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LIMITING AMPLITUDE PRINCIPLE FOR A HYPERBOLIC METAMATERIAL
IN FREE SPACE

MARYNA KACHANOVSKA*

Abstract. Harmonic wave propagation in hyperbolic metamaterials is described by the Maxwell equations with a
frequency-dependent tensor of dielectric permittivity. For a range of frequencies, this tensor has eigenvalues of opposite
signs, and thus, in two dimensions, the harmonic Maxwell equations can be written as a Klein-Gordon equation. This
technical report is mainly dedicated to the proof of the limiting amplitude principle for the simplest case of such a
problem, and is a companion to the manuscript [8].

1 Introduction The beginning (Sections 1.2-1.3) of this report is not new, and follows almost
verbatim [8]. Appendix A is taken from [8]. The outline of the report can be found in Section 1.5.

1.1 The model Probably the simplest model of a hyperbolic metamaterial is provided by a
2D strongly magnetized cold plasma model, cf. [15, 4]. In the system of units chosen so that the speed
of light ¢, dielectric permittivity €y and magnetic permeability o of vacuum satisfy ¢ = ey = po, this
model reads

OE, — 0,H, =0,
(1.1) HEy+0.H.+j=0,  0j—w.E,=0,
OH, + 0, E, — 0,E, =0, (x,t) = (z,y,t) € R x R.

Here FE is an electric field, H is a magnetic field, j is a current and w, > 0 is a plasma frequency.
Let us introduce, for u,v € L?(R?):

(u,v) = /uﬁdw, [|u||? ::/\u|2dm.
R2

R2

The following energy of (1.1) is conserved:
d 1 oy .
€@ =0, E@) =5 (1B + 1B, (O + [ H= ()] + w0, *[5(®)]7)

Using energy techniques, it is possible to show that the initial-value problem for (1.1) is well-posed.
In order to see the relation between the above problem and the hyperbolic effects in wave prop-
agation, let us rewrite it in the harmonic regime. We apply to (1.1) the Fourier-Laplace transform,
defined for causal functions of polynomial growth by
oo
(1.2) a(w) = /ei“’tu(t)dt, weCt:={z€C:Imz>0}/
0

Let us introduce curl = (9, —08,)7, curlv = d,v, — dyv,, and g(w) = diag(1,e(w)), where

w2
(1.3) ew)=1-— w—g.

This yields the following problem:

(1.4) — iwe(w)E — curlH, = 0,
(1.5) —iwH, 4 curl E = 0,

For w € (0,wp), e(w) < 0, hence the above model defines a hyperbolic metamaterial [12]. Rewriting
the problem for H, yields

(1.6) W H, +e(w)'0%H, + 85];@ =0, (z,y) € R?.

We also introduce for brevity

(1.7) Lou = w2u+5(w)*18§u+8§u.

We see that when 0 < w < wy, €(w) < 0, and the operator £,, becomes hyperbolic.

*POEMS, CNRS, INRIA, ENSTA Paris, Institut Polytechnique de Paris, 91120 Palaiseau, France
(maryna.kachanovska@inria.fr).


mailto:maryna.kachanovska@inria.fr

1.2 Preliminaries: Fourier transform, weighted Sobolev spaces We define, for u €
L'(R?), s.t. @ € LY(R?), its partial and full Fourier transforms:

1 i ! / 1 iy’ /
Feulle,y) = E/elgﬂ u(z' y)de',  Fyu(z, &) = N /e Sz, y)dy',
R R

Fulen &) = 5 [ € uleg)dody, Faoy) = oo [ a6, )de dey.

R2 R2

First of all, let us define isotropic weighted Sobolev spaces:

loc

L’R) =L?:={ve L} (R?: /(1 + 2% 4+ y2)*Ju(x, y) |2dx dy < oo},
R2

H!(R*) = H! := {v e L*(R?) : Vv € (L*(R%)*}.
Weighted anisotropic Sobolev spaces are defined similarly:
LR = 12 = (v € lRY): (14 02) lo(oy)Pdody <

R2
HY (R = 1Y, = {ve L2(RY) : Vve (L2, (RY)).

with the norm
ol = ol = [ (402 oo Pdo dy.
R2

Remark that for any v € LiJ_(RQ), v(.,y) € L*(R). Therefore, equivalent norms on L§7J_(R2)7 HS{J_(RQ)
can be rewritten using the Plancherel theorem in the following form:

(1.8) ol = 170120 = [+ 0 Pl Pdeedy
R2
ol = [+ 920+ ) Faolar) Py
(1.9) R
+ [ 210 0) Py,
R2

We will use the notation a < b (resp. a 2 b) to indicate that there exists C' > 0 that may depend on
wp and w, s.t. a < Cb (resp. a > Cb).

1.3 Some additional results about the problem (1.6)

1.3.1 The problem (1.6) for w € C\ R The following result is based on the Lax-Migram
lemma.

LEMMA 1.1. Let w € C\ R. Thus, for all f € H=*(R?), there exists a unique u,, € H*(R?) that
satisfies

(1.10) Lou, = f inD(R?).

|~ max(w; 2, Dl | £l] -1

%

Moreover, ||uy| gt < clw;

The unique solution to (1.10) is then given by the convolution of the source f with the fundamental
solution G,,:

(1.11) Uy =N, f = /gw(xfx')f(x')dx'.
R2

To provide an explicit form of G,,, we need the following convention.
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REMARK 1. In what follows, we will use the following convention: for a complex number z € C,
V/z denotes the principal branch of the square root, i.e. Re+/z > 0 for all z € C\ (—o0, 0]; respectively,
logz =log|z| +iArgz, Argz € (—m, 7).

The fundamental solution for (1.10) is given by

H{ (wy/e(@)a? + 42), Rew >0, Imw > 0,
H(§2)(w\/6(w)$—2+y2)7 Rew >0, Imw < 0,

where Hél), H(()Q) are Hankel functions of the first and second kind.
It can be shown that the partial Fourier transform of G, is given by

(1.12) Go(x) = —VEW)

iR (Eaw)yl

Y 27k (Exy w)

, with (&, w) = /—e " Hw)&2 4+ w?.

