0,...,n.
(iii) Volume-filling constraint: > 1, ufK =1forall KeT and k > 1.
iv) Entropy production estimate: for all k > 1 there exists a constant C¢ > 0 only depending
¢
on ¢ such that

H(u") —H@W*) ¢ 2\
At +;20&ZZT0 Do/ u;

oel
" C
+ Z 7o (Dk,ou”, D ob(u®)) < Z ﬁ“‘l’iﬂip(sw
o€E i=0 "

Note that, due to the convexity of B, each term (Dg ,u*, Dk ,b(u¥)) is nonnegative. The
proof of Theorem 7 is based on a topological degree argument. In this purpose, we establish in
Section 4 some a priori estimates and we prove Theorem 7 in Section 5.

Now, thanks to Theorem 7 we deduce the existence of a solution (u*,w*);>; for each Az and
At. In the sequel we will prove that when Ax — 0 and At — 0 then there exists a subsequence
of solutions to the scheme (24)—(32) which converges towards a weak solution to (10)—(15) in the
sense of Definition 1. In order to state precisely our convergence result, we need some notation.
For K € T and o € k, we define the cell Tk , of the so-called dual mesh:

o If 0 = K|L € &y, i, then T, is that cell (“diamond”), the vertices of which are given by
Tk, rr, and the end points of the edge o.
o If 0 € €t K, then T, is that cell (“half-diamond”), the vertices of which are given by xx
and the end points of the edge o.
The cells (1), define a partition of £ up to a negligible set. It follows from the property that
the straight line Tz, between two neighboring centers of cells is orthogonal to the edge ¢ = K|L
that
m(o)d, = Nm(7,) foro €.
Following [38, 44], the approximate gradient of v € Hp is defined by

VDv(x,t) = m(a)) (DK_,gvk) Vko foraz €Tk, t€ (tpo1,til

m(T,
where vk  is the unit vector that is normal to o and points outwards of K.

We introduce a family (D,,,)men of admissible space-time discretizations of Qr indexed by the
size n, = max{Az,,, At,,} of the mesh, satisfying n,, — 0 as m — oco. We denote by T, the
corresponding meshes of () and by At,, the corresponding time steps. Finally, for every m € N
we set (Up, Tm) = (UWlms -+ s Un.m, Tm)men € Hp,, and V™ = VP,

Theorem 8 (Convergence of the scheme). Let the assumptions of Theorem 7 hold, let (Du,)men
be a family of admissible space-time distretizations of Qr satisfying (23) uniformly in m € N.
Let (up,, Tm)men be a family of finite volume solutions to (24)—(32) constructed in Theorem 7.
Then there exists a weak solution (u,m) to (10)—(15) in the sense of Definition 1 such that, for
i=0,...,n, the following convergences hold up to a subsequence:

Uim — U;  Strongly in L? (Qr) asm — oo,

V™ Ui — Vu;  weakly in LQ(QT)N as m — 0o,
T — 7 weakly in L*(Qr) as m — oo,

V™% — V7 weakly in L? (QT)N as m — oo.

In order to prove Theorem 8 we establish in Section 6 some uniform w.r.t. Az and At estimates.
These estimates will allow us to apply a compactness result obtained in [6] and prove the existence
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of (u, 7). Finally, following [38], we will identify the functions (u,7) as a weak solution to (10)-
(15).

The remaining of the paper is organized as follows. In Section 4 we establish some a priori
estimates needed for the proof of our existence result. Then, we prove Theorem 7 in Section 5.
In Section 6 we show some uniform estimates w.r.t. Az and At, while we prove Theorem 8 in
Section 7. Section 8 is devoted to numerical experiments in one and two space dimensions for
some models which enter in the framework described by (10)—(15). Eventually, Section 9 gathers
some concluding remarks on possible extensions of the present work.

4. A PRIORI ESTIMATES

One of our main objectives in this section is to show the following entropy dissipation inequality:

Proposition 9. Let the assumptions (H1)-(H6) hold and let (u*, 7%);>1 be a solution to (24)-
(26) and (29)-(33). Then for all k > 1 there exists a constant C; > 0 only depending on ¢ such
that

uk) — wk—1 n 2
(34) H( )Af( HZ&MZT{, <DU u§>
1=0

ocek

- C
+ ;MDKﬁuk’ Dy ,b(ub)) < ; ﬁiuqziu%{lm).
The proof of Proposition 9 is a transcription to the discrete setting of the proof of Lemma 3.

To prove that (34) holds true we will use log(uﬁ ) as “test function” in the equations (25) and
(33). Then, we first need to show that ufK >0 forall K € T and ¢ =0,...,n. In this purpose,
let us first prove that 7

> m(K)ufg >0, i=0,...,n

KeT
Lemma 10. Let the assumptions of Proposition 9 hold. Then, the solutions to (24)—(26) and
(29)—(33) satisfy

(35) Zm(K)uﬁKz/ugdx>o, Vk>0,i=0,...,n.
KeT Q

Proof. We simply sum equations (25) and (33) over K and thanks to the conservativity of the
scheme we deduce that it holds

Z m(K)uﬁK = Z m(K)uﬁ}l, VkE>1,i=0,...,n.

KeT KeT
We conclude the proof by induction and thanks to definition (24) of uf ;- for all K € T and
assumption (H3) on the initial data. O

Let us now show that the discrete concentrations are positive.

Lemma 11. Let the assumptions of Proposition 9 hold. Then the solutions to (24)—(26) and
(29)—(33) satisfy

(36) O<ufp <1, VKeT,k>1,i=0,...,n

Proof. Let i € {0,...,n} be fixed. Assume by induction that for k¥ > 1 we have 0 < uf;{l and

> m(K )uf}l > 0 (we recall that this property has been already established for every k > 1 in
Lemma 10). Let us now define the subset IC; C 7 by

(37) K ={K e T|u}x <0}.

Our goal is to show that ¥ = (). In this purpose, we proceed by contradiction by assuming that
Kk #£0.

The case Kf = T easily leads to a contradiction with Y- o7 m(K)uf ;- > 0 obtained in Lemma
10. We restrict then our attention to the situation where KF C T.
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Let us introduce the subset
g ={oe€ék|KeKkl}CE.

Such edges o € EF are of three different types:

(i) 0 € EF o = EF N Eext;

(i) o = K|L € &F_ if both K and L belong to Kf;

(ili) o = K|L € &F, if K € K} whereas L ¢ KF.
Since 2 is connected, and since KF C T, then the subset 52-’“’ 4 of &k is not empty. It follows from
the definition (30) that u¥, = 0 for any o € &£F, and that u;} = 0if o € EF_ or if o € EF,
and mj > mj . due to the positive part in (31). We set now KF a connected component of KF.

