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ON THE EFFECT OF ZERO-FLIPPING ON THE STABILITY OF THE
PHASE RETRIEVAL PROBLEM IN THE PALEY-WIENER CLASS

PHILIPPE JAMING, KARIM KELLAY & ROLANDO PEREZ III

ABSTRACT. In the classical phase retrieval problem in the Paley-Wiener class PWp for
L >0, i.e. to recover f € PWy from |f|, Akutowicz, Walther, and Hofstetter independently
showed that all such solutions can be obtained by flipping an arbitrary set of complex zeros
across the real line. This operation is called zero-flipping and we denote by §, f the resulting
function. The operator §, is defined even if a is not a genuine zero of f, that is if we make
an error on the location of the zero. Our main goal is to investigate the effect of F,. We
show that §.f is no longer bandlimited but is still wide-banded. We then investigate the
effect of §a on the stability of phase retrieval by estimating the quantity inf|, =1 ||[cf — Faf||2.
We show that this quantity is in general not well-suited to investigate stability, and so we
introduce the quantity inf|; =1 ||c§sf — Faf|l2. We show that this quantity is dominated by
the distance between a and b.

1. INTRODUCTION

The phase retrieval problem refers to the recovery of the phase of a function f from known
data from the magnitude of f and some constraints on f usually expressed in terms of prop-
erties of some transforms of f. A typical example consists in the recovery of f from |f| and
the knowledge that the Fourier transform of f is compactly supported. These problems have
been studied due to their physical applications such as in x-ray crystallography [21], optical
imaging [22], microscopy [10], and astronomy [9]. However, until the turn of the century, little
was known in the mathematics literature. Early work on this problem centered on describing
the set of solutions and finding additional constraints that can lead to significant reductions
of the set of solutions, see e.g. Klibanov et. al. [19] and the first author’s papers [16] 17].
In the last decade, this subject has seen a blooming interest thanks to the discovery of new
algorithms based on convex optimization (see e.g. [6l [7, 8, [24]). This has in turn triggered
interest in the issue of stability, which refers to continuous dependence of the solution from
the given magnitude data. It has been shown that phase retrieval problems situated in finite
dimensions are stable, however, this is not the case for infinite dimensions [3] [5]. More pre-
cisely, the stability deteriorates whenever the dimension increases [4, 5]. For more information
on phase retrieval problems, we refer the reader to the survey articles [7}, 11}, 12} 20, 21] which
include detailed discussions on both the theoretical (e.g. abstract formulations, additional
constraints, stability) and the numerical aspects (algorithms), and some physical examples.

In order to simply explain how zero-flipping works, we recall a classical Fourier phase
retrieval problem which was solved independently by Akutowicz [I, 2], Walther [25], and
Hofstetter [14]: given f in the Paley-Wiener class, i.e. f € L?(R) with compactly supported
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2 PHILIPPE JAMING, KARIM KELLAY & ROLANDO PEREZ III

Fourier transform, the goal is to find all g in the Paley-Wiener class such that

lg(z)| = |f(z)|, xR

We summarize the proof of their solution. Recall that the Paley-Wiener theorem extends f

and g to entire functions of finite order 1. Writing |f(x)|? = |g(z)|? or

f(@)f(@) = g(x)9(z),  zeR,

we see that their extensions satisfy

9(2)9(z) = f(2)f(2), =zeC. (1)

Since f is of finite order, we can use Hadamard factorization theorem which states that entire
functions of finite order are identified by their zeros. Here, we may write f as

z
— oz, m 1— z/z
f(z) =ce*z || ( Zk)e , zeC

keN

where ¢, € C, m € NU {0} and {zx }xen is the sequence of nonzero zeros of f. Hence if we
denote by Z(g) the zero set of g (counting with multiplicities), by (I we have

Z(g)\{0,0,....0 = {z, ke J}U{zZ:keN\J}, JCN.