(1.13) FzGo

Let us now provide some auxiliary results about the asymptotic behaviour of Hél)(z). First, we
consider behaviour for |z| — +o0, [10, pp. 266-267]. Let z € C be s.t. 0 < Argz < 7. Then, as
2] = +o0,

2 . _.x

(1.14) HV(z) =/ =e 7 (14n(2),  In2) <Cl[7', C>0.
Tz

For |z| — 0, according to [1, §9.1.3, §9.1.13]:

H§Y (2) = Jo(2) +iYo(2),
(1.15) 2 z
Jo(2) =1+ gs(2%), Yo(2) = ;JO(Z) log 3 + gy (%),

where g7, gy are entire functions. Moreover, g;(0) = 0, ¢/,(0) # 0.

1.3.2 The problem (1.6) for w € (0,w,) Let us introduce the outgoing fundamental solution,
associated with the problem (1.6) for w € (0,w,), cf. [8]:

Hél) (w V y2 - a—2x2), (x,y) € Cp7

(FS)  Gew) =4
Hél)(iw\/oz—zx2 —-y?), (z,y) €Ce,
(©) Cp=1{(5,y) €RZ 1 [yl > a Yfal}, Co={(zy) € RZ : |yl < a~al},
Let, additionally, for f € LZ,,,,(R?),
(1.16) NIf:=G,*f.

It can be shown that
LEMMA 1.2. For all s,s' > 5, Nt € L(L?, HY,, ).
Moreover,
THEOREM 1.3. For all s,s' > &, f € L? |, the function uf; := N.T f solves L,ut = f.

One can verify that the solution u} is a limiting absorption solution. This is shown in the follow-
ing theorem proven in [8](Theorem 4.1), and whose proof we give for convenience of the reader in
Appendix A.

THEOREM 1.4. Let 5,5 > %, 0 <w<wpy. Letw, €Ch, Rew, >0, and w,, = w as n — +oo.
Then, for all f € Lij_,

Noof = NFfin HE,, | (R?).
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1.4 The principal result of the report The principal result of this report reads.
THEOREM 1.5. Let s,s' > 3. Let f € L2(R?), and 0 < w < w,,. Let (E, H.,j) solve

WE, — 0,H, =0,
HEy+0:.H. +j=0, 8j—wiE, =0,
O H, + 0.E, — 0,E, = fe™,

H.(0) = E»(0) = Ey(0) = j(0) = 0.

Then, as t — +o0,

|H. — hzeiwt||L35, -0,

where h, is defined as follows:
o for 0 <w <wyp, h, = —iwul, where ul; = NTf, ¢f. (1.16).
o forw=w,, h,=0.
o forw=0, h. = [ Ko(wplz—'|) f(a', y)da’dy’
R2

REMARK 2. In the above vanishing initial conditions (1.5) are taken for convenience; it is possible
to show that the result holds also for sufficiently reqular non-vanishing initial conditions.

REMARK 3. One could wonder whether
o the result holds in the elliptic case (i.e. when w > wp);
o the result (up to the definition of Hy) holds when the right hand side in the equations for
E., Ey, j does not vanish and equals (fx, fy,fj)T et with fu, fy. f; € C§°(R?);
o the harmonic behaviour as t — 400 is true for Eg, E,, j.
The answer to all of these questions is positive. Because the elliptic case seems somewhat more
classical, we omit it here.

In the case when the source term does not vanish in the equations involving Oy E,, 0;Fy, 07,
the respective proofs for the cases w ¢ {£w,,0} are a trivial extension of the proof of Theorem 1.5.
However, the proofs for the cases w € {£w,,0} are significantly more technical (and, as a result, quite
cumbersome), hence we decided to omit treating them.

In our proofs, we will follow the classical work by Eidus [9], adapted to first-order systems in the
PhD thesis [5] and the work in preparation [6].

1.5 Outline of the report In Section 2, we perform the spectral analysis of the system (1.1),
by rewriting it as a Schrodinger equation and using explicit expressions for its resolvent. In 3 we state
limiting absorption principle for the resolvent in the operator norm topology. In 4 we prove that the
resolvent is Holder regular. In 5 we prove the limit amplitude principle (Theorem 1.5).

2 Spectral analysis of (1.1) Let us rewrite (1.1) as a generalized Schrodinger equation,
following [7]. For this let us introduce

E, 0 0 -9, 0

| & o 0 i v
(2.1) U=lmg | A= <o, 0. 0o o0
wzjlj 0 —iwy 0 0

The system (1.1), equipped with initial conditions Uy and the source iF can be rewritten as follows:

(2.2) —i% = AU) + F(t), U0) = Up.

Let us introduce as well
H = (L*(R%)? x L*(R?) x L(R?).
It is easy to verify that the operator A: D(A) — H, with
D(A) = Heyn, (R?) x HY(R?) x L?(R?),
Heun, (R?) = {v € (L2(R%)”: 0uvy — dyv, € LARY) ],
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is self-adjoint on H.

The proof of the limiting absorption principle relies on the study of the spectrum of the operator
A, and, in particular, on a decomposition of its spectral measure. We start by studying the spectrum
of the operator A.

The principal result of this section is that the spectrum of A is purely absolutely continuous.

THEOREM 2.1 (Spectrum of A). o(A) = c4.(A) =R.

2.1 Fourier analysis of A and the proof that 0,(A) = () Extending the definition of the
Fourier transform to the vector-valued distributions by

(Fv); =Fv;, j=1,...,4, vekH,

we see that A is unitary equivalent to the matrix-vector multiplication operator A:
0 0 ky 0
0 0 —ky  iwp
ky —kg 0 0
0 —iw, 0 0

(2.3) A=FAF, (Av)(k) = v(k), veH

:=A(k)

Thanks to the unitary equivalence, o(A) = o(A), 0,(A) = 0,(A); it thus remains to find the spectrum
of A. The space H is isometrically isomorphic to the space L?((R?,v);C*), with v standing for the
Lebesgue’s measure; the latter space is in its turn isometrically isomorphic [13, p. 280] to the direct
integral with respect to the Lebesgue measure v of the fiber spaces C* (these spaces are equipped

D

with the Eucledian scalar product), i.e. H ~ H® = [ C'dk. The operator A : H¥ — H® (with an
R2

obvious abuse of notation) then has the form, cf. [13, p. 283],

A= /A(k)dk.

R
By [13, Theorem XIIL.85(d, e)],
(2.4) Aeo(A) <= v{k: o(A(k))N(A—¢e,A+¢e)} >0foralle >0,
(2.5) A€ o,(A) <= vi{k: Aeo,(A(k))} > 0.