Hence, assuming that (75) and (ufK «cr are given, the vector uk = (uﬁK)KeI%’? solves

KeT
the linear system: VK € KF,

)KeT\

(38) uﬁKm(K)—FAtdiai Z To (uﬁK—uﬁKJ)—&— Z TauﬁK

068ﬁ7 Uegf;+

= ui}l m(K) + At Z To d; [aiuf)K)a + uﬁK’U (W’f(’g — 71'];()—1 .

U€€ﬁ+

The above right-hand side is non-negative, and even positive if K is such that 51»’“7 4+ # 0. Let us
first consider the case where sz = {K} for some K € KF. Then, the equality (38) becomes

uﬁKm(K)+Atdiai Z TguﬁK

U€$£+

_ k-1 k k k BT
=u; g m(K) + At g Ty d; [aiuLK’o + U ko (7TK70 - TI'K) } .
0655Jr

This yields a contradiction since the left-hand side is non-positive while the right-hand side is
positive. Now, if the subset ICi»C is not reduced to a single cell, we set

ui—“K ‘= min qu.

’ Lekr 7
If uf’K = 0 then uﬁL = 0 for every L € sz \ {K} and for at least one cell Ly € sz there exists
0 € Epyint NEF, (otherwise K¥ = T). In particular, for this cell Lo, the equation (38) provides a
contradiction since the left-hand side is equal to 0 while the right-hand side is positive. Finally, the
case uf x < 0 also leads to a contradiction since the left-hand side is negative while the right-hand

side is non-negative. Arguing similarly for each connected component of ¥ we conclude that

Kk — 0,
Finally, thanks to the constraint (29) we conclude that uﬁ x < 1for every K € 7 and ¢ =
0,...,n. O

Thanks to the previous result, we can remove the positive parts in (31), and the values log(uf, %)
have a meaning for all K € T and i =0, ...,n. Therefore we are in position to prove Proposition 9.

Proof of Proposition 9. We multiply (25) by log(uf x)/d;, equation (33) by log(uf x)/do, we sum
over K € T and i =0,...,n, and after some discrete integration by parts we have

J1+Jo=0,
with

u (ufk —uii) 1
J1 = Z m(K)TK Elog(uﬁ;{),
0 KeT ¢

1=
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JQ = Z Z To (a'LDI(,v:J"U/i:C + U?,a (DK,D’b’L(uk) + DK,U"II»L') + Ui’;rDK7g7Tk) DK,O‘ log(uf)
i
For Jy, using the convexity of z — x(log(z) — 1) 4+ 1 allows us to conclude that
H(u") — H(u""")
At '
Now, applying the Cauchy-Schwarz inequality, we first notice that it holds

(Va—- By = (/;j};) s/cf/f = 1 (a—b)(log(a) ~ log(b)) Ya,be (0,00).

Then, thanks to this inequality and the definition (30) of uﬁg we deduce that

n 2
J=Y > 1, (404,- (Doy/uf> + D oul (Di obi(u) + DK,(,\I:Z»)>

i=0 0€Ein
o=K|L

(39) Ji >

n
k, km k
+ E E oDk o™ u; Dk, log(uy).
i=0 o€&int
oc=K|L

Besides using the definition (31) of uf; and the inequality
a(loga —logb) > a —b > b(logb —loga) Va,b € [0,00),
which follows from the convexity of the exponential function we get
n 2
JQ 2 Z Z To (40[2 (Do- ui’“) + ]:)[(,O-’LL,]L-C (DK7gbl(uk) + DK,U‘II'L') —+ DK,gﬂkDK,U’u?) .
=0 o€&int
UEKlL

For the last term, thanks to the constraint (29), we notice that the following relation

Z To (zn: DK,qu + DKJu’g) DK,gﬂ'k =0,

0€Eint =1
oc=K|L
holds. Thus
n 2
(40) Jy > > o7 <4oz,; (Da uf) + D oul (D obs(ub) +DK’”\I:i)> .
=0 oc€&int
oc=K|L

Gathering the inequalities (39) and (40), we conclude that

kY _ k—1 n 2
H(u?) Af(u ) + 2404 ZTO- <DU uf)
i=0

o€l

+ ) 7o (Diouf, D ob(u®)) <Y 7, (D, ¥, Dyut).
oe€ ce&

Finally, we use that 2DC,\/u§?C > D(,ui»c since 0 < ufK < 1 to control the right-hand side of the
above inequality, leading to

ky _ k—1 n 2
H(u") Af(u ) + 22%— Z’Tg <D0 uf)
i=0

ogel
"1
k k 2
+ §TG<DK,C,U Dk ob(u)) < ZO 7 ;STU (De®;)%.

It remains to apply [45, Lemma 9.4] in order to complete the proof of Proposition 9. O



FINITE VOLUME SCHEME FOR DIFFUSIVE MODELS 15

Let us now establish the discrete counterpart of Lemma 4.

Proposition 12. Let the assumptions (H1)-(H6) hold and let (u*, 7*);>1 be a solution to (24)-
(26) and (29)—(33). Then, for all k > 1 we have

* n

d n
(41) ‘Wk|1,2,7 < df Z Q; ’uf‘l,Q,T + ||Db1||00 Z |u.’;}’172,7’ + |‘Ili|1,2,T ’
* =0 =0

with d, = min;—g,.. nd; and d* = max;—g, .. n d;.

Proof. In this purpose we multiply (27) by 77’;(, we sum over K and after some integration by
parts we have

Z (Zn: dﬂlﬁ’;) (Dgﬂ'k>2 = J3,

o€Eint =0
o=K|L
where
n
J3=— Z Z Todi (D oul +uf, (Dg obi(u¥) + Di o k)) D o
1=0 o€&ing
o=K|L
Now thanks to Lemma 11 we notice that for every K € T we have 0 < ufK <lfori=0,...,n.

Then for i =0,...,n and o € &y, xk We obtain by definition (30)
sk k k k k
0< mln(ui7K, ngo) <ui, < max(ui)K,ui)K)U) < 1.

