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Abstract. In this paper, we get some convergence rates in total variation distance in approximating
discretized paths of Lévy driven stochastic differential equations, assuming that the driving process
is locally stable. The particular case of the Euler approximation is studied. Our results are based
on sharp local estimates in Hellinger distance obtained using Malliavin calculus for jump processes.
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1 Introduction

On a complete probability space (€2, F,P), we consider the process (X¢)c[o,1) solution of the stochastic equation

t t
X =z —i—/ b(Xy)ds —i—/ a(Xs—)dLs, (1.1)
0 0

where L is a pure jump locally stable Lévy process. Pure jump driven stochastic equations are widely used
to model dynamic phenomena appearing in many fields such as insurance and finance and approximation of
such processes attracts many challenging problems. A large part of the literature is devoted to the study of
weak convergence at terminal date Eg(Xr) — Eg(X7) (we assume in this paper that T = 1), where X is a
numerical scheme. Let us mention some results obtained in approximating Lévy driven stochastic equations
by the simplest and widely used Euler scheme. The weak order 1 for equations with smooth coefficients and
for smooth functions g is obtained in Protter and Talay [15] and some extensions to Holder coefficients are
studied in Mikulevic¢ius and Zhang [13] and Mikulevicius [11]. Expansions of the density are considered in
Konakov and Menozzi [10]. Turning to pathwise approximation, convergence rates in law for the error process
are obtained by Jacod [6] and some strong convergence results have been established in Mikulevi¢ius and Xu
[12]. To overcome the difficulties related to the simulation of the small jumps of L, more sophisticated schemes
have been considered. We quote among others the works of Rubenthaler [16] and Kohatsu-Higa and Tankov
8]

In this paper, we consider a different control of the accuracy of approximation and we focus on high-
frequency pathwise approximation of (1.1) in total variation distance. We mention that this result has also
additional interesting consequence in parametric statistics and permits to derive asymptotic properties such
as efficiency for the statistical experiment based on high-frequency observation of the stochastic equation by
using the numerical scheme for which the log-likelihood function is explicitly connected to the distribution of
the driving Lévy process.
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We now precise the schemes considered in the present work. To deal with small values of the Blumenthal-
Getoor index of L (characterizing the jump activity), we not only consider the Euler approximation of (1.1)
but also a scheme with better drift approximation. Introducing the time discretization (t; )0<1<n with ¢; = i/n,
we approximate the process (Xi)icjo,1) by (Xt)te[o 1) defined by Xo=uxz¢and fort € [t;_1,t;],1<i<n

Yt =&—t; 4 (Yti—l) + a’(yti—l)(ljt - Lti—l)? (12)

where (&;(z)):>0 solves the ordinary equation

fa) =z + / (£ (x))ds. (1.3)

Approximating £ by ~
(@) =z +b(2)t,
we obtain the Euler approximation (Xt)te[o 1) defined by Xo==xzgand fort € [t;_1,t;],1<i<n

Xt = Xti—l + b(Xti—l)(t - tifl) + a(Xti—l)(Lt - Lti—l)' (14)

Our aim is to study the rate of convergence of (X, Jo<i<n or (Xt,)o<i<n t0 (X4, )o<i<n in total variation distance.
Let us present briefly our results. For the scheme (1.2), we obtain some rates of convergence, depending on the
jump activity index a € (0,2). Essentially the rate of convergence is of order 1/711/0‘_1/2 if > 1 and 1/n1/2_5
if « < 1. If the scale coefficient a is constant, we obtain in some cases the rate 1/y/n for any value of «. For
the Euler scheme, the results are similar if « > 1 but are working less well if @ < 1, and we have no rate at
all if @ < 2/3. Intuitively, on a time step, the drift term has order 1/n and the stochastic jump part has order
1/ n'/®, consequently if the jump activity is small the main part of the stochastic equation is the drift and an
approximation of (1.3) with higher order than the Euler one is required.

To get these results, our methodology consists in estimating the local Hellinger distance at time 1/n and to
conclude by tensorisation. Using Malliavin calculus for jump processes, we can bound the Hellinger distance
by the L2-norm of a Malliavin weight. The difficult part is next to identify a sharp rate of convergence for this
weight. This is done by remarking some judicious compensations between the rescaled jumps.

The paper is organized as follows. Section 2 introduces the notation and some preliminary results. Bounds
for the local Hellinger distance are given in Section 3. The main results are presented in Section 4. They
concern the pathwise approximation in total variation distance and also include one step approximation results
in small time. The optimality of the local bounds is discussed on some specific examples. Section 5 contains
the technical part of the paper involving Malliavin calculus and the proof of the local estimates of Section 3.

2 Preliminary results and notation

We first recall some properties of total variation and Hellinger distance (see Strasser [18]). Let P and Q be
two probability measures on (€2, .A) dominated by v, the total variation distance between P and Q on (0, .A) is
defined by

ar _dQ|,
dv dv v

The total variation distance can be estimated by using the Hellinger distance H (P, Q) defined by
2
dpP dQ dpP
H*(P,Q) = \ o= === | dv=2(1— [4/— ,/ 2.1
(P.Q) /( dv dl/> < / dv dl/ (2.1)

% H*(P,Q) < drv(P,Q) < H(P,Q).

drv(P.Q) = sup [P(4) - Qo) = ;5 [

AcA

and we have



If P, respectively @, is the distribution of a random variable X, respectively Y, we also use the notation
dry(X,Y) for dryv(P,Q) and H(X,Y) for H(P,Q). The Hellinger distance has interesting properties, in
particular for product measures

H2(®?:1Pi,®?:1621 Z (P, Qi)

We extend this property in the next proposition to the distribution of Markov chains.
Let (X;)i>0 and (Y;);>0 be two homogenous Markov chains on R with transition density p and ¢ with respect
to the Lebesgue measure. We define the conditional Hellinger distance between X; and Y; given Xg =Yy ==

by ,
H(p,q —/(\/pwy \/Q(:v,y)) dy

We denote by P", respectively Q", the distribution of (X;)1<i<n given Xo = xo, respectively (Y;)1<i<n given
Yo = 2o (the two Markov chains have the same initial value), then we can bound H(P", Q™) with H,(p,q).

Proposition 2.1. With the previous notation, we have

H*(P",Q") < Z(EHX (p,q) +EHY, (p,q))SnsupHgf(p,Q)-

zeR

l\DI»—A

Proof. We have from (2.1)

n n

1/2
H2(Pn,Qn) =9 1_/n (Hp(xi—laxi)HQ(xi—laxi)> dxy...dxy,

i=1 i=1

But

/ \/p(xnfla In)q(xnfla In)dxn =1- _Hgn,l(pa q)v
R
consequently

HQ(PH, Qn) — HQ(Pnfl, anl)

n—1 n—1 1/2
+/Rn71 (H plain,z) [] Q(wi—l,wi)> Hy _ (p,q)da ... dw, -,

i=1 i=1

and from the inequality vab < &(a + b), this gives

1
~(EH%, ,(p.q) +EH}  (p.q)).

HA(P",Q") < H*(P"1,Q" 1)+

We deduce then the first inequality in Proposition 2.1 by induction, the second inequality is immediate. O

The result of Proposition 2.1 motivates the study of the Hellinger distance between X, and X, /n glven
Xo = Xo = z (respectively Xl/n) to bound drv ((X;/n)i, (Xi/n)i) (vespectively drv ((Xi/n)i, (Xl/n) )). Before
stating our main results, let us explain briefly our approach.

We will use the Malliavin calculus developed in [2] and [3] and follow the methodology proposed in [4] with
some modifications. This requires some regularity assumptions on the coefficients a and b. We assume that
a and b are real functions satisfying the following regularity conditions. In the sequel, we use the notation
[|fllc = sup,er |f(2)] for f bounded. We make the following assumptions.



HR : the functions @ and b are C® with bounded derivatives and a is lower bounded
VeeR, 0<a<a(x).

The Lévy process L admits the decomposition

t t
Lt:/ / 21{|z|g1}ﬂ(d8,d2)+/ / 212> 1y0(ds, dz),
0 JR\{0} 0 JR\{0}

with @ = p — &, where p is a Poisson random measure and f(dt, dz) = dtF(dz) its compensator. We assume
that L satisfies assumption A (i) and either (ii) or (iii).
A : (Ly)i>0 is a Lévy process with triplet (0,0, F') with

g\z
F(dz) = |Z|(T'211R\{0} (z)dz, o € (0, 2)

(i) We assume that ¢ : R — R is a continuous symmetric non negative bounded function with g(0) = ¢o > 0.
(ii) We assume that g is differentiable on {|z| > 0} and ¢’/g is bounded on {|z| > 0}.

(iii) We assume that g is supported on {|z| < m} and differentiable with ¢’ bounded on {0 < |z| <
m} and that
10 |P
/ g() g(z)dz < o0, Vp>1.
| 9(2)

In the sequel we use the notation

A0 : A (i) and (ii),

Al : A (i) and (iii).

Let us make some comments on these assumptions. We remark that AO is satisfied by a large class of
processes, in particular a-stable processes (g = ¢g) or tempered stable processes (g(z) = coe **I, A > 0). On
the other hand, assumption A1 is very restrictive. Actually, the restriction on the support of g implies the
non-degeneracy assumption (Assumption (SC) p.14 in [2]) that can be written in our framework

Vaz,z, [1+d(z)z] >&>0. (SO)
This condition permits to apply Theorem 5.2 in Section 5 (integrability of the inverse of UlK ). Assumption
A1 is required to deal with a non constant scale function a (]|a’||c > 0). Conversely, if a is constant, then
the non-degeneracy assumption (SC) is satisfied and we get our results assuming the weaker assumption AO.
We also observe that these assumptions can be relaxed and that only regularity of g around zero is required to
obtain a rate of convergence in total variation of Yl/n (or Xl/n) to X1/, (see Section 4.2).