This process was called zero-flipping by Walther. With this, it follows that all such ¢’s have
Hadamard factorization given by

g9(z) = gelatin)z m H <1 — i) e*/%n H <1 - Zé) 62/57 zeC
k

z
keJ k kEN\J

where |¢| = |c| and 7 € R. The convergence of the infinite product above to an entire function
of order 1 is guaranteed by a result from Titchmarsh [23]. Moreover, we see that g € L%(R)
since |g| = |f]. For a more technical discussion of zero-flipping in this context, we refer the
reader to the book of Hurt [I5, Section 3.17].

Now, let a € C\R and f be in the Paley-Wiener class. Define the flipping operator, denoted
by §. where

(1—x/a)e™/®
(1 —z/a)ev/a

This operator exhibits the zero-flipping of f at a. Indeed, dividing f by the factor (1—xz/a)e*/®
cancels the canonical factor associated to a while multiplying the result by (1 — z/a)e®/®
completes the flipping process. Whenever f(a) = 0, §,f is still inside the Paley-Wiener
class and is always a solution of the phase retrieval problem. On the other hand, when
f(a) # 0, Fof no longer belongs to the Paley-Wiener class. However we will show that §, f is
wide-banded, that is, its Fourier transform statisfies a square-integrability condition with an
exponential weight. It turns out that this problem was solved in our previous work in [I§].

The main question we address in this paper is that of stability of zero-flipping. In some
previous work on the stability of phase retrieval problems (see e.g. [3, [13]), stability was
shown by finding (in some cases) a positive constant C' such that

inf ||f - cqlls < C||If] = l9l| | o (2)

le]=1

Sa: fr—

- f, z e R.



STABILITY OF PHASE RETRIEVAL 3

where B, B’ are suitable Banach or Hilbert spaces. Some error terms may eventually be added.
In our case, stability of the phase retrieval problem in some subclass X of the Paley-Wiener
class would mean that

inf 17 = eglla < C|17] =gl |, + (exvor term)

for every f € X and every solution g € X of the phase retrieval problem. In particular, for
g = §aof we should recover the error term only and stability would imply that this error term
be small. Our aim here is to investigate this issue, namely to get an estimate of

it 1/ = cFufl2

It turns out that when a is in some small region near the origin, then this quantity is actually
large (close to 2||f]|2) so that zero-flipping of such a zero leads to instabilities. On the other
hand, we will show that the error term is small when we flip a zero that is large and close to
the real axis so that such a flipping does not lead to instabilities.

In a second stage, we compare the effect of two zero-flipping, that is, we investigate

i (50 = Bl o Q)
cl=
For instance, if a,b € C\ R are such that f(a) # 0 and f(b) = 0, then we are comparing
a genuine solution of the phase retrieval problem in the Paley-Wiener class with a solution
obtained after having made a mistake on the location of the zero. Note that §.f, §»f are
solutions of the phase retrieval problem. Thus, if the phase retrieval problem were stable,
then this quantity should be an error term since it is bounded by

inf ||Faf — cfll2 + inf ||§f — cf]|2

le|=1 |e|=1
and should thus be an error term. We will indeed obtain an upper bound of (3] of the
form C(f)dist(a,b) where C(f) is a positive constant depending on f, and dist(a, b) is some
distance function depending on a and b.

This paper is organized as follows. Section 2 provides a short summary about the Fourier

transform and its properties relevant to the study. Section 3 is devoted to our stability results.

2. PRELIMINARIES

For f € L*(R), we use the following normalized definition for the Fourier transform fgiven
by

f(w) = \/% /Rf(:n)e_im dz, w € R.

With this definition, we have Parseval’s identity given by ||f||2 = ||f||2 for f € L?(R). Recall
also that for all z,w € R,

~ ~

(1) if g(x) = €@ f(z) for some a € R, then g(w) = 7o f(w) = f(w — )
(2) if g,h € L?(R), then gh = § * h where

~

g - G(s)h(w — s)ds w
(g*h)(’w)—\/%/Rg()h( )ds, eR.
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Recall that whenever f € L?(R) with suppf C [-L, L] for some L > 0, f is said to be
bandlimited and is contained in the Paley-Wiener class which we denote by PWp,. The space
PW/, is a closed linear subspace of L?(R).