Hence, using these L> bounds, the Lipschitz regularity of the functions b; for i = 0,...,n and the
Cauchy-Schwarz inequality we find that

n n
2: k }: k k
(42) |J3| S d1 (677 |’U,Z ’172,7_ + ||Dbz||oo |uj |1,2,T —+ |‘I’i|1’277- ‘71' |172,7_.
i=0 7=0
Let us notice that depending on the sign of Dk ,m" either Y I uf: =3 uf’K =1or

n k,m n k _ . . s
D i Uim = im0 Ui o = 1 which implies

(43) Z (i: dmfér) (Dgﬂ'k)2 > d,

g€Eint =0
oc=K|L

k’2
T 107

where d, = min;—g ., d;. Thus, collecting (42) and (43) we obtain

n d n ]
L P— > df i |uf]; 5 7+ IDbil o > ‘“?’1,2,7 + Wil 7
i=0 =0

This concludes the proof of Proposition 12. O

5. PROOF OF THEOREM 7

First, we notice that the scheme (24)—(26) and (29)—(33), denoted (S) in the sequel, is an
overdetermined system of equations, (n + 2)6 + 1 equations for (n + 2)6 unknowns with 0 = #7.
However, for k > 1 and u*~! € M given, consider the set of equations

Tr uk}(l
7, 7, k _ s
(44) m(K) =S ; Fieo=0, VKeT,i=0,...,n,
g K
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where for all K € T and o € i the fluxes }"i’f Ko are given by (26). Now we choose arbitrarily
Ky € T and we impose the constraint

(45) Y ubg =1, VK €T\ {Ko},
1=0

and the zero-mean constraint

(46) > m(K)rf = 0.

KeT
Hence the system (26), (44)—(46), simply denoted by (44)—(46) in the sequel, has (n+2)0 equations
for (n + 2)0 unknowns. Moreover, we claim that (S) and (44)—(46) are equivalent. Indeed, it is
clear that a solution to (.5) is also a solution to (44)—(46). Besides, we have the following result:

Lemma 13. For k > 1, let u*~! € M be given. Then every solutions to (44)—(46) is also a
solution to (5).

Proof. In this purpose we need to show that Z?:o uf K, = 1. We first notice, thanks to equation
(44) that it holds

S mEpub = > mK)kt i=0,.. 0.

KeT KeT
Then

>0 mEuf =) > m(K)uiy =m(®),

=0 KeT =0 KeT

which implies the result. O

Hence the systems are equivalent and in the remainder of this section we will focus on (44)-
(46). Now for k > 1, we assume that u*~! € M is given. In order to prove the existence of
(u”, %) we will use a topological degree argument, see [42, Chap. 1]. In particular, we will build
(u®, ") as a solution to a nonlinear system F'(u* 7*) = 0 where the map F' corresponds to
the scheme (44)-(46). Roughly speaking in the sequel we will define an homotopy F*, where A
denotes a parameter in [0, 1], such that if A = 0 the system F°(u, ) = 0 is linear and admits a
unique solution. Then, we will conclude thanks to the invariance by homotopy of the Brouwer
topological degree that the nonlinear set of equation F!(u,7) = 0 admits at least one solution,
i.e., the scheme (44)—(46) (or equivalently (.5)) possesses at least one solution at time ¢ denoted
by (u, 7*).

In this purpose we introduce, for R > 0, the set

n
Z = {(w.7) = (o ) € M2 |l + 3 sl 7 < 2.
i=0
and for each A € [0,1] amap F* : Zp — R("2)9 with § = #7. Then (u®*, ©%*) stands for a zero
of F, ie. (uF*, wh?) satisfies F* (uf*, w#*) = 0 for every A € [0, 1]. Since the construction of
the homotopy F* is non-trivial we split those definitions in two steps.



FINITE VOLUME SCHEME FOR DIFFUSIVE MODELS 17

Step 1. If A € [0,1/2], then the problem F*(u** &%) = 0 is given for every K € T and

i =0,...,n by
uk)\iuk
m(K)lKif— Z Tg( DKauk)‘Jr (u1+2/\( k)‘ﬂfﬂi))DK,gﬂ'k)‘) =0,

c€EK

where d, = min;—g__,d;, & = min;—q ., a; and u; = m(Q)~ ZKeT m(K)uf;} =m(Q)~! fQ u?(m) dz.
Moreover we add the constraints

doufg =1 VK eT\{Ko}, > m(K)rp*=0.

KeT
We notice that for A = 0 the map F° reduces to
(47)
dy )
m(K)uf,’[O( — At? Z T ( 5 Dg Uu 04 WD oo O) = m(K)uf;(l, VKeT,i=0,....,n
c€EK
and
(48) Zul k=1 VKeT\{Ko}, > m(E)r’=0.
KeT

This system is linear and corresponds to a matrix L. € M, 12)9,(n+2)s- Now our objective is to
show that the system (47)—(48) is well-posed. In this purpose we study the kernel of L, i.e., we set
the right hand side of the previous system to 0. Using the constraint y." uflo( =0foral K € T
(we simply adapt the proof of Lemma 13) and the fact that by construction we have > u; = 1,
then summing (47) over i = 0,...,n we readily deduce that Y .o 7oDxo7"? = 0 for all
K € 7. Then, multiplying this equality by Wl;(’o, summing over K € 7T and applying a discrete
integration by parts we obtain |7rk70|1,2,7— = 0. Thus, the connectedness of 2, see assumption (H1),
implies that %0 is a constant vector. Moreover, thanks to the constraint > rer M(K )w];(’o =0
we conclude that 7'('};(70 =0 for all K € 7. Thus, u’? is the solution to the classical backward

K3

Euler TPFA scheme for the heat equation for ¢ = 0,...,n which is well-posed. In particular
this implies that ker(I.) = {0(,42)9}, i.e., the linear system (47)-(48) admits a unique solution.
Using the constraint (48) (which is also valid for K thanks to Lemma 13), one can reproduce the
calculation discussed above to show that wﬁ(’o = 0 for every K € T also in the non-homogeneous
case, then that uf’o is the “solution” to the discrete heat equation with the same diffusion constant
equal to a,d,/4 for i =0,..., n.

We conclude that deg(FY, Zr,0) = 1, where deg denotes the Brouwer topological degree, for
any R > 0 such that

(49) R>m(Q)2 " [ul o2 = Ch.
1=0

Indeed, to obtain this condition on R we first multiply (47) by ul K7 we sum over K € T and we
use an integration by parts to get

. Atd, « .
||uf’0 2) Tt 72* . |uf’0 §,27T = Z m(K)ukKluk1,0(7 fori=0,...,n
KeT
Then, the Cauchy-Schwarz inequality yields
‘htfﬁ .2, f_luoggr, fori=0,...,n,
which implies
[ l0,1,7 < m(Q)2[[uf Moo 7, fori=0,....n

Now, passing from A = 0 to A = 1/2 allows to introduce some nonlinearity at the level of the
Lagrange multiplier, even though it remains inactive. Indeed, in the case A € (0,1/2], adapting
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the proof of Lemma 13 we notice that it holds Z?:o ufj‘“ =1 for every o € &ine, k Which implies

A =0 for all K € T. Then, arguing as before one can prove that deg(F?*, Zr,0) = 1 for all
A € (0,1/2] where the solution (u**, k) to F*(uF*, k) = 0 is given by (u*0, 7wk:0).