Since Malliavin calculus requires integrability properties for the driving process L, to deal with assumption
A0, we introduce a truncation function in order to suppress the jumps larger than a constant K (the truncation
is useless under A1l). In a second step we will make K tend to infinity. So we consider the truncated Lévy
process (LE);>owith Lévy measure FX defined by

FX¥(dz) = 1k (2)F(dz),
where F' is the Lévy measure of L and 7x is a smooth truncation function such that 7x is supported on

{]z| £ K} and equal to 1 on {|z| < K/2}.
We associate to LX the truncated process that solves

t t
XtK::vo—i-/ b(XSK)ds—i—/ a(XE)Hyark, tejo, ], (2.2)
0 0



and its discretization defined by 7? = 2 and (with £ defined in (1.3))
Xy =& (Xp ) +aXy JIE-LE ), teftint), 1<i<n. (2.3)

Thanks to the truncation 7y, E[LE [P < oo, for any p > 1, we can apply the Malliavin calculus on Poisson space
introduced in [2].

Now under HR and AO or A1, the random variables X/ and 75( admit a density for ¢ > 0 (see [3]). Note
that under A1, X = X% and X = YK for K large enough. Let pf/n, respectively ﬁf/n, be the transition

density of the Markov chain (X f/{n)izo, respectively (ijn)izo' From Proposition 2.1, we have

n 1/2
—K 1 _ _

n n
=1 n

.. . K
Consequently to bound the total variation distance between (X K Jo<i<n and (X )0<Z<n it is sufficient to control

H, (pl/n,pl/n) in terms of n, K and x. Bounds for H, (pl/n,pl/n) are presented in the next section. They are

obtained by connecting H, (p1 o D1 /n) to the L2-norm of a Malliavin weight. This technical part of the paper
is postponed to Section 5

Of course, the methodology is exactly the same if we replace the scheme X by the Euler scheme X. In that
case we consider the truncated Euler scheme defined by X({{ =g and for t € [t;—1,], 1 <i<n,

XE=XE +oX[E )t —tio) +a(XE)@LF - LE ). (2.5)

We denote by ﬁ{(/n the transition density of the Markov chain (X' il/‘{n)iZO'

Throughout the paper, C(a, b, @) (or C(a,b), C(b), C(«)) denotes a constant, whose value may change from
line to line, independent of n, K but depending on the functions a, b and the index «. We write simply C
if C(a,b,«) does not depend on a, b, @. The constant may depend on other fixed parameters such as the
parameter p in Holder’s inequality and we omit in general this dependence except if some optimal choices are
required, such as p = 1 + ¢ for ¢ arbitrarily small, in that case we use the notation C.(a,b, @).

3 Estimates for the local Hellinger distance

We state in this section our main results concerning the rate of convergence in approximating X 1/n solution

of (2.2) starting from z, by Xl/n or Xl/n that solve respectively (2.3) or (2.5) with initial value z. In what
follows, the constant C'(a, b, «) does not depend on x.

Before stating our results, we precise the assumptions on the auxiliary truncation 7x. Let 7 be a symmetric
C! function such that 0 < 7(x) <1, 7(z) = 1 if |2| < 1/2 and 7(z) = 0 if |z| > 1. We assume moreover that

Vp > 1, /

For K > kg > 0, we define 7 by 7 (z) = 7(z/K).

We first assume that a is constant. In that case, our methodology does not require additional non-degeneracy
assumptions on the Lévy measure and we assume A0. We present in the next theorem the bounds obtained for
the schemes defined by (2.3) and (2.5). In general, the bound depends on the truncation K but if g satisfies
the additional integrability assumption [ |z|g(z)dz < oo then the bound is independent of K. We observe also
that the bound is slightly better in the stable case.

p

() T(2)dz < oc. (3.1)

7(2)




Theorem 3.1. We assume A0 and HR with a constant.
(i) For the scheme (2.3), for any « € (0,2) we have

C(aba)(1+ Kz—a)
aba

fo| |gzdz<oo,

Sup H (p10: P <
14+ £ in the stable case g = cy.

C(aba)(

(i1) For the Euler scheme (2.5), we have for a > 1/2

Caba - n2/a
B2 Ry < | SR IS b)),
x n’ n/ — ab,a n2/a
Y ﬂ%%u%m?é ), if [12]g9(2)dz < oo.

In (i) and (ii), C(a,b, ) has exponential growth in ||V'||s and polynomial growth in ||b" ||, 1/a, a, 1/ o and
1/(a—2).

In the general case (a non constant), we need strong restrictions on the support of the Lévy measure F' and
assume Al. So we have X* = X and YK = X for K large enough and we omit the dependence on K.

Theorem 3.2. We assume A1l and HR with ||d|| > 0, then we have
()
Cla,b,a)(1 + |z )n2/°" if a>1,

H2 n7_ n <
z(p1/ pl/)_{O(abQ)(1+|I| )n2€, Zf a<l, Ve>D0,

(ii) For the Euler scheme (1.4), we obtain for a > 1/2

C(a,b,a)(1 + |$|2)n21/a, if a>1,
(pl/napl/n) S C ((l b Oé)(l + |:E| )n2 9 Zf = 17 VE > 07
C(a,b,a)(1+|x| )W’ Zf 1/2<0&<1

In (i) and (i), C(a,b,a) (or Cc(a,b,a)) has exponential growth in ||b||s and polynomial growth in ||b"||s,
lal[oo (10" llocs 1/lla"[[o0, b(0), a(0), 1/a, 1/ o and 1/(ex = 2).

Remark 3.1. In the Brownian case (o = 2), we obtain the rate of convergence 1/n for the square of the
Hellinger distance between Xy, and its Euler approrimation X1/n~ This sharp rate (see Remark 4.4) does not
permit to obtain a path control of the total variation distance between the stochastic equation and the FEuler
scheme. This is why we focus in this paper on pure jump processes. To obtain pathwise convergence in the
Brownian case, one has to consider a discretization scheme with finer step as in Konakov and al. [9].

The proof of these theorems is given in Sections 5.4 and 5.5

4 'Total variation distance : rate of convergence and examples

4.1 Pathwise total variation

The local behavior of the Hellinger distance established in Section 3 permits to obtain some pathwise rates
of convergence in total variation. As in the previous section, we distinguish between the cases a constant
(where the rate of convergence is better) or a non constant and we study rate of convergence for the total
variation distance between (X, )o<i<n and (X;/,)o<i<n (respectively (Xi/n)ogign) defined by (1.1) and (1.2)
(respectively (1.4)).



Theorem 4.1. We assume A0 and HR with a constant.
(i) For the scheme (1.2), we have

O(CL, b, CY) max(in, W),
drv (X1 )o<i<n, (Y%)Oﬁign) < W, if Jglzlg(2)dz < oo,
C(a,b, @) max(in, W), in the stable case g = ¢y,
where C(a, b, &) has exponential growth in ||b||s and polynomial growth in ||V"||~, 1/a, a, 1/ o and 1/(a —2).
(i) For the Euler scheme (1.4), we have for o> 2/3

)Qgign) S C(a,b,a) max(i 1

NS

drv (X1 )o<i<n, (X

N
~—

kA
n

Moreover with the additional assumption on g, [, |z|g(z)dz < oo, then

_ C(a,b,oz)%, if a>1,
Cla,b,0)——, if §<a<1.

Ta

n2

Remark 4.1. (i) We observe that without integrability assumptions on g, the rate of convergence vanishes if «

goes to zero. Moreover we have max(—=, W) = L ifa >2/3. In the stable case, the rate == is obtained
n’n Vn vn

ifa>2/7.
(i) For the Euler scheme, we have no rate at all if « < 2/3.

Remark 4.2. We can apply our methodology if the Lévy process L is a Brownian Motion. In that case the
Malliavin calculus is more standard and we compute easily the Malliavin weight of Section 5. Assuming HR
and a constant, we obtain the rate of convergence 1/y/n in total variation distance between (X i)o<i<n and
(X1 )o<i<n-

Proof of Theorem 4.1. (i) We first establish a relationship between the total variation distance drv ((Xi/n)is (Xi/n)i)
and dTV((XiIfn)i, (Yf;n)l) On the same probability space (£, F, (F:),P) we consider the Lévy process (L;)i>0
with Lévy measure F and the truncated Lévy process (L );>o with Lévy measure FX defined by

FX¥(dz) = mx (2)F(dz).