The spectrum of every matrix A(k) is given by the set of the solutions A of the characteristic equation

(2.6) A= N (k]? + w?) + kZw? = 0.

y“p
The solutions to the above had been studied in particular in [4]. We summarize these results in the
following lemma.

LEMMA 2.2. The solutions to (2.6) are given by continuous functions +A; (k) and £A_(k), de-
fined by

24 k]2 + /A
Ai(k):w” | |2 ( ), A(k):(w§+|k\2)2—4kjw§.

These functions satisfy: Im A_(R?) = [0,w,], Im A4 (R?) = [wy, 00).

Proof. First of all, let us show that for each A € R, there exists k € R? such that (2.6) holds true.
This will imply that Im A_(R?) UIm A, (R?) = R. The latter however is easy to see: for A € R fixed
any k € R? satisfying
k2 =e(A)(A—k))  when X #0,

(2.7)
ky = 0 when A =0,

satisfies (2.6). Let us remark that the set (ks, k) defined by the above two equations is non-empty
for any A € R. We thus conclude Im A_(R?) UIm A4 (R?) = R.
Next, by Section 3.2 of [4], see also Lemma 3 in the same article, we know that

A= (kzs ky) < wp < Ag(ka, ky),

with equality signs achieved only if k, = 0 and k, = tw,. Hence ImA_(R?) = [0,w,], Im A1 (R?) =
[wp, 00). d



The above lemma leads to the following.
LEMMA 2.3. o(A) =R, and o,(A) = 0.

Proof. Proof that o,(A) = 0. We will use (2.5). Suppose A € 0,(A); necessarily, all k, for which
A € A(k), lie on the curve (2.7). Thus k s.t. A € 0,(A(k)) belong to the set of Lebesgue’s measure
zero. Hence, by (2.5), o,(A) = 0.

Proof that o(A) = R. Let us prove that o(A) = R, again by using (2.4). Let A € R be fixed.

Let us first consider the case 0 < A < w,. By Lemma 2.2, the set

Siee = {k: o(AK)) N (A — e A+ )}
is non-empty, and, for sufficiently small €, by Lemma 2.2, is defined by
Ske = AN — e, X+ o).

Because A_ is a continuous function, for all € sufficiently small, the set Sk . is open, and thus its
Lebesgue measure is non-zero. With (2.4) we conclude that (0,w,) € o(A).

Similarly we show that (—o0, —wp) U (—wp, 0) U (wp, +00) C o(A). Then the points {0, £w,} also
belong to o(A), because the spectrum is closed. d

An immediate corollary of the above and the unitary equivalence (2.3) reads
COROLLARY 2.4. 0(A) =R and o,(A) = 0.

The above results are sufficient to prove the first part of Theorem 2.1, namely, 0(A) = R. In what
follows we will adhere to the terminology and notation of the monograph by Schmiidgen [14]. Because
op(A) =0, by [14, Propositions 9.1, 9.2] 0(A) = 0.(A) = 04c(A) U0os(A). It remains to show that
osc(A) = 0.

2.2 The resolvent of A and the proof o,. = () To show that the spectrum is absolutely
continuous, we will make use of [13, Theorem XIII.20]. According to this result, given I = (a,b), b > a,
to prove that o4, NI = (), it suffices to check that for all v € D, with D = H,

(2.8) sup /|Im(RA()\ +i€)v,v)|” d\ < oo, for some p > 1,
e€(0,1)
1

where R 4(\) = (A\Id —A) L.
A direct computation shows that the resolvent is defined by

Ra(w) = —w 'S8 N,, + K, weC\R,
where N, is given by (1.16) and

w! 0 0 0 —8,,

e | 0 w0 s - | o,

w 0 0 0 0 roCw iw, ’
0 ity 0 (welw)™ iwp(we(w)) ™1 0x

S = (0 T W0h i, —iwp(we(w))0s).

w

Comparing the above expression with the explicit expression for A, cf. (1.16), and the respective
expression for the fundamental solution (1.12), we conclude that

LEMMA 2.5. For all intervals I belonging to compact subsets of R\ {0} U {xw,}, and all v €
C§°(R?), the inequality (2.8) holds true for any p > 1.

Proof. Because the function w — ¢(w) is analytic and bounded on compact subsets of C\{£w,, 0},
it suffices to prove that for all intervals as in the statement of the lemma, for all v, ¢ € Cg°,

(2.9) sup /|(/\/}\+iev, ®)|” dX\ < oo for any p > 1.
€€(0,1)
T

Case I C (0,w,). With the Plancherel identity we have

(2.10) (Matiev, @) = /E(Jme(ﬁm, y— Y ) Fov(&a, ) Fod(Ea, y' ) dEndy' dy.
R3
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Recall that, according to (1.13),

ein(Ea N ie) y]

(211) fmg)\-l-ie(gza y) = 2 27TK§(§$, \ + 7;6), K’(&ﬂhw) = _5_1(“))53 + UJ27

we remark the following: for all € > 0,
o Im (&, A+ie) > 0, because sign Im(—e =1 (A +ie€)) = —sign Im > 0 and sign Im(\ +i¢)? >
0.
e Rer(&, A + ie) > 0 by the properties of the square root (for Imw > 0, we have that
Im (—e~!(w)&2 4+ w?) > 0), and, moreover,

(2.12) W_g—l(x i€ + (At ie)Q‘ = le(\ +i€)| 2 ‘\/—gg T tieZe(h + ie)‘ .

A direct computation yields

Nl

€2 + (A + ie) s()\-i-ie)}:(( Ca— -’ +462A2)

A2+ €2

le(A +ie)| "t = .
\/(/\2 — €2 — w2)2 + 4e2)?

Since A < wp, we have, for all € > 0,

(2427 = — W) +4N — (£ + w2 — 222 >0,
2 2 9\2 212 2 232
(A =€ —wy)" +4e“X" = (A\° —w,)” >0,
we conclude that

|—§2 (X + ie) 8(/\+ie)|2§2+wg—/\2,

e ti)| F > 2
Vw2 — A2

With these inequalities, (2.12) gives, for all € > 0,

[K(Ea A+ i) = |V=e T i€ + N+ 0P| 2 Ay /(w2 = W) 1 + 1.