Step 2. If A € [1/2,1], then the problem F*(u**,w**) = 0 is given for every K € T and
i=0,...,n by

kA k—1

Ui — Uy ¢ ,\ k,\
o€EK

1
+2 </\ - 2) uf? (Drobi(u) + D o T;) + uﬁj’”DK,kavA> =0,
where d} = (A — 1/2)(2d; — d.) + ds/2, a} = (A — 1/2)(20; — ai) + /2 and we impose the
constraints

(51) zn:u’f}{ =1 VK e T\{Ko}, > m(K)rp*=0.

KeT

Let us notice that for A = 1 and thanks to Lemma 13 we recover the scheme (S5).

Now our main objective is to prove that deg(F', Zg,0) = 1 for R > 0 large enough. In
this purpose, thanks to the invariance by homotopy of deg, and since we already know that
deg(F*, Zr,0) = 1 for every A € [0,1/2], it is sufficient to prove that any solution (u** %) € Zp
to FA(ub*, k) = 0 satisfies (ub*, wh*) ¢ 0Zg for every A € [1/2,1] and for sufficiently large
values of R > 0.

First, adapting the proof of Lemma 11 we have

0<uK<1 VKeT,i=0,.

Now our main objective is to adapt the proof of Proposition 9. In this purpose we multiply (50)

by log(uf’;})/df‘, we sum over K € T and i = 0,...,n and after a discrete integration by parts we
obtain
Ja+Js =0,
with
n (uk A uk 1) 1
K K kA
J4 = m(K)% djlog(ui,K),

i=0 KeT i

and

Js = Z To (Oé?DK U’U, —|- 2 </\ 1) uf’ﬁ‘ (DK)Ubi(’u,k’A) =+ DK,U‘I’i)

kX m kA kA
+u; "Di o™ )DK’glog(ui ).

Then, using the same arguments as in the proof of Proposition 9 we get

H (u) — Hy (")

Jy >
4 = At )

where for any nonnegative v = (vo, ...,v,) € H3"' we define H) as

Z > m(K) (v (log(vi k) — 1) + 1),

=0 1Ke7’
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and

2
Js > > 7 <4af‘ (Dgx/uf’/\> +2 (/\ - ;) Dol (Di obi(uf) + DK,glIll-)> .

=0 oc€&int
oc=K|L

Hence gathering the previous inequalities, following the computations done in the proof of Propo-
sition 9 and noticing that d < d; fori = 0, ...,n we deduce that (u**, w%?) satisfies the following
inequality

Gz Tl Ih +sz%< D,ful?)’

e

" C
kA ke, ¢ 112
2 (A 2> E To(Dk,ou™", Dk ob(u™")) < ;0 20&5\ H\IleHl(Q)'

oe&

Now, using classical arguments, we notice that for every C' > 0 it holds
log(1+C)z — C < z(log(z) —1)+1, Vz>0,

where the equality is reached at © = 1+ C. Then, applying the convexity of the function B and
the fact that d} > d1/2 d./2 for all A € [1/2,1],i=0,...,n, we deduce thanks to (52) that

(53)
- d* v . (n+1)Cm(Q) Z” Ce )
ZH“ 017 S log(1+C) (Hm(u )+d—+At izoﬂ”%”mm) = (o,

=0 *

with d* = max;—o,....n d; and

Hyjp(wh ™) = 30 = 37 m(K) (w7 (log(ul ) - 1) +1).
i=0 " KeT

Moreover, adapting the proof of Proposition 12 and noticing that d} < d; for all A € [1/2,1] for
i=0,...,n, we have

n
kA kA
|7 adu M2+ Dbill o > [us M2 + il 27

Jj=0

i=0 *

Now applying the inequality
(a —b)? < 4(va—Vb)? Va,be [0,1],
we obtain

n

n
kA kA '
X ; T+2||Dbi||oojzo‘\/;’172,7_+\I’l|17277-

Thanks to (52) and the fact that oﬁ‘ > o /2 for all A € [1/2,1], we remark that it holds

kA

2 2H C
[oF 12(u C¢ for 4 —
2’ u; ‘1}277’ o AL ZH\I/ ||H1 =C;, fori=0,...,n
Thus
(54) LENIPYESY e (a 205+ (n+1)2C3||Dbi| , + |‘I’i|1,2,’r) = Cy,
i=0 *

where o = max;—o,..., @;. Furthermore, applying the zero-mean condition ;. m(K )7‘('?()\ =0
and the discrete Poincaré-Wirtinger inequality obtained in [14, Theorem 5] we deduce the existence
of a constant C5 > 0 only depending on (2 such that

C
”,n_lc,)\ 75|ﬂ_k7/\|11277’.
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Hence, thanks to (54) we conclude that
C4Cs
(55) 750,27 < n

Finally, defining R = max{Cy + 1,Cs + Cs + 1} we deduce from (49), (53) and (55) that
7 o2 + > luf
i=0

which implies that (u** wFA) ¢ 075 and deg(F*, Zr,0) = 1 for all A € [0,1]. Thus, the scheme
() (or equivalently (24)-(32)) admits at least one solution denoted (u”,7*). Moreover, thanks
to the a priori estimates established in Section 4 we conclude that (uk', %) satisfies the properties
(i)—(iii) and we notice that taking A =1 in (52) yields the property (iv) stated in Theorem 7.

= Cs.

[0,1],

6. UNIFORM ESTIMATES

Let us first collect the a priori estimates uniform w.r.t. Az and At already established in
Section 4 and Section 5.

Proposition 14. Let the assumptions of Theorem 7 hold. Then, there exists a constant C7 > 0
only depending on Q, T, a,, = min;—o,._, i, ¢, H(u®) and the sum over i =0,...,n of the H'
norm of V; such that
n Nrp
(56) SOS AR, <G i=0,..n.
i=0 k=1
Furthermore, there exists a constant Cg > 0 only depending on Q, T, o = max;—o,.. n o, (,
H(uY), d., d* and the sum overi=0,...,n of the L> norm of Db; and the H' norm of ¥; such
that
Nt
(57) S Atk |2, < Cs.
k=1
Proof. First let us notice that (56) is a direct consequence of the L™ estimate u ‘¢ < 1 for every
KeT,k>1andi=1,...,n obtained in Theorem 7 and the entropy d1851pat10n inequality (34).
Indeed applying the inequahty suk < 2Da\/7i for all o € £ and summing over k (34) yield

n Nrp T n
SO Atfuf 127<<2H( +QZCC||\IJZ'|%11(Q)>'
i=0 k=1 * =0

Moreover, estimate (57) is a straightforward consequence of Proposition 12 (see also the end of
the proof of Theorem 7). O

Let us now establish another estimate uniform w.r.t. Az and At needed for the convergence
proof.