We recall (see Section 4.1 in [4]) that this can be done by setting L; = fot Je 21qz1<1yi(ds, dz)—i—f(f Je 212151y 0(ds, dz),

respectively LK = fot fR 2’ (ds, dz), where fi, respectively i’ are the compensated Poisson random measures
associated respectively to

w(A) :/ // 1a(t, z)pu*(dt,dz,du), AC[0,1] xR
[0,1] /R J[0,1]

W= [ e @z da), A< D) xR
[0,1] JR J[0,1]

for p* a Poisson random measure on [0,1] x R x [0, 1] with compensator @*(dt,dz,du) = dtF(dz)du. By
construction, the measures 1 and p** coincide on the event

QO = {we O ([0,1] x {2 € R; 2] > K/2} x [0,1]) = 0} (4.1)

Since p*([0,1] x {z € R; |z| > K/2} x [0,1]) has a Poisson distribution with parameter

A = / 9(2)/ |2 dz < CJ(aK®),
2> K /2



we deduce that
P(Q%) < C(a)/K*. (4.2)

We observe that (X, X, Li)tcion) = (XtK,Yf, Lf()te[o,l] on Qk and so we deduce

dry (X 2)osisn, (X 2Josisn) < drv (X E)osizn, (X2 osica) + Cla) /K. (4.3)

n " n n

General bound. Combining (4.3), (2.4) with Theorem 3.1 (i) we have

— C(a,b, @) K C(a)

d X i<n, (X i i<n < P 2 1 /2
v (X osisn, (X Josisn) < ——2—(1+ ——=)"+ 72

1 Klfa/2 1
< Cfa,b, Oé)(% t— " ﬁ)-
Choosing K = n?/(®*2) we deduce
Klfa/2 1 1
n np2/et2) T Ko’

this gives the first part of the result.
With the integrability assumption on g. We have

drv ((X 2 )o<i<n, (X 1 )o<i<n) < Cla,b, )

A kA
n n

and we conclude choosing K = n!/(2%),
In the stable case. We have

— 1 Klfoc/2 Cla
drv((X1)o<icn, (X £)o<i<n) < C(a, b, Oé)(% +— [ga)

We conclude with K = n4/(e+2),
(ii) From (2.4) and Theorem 3.1 (ii) we have

\ C R b7 K27a
drv (X 5)o<i<n, (X T)o<i<n) < (a,6,0) 14
" n ﬁ

n

1/2
- 2/a
+[ sup E|XF]2+ sup E|Xf<|2]n 5 )
te[0,1] te(0,1] n
Standard computations give
sup E|XF|? < C(a,b,a) K272, sup E|XK|? < C(a,b, a)K?°.
tel0,1] t€[0,1]
So we obtain
C(a,b, o)

> nl/a
dry (X5 )oi<n, (X5 )o<izn) < (1+ Kio/? )

o w NG
Now proceeding as in the beginning of the proof of Theorem 4.1, we see that (4.3) holds, replacing X by X,
and we deduce
Cl)
Ko

- C(a,b, @) La/ant®
drv (X 2)o<i<n, (Xi)o<icn) < ————>(1 4+ K170/2——
v ((Xi)o<i<n, (Xi)o<i<n) < NG (1+ —)+



Choosing K = n(32=2)/(a(2+a)) gjyes the first result.

With the integrability assumption on g. The L?-norm of (X/€) and (XtK ) does not depend on K and we
have

sup E[X[]> <C(a,b,a),  sup E[X[]* <C(a,b,0).
te[0,1] te[0,1]

So it yields

v (X1 )ogi<n, (X1 )o<i<n) T - T

With K = n'/2%) we deduce
. _ 1 1
Josizn, (X1 Josis 77 nGaa7Em )
O

We now study the convergence rate in total variation distance for a general scale coefficient a, assuming A1.
We observe that in the Brownian case o = 2, we do not have convergence.

Theorem 4.2. We assume A1l and HR with ||a’||o > 0.
(i) Then we have

_ Cla,b, )=, if a>1,
d Xi)o<i<n, (X 2)o<i<n) < " 1
v (X2 Josisn, (X £ )osisn) {Cs(a,b,oz)nl/lT f a<l, Ve>0.

where C(a,b,a) (or Co(a,b,a)) has exponential growth in ||V'||cc and polynomial growth in ||b||so, ||a||co,
[a"|o0; 1/]a'[|0, 0(0), a(0), 1/a, 1/ a and 1/(o = 2).
(i) For the Euler scheme (1.4), we obtain if o > 2/3

C((I,b,O{)an{m, ’Lf o> 1,
)Ogifn) < CE(avbaoé)nl/1—27a Zf Q= 15 Ve > 07
C(a,b,o&)w%/a Zf 2/3<O[<1

drv (X £ )osicn, (Xs

Proof. Under A1, g is a truncation function and the result is an immediate consequence of (2.4) and Theorem
3.2 observing that for any p > 1

sup E|Xt|p S O(CL, b7 CY), sup E|Yt|p S C(a7 ba Oé), sup ]E|Xt|p S C(a7 ba Oé).
tel0,1] te0,1] te[0,1]

O

Remark 4.3. The result of Theorems j.1 and }.2 has interesting consequences in statistics. Assume that b
and a depend on unknown parameters 6 and o and that we are interested in estimating the three parameters
B = (0,0,0). Let E™ be the experiment based on the observations (X2 )o<i<n given by (1.1) and let E" be the
experiment based on the observations (Yi)OSign given by (1.2). With additional assumptions on the coefficients
a and b, we can prove that the total variation distance between the two experiments goes to zero, uniformly with
respect to B, and consequently statistical inference in experiment E™ inherits the same asymptotic properties
as in experiment € . Efficiency in E™ is still an open problem for a general scale coefficient a (assuming a
constant, the LAMN property for (0,a) has been established in [5] assuming additionally that (L) is a truncated
stable process). The main difficully comes from the fact that the likelihood function is not explicit. But using the
asymptotic equivalence of E™ and ?n, it is sufficient to study asymptotic efficiency in the simplest experiment
" where the likelihood function has an explicit expression in term of the density of the driving Lévy process.



4.2 Local total variation

The local estimates in Hellinger distance give bounds for the local total variation distance and permit to extend
the results obtained in [4] where the Euler scheme and the case a constant were not considered (only (i) in
Proposition 4.2 below is considered in [4] and we slightly improve here the bound for o > 1). So in this section
we precise the bounds for the total variation distance between X, ,, and X, /n> OT f(l /n, that we deduce from
the results of Section 3. Since we consider approximation in small time, we do not need to make the truncation
K tend to infinity, consequently we can relax the assumptions on the Lévy measure and only assume regularity
around zero. We now assume that L satisfies assumption AL below.
AL : (L;)¢>0 is a Lévy process with triplet (0,0, F') with
F(dz)zﬁl{oq dz+ F1(dz), «a€(0,2), n>0
| 2]t z|<n} ’ 14) ’
where F is a symmetric finite measure supported on {|z| > n} and g a continuous symmetric non negative
bounded function on {|z| < n}, with g(0) = ¢g > 0. We also assume that ¢ is continuously differentiable on
{0 < |z| < n} with ¢’/g bounded on {0 < |z| < n}.
We summarize our results in the next propositions.

Proposition 4.1. We assume AL and HR with a constant.
(i) For the scheme (1.2), for any « € (0,2) we have

C(a,b, o)

sup dry (X1 /5, X1/n) < -

(ii) For the Euler scheme (1.4), we have for o> 1/2

it M 1+ b T if o > 1
dTV(Xl/anl/n) < C(af,lb,a)( | ( )|)7 f s
e (L+[b(2)]), if1/2<a <1

Proposition 4.2. We assume AL and HR with ||a’||s > 0.
(i) For the scheme (1.2), we have

Cla,b,a)(1 +|z)) 7=, if a>1,

drv (X1, X1/n) <
v ( 1/ 1/) {Ca(a,b,a)(1+|$|)n1—1m if a<1, Ve>0.

(ii) For the Euler scheme (1.4), we obtain for o > 1/2

C(a,b,a)(1+|x|)#, if a>1,
drv (X1/n, Xi/m) < Cs(a,b,oz)(1+|x|)ﬁ, if a=1,Ve>0,
Cla,b,o)(1+|z]) Lre, if 1/2<a<l.

Proof of Propositions 4.1 and /.2. We consider the truncation 7x defined at the beginning of Section 3. If a
is constant, we fix 0 < K < 5, consequently Theorem 3.1 holds. In the case ||a/||cc > 0, we fix 0 < K <
min(7, m), then A1 is satisfied for g7 and we can apply Theorem 3.2.

Proceeding as in the proof of Theorem 4.1 (i), we can define the processes on the same probability space

such that (X1/n771/m Xl/n) = (X{?n,Yf/n,Xf‘;n) on an event Qg ,, with

P(,) <

The constant depends on K but since K is fixed we omit it. The result follows then immediately from Theorems
3.1 and 3.2.
O
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4.3 Examples

To end this section, we discuss the optimality of the previous upper bounds by establishing lower bounds for
the local total variation distance for specific stochastic equations. We consider an Ornstein-Uhlenbeck process
driven by a stable Lévy process and the stochastic exponential.

Stable Ornstein-Uhlenbeck process. We assume that (X;):>o solves the equation
¢
Xt:x—/ Xsds+ S, = #0 (4.4)
0

where (S);>¢ is a stable process with characteristic function E(e™51) = e~I"I" o € (0,2). The next result
shows that the rates of Proposition 4.1 are reached.

Proposition 4.3. For the stable Ornstein-Uhlenbeck process (4.4), we have for n large enough

(@)

Q

dry (X1 jns X1/n) >

n
and for the Euler scheme
~ % ifO[>1
drv(Xi/n, Xim) 2 ¢ o
v (&Ko) {,g&)a if1/2<a<1

where C'(a) > 0 and depends on x for the Euler scheme.

Proof. For this process, we can check (using the scaling property of the stable distribution) that X ,, X, /n
and X 1/n have the following distributions :

1 1/a 1 —a/n\ Ve
n _e
X1 £ pe=w —i-e_% (/ e"“du) ST = ze + (7) ST,
" 0

o
— 1 1 o s L 1 1 o
X%—Ien-l-msl, X%_I(l_ﬁ)—i_msll

1_€—a/n

«

1/«
We denote by ¢, the density of the stable variable S{* and we set 0g,,, = ﬁ, Opn = ( ) . We check

easily that

O0.n 1 1
LU R ). 4.5
P T P (4.5)

With this notation, we have

1 y—xe’% _ 1 y—xefﬁ
pl/n(xay)zo_%’a - | pl/n(x,y)zo—wa S

n n n 00,n

Pr/n(@9) = ——a (%)

0,n g0,n

Consequently, we obtain

1 _1
o ) Pa (—yfffn - ) Pa (—yff[f,n = )
drv(Xijn, X1m) =3 [gl |dy

On 00,n

=} Ja %200 (%2y) = pa () ldy

1 n n
> 1 [y 122200 (%22y) = ¢a (1) ldy.