Therefore, (2.11) can be bounded for all 0 < € < 1 by

|~F g)\—‘rle(gz, | < A\/ 152 + 1 < .
It is then easy to see that, cf. (2.10), for all &, € R, s, s > 1,

|—F:rg)\+ie(£zv‘) *F v(§:137~)|L2 , < AT 1H.F ’U(gz,.)”Lz VE > 0.

Let us come back to the expression (2.10), which we bound as

| (Magictn8)| < / 12 Wortiet) (€ e |1 Fev(Eer 2y dée
R

5)‘_1/||fwv(€wa-)|L§(R)|‘fw¢(€wv-)| 2R SAT ol N9lLe -
R

Because A € LY (0,wp), we conclude with the desired bound (2.9).
Case I C (wp,+00). Again, using an explicit expression for the integral kernel of the resolvent,
namely (1.12), we remark the following:

m(A 4 i€)\/e(A + i€)222 + 2 = eRe /(A +i€)222 + 42 + AIm y/e(\ + ie)222 + 32,
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and because Im (X + i€)? > 0, for all € > 0, we conclude that

Tm(\ + i€)y/e(A +ie)2x2 + 2 > 0.

The function z — Hél)(z) is analytic in C\ R, and, for all |z| > R, Im z > 0, is uniformly bounded,
cf. (1.14), by O(R™2).

For |z] — 0, recall (1.15). According to this expansion, combined with the fact that w —
wy/e(w)x? 4+ y? is analytic in w, Imw > 0, we have the bound

|HSV (2)] S max(1,log |2]), 2| < 1.
By analyticity, the above two bounds yield the following bound valid for all z with Im z > O:
1 _ _1 _
(2.13) [HED (2)] S 1jexlog 2l ™ + 1500275 <100 log o[ H+1.

Let us now bound the argument of the Bessel function in (FS). An explicit computation yields, for
all0 <e< 1,

[N

(Ree(X +ie)2z?) + y* + Ime(\ +ie)z?)

1
)\2_2_w22+42)\2 2
<( € ») € 2ty

le(A +ie)a? + 32|

v

Nl

N+ )2

1
O A
> - 77
= < CEES R
where to obtain the last inequality we used the bound (A? — €% —w?)? +4€2A? — (A? —w?2)? > 0 valid
for all € > 0 and A > w,. It is then easy to conclude that

. 1
le(A +ie)?2® + y?| > 5 A — w2|x|.
Therefore, (2.13) translates into: for all e > 0, A € I,

1 —
Grric(w,y) S lEO+ie)|* (log ] ™" +log /32 = w2) Ly +1

< log |x|_1l|x|§% + 1.

because £(w) is analytic when (Rew,Imw) € I x (—o0, +00), and |log 4 /A? — wZ| < 1 since w,, ¢ I.
Finally, let us apply the above estimate to (2.9):

it v S [obd | [ togle oo + [ vx)ax | dx
R2 x—x'|<% R?2
ST
and therefore the estimate (2.9) holds true with any p. |

We thus conclude that R\ {0} U {£w,} C 04.(A). Because the support of the singularly continuous
spectrum has no isolated points, and o, (A) = 0, we conclude with

LEMMA 2.6. 04.(A) =0, g4c(A) =R.

2.3 Proof of Theorem 2.1 By (2.3) and Lemma 2.3, we conclude that o(A) = R and 0,,(A) =
(). Lemma 2.6 yields the desired result.

3 Limiting absorption principle for the resolvent Because we are particularly interested
in the behaviour of H,, provided the respective right hand side data fe??, for our needs it is sufficient
to study R.(A\) := PTR (AP, where P, is the projection operator P, = egel. A straightforward
computation yields

R,(w) =wMN,, weC\R.
The limiting absorption principle for the resolvent R, (w) reads.
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THEOREM 3.1. Let w € R. Then, given s,s’ > %, for all f € L%(R?), the following holds true :

. . _ + 5 —
T || (Raeo+ i6) — RE6)) 2 ey = O
where
o RI(w) =wNT, if w ¢ {0,+w,}, with NF defined in (1.16) for —w, < w < w,, and, when
lw| > wp, NF € B(L2,L%,,) defined by

NFv=0F v, G5(x) = 4V e@H (V/e@) + 7).

o RF(w) =0, if w= Fwy;
e RF(0) is a continuous operator RY(0) : L2 | (R*) — L%, | (R?), defined for f € L2 | (R?) as
follows:

(RO w0) = 52 [ Kalwple — o' o/ )ax'
R2

The proof of this result is subdivided into multiple sections. Evidently, it suffices to prove the result
for w > 0.

3.1 Proof of Theorem 3.1 in the case when 0 < w < w, The result follows straightfor-
wardly from the same arguments as the proof of Theorem 4.1 in [8], see Appendix A.

3.2 Proof of Theorem 3.1 in the case when w > w, The result follows from the same
arguments as in [2]. Because we need only an abridged version of the result, we repeat the arguments
very briefly here. First of all we remark the following: in the topology of L .(R?), Gutie = GoF.
where G is defined in the statement of the theorem. This can be proven based on the Lebesgue’s
dominated convergence theorem, by using Ime > 0, the expansions (1.15), (1.14) and analyticity of
z — G,. This shows that
(3.1) dim (Noyied ) = (NZ6,0), V6,1 € C5°(R?),

Boundedness of Nytie in B(L?,L*_). Moreover, we remark that, for all v € C§°(R?), w > wp,
0 <e< 1, we have

2

Wosicolls, = [+ | [ 16uricx =Xyt x| i

R2 R
S [P [ 1Gusialx = X+ ) dxax ol
R2 R

Using (3) the above rewrites

WoicolZs | S oll32 / (14 x)~ log? |x — x'|(1 + ') dx'dx
R Ix—x'|<3
+ / (14 x2) (14 [x2)~*dx'dx

(x,x")ER%: |x—x'|>1

As s, > %, the two above integrals are obviously bounded.
Moreover, from (3) it follows that for all 0 < e < 1, we have the bound

INoticvllzs , < Collole,

with Cs s depending only on the interval I.
Therefore, we conclude that N,, N7 € B(L?, L? ), 2 € CT, Rez > w,.
Weak convergence of R,(wy)f in L* ,. Combining the above with (3.1) yields