Proposition 15. Let the assumptions of Theorem 7 hold. Then there exists a constant Cg > 0
only depending on Q, N, T, ¢, oy, d;, C7, Cg and the sum over i =0,...,n of the L> norm of
Db; and the H' norm of W; such that for all ¢ € C§°(Qr) we have

Nt
(58) Z Z m(K) (ufK fK><p(xK7tk)<C’9HV<p||Loo @Qr), 1=1,...,n.

k=1KeT
Proof. Let i € {1,...,n} be fixed. In the sequel for ¢ € C5°(Qr) we denote for all K € 7 and
k>1by o =m(K)™! [, o(z,t;)dz and by " the sequence (¢} )xe7. Then, we multiply (25)
by Atk we sum over K € T and 1 < k < Nr and we obtain after some discrete integration by
parts

Z Z m(K) (ufK_uzK)(PK_J6+J7+J8+J97
k=1KeT
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with

T
']6 = _ZAt Z To di Qg ])K,zfuéC DK,G‘ka

0€Ent
oc=K|L

Nt
J7=—2At Z Ta’diuf’aDK,g—bi(uk)DK7UQOk7
0E€Ent
U:€K|L

ng—ZTAt > 7odiuf, Dk o¥; Dk ",

€&y
o=K|L

ng—ZT:At Z ngu DKUTF DKgcp

0EE&int
oc=K|L

For |Js|, using the regularity of ¢, the Cauchy-Schwarz inequality and the regularity assumption
(23) we have

Nrp 1/2
6| < divil|VeollLe(or) D Atluf o7 ( >y m(U)da>

k=1 KeT o€&int, k

1/2
dio;
< 41/2|V50||L°°(QT)ZAt|uzK|12T<Z > m(o)d(zx,0 )) :

k=1 KeT 0€€in,k

Now, we notice that it holds

Z Z Hl(O')d(IK, U) < NH](Q),

Ke€k 0€&int, k
which implies together with the Cauchy-Schwarz inequality and estimate (56) that
(59) | Js| < dicv; —< IVl @r)-
For |J7| since
0< min(uf’K,ufﬁKﬁo) < ufg < max(uﬁK,uﬁK7d) <1, VKeT,06€&mk,k>1,

we deduce, thanks to the Lipschitz regularity of the functions b;, that
n Nr

|J7|§di”Dbi||ooZZAt Z 7o Doul D",

j=0k=1 0€Eint
o=K|L

Then, using the same techniques as for the term Jg we directly deduce that it holds

(60) |J7] < di [|Dbi]|so — Vel Lo (@r)-
For |Jg| arguing as for the term J; we get
Nm(Q)

|Js| < d;,T [Wil127 IVOllLoe (@r)-

¢

Thanks to [45, Lemma 9.4] we deduce that there exists a constant C¢ > 0 only depending on ¢
such that

N m(
(61) | < d,TC \/C“ 19 e 9] e 0.
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Finally, bearing in mind the L estimate uf; <lforall K €T, o€ &ntx and k> 1 and using
the same techniques as for the term Js (for instance) we conclude that

NCsm(Q)T
(62) ‘J9| <d; SC() ”v@HL‘”(QT)'

Collecting estimates (59)—(62) yields the existence of Cg > 0 such that (58) holds true. This
finishes the proof of Proposition 15. O

7. PROOF OF THEOREM 8

Throughout this section we will assume that the assumptions of Theorem 8 hold and we will
consider the notations introduce in Section 3.3. Before to prove Theorem 8, we show some com-
pactness properties.

7.1. Compactness properties. Let (u,,, T )men be a family of finite volume solutions to (24)—
(32) constructed in Theorem 7. Our first aim is to prove some compactness properties on (U, )men-
In this purpose we will use the black-box result [6, Theorem 3.9] (see also [34, Lemma B.1]).

Proposition 16. Let the assumptions of Theorem 8 hold and let (Wp, Tm)men be a sequence of
discrete solutions to (24)—(32) constructed in Theorem 7. Then there exists a subsequence of (U, ),
which is not relabeled, and w = (ug,uy,...,u,) with {u,1) =1 a.e. in Qr such that

Uim = Ui @€ N Qr asm —00,1=0,...,n.

Proof. Let i € {1,...,n}. Assumptions (A1) and (Ay3) in [6, Theorem 3.9] are satisfied due
to the choice of finite volumes method. Assumption (Ay) is always fulfilled for one-step methods
like the implicit Euler discretization. Assumptions (a) and (b) are a consequence of the L
bound, while Proposition 15 ensures assumption (c). Thus, the result, for i = 1,...,n, is a direct
consequence of the black-box result obtained in [6, Theorem 3.9]. Now, since

n
Uo,m = 1- E Uj,m s
=1

we also deduce the existence of a ug such that ug =1 — Z?:l u; with ugmm — up as m — oco. U

Proposition 17. Under the assumptions of Proposition 16, there exists u = (uy,...,u,) €
L2(0,T; HY(Q))" N L>®(Q7)"™ and ug =1 — Z?zl u; and a subsequence of (W, )men such that for
t=20,...,n, as m — 00,

(63) Uim — U  strongly in LP(Qr), 1 < p < oo,

(64) VUi — Vu;  weakly in L*(Qr),

where V™ is defined in Section 3.3.