11



Since @, is continuously differentiable, we have the expansion

o0, 00, 00,
Pa (—ny> = Yo (y) + y(a—n - 1)<P:3¢(Cy,n>; Cyn € (v, _ny),

Un n Un

and we deduce

a

;nn ‘Pix (Cy,n) |dy.

~ g0,n 1
dTV(Xl/nqu/n) > %l;_n_:['fo |900t (y)+y

But by dominated convergence

1 1
00,n n—r00
| om0+ 922 )y 225 [ )+ et ) by >0,

and we conclude using (4.5) that dpy (Xl/n,yl/n) > %
For the Euler scheme, we have similarily
it 1 10071 J0,n 1_1_67%
d X 'n,uX n 2 a — @ — —n — Pa d .
v (X1/ms X1/n) 5 Olanw (Unerw o Pa (y) |dy

1
Setting fn(y) = 22204 (%y + xl’@gi) —¢a(y)and d,, =1L — e, some easy calculus give

00,n dn
—)QT_D%(Cy,n)

)
On UO,n( on

Faly) = 1722 = 1]

n

00,n
va (y) + yg—s@fx (cy.n) + (

with ¢y, € (y, 222y + z2=). Moreover, we have
d, nl/a d, nl/a
gy = (1 of1) and S = ~E (1 of1)

This finally gives by dominated convergence

1 .
i o fol lpa () +yel, () |dy if a >1
drv (Xi/n, X1/n) 2§ 5 Jo 1¢a (W) + 42 (v) — 2 () [dy if o =1
<=z [y 1k (v) 1dy if § <a <1.

Stochastic exponential. We now consider the process (X;);>o that solves
t
X, =1 +/ X,_dS™T, (4.6)
0

where (S;"");>¢ is a truncated stable process with Lévy measure given by

C
F(dz) = %1“251/2}&2,

NER

and admitting the representation S;"" = fot fR zfi(ds,dz). Since the equation has no drift, we only consider the
Euler scheme and we obtain the following result.

12



Proposition 4.4. For the stochastic exponential (4.6), we have for a € (1,2) and for n large enough

C(a)

drv (Xi/n, X1/n) = ni/a(logn)2/a’

C(a) > 0.

Proof. We have X/, =1+ Sf‘/; and from It6’s formula, for t > 0, X; = e¥* (see [1]) where

Y; = /Ot/Rlog(l + 2)fu(ds, dz) + /Ot /R(log(l +z) — 2)F(dz)ds

¢
=57 + / / (log(1 + 2) — z)u(ds, dz).
0 Jo<|z|<1/2

Observing that for 0 < |z| < 1/2, we have z — log(1 + 2) > 2%/4, we deduce

dry (Xim Xim) = [P(Xy ) P(X1/n > 1)]
. ~B(S5] 2 0))
> plo<sy<t // u(ds, dz) | .
0<|z \<1/2
Now, for e, > 0, we consider the event A,, = {u([0,1/n] x {e, < |z| < 1/2}) > 1}. We remark that on A,,

fg f0<|z|§1/2 22u(ds, dz) > €2, this yields

R 2 2
drv (X1, Xijn) > P ({0 < Sf‘/; < %} ﬂAn) >P <0 < Sf‘/; < %) —P(A7).

As done previously, we consider on the same probability space the stable process S and the truncated stable
process ST such that S7;7 = S on Q, with P(Q%) = C(«)/n, then we deduce using that 51, has the

1/n 1/n
distribution of =S¢

~ nl/QEQ Cla
drv(X1/n, X1in) 2P <O <8¢ < I "> —P(A%) — 1(1 )'

Since p([0,1/n] x {e, < |z| < 1/2}) has a Poisson distribution with parameter

200 1
An =—(——2¢ s
an (Eg )
2¢cq
we have P(A’fz) — o An — 6 ane® ecfn Ch0081ng En = (200/(0&7’), 1Og( ))1/047 we ﬁnally obtain
o C(a) 1
drv (X jm, Xijn) 2P(0<SF < —— 2 ) — Z[en +C
v (X1/m: Xi/n) ( 1 (n(logn)2)1/a) n[e by (a)].

Since the density of ST is continuous and strictly positive (see [17]), we deduce for n large enough if @ > 1 that
drv (X1, X1/n) = ﬁ with C'(«) > 0. ]

Remark 4.4. If we replace the truncated stable process in (4.6) by a Brownian motion (Bi)i>0, we have
Xijn = eBin=ew and Xl/n =1+ By,. Consequently we deduce immediately that

dTV(Xl/nqu/n) 2 |]P)(X1/n 2 1) - ]P)(Xl/n = )|

1 C
= < < —) > —.
PO< B <3 )_\/ﬁ

B
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5 Local Hellinger distance and Malliavin calculus

This section is devoted to the proof of Theorems 3.1 and 3.2. Our methodology consists in writing the Hellinger
distance as the expectation of a Malliavin weight and to control this weight. We define Malliavin calculus with
respect to the truncated Lévy process (LX) specified in Section 2, recalling that if A1 holds the additional
truncation is useless.

5.1 Interpolation and rescaling

The first step consists in introducing a rescaled interpolation between the processes (X/*)o<¢< 1/n and (Yf{)OStSI/n

(or (XtK)Ogtgl/n) starting from z, defined in Section 2.
Let us define YE™7 for 0 <r <1and 0<t <1 by

v = ek / (FB(YJSMT) 4 (1= r)b(l () )ds (5.1)
0

1 t
+—— | ra(Y™) + (1 = r)a(z))dLE™
nl/a 0

with

@) =o+ 1 [ wer)as (52)

and where (Lf’")te[o_,l] is a Lévy process admitting the decomposition (using the symmetry of the Lévy measure)

L // "(ds,dz), te|0,1], (5.3)

where " is a compensated Poisson random measure, g5 = pn — K" with compensator " (dt, dz) =

dt%TK(z/nl/o‘)lR\{o} (2)dz.

By construction, the process (LtK"n)te[oJ] is equal in law to the rescaled truncated process (nl/o‘L{‘;n)te[oJ].
Moreover if 7 = 0, Y™ has the distribution of Yf/n starting from z, and if r = 1, Y™ has the distribution
of Xll‘;n starting from z, so we have H, (p{(/n,]?{{/n) = H, (Y™ v om0y,

For the Euler scheme, to~study the Hellinger distance H, (p{(/n, ﬁf/n), we proceed as previously, replacing
the interpolation Y%7 by YKm" with

L / (TR 4 (1 r)b(a)ds (5.4)
nJo
+n1% /0 (ra(Y,2™") + (1 = r)a(z))dLEm.

We check easily that YK ™! has the distribution of X%
starting from .
To simplify the notation, we set

1n starting from z and YK ™0 the distribution of X% 1n

b(r,y,t) = rb(y) + (1 — r)b(&/' () 5.5)
b(r,y) = rb(y) + (1 — r)b(x) (5.6)
a(r,y) =ra(y) + (1 — r)a(z), (5.7)
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so we have

a(r, Y, dLE",

Kn,r 1 K,n,r 1
R N

~ 1-
dS/;K,n,r _ b(T YKnT)dt + (T YKnr)dLKn

1
nt/a
Note that ¥r € [0, 1], Yy, a(r,y) > a > 0.

5.2 Integration by Part

For the reader convenience, we recall some results on Malliavin calculus for jump processes, before stating our
main results. We follow [4] Section 4.2 and also refer to [2] for a complete presentation. We will work on
the Poisson space associated to the measure ;" defining the process (LtK ") assuming that n is fixed. By
construction, the support of ™ is contained in [0,1] x E,,, where

E, ={z e R;|z| < Kn'/*}.
We recall that the measure ;" has compensator

P nl/oc
ﬁKﬁn(dtv dz) = dt%n((z/nl/a)l{m{o}}(z)dz = thKﬂn(z)dz. (58)

We define the Malliavin operators L and T' (we omit here the dependence in n and K') and their basic proper-
ties (see Bichteler, Gravereaux, Jacod, [2] Chapter IV, sections 8-9-10). For a test function f: [0,1] x R+— R (f
is measurable (32 with respect to the second variable, with bounded derivatives, and f € Np>1LP (dtFg »(2)dz)),
we set pfon( fo Jg [t 2)p"(dt, dz). As auxiliary function, we consider p : R — [0,00) such that p is
symmetric, two times dlfferentlable and such that p(z) = z% if z € [0,1/2] and p(z) = 2% if 2 > 1. Thanks to

the truncation 7x, we check that p, p’ and pFK ~ belong to Ny>1LP(Fi n(2)dz). We also observe that at this
stage the truncation is useless if we have for any p>1

/ [2]Pg(2)dz < oc.
R

This assumption is satisfied for the tempered stable process. But to include the stable process in our study, we
need to introduce the truncation function.
With the previous notation, we define the Malliavin operator L, on a simple functional u®"(f) as follows

1 Fi
L(p""(f)) = 5" (p'f’ +p—FK’ ! +pf”> ;
K,n

where f’ and f” are the derivatives with respect to the second variable. This definition permits to construct a
linear operator on a space D C Np>;LP which is self-adjoint :

Ve, Ve D, EOLYV=FELDV.
We associate to L, the symmetric bilinear operator I" :
L(®,V) = L(®V) — LY — VL D.
If f and h are two test functions, we have :

C(u " (f), W (h)) = u™™ (pf'H'),
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The operators L and I satisfy the chain rule property :
1
LG(®) =G (®)LD + 56’”((1))1"((1), D),

[(G(®), V) = G'(2)T'(2,T).
These operators permit to establish the following integration by parts formula (see [2] Theorem 8-10 p.103).