(3.2) Ro(wn)f = R@)f in  L%,(R?).
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Boundedness of Nyic in B(L2, H? ). Let I be a bounded interval of (wy, ), and 0 < € < 1.
Let us show the bound [|Nyticfllg2 | S [[Nuw+iefllr2 |, valid for all e sufficiently small. We will

;) o~

use the fact that [|v| g2 | is equivalent to [[v][ 2  + [|Av[[z2 .
Because f — (w +i€)* Ny picf = (5(0.) +ie)7102% + 85) Noiicf, we remark that

g+e
e(w +i€)71E2 + €2

HANw-HeiniS,(R% S Ft ]:(f - (w + ie)QNw+ief)

L2,
To prove that

HANwﬂeingS,(m) < Cfllge
it suffices to show the bound

2+
(e(w+ie)~1E2+£2)| —

(3.3)

This is however easy to see: z + £(z)~! is continuous on C\ {£w,}, and Ree(w)™* > 0 we conclude

that Ree(w + i)~ > ¢ > 0 for all sufficiently small e. Then
|(e(w +1i€) 'L + &) = (Ree(w +ie) &7 + &) 2 (€7

The desired bound (3.3) then follows immediately.

Weak convergence of R.(w +i€)f in H?,,. Because R,(w + i€)f is bounded in H?, and because of
the weak convergence (3.2), we conclude that R,(w +ie)f — R,(w)f in H?,.

Strong convergence of R.(w + i€)f in H? . Because the results above are valid for any s,s’ > %,
we have in particular that R.(w + i€)f — R.(w)f in H2, ; for all § sufficiently small. Because
H? s is compactly embedded in L? ,, we conclude that R, (w + i€)f — R.(w)f in L? ,, hence the

—s’ —s’
conclusion.

3.3 Proof of Theorem 3.1 in the case when w = w, Let us consider (1.12). We in
particular see that

i |2iew, — €2 1 . :
G 1c06:¥) = =\ | T ey HO (e + i) ol + icja? +42),

=, 0 itis sufficient to control the L? _,-norm of the following
5

Therefore, to prove that [|ug, il L2

"€

quantity:

(3.4) Ve = H(()l) ((wp + ie)\/s(wp +i€)x? + y2> x f

This is however quite easy to see. Using (2.13), we see that

‘Hél) ((wp + ie)\/s(wp +i€)x? + y2> ‘ < ’log e (wy, + ie)x2 + y2\| 1ic(wptie)z2 42| <1
+ 1.

Because |e(w), + i€)| 2 < y/ex?, we have the bound uniform in e

17 (@ +i0) ol + 1127 52 )| S ool B+ 1.
Using the above bound for (3.4) we have

||v6\|%35, < / (1+ x12)~ log? |y — ¢/'|(1 + |x'|2)~* dxdx’

(x,x")ERZ2xXR2: |[y—y’|<1
2\ —s’ /112\—s / 2
b [P W )i | 1
R2 xR2

10



Both integrals are obviously bounded, hence, with C' > 0 depending on s, s’ but independent of ¢, we
have

”veHL2 o=
The above inequality and |[u, tiel| L2 s \f||v€HLz prove the desired result.

3.4 Proof of Theorem 3.1 in the case when w = 0. Let us first start by showing that the
resolvent R;. = ieN. has a limit in S’ as € — 0%, e € R.

Let us express this limit in an explicit form. For this let us study the distributional limit of G ;.
as € — 0+. Because Gi;c € S'(R?) for each e, it suffices to study its partial Fourier transform, given
by

1
2”(55 + @fwg & +¢€)

]:g:tLE(S) =

7i < 1 7 1 ) 1
2 \&y —ir(&pr€) & +ir(En,€) ) 2ir(&p,€)’

with r = /ﬁﬁ% +e2=¢, /ﬁfg + 1. Using the same ideas as in the derivation of the Plemelj-

Sokhotskii formula, cf. e.g. [16, pp. 75-76], one can show that

1 1
lim —— = PV.— Find in S’
o & £ir(&s,€) &y F im0 (&) in
Moreover, it holds pointwise (and in the L}, -sense) lim 5—'*— — ——L . We thus have

e—0+ 2”(51’6) Vwp 2241
1

+—— 0 .
NGES

Let us thus introduce the following notation, for f € C§°(R?):

61_1>%1+ +ieFG1ic(§) =

+ . . . )
(3.5) Ry [ = (lim, icGic) * f,
so that, cf. [1, 9.6.21], with K{ being the modified Bessel function:

(3.6) Ry f(x) = ZJ—; /Ko(wp\x —2'|) f(2,y)dx', and

(3.7) FuRg f(Exry)

Yl
= ]:wf(fway/ dy/
2iV2myJwp PE2 + 1 4

It remains to show that R, (w+i€) — Ry in the strong topology of B(L2,L? ). A direct computation

yields
1 e—e e +1ly—y'|
[l L
21/ 21 4 62+ng +1 wp é'x +1

The proof of the limiting absorption principle then follows like in the proof of Theorem 4.1 in [8], see
Appendix A.

fx(zﬁ/\/zef) - ]:zR(J)rf =

517

4 Holder regularity of the resolvent for w € [—wy, w,] The goal of this section is to provide
the Holder estimates on the resolvent on the real line. First of all, a corollary of the proof of Theorem
3.1 reads.

COROLLARY 4.1. For all s,s' > 3, f € L%(R?), the function w — N} f is bounded in L? (R?)
on compact subsets of R\ {0}.

The principal result of this section reads.

11



THEOREM 4.2 (Holder regularity of the resolvent). The operator R} (w), w € R, defined in

Theorem 3.1 satisfies the following reqularity estimates in a strong operator topology.
For all s,s' > 3, f € L2(R?),

R f € C%M((—wp,wp); L2, (R?)).
For all e > 0, )
RYf € C%1(B.(wy) U Bc(~w,); L2, (R?).

Because the proofs of the above result are quite different for all the cases, we split the proof into
several sections. Obviously, when w # 0, by Corollary 4.1, it suffices to show the result for NJ. Also,
we will prove the results for w > 0, the results for w < 0 being proven in the same way.

4.1 Proof of Theorem 4.2, case 0 < w < w, Let w € (0,w,) be fixed. We rewrite, for h € R,
s.t. w+h e (0,w),

eir(€a,wth)ly—y/|

2\/%/ K€y w + h)

.FIN:Jrhf_ zf(fzvyl)dy/:fwj\/;f+r(w)v

and next use (A.8) to obtain
)&l < [ 1=y s/l
R

which, in turn results in

lr@llez ,  SPIflz, -

s, L

This proves that N7 € C%1((0,w,), L2, 1 (R)).