Proof. The strong convergence (63) is a consequence of Proposition 16 and the L estimate
0<tim<1 ae inQr,

obtained in Theorem 7 which allow to apply the dominated convergence theorem. Moreover,
the estimate (56) implies that (V™u; ., )men is bounded in L?(Qr). Thus, for a subsequence,
V™u; m — v; weakly in L?(Qr) as m — oo. Following the proof of [38, Lemma 4.4] we show that
v; = Vu,;. This concludes the proof of Proposition 17. O

Proposition 18. Let the assumptions of Theorem 8 hold and let (W, Tm)men be a sequence of
discrete solutions to (24)—(32) constructed in Theorem 7. Then there exists a subsequence of (7y,),
which is not relabeled, and m € L*(0,T; H*(2)) such that

(65) T — T weakly in L*(Qr),
(66) V" — V7 weakly in L*(Qr).
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Proof. This result is a direct consequence of estimate (57). Indeed from this estimate we deduce
that the sequence (7, )men is uniformly bounded in L?(Q7) which implies the existence of 7w €
L?(Q7) such that (65) holds. The same argument shows that (V™7,,)men is uniformly bounded
in L?(Q7) and applying the proof of [38, Lemma 4.4] we directly deduce that the convergence
result (66) also holds. O

7.2. Convergence of the scheme. To finish the proof of Theorem 8, we need to show that the
function (u,7) obtained in Proposition 16-Proposition 18 is a weak solution to (10)—(15) in the
sense of Definition 1. To this end, we first notice that we can rewrite (32) for every 1 < k < Np
as

/ Tl ) dz = 0, Vi € ((k = 1)Aby, KAL),
Q
Now for an arbitrary function ¢ € C§°(0,T), we multiply the previous equality by
1 kAt
— o(t) dt,
Aty /(k—l)Atm )
and we sum over k € {1,..., Ny} and we have

//Tﬂm(x’t)cb(t) dudt — 0.

Now using the weak convergence in L?(Qr) of m,, towards 7 established in Proposition 18, we
deduce that after passing to the limit m — +oo it holds

//T m(z,t)¢p(t) dzdt = 0.

Thus 7 satisfies (13) for a.e. t € (0, 7).

Let us now prove that (u,w) satisfies (20) (the proof that (w,) fulfills (21) being similar).
In this purpose we follow the strategy of [38]. Let ¢ € C5°(2 x [0,T")) be given, and let 7, =
max{Az,, Aty } be sufficiently small such that supp(¢) C {z € Q : d(z,9Q) > nn} x [0,T). For
the limit, we introduce the following notation:

T
Fiy = —/ /Ui,mat@dxdt_/Ui,m($70)@(x,0)dx,
0 Q Q
T
Fay = diai/ / V" U - Vpdadt,
0o Ja
T
Fyp = di/ / Wi V™, 1 - Vipddt,
0o Ja
T
Fi = dz‘/ / Ui Vb (W) - Vipdadt,
o Ja

T
Fgp = di/ / Wi V', - Vipdzdt.
)

The convergence results of Proposition 16, Proposition 17 and Proposition 18, the regularity of
the functions b; and ¥;, and the assumption on the initial data show that

5 T
Srp o [ [ wonedsde— [ alie)ete, 00z
= m——+oo 0 Q Q

T T
+ diai/ / Vu; - Vedxdt + di/ / w; VU, - pdadt
0o Ja o Ja

T T
+d; / / u; Vbi(u) - Vipdadt + d; / / w; V7 - Vdadt.
0 Q 0 Q
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We proceed with the limit m — oo in (25). For this, we set ¢% = ¢(zx, k), multiply (25) by
Atmgo’;{l and sum over K € T,,, leading to

(67) F"+ F'+ Fy"+ F" + Fi" =0, where
Nt
Fr=>"%" m(K) (uf o —uf )k,
k=1KeT

F{”:—d%ZAth Z Tg—DKauk ke 1a

KeT 0€&int, x

Nt
an = —dzZAtm Z Z TolUy, o'DK ¥ (pK 5

KeT 0€€int, Kk

Ff:—dZAth Y Toui, Diobi(ut) @it

KeT 0€€int, Kk

F" = —d, ZAt Z Z ot 7 D ot Q!

KeT 0€€int, k

The aim is to show that Fj§ — FJ" — 0 as m — oo for j = 1,...,5. Then (67) shows that
Fiy + Fog + F35 + Fig + F5g — 0, which finishes the proof.

It is proved in [38, Theorem 5.2], using the L*(Qr) bound for u,, and the regularity of ¢, that
Fi¢ — F™ — 0. Using the bound (56) and arguing as in the proof of [38, Theorem 5.1] we easily
show that Fif — Fi™ — 0. Moreover, applying similar arguments as in the proof of [64, Theorem
2] we deduce that Fjg — F* — 0.

Let us now prove that F335 — F3" — 0 as m — oo. In this purpose we first apply a discrete
integration by parts and write F§" = F3} + F35 where

Fi = d; ZAt Y D> mulxDro¥iDroe

KeT 0€Eint, x

F =d; ZAt SN ro(uf, —uf ) Dr B Dk "

KeT 0€&int, x

The definition of the discrete gradient V™ in Section 3.3 gives

|F35 — F31|<dZZ Z |U1KHDKU‘I’|

k=1KeT 0€E&nt, K

tr DK kafl 1 /
7 — V- VKvadx) dt‘.
\/tk—l < dU m(TK7U) TK,U

It is shown in the proof of [38, Theorem 5.1] that there exists a constant C' > 0 only depending
on ¢ such that

X

tk DK (Pk_l 1
o — V- VK,[,dm) dt‘ < CAtmMm.-
/tk 1 ( do m(TK,G) Tk,o

Hence, thanks to the bound uf x <1forall K €T, k>1and by the Cauchy-Schwarz inequality,

|50 — F31|<d077mTZ Z o) | Dk Wil
KETO'ES,MVK

1/2
S dicnnzT|‘I’i|172,Tm ( Z Z Hl(O')da> .

KeT 0€€int, Kk



FINITE VOLUME SCHEME FOR DIFFUSIVE MODELS 25

It follows from the mesh regularity (23) that
N Nm(Q
S m 1YY w2 Y wi) - T2
€& KGTJESK KeT

Moreover, applying [45, Lemma 9.4] there exists a constant, still denoted C¢, only depending on
¢ such that

1Wily 57, < CcllVillm (o)

Therefore, we obtain

Nm(Q2
|F55 — Fap| < “C()CCC di T ||| o) Mm — 0,  as m — oo.

Finally, we estimate F35 according to

|F?gl| < Can(Pllcl QT)Gm where

ZAt Z Z T0|uzo_uﬁK’|DK,a‘I’i|-

KeT 0€€ns,kx

Now since for k = 1,..., Np it holds that min( kK7 fL) g ufo < max(u fK, ) for every
0 € Eint,x Wwith ¢ = K|L, we deduce that |uﬁa | < D,uf. Thus, from the Cauchy Schwarz

inequality we conclude that

le(zm S 7, (Dyul) )1/2(270030%)2)”2.

cel oef

By Proposition 14 and [45, Lemma 9.4], the right-hand side is bounded uniformly in m. Thus,
we infer that |Fgs| < Cn,, — 0 and Fig — Fy* — 0 as m — oo. Finally, in order to prove that
iy — Fi* — 0 as m — oo we follow the previous computations done for the term Fj35 — F3".
Indeed, if we look closely at the proof, we remark that we only need to have a uniform bound on
the discrete H' seminorm of 7, and U; m. In particular these uniform bounds are established in
Proposition 14. Therefore, we can claim that Fi; — Fi* — 0 as m — oo which finishes the proof.