Theorem 5.1. Let ® and ¥ be random variables in D, and f be a bounded function with bounded derivatives
up to order two. If T'(®, ®) is invertible and T~(®, ®) € N,>1LP, we have

Ef(®)V =Ef(®)Ha(V), (5.9)
with
(2, T(2,2)) L® (P, V)
Ho (V) =T 20, 9) —2\1/1_‘((1),(1)) _I‘(<I>,<I>)' (5.10)

We apply now the result of Theorem 5.1 to the random variable YlK’"’T observing that under AO (or A1)
and HR, (YtK’n’T)te[o)l} € D, Vr € [0,1] and then the following Malliavin operators are well defined (see Section
10 in [2]). Let us introduce some more notation. For 0 <t < 1, we set

PO YT = o (5.11)
LY =L (5.12)
We also introduce the derivative of Y™ with respect to r, denoted by 9, Y %™ and solving the equation
do, Y, " = La,b(r, YO, )0, Y, dt + = 0ya(r, YO0, Y LS
+29,b(r, YO ) dt + L 0ra(r, YL, (5.13)

nl/o
with 8,Y;~™" = 0 and
Orb(r,y,t) = bly) — b(&' (2)),  Oyb(r,y,t) =1V (y),
Ora(r,y) = a(y) —a(x), Jya(r,y) =rd (y).

For the vector V,™" = (V™" 9,Y,™" U™\ we denote by W/<™" = (WtK’n’T’(i’j))lgmgg the matrix
(V™ v such that

Uthm _ WtK,n,r,(l,l)
F(}/tK,n,r7 87“}/,{}(1”#) _ WtKvnxrv(le) (514)
I\(thK,n,r, I—\(Yg{,n,r’ Y;K,n,r)) _ WtK,n,T,(B,l)' (515)

With this notation, we establish the following bound for H? (pf/n,ﬁ{(/n). It is obvious that the same bound
holds for H? (pf/n,[){(/n), replacing the process Y57 by Y7 but to shorten the presentation we only state
the result for Y5mr,

Theorem 5.2. We assume HR, A0 or A1 and that for any r € [0,1], U™ is invertible and (U™")~1 e
Np>1LP. Then we have

2
Hg(p{(/n,]_?f/n) = Hz(Y1K7n)17Y1K7n)O) S Sl['})pl] Ew HYIK’"’T(aTYlK)n’T) ’
re|0,

where « Ko (2.1)
L 1T W. ST, T (4,

—20, v L (5.16)
Ul 3Ty Ul 3Ty

K,n,r K,n,r,(3,1)
H (8 YKJLT) _ aTYVI Wl
YlK’n’T o1 - K,n,r K,n,r
Ul Ul
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Proof. We first observe that under A0 or A1, HR and assuming U;""™" invertible with (U;<"™")~1 € N,>,L?,

Vr € [0,1], the random variable Y;*™" (starting from ) admits a density for any r € [0,1]. Morerover this

density is differentiable with respect to r (the existence and the regularity of the density can be deduced from
[3] [2] or [14]). We denote by ¢™" this density and by 9,¢'™" its derivative with respect to r. We have

H (p1),: D) = /(\/q"’"’l(y)—\/qK’"’O(y)Vd
- 8 qKnr 2
B / / / Knr dy
1 K,n,r 2
8 q Kn,r

K,n,r
Using the integration by part formula, we obtain a representation for ‘9;‘}%17‘ . Let f be a smooth function, by

differentiating r — Ef(Y,*™"), we obtain

[ H@ora < wdu = 5 (v 0,y
_ Ef( K n, r) YK,nn‘(arYlK’n’T)
= Ef (Y, " E[Hy xonr (0, VM)

= / F)EMy om0, Y MY = u]g™™" (u)du.

This gives the representation

8TqK,n,r

K,n,r Kn,r
qK,’n,’r‘ (y) = EI [,HYIK’"’T((?T}/I )|Y1 = y]7

and we deduce the bound

2
H (07 Pryn) < S0P Eg [Hysenr (0,Y])
rel0,1]

The computation of the weight Hy x.n.» (8, V™" is derived in the next section.
1

5.3 Computation of U"™", L™ and W™

We derive here the stochastic equations satisfied by versions of processes (U,f{’"’r)te[oyl], (Lf(’"’T)te[oﬁl] and

(WtK’n’T)te[O)l], assuming HR and A0 or Al. Using the result of Theorem 10-3 in [2] (we omit the details), we
obtain the following equations. These equations are solved in the next sections.
We first check that (U/<"™") and (L;*™") solve respectively

USmr = 2 (9 b(r, YO UK ds + 2 [0 [ 9ya(r, YUK o (ds, dz)
+W fo Jr(9ya(r, YsIEnT)) UsK—nT 2t (ds, dz)
i o S a(r Y2 () p K (ds, dz). (5.17)
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qunﬂ” —

lfota b T YK,nr )LKanS—F nl/a fo fRa alr, YKnr)LIinr NKn(dS dZ)
ok [502b(r, Y s UL ds + e [ [ 02a(r, YU LT 2 p5on (ds, dz)

— 1T n( ) n
+2n1/0< fo Jral (r, Y2 (o' (2) + (2 )#M)MK’ (ds, dz).

We write now the equation satisfied by the vector V™" = (v, 8, v, u™T replacing
by " (ds,dz) + dsFy ,(2)dz to obtain

d‘/tK,n,r _ BK,n,r(‘/tK,n,r7t)dt + / AK’n’T(‘/tlf’n’T,Z)ﬂK’n(dt,dZ)
R

with BEmr (.. 1) : R? — R® and AF™7" : R* — R? (precised below) and V™" = (z,0,0)7.

1
BK’H)nl(vlv V2, U3, t) - _b(T; U1, t)a
n
1
BK’n’T’z(’Ul,’UQ,’Ug,t) = —(09yb(r,v1,t)va + 0,b(r, v1,1)),
n
2 1
BK’n’T’B(’Ul,’UQ,’Ug,t) = _ayb('r‘u v1,t)vs + (a G(T‘ Ul))2U3/ ZQFK;W(Z)dZ
n R

1
() / p(2)Fic n(2)dz,
n R

a(r,v1)z
(Oya(r,v1)ve + Ora(r,v1))z
20ya(r, v1)vsz + —= (9ya(r,v1))?vs2* + —b=a(r,v1)?p(z)

1

AB™T (p) 09,03, 2) =
(17 2, U3, ) ’]’Ll/a

We use the notation
81)1 BK,n,T,l (1), t) 8U2BK,n,r,1 (’U, t) 8U3BK,n,r,1 (1), t)

D’UBKJLT(/U’ t) = aUl BK7n)T72(’U7 t) 8U2BK)n7T)2(U7 t) a’USBK)n7T)2(’U7 t) I
av BK’"’T’g(’U, t) aszK,n,r,B(U7 t) (9USBK’W’T’3(’U, t)

we obtain
Lrb/ (v1) 0 0
D,BX ™7 (u,t) = %[’f‘b”(’l}l)’l}g + b (v1)] %rb’(vl) 0
Oy, BE-3 (v, 1) 0 Dy BE T3 (0, 1)
with
0o, B3 (v, 1) = 200" (v1)vs + 712%7“2(61’@”)(1}1 v3 [ 22 Frn(2)dz
—|—n2/ara r,v1)a’ (v fR 2)Fren(2)dz,
&,SBK’"’T’?’(U,t) = Erb’(vl) + n21/°‘ r?a’ (v1) fRz Fr n(2)dz.

Defining analogously the matrix D, A%™" (v, z) and the vector D, A%™" we have

’n,ll/oz Ta/ (Ul)Z O 0
DyAR™ T (v, 2) = | om[ra” (vi)ve +a' (w)]z mrd (v1)z 0
aleK,n,TB(v, Z) 0 8U3AK’n’T’3(’U, Z)

18
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with
2

Doy A3 (0, 2) = 2=ra” (v1)vsz —i— —Z=r?(d/a”)(v1)vsz® + Zzra(r,v)a’ (v1)p(2)
Oy A3 (1, 2) n12/0< ra’(vi)z + n2/a r?a’(vy)?22,
1 a(r,vy)
D, AR (y, 2) = —Ta ra’(v1)va + (a(vy) — a(x))

2ra’ (v1)vs + —=r?a’ (v1)?vsz + = a(r, v1)?p'(2)
With this notation, the matrix W;/<™" solves

t
WKnT _ / [WSIE’H’TDUBK’mT(V;Ifn)TaS)T + D'UBKJL’T(‘/SIE’mT, S)(WSIS”’T)T]dS
/ / Knr AKnr(‘/SIE,nT ) +D AKnT( SlinT,Z)(W£n7T)T]ﬂK7n(dS7dz)

//D AfonryEonr gyl p gKnr gy Enr T K (ds, dz)

/ / D ARy D, AR (T AT ()5 (ds, dz).