4.2 Proof of Theorem 4.2, case w = wy,. Let ¢ > 0 be fixed. We will prove the Holder
estimate by considering two cases: By (wp) := Be(wp) N{w < wp} and B (w,) := Be(w) N {w > wp}.
Hélder estimate in B. (wp). Recall that N f =0, thus

et (€a,w)ly—y'l

Y \/ﬂ K&, w

(4.1) (FNEf = FuNZF) (o) Fof(€ery)dy

We rewrite

B(Eew) = Ve (@) T T = (w2 — )" Fuy [E2 4 (2 - w?).

Using the above expression, and bounding |em(51”“’)|y_y/‘\ <1in (4.1) yields

‘(szJf*FzNLf) (&y)\ S £ %/|]-‘ F(éa,y)|dy'.

@+ D)
Let us introduce the notation v := |w127 —w2|%. To estimate the above in terms of v, one would want to
proceed classically, by using the Plancherel identity and the Cauchy-Schwarz inequality, which gives,
for all s’,s > %,

) (s - s,

2
1%
< [ @l Bt s, e
R T

However, we can see that for small &, the best possible estimate for 52”% is a constant, which would

degenerate the Holder estimate. The main idea then is to consider two separate cases: low-frequency
case || < d, where 6 < 1, and the high-frequency case.

Step 1. An estimate for |{;| < §. The main idea in deriving suitable for treating (4.2) for
small frequencies lies in exploiting the fact that if f € L2(R?), this implies that F,f(.,y') € H*(R)

a.e. in ¢y’ € R, i.e., for s sufficiently large this allows to control 521’%”}}]‘(@7 3. by using the
x —s,L
Holder regularity of F, f(.,v’) in the vicinity of the origin.
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When ¢, | < §, we will use the splitting
fo(€T7 y/) = FTf(€T7 y/) - frf(ov y,) + ]:Tf(gw y/)-

Without loss of generality, let us assume that &, > 0.

By the assumption, f € L2(R?), for s > 2. This implies that 7, f € H*(R?), with s > 3.

Therefore, a.e. in ¢y, F.f(.,y) € H*(R), and thus we have the bound:

€ 3
Fof (bart)) — Fuf(0.5)] S & / O, Fu f (€| 2dE
0
<é / Oe, Fuf (€1 4/ dE.

< &l F9)lles -

where the last inequality follows from the Plancherel theorem. On the other hand, for all s > %,
Fof O 1 [ Fay)da] S 1)z
R

Thus (4.2) for |£;] < d rewrites

vé v
= |flly +-—==Ifl
z TV 2°°

|(Font s = 7N 1) (€] Wiz

< 2
L2 LR~ Ls
<

(4.3)

/52 + 2
v
-z 2,

\/m ||f| L2
where in the last inequality we used |€,| < < 1.

Step 2. An estimate for |¢,| > . In this case we use (4.2), which implies that for all 5,5’ > 1,
we have

(4.4) (7N £ = ol £) (6o

14
S T ]:;E Ty -
L2 ,(R) "~ T e Gl
Step 3. Holder regularity bound in B (w,). Combining (4.3) for |£,| < 0 and (4.4) for || > 6
into (4.2) yields the following bound:

L2(R)-

- )
[l 2 e, e, [ g2
—00 - -9 :

v 2
Jr52_*_71/2||f||L§,L-

Evaluating the integral above and bounding || f||2, < ||f]|3., we obtain
5,1 s

2 v

(5 2
de 5 (vatan 4 7 ) 111y,

/oo\j(m;f—m;f) (3] SR

L2 ,(R)

Therefore, it suffices to take § < 1 a fixed constant, which would result in the following bound:

Svlflie, v=y/lw?—wil.

As v = O(,/w, —w), this shows that N € C%% ((w, — €, w,)).
Hoélder estimate in B (w,). In this case

Jves -z,

—s/, L

(4.5) NEf-NEf=VER)
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where

9.0 = [ B (ov/E@) e =27+ (o~ 97 i
RZ
We remark that g, satisfies

(4.6) 19 lz2

The above bound follows from the arguments of the proof of Theorem 3.1. With (4.5) we conclude
that

, for all w € B (wp).

22|,

(47) Iwas -

—s/, L

SUlfIZe, v =4/lw

4.3 Proof of Theorem 4.2, case w =0 Let w € B.(0), ¢ > 0. Using (3.7) we have

(4.8) Fo (RF (@) — RE(0)) f(62ry) = / de. (4 — /) FoF(Eary/ )Y/

1
2iV/2m
R

where, with %(&;,w) = \/(w% —w?)71€2 + 1, we defined

de oy o) = wetk(Ezw)ly=y'| B 1 B eiwWR (§e.w)ly—y/]| 1
€W /ﬁ:(fﬁ’w) /wp—2£% 4 1 E(&w,w) E(fx,O)
(4.9) =7 1(&,,0) (ein(imw)lyfy’l _ 1)
(4.10) + e Ryl (71 (g, w) — F (&, ).
It remains to remark that
0| <O, feeRean] <1
RV )

and

e RE =yl 1| S min(1wk(g )y — o)) S ol max(&l, Dly — v/l

~_1 —f[Z; |§$|

Therefore, we can bound (4.9) by

lde, w(y = )| S |wlmax(ly — 3], 1),
which, together with (4.8), by using the same argument as in the proof of the case 0 < w < wy, shows
that RI € C%!(B.(0)).

5 Proof of the limiting amplitude principle (Theorem 1.5) While this proof is quite
classical, we nonetheless repeat its main points here (since in the original work of Eidus [9] it is the
second order problems that are considered, and in the thesis [5] the respective results for the first
order system are available only in the weak form).