8. NUMERICAL EXPERIMENTS

In this section we present some numerical experiments obtained in one and two space dimen-
sions.

8.1. About the practical implementation. The finite-volume scheme (24)—(32) is implemented
in MATLAB. More precisely, we define and implement a system equivalent to the scheme (24)—
(32). In this purpose, we eliminate the unknowns (U]&K)KGT thanks to (29) and, for some cell
Ky € T, we add the zero-mean condition (32) in equation (27). In this way, we equivalently rewrite
(24)—(32) as a nonlinear system to be solved at each time step composed of (n + 1)0 equations
with (n + 1)0 unknowns uf g, ..., uf; g, wj for all K € T (where 6 = #T). Then, we solve this
system thanks to a Newton-Raphson based iterative method. This iterative method stops as soon
as the /o, norm of the residual vector is smaller than 10~ after at most 40 iterations. Finally,
the vector of the obtained concentrations, denoted w*~2/2, is then projected onto M by setting:
k—1/3
i, K

k—1/3 _ k—2/3 10—10 koo
u = max(u ;107°77) and g g = — 373
im0 Ui K

VKeT,i=0,...,n
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8.2. A vertically-integrated model for three-phase porous media flows. Multiphase porous
media flows have an important role in many applications, including oil engineering, water resource
management, carbone dioxide sequestration, or subsurface hydrogen storage. Dupuit’s approxi-
mation [43] leads to vertically integrated model with reduced dimension. The computational gain
when compared to the direct resolution of full Darcy problems makes this approach popular. We
refer for instance to [9, 55, 52, 53, 67, 58, 31] for examples of such reduced models, the list being far
from being exhaustive. Here, we are interested in the situation where three phasesi € {0, 1,2} (say
two liquid phases ¢ € {1,2} and one gas phase ¢ = 0) are flowing within a (N + 1)-dimensional
porous medium with impervious boundaries. This situation typically occurs in the context of
oil engineering where water, oil and gas share the available porous space. We assume that the
(N + 1)-dimensional physical domains is of the form

Q x (0,h), QCcRY,

where h > 0 denotes the thickness of the porous layer.The phases flowing within the porous
medium are supposed to be separated because of gravity and to fill the whole porous space, see
figure 1.

FIGURE 1. Schematic representation of the (N + 1) dimensional porous medium
with the stratified repartition of the 3 phases.

Taking inspiration in [65] for the Wasserstein gradient flow, in [58] for the treatment of the
congestion, and approach in [41] for the so-called sharp-diffused interface approximation, consistent
models for the evolution of the phase heights enter our framework. Concerning the contributions
appearing in the definition of the energy E(u), the external potentials ¥ = (¥;) .., are all
taken identically equal to 0, whereas the convex function B appearing in the energy is defined by

Po Po Po
(w,Bu) with B=g|po po+p  po+p |,

Po pPo+p1 potprtp2

where py < p; < p2 denote the densities of the phases, while ¢ is the gravitational constant.
Concerning the quantities appearing in the definition of M and in the constrained Wasserstein

metric (6), we set d; = ﬁ where £ > 0 is the permeability of the porous medium, where ¢ € (0, 1)

is its porosity, and where 7; > 0 denotes the viscosity of the i*® phase.

We use this example to validate experimentally our convergence result. We set N =1, Q = (0,1)
and h = 1. The characteristics of the porous medium are ¢ = 0.35, £ = 10~'! m?, while the gravity
constant is set to g = 9.81kg - s72. The properties of the fluids are described in Tabular 1.

The initial profile u° is defined by

B(u) =

DN =

uf(z) = max(0, min(1, -2 + 3z)), ud(x) = max(0, min(1,2 — 3z)), ud(z)=1—ud(z)—ud(z)

for € (0,1), while the final time is set to T = 1.
While it is clear that the time discretization is first order accurate since it relies on the backward
Euler scheme, let us show that the space discretization is also of first order. To this end, we
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Pi d; Q;
i=010.2 3.4 5x 1072
i=1]08]25x10"2|5x1072
i=2] 1 |55x1072|5x1072
TABLE 1. Fluid properties

perform a convergence study by refining the discretization w.r.t. space only. Since we do not
have an explicit exact solution at hand, we use a solution (wyct, Tref) computed on a reference
(uniform) grid made of 25600 cells to compare the results obtained on coarser meshes. The same
non-uniform time discretization is used for all the meshes, including the reference one. The k"
time step is given by

At* = min(Atpay, (1.1 x A, where At! =2.107% and Aty = 1072,

In Figure 2, we plot the evolution of the errors

T T
(68) err, = / / (|u1,m — U1 ret| + |U2.m — Uz ref]) dzdt  and  errp = / / |7 — Tret|dadt
o Ja 0o Ja

as a function of the number of cells in the m*™ mesh. Only the error related to the space discretiza-
tion is recorded here since the time discretization is the same for all grids. One observes a first
order error decay, which was expected since we used upwinding in the definition of the scheme.

T T L \‘ T L \‘ T LI \\‘
1073 | —m—erry, |
5 _e_err, |
S 10| E
) F 1
' - ]
o) L il
2 1
=100 |
[0} - ]
= N ]
10701 I E
L 1] ! Lol Lo .
102 103 10*

number of cells

FIGURE 2. Evolution of the space-time L' errors (68) as a function of the number
of cells in the spatial discretization.

8.3. Diffusion in multicomponent solutions. In our second example, we consider an incom-
pressible mixture made of three inert species , inert in the sense that there is no reaction. The
vector © = (u;)y<;<o denotes the volume fractions. Each specie has its own diffusion coefficient
as well as its own density p;, the external potential ¥;(z) = —p;g - * accounting for gravity, where
lgl = 9.81, po = 0.4, p1 = 1.6, and py = 6.4. The convex function B is identically equal to 0, and
all the self-diffusion coefficients «; are taken equal to 0.1. The model then corresponds to the one
discussed for instance in [69, Sec. 6.2].

For the test case, we consider a two-dimensional domain 2 = (0,1)?, which is discretized with
a Delaunay triangulation made of 97908 triangles. We used a adaptive time stepping strategy.
Starting from an initial time step At? = 10710, the time step At* at the k*" iteration in the march
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in time is initially set to At* = min (1.1 x AtF=1 5 x 10*4). If the Newton-like method fails to
converge after 40 iterations, we restart the simulation with a reduced time step divided by 5.