From this, we extract directly the equations for W21 = p(yKmnr g yKnry and
WK,n,T,(B,l) — F(yK,n,r, 1"!(}/[(,71,7"7 YK,n,r))'

n,r 2 !
WtK’ 7 (21) g/o TbI(YSK’n’T)WSK’n’T’(z’1)dS (5.19)
t
+—1/ / / ra' (YO yW Y e (s dz)
n «@
o // 2 / Knr WKnT(21)z2’uK’n(dS,dZ)
n «
41 /( V(YR Yo L (YU ds
W/ [ 0 (UL i s, )

+ooa / / ra (V2" (ra” (V2" )0 Y2 4+ d (VETT) UL 2 ds, dz)
n [e3

b [ [l YR (R ) o s, ).
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W@ = % /Ot rb! (Yo Enr (30 gg (5.20)
nl/a// Knr KnT(31)z,uK"(ds dz)
n2/a// (o oG 2 Ko s, dz)
n3/°‘// 3a/( Knr Wﬁ’"’r’(g’l)zguK’”(ds,dz)
/ rb (Yo (UKo 2ds + 1/a// (YU o (ds, dz)

b [ [P0l I (U s, )

K,n,r K,n,r Knr 2 20 1 1 K,n,r Kmn,r_2
n2/0‘/ /ra Y. (27°a (Y, U —i—nl/ar (@'Y, 2" U" 2

_|_

S5— S—

—Ta(r yormyg! (v T)p(z)) Umr ) fon(ds, dz)
n

1 ¢ 2
+—7a / /a(T,YSIE’n’T) <2ra (YKnT)USK,’n’T—F , Tza’(YSIE’n’TVUSIi’"’Tz
1 n,r n
R Y ) ) o s, ),

5.4 Proof of Theorem 3.1 (¢ constant and AO0)

Part (i) Assuming a constant, the interpolation Y% between (2.2) and (2.3) solves the equation
K,n,r 1 ¢ Kn.,r n 1 K.n
YO = o 4 - [ro(Y 2™ + (1 — m)b(EX (z))]ds + —a ——al, (5.21)
0

with £7(x) defined by (5.2) and L¥™ by (5.3).
Now, to apply Theorem 5.2, we check that U™ is invertible and (U;“"")~! € N, L.

We start by solving the equations (5.13), (5.17), (5.18), (5.19), (5.20) defining respectively 8,Y;*"™", U™,

LiCnr pylon (21 and Wi (1) This is done easily since a is constant. We define (ZtK’"’T)te[O)l] by

ZHEnr = g SV s (5.22)
Then we obtain the following explicit expressions.

K,n,r
Zl

n

o,y = /O(Zf’"”)1[b(YSK’"’T)—b(§?(:1?))]dS (5.23)

Knr
uknr = g2 n2/°‘ // ZEm 2252 o (ds, dz) (5.24)
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LK,n,T o (ZlKﬁnyr) ! ZK n,r\—1 b YK n,r UK,nde 5.25
1 = 27 ( )" ( U2 S (5.25)
Kn T ! (Z)
ZK n, r K,n K,n ds. d
$a / /. () + () s s )
WK’H’T’(Zl) - (ZlKn 7‘)2 / (ZKn 7‘) ZUKn r[ b//(yK,n,r)a YK,n,r 4 b/(yK,n,r)]dS (5 26)
1 - n 0 s s s T4s s .
o 2 ZK n,r\3 1
WlK ,(3,1) _ T‘( 1 ) / (ZK n, r) (UK 1, 'r) b/l(vaK,n,r)dS (527)

ZKnr X
T pdla //Z ") (2)p(2) " (ds, dz).

We obviously have the bounds

sup [Z[“™T| < C(b),  sup|(Z{"™) M < Ob). (5.28)
t<1 t<1
This implies that
sup U/ < g )t (o), (5.29)
S e
|U1K,n,r| < C(b)m (530)

With the definition of p, we can then check that for any p > 1 (the constant depends on p but not on K and n)

(k) =

The proof follows the same line as in [4] section 4.2 equation (4.25) and we omit it. Consequently U™ is

invertible and (U*™")~! € N,>1L?. From Theorem 5.2 it is now sufficient to bound Eg[Hy w.n.r (3, Y<™")?]
- 1

where

K,n,r,(3,1 ), K,n,r, (2,1
8T}/1K,n,r W1 n,r,(3,1) L{(nr W1 n,r,(2,1)

Kn,r _
—20,Y] UlK’"’T UlK’"’T

Kyn,ry
HY1K,n,T (a’rifl ) - UKJZ,T‘ UK,’IL’I‘
1 1

We study the L2-norm of each term. We first deduce from Gronwall’s Lemma,

sup |LK"| < C(a,b)—— sup|LK"| (5.31)

o " ' n 1 1
sup Y, — & (z)] < aelVll=/m— ni7a
t<1 n

Combining this with (5.28), (5.29) and (5.30), we obtain the intermediate bounds

C(a,b) 1

o, Y| < — LEn 5.32
|0, Y7 | <  ia t:ﬁﬁ}' ¢ (5.32)
C(a,b) " (p) , Cla,b) Fie
Kn,r ) ’ K,n / ;1
|L1 | < n n2/a ni/a 1" (e +pFK,n|),

nor C(a,b) pn 1 sup Lin
|W1K ,,(2,1)|< (a,b) p (P)[1+_ te[o,1]| t |],

— n n2/« n nl/a
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C(a,b) p*"(p)* | C(a,b)

Kin,r,(3,1 )
rforn @) < el Bpl o — ().

With this background, we control each term in ’HYK,n,r(arYlK"n’r)
1

K K,n,r,(3,1
o, v wlorr 3

K.n K,n ,n
< C(a,b) (Supte[o,l] L |+ supyepo,y [Le " [0 (Ip’p|)>

Kon, Kon, 11 K, 2
uforr ylkonr n niti/e ptom(p)
K, Kn| K, Fren
2 YK,,,,TL{‘"” _ Olab) [ supeeoy "] | SUPeeioy ILi " (o + prel)
1 UK,n,T — n n1+1/a /LKV"(p) ’
1

Wi Cab) (| st L
Ull(,n,r | = + nl+l/a ’

This permits to deduce that

nor Cl(a,b 1
[Hy s (0, YT < (n )(1 + =T+ T+ Ty),
with
K,n K,n n

__ SUPie(o,1] Ly T, — SUP¢e(o,1] L "1™ (o' pl)
- = 174 2 - )

nl/a ILLK’n(p)Q

K.,n n Fy n
- supeo1) Ly " [0 (10" + pE)
3 =
o (p)

We first study the L2-norm of Ty. Since Lf( = fot fR 2f" (ds, dz), we have immediately using the definition
of the compensator (5.8)

K,n 2 nl/e
o LIS CRY L | e 22g(— )—1 dz
nl/a - n2/a o nl/a |Z|a+1 :

Since ¢ is bounded, we deduce after some calculus

2
su Ln
ET? = E pte*“" < Cla)K**/n. (5.33)
n (e}

Now if g satisfies the additional assumption [, [2[g(z)dz < oo, then

2

SUPyeio,1] |LtKn|
T T < oa)/n, (5.34)

ET? =E

nl/a

with C'(«) independent of K.
Turning to T, we decompose Lf( " (using the symmetry of F ;) into the small jump part and the large

jump part as
‘ t
Lf<=n:// zﬂK’"(ds,dz)—i—// 2o (ds, dz).
0 J{o<|z|<1} 0 Jlz[21}
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Since the small jump part is bounded in L?; for any p > 1, by a constant independent of K, we focus on the
large jump part and study the worst term in T5

1 n n
Jo Je 1211z s (ds, dz) (10" pl 1 22 13)
pEm(plyzi>1y)?

Proceeding as in the proof of Lemma 4.3 in [4], we deduce that

1 n n
Jo Je 1210 z= 1305 (ds, d2) ™™ (|0 p|1 g 21> 11)
pEm(plyzi>1y)?

< opr({]z] = 1h)Y2,

Then observing that x®™({|z| > 1}) has a Poisson distribution with parameter A ,, < C(a), we obtain
ET? < C(a).
For the last term 7%, the definition of F , gives for z # 0

Fie o (2) p(z) L P
Fi n(2) |z] nl/e

|p(2) | < C(

(2), ¢ _= p(2) \Tie 2
|g(n1/a)| nl/a|i(n1/a)|)'

Consequently T3 can be split into three terms, T5 <131 + 132 + T3 3 with

K,n n
supyeo) 1Ly " [ (10 + |p/ )

T31 = )
' nm(p)
LKﬂl K,n (]_/ z
T 1 SUPteo,1] |Ly " ™" (p g (nl/a )
3,2 = )
w7 )
K, ;

1 SUPiefo,1 1Ly n|MK’n(P|:_§(nlz/a)|)

T33

/e o (p)
For T3 1, we obtain by distinguishing between the small jump part and the large jump part (as for T5)

E(T3)1)2 S C(a)
Since ¢'/g is bounded, we deduce for T3 o

|’
su
E(T.)? < CE pteﬁj‘f)a :

and we conclude using (5.33) or (5.34). Remark that T3 2 = 0 in the stable case g = ¢y.
Finally, considering T3 3, we first remark that by definition of 7x

z

/
< — Kn o . oy | K .
s < o7z s (LU0 (Lo st G2 )

From Burkholder inequality (see Lemma 2.5, inequality 2.1.37 in [7]),

4
44—
< o=,

- n

K,
SUP¢e(o0,1) Ly n|
nl/a
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and using a change of variables and assumption (3.1)

Kun e, 2\ Cle)
Ep™ 1{Kn1/°‘/2S\z\SKn1/°‘}|§(W)| SW'

This permits to deduce from Cauchy Schwarz inequality

E(T33)* < C(a) < C(a)/n.

nkKe =
To summarize, we have established (and the worst term comes from T3 o)

C(a,b, o) K%«
;—(1+ );

n

Ew|HY1K’"’T(arY1K7n’T)|2 <

n
and if we have additionally [, |z|g(z)dz < oo, then
C(a,b, @)

B} .

E;E |7'[Y1K,n,7‘ (67‘Y1K7n)r) |2 S

n

In the stable case, T52 = 0 and the worst term is 77 /n

C’(a,b,a)(l n K%«

).

To simplify the presentation, we have not expressed explicitly the dependence of C(a,b,a) in a, a and the
derivatives of b, but it is not difficult to check that we have

Exmylx,n,r(aryfv"”ﬂ? <

n? n3

/ 1 1 1
Clo oo (11" S T W
Cla.ba) < O (12 +0 + 4 o ),

with p; > 1, for 1 <7 < 5.

The proof of Theorem 3.1 (i) is finished.