Step 1. A computable expression for the solution of (2.2). By the Stone theorem (cf.
[14, Proposition 6.1] as well as [11, Section 4.2]), provided that F € L'(0,T;#), the unique solution
to the problem (2.2) is given by

t

Ut) = / MU F(r)dr

0

Using the spectral theorem and the functional calculus [14, Theorem 5.7, Sectoin 5.3], we can rewrite

the above integral as follows:
t
/ / N7 g F(r)dr,
0
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where F 4 is the spectral measure associated to the operator A.
Since we are interested in the behaviour of H, only, in the case when F = (0, 0, —ifel?, O)T, we
rewrite the above in a more suitable form, introducing p, = (0,0, 1, O)T:

t
(5.1) H.(t) = —ipT / / M AE 4 (pa fe'T) dr.
0 R

Let us denote E, := pL E4p.; by construction, this is the spectral measure of the self-adjoint (on the
space L%(R?)) operator A, = pL Ap.. We then obviously have

t
(5.2) H.(t) = —i / / AN R fdr.
0 R

For v, ¢ € L?(R?), we denote by p, (M) = (E.(M)v,q). We then have, by the Fubini theorem

f : iwt _ it

(5.3) //ei)‘(t_T)eiwdEzvdT,q = //e_i)‘(t_T)e_imduU,q()\) :i_l/%duv,q()\).
0 R 0 R R

iwt ei)\t

w—A

Since F(X\) = ¢ is bounded on R, the function | F(A)dE.()) defines a bounded operator on
R

L?(R?), cf. [14, p.92]. Therefore,

eiwt _ ei)\t eiwt _ ei)\t
— du, .\ = - dE L%(R?).
[ = | [ B g 2R
R R

Comparing the above to (5.3) we obtain

iwt AL

t
(5.4) //eM(t_T)eideZdTzi_l/%dEz.
0 R

R

Rewriting the spectral measure. The Stone’s formula [14, Proposition 5.14] yields an explicit
expression for the spectral measure, —oco < a < b < oo,
b
1 .. . .
(5.5) B (Ea(a,b) + Es([a, b)) = 57 Vli%i (R(A+iv) — R\ —iv))dA
In the above the integral is understood as a Riemann operator integral in the uniform operator
topology B (H,H), and the limit as a strong limit in H.
For E., the Stone’s formula rewrites
b
1

(E.(a,b) + E,([a,b])) = — lim (R.(A+iv) — R,(A —iv)) dA.

27t v—0+
a

(5.6) %

Recall that f € L2, for s > 3, so that, by Theorem 3.1, lir(r)lJr R.A+iw)f=RffinL%,,, s > 3.
v—r
Correspondingly, li%lJr R.A—iv)f=R; fin L.
v—

Let Ij2c,2 , be the embedding operator of L? into L? ,. Then (5.5) can be rewritten as follows:

b
1 1

pTiscre, (Ba) + Exlfat) = 5 [ (RYO) = R() i

where the integral can be understood as the Bochner integral (since || (R*(.) —R™(.)) fllz2 , €

L} .(a,b)). To obtain the above from (5.6) we used the Lebesgue’s dominated convergence theo-
rem for Bochner integrals.
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Let us define
O(N\) := RT(\) — R~(\).

By Theorem 4.2, for all f € L2, 6(.)f is continuous in L? ,. Using the results of [9, Lemma 1.3], we
deduce that

b b
eiwt _ ei)\t eiwt _ ei)\t
Tz, [ S5t = [ o0

a

where the integral in the right hand side is the Bochner integral in L? +- Because the integral in the
left-hand side is well-defined, by the spectral theory, for a = —oo, b = 400, we also have

T aiwt _ irt T wiwt _ giXt
Trecsr2 / %dEzf = / %9()\)”)\,
— 00 — 00
where the integral in the right-hand side is understood as a strong L2 _,-limit as a — —o0, b — +00
of the Bochner integrals over the intervals (a, b).
We thus obtain the following expression for H, from (5.1) and (5.4), where we will omit the
injection operator remembering that the integrals are defined in the L? _-strong topology:

eiwt _ ei)\t
(5.7) Ho(t) = — / Y

R

2

In what follows, all the limits will be understood as limits in a strong LZ

Bochner integrals).
Step 2. Splitting of the integral in (5.7). We then rewrite the above as (we will justify
further that the principal values below are well-defined):

-topology (and so the

Y T it
H.(t) = P.V. _P
() = PV. / oA - PV / o) fax
(5.8) = (T, — Tp),
T ei—w)t Y
(5.9) I, = —PV. / 0N fdA = PV. / OO+ w) fd,
o

T
Iy =PV. ——0(\) fdA.
2 V/w_)\()f

Step 3.1. Rewriting Z;. We rewrite Z; as follows (with the index 'p’ standing for ’principal’ and
't’ standing for 'remainder’), with W sufficiently large,

eZ

w
PNA it
L=T +T0, T :P.V./ SO0 @), T = / ©O0 -+ w)

-W A >W

Step 3.1.1. Controlling Z¥. We rewrite

W t TAL
I°(t) = P.V. / e? (O(\ + w) — O(w)) fd\ + P.V. / e; 0(w) fdX.
-W -W

it

w
Step 3.1.1.a) Controlling P.V. [ &-6(w)fd\. By the residue theorem, we have

w

w
ei)\t ) ei)\t ei}\t
P.V./ )\d)\zslirtr)l+ / )\d)\—/ )\d)\ ,
Cw

€
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where Cg is a boundary of a circle Bg(0) lying in C* and oriented directly. A classical computation
yields

eiAt
(5.10) P.V. / A = im -+ O(Wt)™h).
-w

W,
Step 3.1.1.b) Controlling P.V. [ e;\ (0N 4+ w) — O(w)) fdA. Since
-w

500+ ) — 6w)) € D (- W) I2,),

we have by the Riemann-Lebesgue lemma for Bochner integrals [3, Theorem 1.8.1]:

Woint
PV. / el; N+ w)—0(w))fdr=ow (1), t— +oo,
-w

where by oy we indicate that the behaviour of the above quantity as ¢ — +o0o depends on W.
Step 3.1.1.c) Conclusion. Therefore, for all W > 0, as t — +00,
(5.11) P (t) = imf(w) f + O(Wt)™Y) + ow(1).