All the phases aim at going to the bottom of the domain, but the Lagrange multiplier 7
introduces buoyancy, so that the lighter phase progressively moves to the top of the domain, cf.
Figure 3. The most dense phase will concentrate at the bottom of the computational domain,
as observed on Figure 5, while the one with mid-range density locates at intermediate height, cf.
Figure 4.

concentration - step 1 in [0,50]
05

1
EE— B

t=0.01

centration - step 20 in [0,50]
05 z_x

FI1GURE 3. Evolution of the volume fraction ug along time.
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concentration - step 0 n [0,50] concentration - step 1 in [0,50] ¥
05 z_x

t=20 t=0.01

concentration - step 10 in [0,50] concentration - step 20 in [0,50] Y
05 0s

concentration - step 30 in [0,50]
05

1 1
L - I -

concentration - step 50 in [0,50] v
05

t=0.3 t=0.5

FIGURE 4. Evolution of the volume fraction w; along time.

9. CONCLUDING REMARKS AND POSSIBLE GENERALIZATIONS

In this paper we have shown the convergence of a finite volume scheme for a class of parabolic
systems (possibly including cross-diffusion terms) coupled with an elliptic equation ensuring the
volume filling constraint. In particular, our scheme preserves the conservation of the mass, the
nonnegativity of u, the volume filling constraint (u,1) = 1 and the decay of the entropy. However,
even though the problem we consider in this paper is rather general, several generalizations are
natural and worth being discussed:
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(i) Generalizing the volume filling constraint. In the context of multicomponent mixtures as
discussed in Section 8.3, rather than choosing the volume fractions as main unknowns, it
is more usual to consider concentrations. Doing so, the volume filling constraint (2) should
turn to

n
(u,v) = Zuivi =1,
=0



FINITE VOLUME SCHEME FOR DIFFUSIVE MODELS 31

pressure - step 1 in [0,50] pressure - step 5 in [0,50] 4
0102

20 2602 20 262 2 x
L e L N ——
t=0.01 t=0.02
pressure - step 10 in [0,50] pressure - step 50 in [0,50] i
262 0102 262 26 0102 282 l2 x
— L — — L —
t=0.1 t=0.5

FIGURE 6. Evolution of the Lagrange multiplier 7 along time.

where v; is the molar volume of the " chemical component. Such non-constant molar
volumes leads to a change in (8), which then turns to

OF .
i = &M(u)—l—vﬂr, 1=0,...,n.

Another natural generalization of the volume filling constraint (2) consists in incorporating
a space dependent constraint

n

<u7 1> = Zui(mv t) = W(I)a

i=0
for some smoothly varying w bounded away from 0 and from above. This situation naturally
occurs for multiphase Darcy flows where w is the porosity, or in their Dupuit approximation,
cf. Section 8.2, where the thickness h could vary. To generalize our approach to this case,
the entropy H (u) has to be modified into

H,(u) = Zn: dl /Q (uZ log (%) +w— uZ> dz,
i=0 "

as it was for instance done in [27].

(ii) Dirichlet boundary conditions. Following [40], we could consider mixed boundary conditions
and include (at least) constant Dirichlet boundary conditions on I'? a subset of I' = 9
and no-flux boundary condition on 'V = I' \ I'? such that I' = TP UT'V. However, in

this case, the mean fractions  are no longer constant with respect to time. Given u” =
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(uP,...,ul) e R with (uP,1) = 1 be the Dirichlet boundary data, i.e., u;(z,t) = u” on
I'? x (0,T), we need to consider the relative entropy functional given by

H(u|u®) Z / <ullog< ) —ui> dz,

rather than the mere Boltzmann entropy (17). Then, since H(u,u”) distinguishes from
H(u) by linear terms we can easily adapt the proof of Lemma 3 to obtain that any regular
enough solution u : Qr — R/ satisfies (u(,t),1) =1 in Qr and

/ |V,|? da.

Moreover, we can establish a discrete counterpart of this modlﬁed entropy production in-
equality.

Reaction terms. If we want to incorporate reaction terms f = (fo,..., fn) in the system
(10)—(15), we first need to assume that Y . fi(u) = 0 for all uw € R"*! such that the total
volume is conserved and the volume filling constraint (u,1) = 1 still holds. We also need
to preserve the positivity of the solutions to our scheme. In this purpose we impose the
condition fi(u) > 0 for all u € R""! with u; < 0 for i = 0,...,n. Furthermore, in order
to include a suitable reaction term f which fits with the entropy structure of the model
(10)—(15), we need to assume, following [60], that there exists a constant Cy > 0 such that

(i: (ulu?) —i—ZZaz/ |v¢m2dx+/<w Vb (u) dx<z

=0

Z - fi(u) log(ui) < C(1+ h(w)),
where
h(u) =" % (ui(log(u;) — 1) +1).
i=0 "

Then, assuming that At < 1/Cy and adapting the proof of [64, Lemma 5] we can show that
the solutions to our scheme satisfy

2
(1-CrAH +Atz2alz U( Y uf)

e

n
+ ALY 7, (D puf, Dicob(u®)) < H(u"™') + CrAtm(Q) + At Y gnxpin%{l(m.
ocE o 20

Let us remark that in this case, even if ¥; = 0 fori = 0, ..., n, then H is no longer a Lyapunov
functional for the system (10)—(15) but the above inequality yields enough estimates in order
to generalize the proofs of our main results.

Deep quench limit o; = 0. In this case we have to assume that B is a C? strictly convex
function such that its Hessian matrix B is a positive definite matrix with smallest eigenvalue
u > 0. Then, adapting the proof of Lemma 3, for every regular enough function w : [0, 7] —
M we have

c(lltH( )+ /Q<Vu,IB’>(u)Vu> dxz—/g(Vu,V‘I’) dz

Moreover, since it holds

/(Vu,,B(u)Vu> deuZ/ |Vui* da,
Q i=0 /¢

we obtain

Nn/ 2 1 n/ 2
+ = Vu;|“de < — VY, |*dx.
2;Q| | 2#; Q| |
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Finally, replacing in the scheme (24)—(32) the logarithmic mean mobilities by upwind mobil-
ities, i.e. for all o € £ and i = 0,...,n we consider

k U‘?K if DK,obi(uk) + DK,G‘I’i < 07
U, = ’
[ ui'c,K,a if DK,a-bi(uk) + DKJ‘I’Z' > 0,

then we can extend the proofs of our main results in this setting, which is the one of [26].
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