Part (ii)

The proof follows the same lines as the one of part (i) and we only indicate the main changes observing that
(5.4) is obtained replacing b(¢”(x)) in (5.1) by b(x). We first deduce from Gronwall’s Lemma,

- b
sup /57 — af < O(a, (AN L sup 157, (5.35)
t<1 n nt/e s
This yields
> C(a,b) |b(z)] 1 K
o, yEmnr < ’ + sup |L;5"]).
.57 < SRE 4 s (E£°7)
[b()]

Consequently, comparing to (5.32), we have the additional term , so we deduce the bound

n2

- Konr C(a,b 1
|HY1K,n,r(8TY1K’ ’ )| < (Z ) <1 + ﬁTl + 15+ T3
n F, n
0 PN T 17 BT ARt verdh
— x
n? no pfr(p)? o (p)
K (/) #K’n(|l’,+ﬂ?(’n‘)
We show easily that £ K (': )pQ and m Km(p)K =~ are bounded in L? and with the previous study of the terms

Ty,T5,T5 we obtain the result of Theorem 3.1 (ii).

24



5.5 Proof of Theorem 3.2 (a¢ non constant and A1)

Since g is compactly supported, X, and X, /n have moments of all order and the additional truncation 7k is
useless (g is a truncation). So from now on, the interpolation Y"" and the Malliavin operators do not depend
on K.

To solve equations (5.13), (5.17), (5.18), (5.19), (5.20) (defining 0,Y;™", UM, L, Wi gy @Dy
we introduce (Z;{"") that solves the linear equation

1t
Zf’rzl—i——/ rb'(Y"T)Z"Tds—i—l—/ /ra Y, Z 2" (ds, dz). (5.36)
n Jo n /

Under A1, Z"" is invertible and from It6’s formula, we check that

oY = 7 / (220 (V) — b(ED () (5.37)

e / [ @27 @) = ae))ei s, dz)

n,r Yn,T _ /Ynﬂ‘ 2
_Zt / / an —1 ( s5— ) G(ZC)) T(L( 55— )Z /J,n(dS,dZ),

1/« ra’ (Y"")z 1/
n s— n
14 U )

2
Zn,r t ,YTT
U — ( t ) Znir -2 G(T‘ : s 71,2 p(z M" dS,dZ , 5.38
t 2 s Y.

n2e Jo Jr 1+m(1j; )%

n,r t

L;L,T _ Zt / (Zn7T)71Tb//(Yn7T)Un1TdS

2n 0 5= s 5=

Z ) a(r, ;") Fi(2)\ n

2n1/0‘/ / Z” W (0'(2) + p(= )Fn(z))ﬂ (ds, dz) (5.39)

ra” (YU )US" | ra' (Y2")22

ra’(Y,"")z nl/a
1 + nl/o

+ra” (V"YU 20" (ds, dz) —

Since equations (5.19) and (5.20) are more complicated, we just explicit the structure of the solution for W;"" (2.1)

and W;"" 3D where PO, Pl P12 are obtained from (5.19) and (5.20) respectively.

7177‘;(271) mn,m\2 ! n,r\—2 n,0 Psn—11(2) n
Wt = (Zt’ ) (ZS’ ) PS’ ds + W}L (dS,dZ)
0 R (1 + ﬁy
1
“l‘/ P:_)2(Z)[Ln(d8, dZ) — / P:_72(Z)[1 — W]un(ds, dZ) 5 (540)
® & 1+ —5)?
n,T n,r K — Psnil (Z)
Wt =g [y pevas e [ e s, de)
0 B+ —re)?
n ~ n 1 n
+/ PSLQ(Z)/Ln(dS,dZ) — / Ps;2(Z)[1 — W]ﬂ (dS,dZ) . (541)
N N A+ =)
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To identify the rate of convergence in the previous expressions and to simplify the study, we introduce some
integrable processes (P )¢c(o,1) (We omit the dependence on n), whose expressions change from line to line, but
such that
Vn>1,Vrel0,1], E, sup |Ps’ <C(a,b,a)(1+ |z|P), Vp>1.
s€0,1]
The constant C(a, b, «) is independent of n, r and 2 but depend on p. To avoid heavy notation, we omit the
dependence on p, except in Lemma 5.2 below. We also use the notation

t t
M; = / Psdegv Ry = / / |Z|1{\z\>l}ﬂn(dsad2)v te [07 1] (542)
0 0 JR

From Burkholder inequality,
SUP¢e(0,1] | M|P
E,—————
np/Ol
that is M;/n'/® = P,. Moreover using |z|/n'/* < 1/(2||a’||s0), We also have R;/n'/® = P;,. In the following, we
distinguish between the small jump part and the large jump part of M;

< C(a,b,a)(1 + |z|P),

t t
MtSJ:/ /RPsle{\zm}ﬂ"(ds,dZ), MtLJ:/ Aps—zl{\z\>1}ﬂ"(dsvdz>’
0 0

where we used the symmetry of the compensator for the second expression. We check that M;”/ = P; and that
\ML7| < PR,

We now give some relatively simple expressions or bounds for the variables 9,Y,"", U{"", LT"", W' (1)
Wln’r’(g’l). We first remark that from A1, g™ has support in {|z| < n!/®

z such that |z| < n'/®

W} and we have for any y and any

1
2l[a’[]os

2 1

Moreover standard arguments give Z;"" = P, and (Z;"")~! = P,. This permits to deduce

velo,1, 0<ur<ptle) (5.43)
n2/a
1 n2/o¢
0<—— <P 5.44
Uy a’p(p) (5:44)
So as in Section 5.4, we check that 1/U;"" € N,>1LP. We also observe that
n,r _ Pt Mt
L R R A (5.45)
and from Gronwall’s inequality, we have
su M,
e ) < o R M (5.46)

— nl/a

The next lemma summarizes our results, having in mind that we want to identify the rate of convergence of
O YW B jmy2 g LT U™ and Wit UM where UM is approximately pi"(p)/n2/®.

Lemma 5.1. With R, = fot Jg 12111251307 (ds, dz), we have the bounds
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n,r P
IS G e

P, 1
+ 2/la <1+R1 +/ /Rs—|2|1{|z|>1}u"(ds,dz)>,
n 0 R

2.
. P P, P, F
|L1’|§nl+—g/aﬂ (p) + 2/a(1+ 1" (p)) + ijak n" ([’ +PF 1)
3.
n,r,(2,1) Pl n Pl n n,r
Wy | < e (p) + —57 1 (p) SttlplarYt |
P ' n
+—7= 1" (p) + Ri + R Rs—|2]1¢|z 151y 1" (ds, d2)],
n3d/« o Jr
4.

n,r, (3,1 Py n Py Py n
WG| < —Trajat (p)* + 4/a(1+ " (p)? )+mﬂ (10'pl).

Proof. 1. Using equation (5.37) with (5.45) and (5.46), Vt € [O, 1]
n,r Pt Supy |Mt
0V < — e+ nl /a nl i (ds, d2)

2/O[|/ /PS_M _zp"(ds,dz)| + 2/a|/ /PS_MS_ ik " (ds, dz)|.

In this expression to identify a sharp rate of convergence, we distinguish between the small jumps and the large
jumps for each integral. Remarking that |z|/ n'/® is bounded, the first two terms on the right-hand side of the
inequality are bounded by

P,

72 (1+ Ry).

Moreover the last term satisfies

WJ/ /p M, (ds, d2)]| < - <1+Rl+// oL ooy (ds, d2)).

Considering fot fR Py Ms_zp™(ds,dz) = fot M_dMs, we split into four integrals (small jumps and large jumps
of M)

t
/ /Psstfzﬂ”(ds,dz) =L+ I+ I+ 1
R

WlthI1 fOMS]dMSJ*Pt
t t
|17 = |/ MM dM| < Pt/ /Rs_|Z|1{\z\>1}u"(ds,dz),
0 0 Jr
t t
= [ Ean < PR 1= [ v ans,
0 0
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For I, observing that [M*°7, M*7], = 0, we deduce from It&’s formula that fot MEIdMPT = METMPT —

fg MZ7dMEY and then |I}!| < P, R;. Putting together these inequalities, we finally deduce the first result.
2. On a similar way, using equation (5.39) we obtain

!’

nor P " Py F
Ly |§nl+—2/aﬂ (p) + et w" ([’ +PF )

P1 1 -n 2’2 n
+— | Ps_Us_zji"(ds,dz)| + | P, _Us_——u"(ds,dz)| ) .
nl/a o Jr o Jr nl/a

We check easily

P
B [ v Zaeasan) < Ewe
To bound |f01 Jg Ps—Us_zj™(ds, dz)|, we introduce the process Q; = fo Ps_p(z)u™(ds,dz) and its decomposition

o /P —p(2)1qz1<1yp” (ds,dz) = Py,

t
Q7| = |/0 P p(2)1z1>131" (ds, dz)| < P (p).