Step 3.1.2. Controlling Z7. We rewrite Z] as follows, cf. (5.9),

ei(w—)\)t
ni = [ Sl

— W

|[w—A|>W

By the properties of the spectral integrals [14, Proposition 4.15], we have

2
2

ei(w—k)tdE e—i(w—/\)t JE

/ N, dBaf| = / woa) (dEAS, f)
w—A|>W 2 Jw—A|>W

(5.12) SW2f117

Step 3.1.3. Conclusion about Z;. Combining (5.11) and (5.12), we obtain the following estimate,
for any W > 0:

Iy (t) = imf(w) f + O(Wt) ") +ow (1) + OW ™), ast — +oc.
Because W in the above can be chosen arbitrarily, we have
tl}Iﬁloo Zi(t) = imb(w) f-

Step 3.2. Controlling 7,. Recall that
7 1
1 I, =PV. _— .
(5.13) = PV. / e

To find a suitable representation for Zy we need a Plemelj-Sokhotski type lemma for Bochner integrals.
In particular, a straightforward adaptation of the proof of the Plemelj-Sokhotski formula in [16, pp.
75-76] to Bochner integrals yields the following, for all a > 0:

[y O,

where all the quantities are well-defined because 8(\) f € C%*(R; L%, (R?)), which is a direct corollary
of Theorem 4.2.
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To pass to the limit as a — +o00 in the above, we recall that, with Theorem 3.1, we have:

. o\ f _ o
A8 ) v A= g RS =R
Thus, (5.14) rewrites
| 6N/ [N
+r_ _ NS — N\ _
(5.15) RIf— lm [ —=5F—d\=PV. / ST A — b ().
[A|>a —a

Because, by [14, Proposition 4.15], the following bound holds uniformly for all v > 0:

o) f _
I [ 2z < e

w+iv—
|A|>a

passing to the limit in (5.14) as a — +oo yields

(5.16) RIf=PV. / %d/\—me(w)f.

Comparing the above to (5.13), we conclude that
(5.17) I, =R f+imb(w)f.
Step 4. Summary. Combining (5.8), (5), (5.17), we obtain the desired estimate, as t — +o0:

: wtp+ _
i [[H(1) + 6 REf 2, = 0.

The result follows from the explicit expression for R}, given in Theorem 3.1.

6 Conclusion We have proven in this report the limiting amplitude principle for wave propa-

gation in strongly magnetized cold plasma in free space.
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Appendix A. Proof of Theorem 1.4. First of all, let us remark the following. For w € R,
from the definition of x(&;,w) (1.13), it follows that

1

(@) 2] +0) < wltert) = VR@E T < (—e) V2| 4
Therefore, by (1.8), (1.9), an equivalent norm in H;’l is given by
(A1) IoliZs | ~ () FovlZs |+ 10, Frls

The constants in norm-equivalence inequalities depend on w only.

Proof. The proof is quite easy and is based on the explicit representation of the operator NV,,. Let
us fix 5,8’ > 3. Let us set ry, := N, f — NJ f, in := /—e Hwy,)€2 + w2. Using (1.13), we obtain

1 K . ’ . ’
(A,Q) /{]:Irn(gw’y) = 7/ (emnly—y | _ girly—y |> }'g;f(émy')dy’,
21V 2 n
1V 2T 4 R
1 iknly—y'| irly—y'| N\ dof!
(A'3) 6yfwrn(€xay) = 21.\/% (e —€ ) ]:xf(ngy )dy .
R

Recall the norm equivalence (A.1). We will show that hr—? |k Fzrnll 2 = 0; the analogous result
n—-+oo —s/, L

for 0y Fyry, will follow in the same way.
Step 1. A few auziliary bounds. First, remark that, as Imk,, > 0,

iei’in‘yfy/‘ _ eiﬁ‘yfy/‘

Kn

ikn|y—y'| ikly—y'|
e —e )

(A.4) S

“—1‘+
Kn

Evidently, we have in particular

K o . o
L girnly—y'l _ girly—y’|
Kn

(A.5) <1

A finer bound can be obtained by remarking that the function
w—= k(w) == Vw? — e H(w)E2

is uniformly Lipschitz on all compact subsets of {z: 0 < Rez < w,}. Let § > 0 be sufficiently small.
With Bf (w) = C* N Bs(w),

_ (1 1¢2
|k — kK| S sup g—ﬂ(z) |w — wr, ‘gﬁ(z)’ _ | % 2(5 Ei’)) fx2 .
ZGB;(L«)) w W 2./22 — ¢ (z)fm
Therefore,
(A.6) |k — K| < max(|&,], 1) |wn — w)-

Similarly, since for |w, — w| = 0, |kn| 2 |€2] + 1, we conclude from the above that

K

(A.7)

As for the second term in (A.4), since Im s, > 0, the same argument as above gives

(A.6)

elnlv =yl _eirly=vl| <y —o/||k, — k] S Jwn — wlly — y'| max(|€,], 1).

(A.8)

Combining (A.7) and (A.8), and using the fact that all the quantities in the left-hand-side of (A.4)
are bounded uniformly in y, £, and for all w,, sufficiently close to w, we obtain the following bound
valid for all n sufficiently large:

(A.9) ‘%em"‘y_y/l — ei’“‘y_y/l‘ < min(1, jw, — w|)|y — ¥ max(|&,], 1).
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Step 2. Splitting in high and low frequencies. Next, let us split

Farn(&ery) = 7 (€ary) + 717 (00 9),

where A > 1 will be chosen later. We will estimate these two quantities separately.
Step 2.1. Estimating #' (&,,y). We use a uniform bound (A.5) in (A.2), which yields

2

W (€9 < / Folearydy' < / L+ ) | Falnr )Py |
R R

where the last bound follows from the Cauchy-Schwarz inequality and s > % From the definition of
I (&s,y) and s’ > 1 it follows that

(A10) i, 5 [ [ Iy Py dea.

|§z|>A R

,L

Step 2.2. Estimating 71/ (£4,y). To estimate 7/ (€., y), we use the estimate (A.9) for small |w — wy,
in (A.2) which results in

57 (€2, )| < Alwn — o] / (Ul + 19/ )| Fa f o)
R

and using the Cauchy-Schwarz inequality (s > %) yields
|k (€x,y)| S Alwn — 0l (lyl + 1) 1 Fa fEo, Ml z2ry-
Finally, we obtain (s’ > 3)
(A1) IR 12e S A% - | Ff s
Step 2.3. Summary. Combining (A.10), (A.11) yields
IwialiZs S A% =PI Ff e+ [ @+ yIF ) P
l€2|>A R

For any € > 0, we can choose A := A so that the last term of the above expression does not
2
exceed £2/2; next we choose n so that A%|w, —w[?||F,f|3. < &, which allows us to conclude that
s, L

||H72”||L33/_¢ — 0, as n — 4o0. 0
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