We also recall the Paley-Wiener theorem on the strip, that is, whenever f € L?*(R) and

A>0, f e L2(R,e2N7ldz) where
L2(R, ePeldg) = {F is measurable : / |F(z) 2Nl dz < +oo}
R

if and only if f belongs to the Hardy space on the strip H2(S)y) (see [I8] and references
therein). Here, H2(S,) is the collection of all holomorphic functions on the strip Sy = {z €
C : |Im z| < A} such that

171125, = sup / @+ i) dz < +oo.
ly|<AJR

Note also that if f € H2(Sy), then f has to be concentrated near the origin so that f is

wide-banded.
For any function f, we denote its reflection with respect to the y-axis by Rf given by

Rf(x) = f(-z), zeR
Finally, recall that the L?-modulus of continuity of F € L?(R), denoted by ws(F;h) for
some h > 0, is given by

1/2
wo(F;h) = sup (/ |F(x —n) — F(z)? dx) = sup ||m,F — F||2.
R

[nl<h Inl<h
Throughout the paper, we use the notation C(ayq,...,a,) to denote a positive constant
that depends only on a1,...,a, € C. The constant may change from one line to the next.
3. RESULTS

3.1. The operator §,. Let f belong to PWy, and let a € C such that Ima > 0. Define the
flipping operator which we denote by §, where
_l-z/a e

@af)@) = 1—xz/a ev/a

It is easy to verify that |§,f| = |f| on R and so ||Faf||2 = ||f]||2, and thus also ||§[:f||2 = ||f||2
Note that it will suffice to analyze the stability for §, when Ima > 0 since we can cover the
case Im a < 0 by looking at §; since for z € R, Faf(z) = Fof(x).

Observe that §,f extends into an meromorphic function and that if f(a) # 0, then §,f
has a pole at a and so that §,f ¢ PWr. On the other hand, if f(a) = 0, from the Hadamard
factorization of f we see that §,f has the effect of replacing the zero at z = a by a zero at
z = a, and that §,f is still holomorphic. From the Paley-Wiener theorem, we conclude that
Sof € PWr. However, when f(a) # 0, §, extends to a holomorphic function on a strip. More

precisely:

Lemma 3.1. Let f € PWy and let a € C such that Ima > 0 and f(a) # 0. Then the
operator §, : PW; — HE(SA) s bounded with

2Ima 2(Ima)”
— e
A

z/a

f(x), x € R. (4)

ma)2
60 llis < |1+ pmgmz | o eIl
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where A < Ima. In particular, @7 € L*(R, ewx‘dx).

Proof. For x,y € R with |y| < A < Ima, observe that if z = = + iy,

(x+iy) —a| 1 2ilma
(x+iy) —a| z—a
2Ima
<1+
V/(z —Rea)? + (y — Ima)?
2Ima
<1
ly — Imal
<1 2Ima
Ima— A
and
(1'+’ly)/a _2Ima 2(Ima)2
T TR < e
e(z+iy)/a

Moreover, since T/_Zﬁ(g) = f(£)et¥ for y € R such that |y| < A < Ima and for ¢ € R,
Parseval’s identity implies that

L o~
/ flatiy)P = / FOR de < 2 £
R —L

Thus, if y € R such that |y| < A < Ima, we have

/]R |Baf)(@ +iy)[*dz = /]R

21 2 4(Ima)? .
- [“%} @+ iyPde
ma — R

2

o A (z+iy)/a
(ztw)—a e f(a + iy)[2 da

(x +iy) —a elztiy)/a

2Ima ]? ma)?
<t e SEE e < o

Taking the supremum for all y such that |y| < A < Ima yields the first result. The second
result then follows from the Paley-Wiener theorem on the strip. O

We now compute the explicit form of the Fourier transform of §,f which we will need for
our results.