So we have Uy = 2/a Q¢ and fol Jo Ps-Us_zp"(ds,dz) = —— f(f Qs_dM,. We conclude by splitting fot Qs_dM,
into the small jumps and large jumps of @ and M, with It6’s formula for fo QL7dMS7 (as for I* in 1.), that

nl/a|/ [ Pzt ds,da)| < )

3. We turn to W™ @Y From (5.40) and (5.19), we have
n,r,(2,1 Pl
w3 < nl+—2/0‘ nl/a|/ /PS_US_ 7o 1" (ds, dz)]

nl/a|/ /PS_U _zf"(ds,dz)|
Pl ! n,r n,r n
+t—a [Ps— [0 Y21 + Po [Y28 — x| p(2)p” (ds, dz),
n 0 JR

Where we also used for some terms that 9,Y,"" = P, (this can be deduced from 1.). We see easily that
nl/a | fo Jo Ps—Us— nl/a,u n(ds,dz)| < nf}a p"(p), but this does not permit to control Wln’r’(m)/Uln’T. So we

write once again U; = nQ/a Q: with @ defined above. Using p(z) = 22 if |z| > 1, we have |QL/| < P.RiR;.
Consequently we obtain

P n
nl/a|//P Us_ 1/u(dsdz)| < n3/1a[ (p) + Ry

R, / [ Reclelt s ds.do)L

The same inequality holds for f}a N fRP Us_zp"(ds,dz) = ng/a o QS dM by decomposing into the small
jumps and large jumps of @ and M, as already done previously. Finally, considering the last term, we have

Py ! nor n P, o
—n2/a/0 /RP—I&YS_ p(2)n"(ds, dz) < —57=n (p)81t1p|8TYt I
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and from (5.45)

Pl 1 P Yn7T n d d < Pl n
i [, [ P VT = wlp()ut (ds, d2) < Srgron ()
P, 1 .
+ 3/ [,U (p) +Ri+ Ry R57|Z|1{‘Z‘>1}‘u (ds,dz)]
n/ 0 R

This completes the proof of 3.
4. Using (5.41) and (5.20)

n,7, (3,1 Py 22
] < piraza P+ 1/a| PS—U2 ot p"(ds, dz)|

1/a|/ /P U? 2ji"(ds,dz)|

b P,_U "(ds,d Dy
e [ P s—p(2)p" (ds, dz) + —7n" (|0"p])-

We have .
P n Py n
~/a PstsfP(Z)/L (ds, dz) < —7=p"(p)*,

P,
nl/a'/ /Ps—U2 k" (ds, dz)| < =" (p)?.

Turning to the integral with respect to ", J = fo Jo Ps—UZ_zji"(ds, dz), we have the representation (recalling
that Ut = %Qt)

= / (Qu- M,

and analyzing each term in the decomposition of J between the large and small jumps of @ and M, we obtain

nl/a|/ /PS_U2 "(ds,dz)| < 5a(1+ "(p)?).

The proof of lemma 5.1 is finished. O

Lemma 5.1 combined with (5.44) permits to obtain simple bounds for the Malliavin weight Hy, .n.» (8, Y5
1

F/
9, Yy "Ly ! p (1" + 7))
L < PO Y| + Pint 0, Y T 5.47
i 0,V | P 710, (547
Wln,r,(Q,l) 1
—— < P - o, Y, 5.48
’ U{z,r >~ 11 n + Sl;elp | t | ( )
1 n
P Ry Ry [y [g Re|zl{zj>130™(ds, d2)
+ 1/« 1+ n + n ’
n 1™ (p) 1™ (p)
9,y wy Y 1 1™ (lp'pl)
T Tl < P Y | 4+ Pt 0y | LR 5.49
(Ul ] )2 1| 1 | 1 | 1 | Nn(p)2 ( )

It remains to evaluate the L2-norm of these three terms. For this purpose, we establish an intermediate result.
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Lemma 5.2. We recall that R; = fg Je 1211¢ 12151317 (ds, dz). We have Ye > 0
(a)

4/a

1 2
E, (Pl/ /RS_|Z|1{Z>1}un(ds,dz)) < Cula b, @)1+ Jof?) o
0 R
(b)

2
g (p i J Ro—|2[1 251307 (ds, d2) _Jcba)a+ ), ifa > 1,
* wr(p) | Cla,b,)(1 + |z?) 2 n ifa < 1.
Proof. We first recall that fo Jo F(2)Lqz> 130 (ds, dz) = SN f(Zi), where (N;) is a Poisson process with in-

tensity A, = [ Fin(2)1{)2)>13dz such that A, < C(a) and (Z;);>1 are i.i.d. variables with density %ﬁl‘z‘mdz.
(a) We have

|P1/ /Rs_|z|1{‘ suyu(ds, d2)| <plz|2|z|z BT

7]

So, we obtain from Hoélder’s inequality for any p > 1

P// oo 2Ly (ds, d2))? < Clayba) (1 + 2 ECS 1212573

i#]

But we easily check that
E(Y_ |21 Z;1)* < E(N{")[E|Zi*],
i#]
and that (the constant depends on a through the truncation)

2p/a

E|Z;|*’ < C(a, a)

This leads to
4/

)2 1 n
B 1Z1Z41)7)} < Cla, ) 2
i#£]
and (a) is proved by choosing p arbitrarily close to 1 (recalling that C'(a, @) depends on p).
(b) Observing that " (p) > pn(plfjzj>13) and proceeding as in (a)

1 n
Ry [y Ja Bs—l2[1gz1>130 (d&dZ)l - PlZ Nz 12 Y IZjI'
1" (p) - SN Z42

|P1

But using successively Cauchy Schwarz inequality and |Z;||Z;| < 1(/1Zi|* + | Z;|?)

S ILIER 2D 141 | (S %)
SANPAE S Zhiae

N2 Zil|Z).

i#]

IN

Now for any p > 1 we have

np/a

)2

EQY |Zil1Z;) < E(NTT)E(ZiIP)] < Cla,a)(1 +
i#]
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If a > 1, choosing 1 < p < a gives E(},; [Zi[|Z;|)? < C(a, @) and we obtain the first part of (b) from Holder’s
inequality.
If <1 then E(}

2/

|Z:|1Z;])P < C(a, ) and finally Holder’s inequality gives Vp > 1

n2

7]

n2/a

2
2
> SO(G;,b,O&)(1+|$| )ma

! n
fo fR Rs|2|1q)z> 131" (ds, dz) Ry
E,. | P
1w (p)

and we conclude by choosing p arbitrarily close to 1. [l

From Lemma 5.2 (a) and Lemma 5.1, we obtain immediately

1 1 1
n,r |2 2
E, stzp |0, Y;""|* < Ce(a,b,a)(1 + |z] )(ﬁ + ey + —nQ*E)’

(5.50)
Consequently combining (5.50), (5.48), Lemma 5.2 (b) and observing that Ry /u"(p) < 1, we have

Wlnyh(ll) 2
n,r
Ul

1 1

n2/« n275)'

1
E, < Cela,b,a)(1+ ) (— +

, »m,(3,1)
Tyln TWfL s

To control the L2norm of 2 GERE , in view of (5.49) and (5.50) it remains to bound
1

n /
nl/a|aryv1n,r|u (|p p2|) )
1 (p)
We check that “-U2L (14-Ry) < Py, and using u" (| pl) = ™ (19" p[1 (121 <1y) -+ (|0 pl1121513) with ™ ([0 pl1 (12 51) <

wr(p)?
2R ™ (p), it yields

1
1 (10'pl) /1/ Ry [y Jp Re|2|1qz15130™ (ds, dz)
H\ip Pl Ry |21 uapy " (ds, d2) < Py + P .
1 (p)?2 Jo Jr 2Lz (ds, d2) < Pr 4 Py 1 (p)

So from Lemma 5.1 we have

)

1 n
000D Ly Ly, P RSy S R el (6, d)

1/Q8Yn,T‘
mloy |u"(p)2 - n nl/e’ " pl/e 1 (p)

and consequently from (5.49), (5.50) and Lemma 5.2 we conclude

1 1

n2/« + n2—€)'

2
6TY1n,rW1n,r,(3,1)

Em n,r
(U"")?

1
< Cela,b, @) (1 + [2) (5 +

8, YL

For the last term LT
1

, in view of (5.47) and (5.50) it remains to study

F/
w1+ pz)

Pint/®0,Y"
9-17] 1 (p)
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where ? (z2)=1+ g/( ~7=). For any p > 1, we have using A1

nl/a g
\71/\(\} ! 1
n - 2[la’|] oo g z z
/ /|g nl/a {‘Z‘>1}'UJ (dS,dZ) - 2\/11 |g(n1/a)|pg(n1/a)za+1dz
1
2 [T gL 1
= = d
2 et s
1 g
< —/?Wuwl<3/§wmeM]
<

So it yields, introducing 1{\Z\S1} and 1{|z|>1}

/

F)
WU+ p ) < Pi(1+ Ry)

Next, Lemma 5.1 and the previous bound give

n Ey 1 "
plnl/a|5Ty”ﬂ“|w <pti oy b Ry Jy Jp Bs-|2[1qz> 030" (ds, d2)
' pr(p) T mo al/et T opt/e 1 (p)

and we conclude with (5.47), (5.50) and Lemma 5.2

n,ry n,r |2
0,Y""L

n,r
Ul

1 1

By n2/a + n275)'

1
< Ca(avbv a)(l + |x|2)(ﬁ +

Collecting all these results, we finally have proved, Ve > 0

1 1

1
K,n,r\|2 2
Ee[Hycnr (0: YT )|7 < Cela, b, ) (1 + |2 )(F t e T F)'

We can easily see that the constant C.(a,b,«) has exponential growth in [|b||s and polynomial growth in

16" lscs 1la’lloo [la”|loos 1/1a’||o, 6(0), a(0), 1/a, 1/ a and 1/(a = 2).
To complete the proof of Theorem 3.2, we consider the Euler approximation. The proof follows the same
lines but the bound for 9, Y;"" has the additional term b(z)/n?. So the first item in Lemma 5.1 is replaced by
Py Py

sup [0,V < 5+ -
t€[0,1] " n? nlti/e

P 1
+ 2/1a <1 + R, +/ /RS|Z|1{|Z|>1}ILLn(dS,dZ)> .
n o Jr

Since we have to control not only sup, |9, Y;""| but also n'/sup, |3,Y;""|, we have the extra term n'/®/n? and
finally

(1+ Ry)

n2/e 1 1 1
na +ﬁ+n2/a n2—a>'

Ex[Hy s (V)P < Ce(a,b, 0)(1+ o)
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