Lemma 3.2. Let f € PWy, for some L > 0 and let a € C such that Ima > 0. For all x € R,

—

—~ +oo
Fal)@) = | Fla — Ba) - (2Ima) /0 ¢4 o — Bo + 5) ds (5)

ISINES]

2Ima
laf?

Proof. Consider the function v, defined by

where B, =

Ya(z) = — Zm [1 + sgn(x)] e, xz eR. (6)
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V2
It is easy to check that v, € L(R) with ||v,||1 = ﬁ. Then, for all w € R,

1 V2 ;
= _ o i(a—w)z
Aa(w) W /R 5 [1+ sgn(z)]e dz

+oo
— —Z/ ez(a—w)x dx
0

1
S a—w’
Now, for all € R, write () as
_l-z/a iBa
Fuf)lo) = e - (o)
_ 2 _ a—a ifax
_&[1 a—x}e /(@)
_ g [elﬂafc F(z) — (2iIm a)eife f(:n)%(:n)] :
Then - a R R
(Faf)(z) = - [Tﬁaf(x) — (2iIm a) (R’ya * Tgaf> (a;)] , z € R. (7)
Expanding this equation, we get
Fol)a) = % Pl = 50) = 22 [ su5) = )t
=2 Fw -0 - 22 [ e - ot )0
_a = 8 21 oo ias B d
_5_f(a;— ) — ma/o e flx — By +s) s}

as claimed. O

3.2. Stability between §,f and f. In this section, we will give an estimate of

‘illﬂ:fl 1f = cafll-

This is a classical measure of stability for the phase retrieval problem. We are here inves-
tigating how far zero-flipping drives us from the original function (up to the trivial solution
f — ¢f). Recall that §, f is bandlimited only if f(a) = 0, this will however play no role here,
that is we allow the solution §,f to be wide-banded. This can also be considered as a simpler
case of (3], where b is real so that §,f = f. Our result here is the following:

Theorem 3.3. Let f € PWy, for some L > 0. Let a € C such that Ima > 0 and B, = %.
Then
inf [[§f — cf [ = 20£13| < 30(Lima) I713. if B > 2L (¥
and
inf [[Faf — cflI3 < 2a(f: B)llflls + 8V ImallfI[3,  if B < 2L. (9)

le]=1
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Remark 3.4. The actual bounds are a bit more precise, see (I3)) and (7)) in the proof below.

2Ima
Note that ﬁa = CL—P — 412

circle, with a hole at the origin, illustrated below (in blue).

Ima

[ Y05

[ XAt

Rea

The stability region

= 2L is equivalent to (Rea)? + (Ima — %)2 = L which represents a

From Theorem[3.3, we have stability when B, < 2L (in red), whereas we have instability when
Ba > 2L (in gray). Consider ay,as,as € C which have positive imaginary parts as plotted in
the figure above. Note that the zero-flipping is ‘more stable’ at ay as it is farther from the
origin and has a smaller imaginary part than of as, and the zero-flipping at as is unstable as

it is very close to the origin.

This result says that zero-flipping becomes unstable (for this criteria) when a approaches
the real axis inside this disc. On the other hand, if a approaches the real line while staying
away from the origin, we have stability. Indeed, if |a|] > a > 0 and Ima — 0 then B, — 0

so that wg(f; Ba) — 0.
Proof of Theorem [3.3. Observe first that for |c| = 1,
180t = cfI13 = I13af — Il
= (17113 — 20Re(Faf. F) + I13a] 113
=2[|IfIB - Re(Fuf. )],
and thus

int [1§af —cfI3 =2 1713~ (8. Pl

For our calculations, we notice from (Bl) that

=~

a — L 00
%(@7?> = \/%<Rf* f) (ﬁa) —QIIH(I/_L/OJ’_ eiasf($+8—ﬁa)f($)d8d$

~

with Rf(z) = f(—z) for € R.

Case 1 B, > 2L.
Observe that if 5, > 2L, then

(RF 1) B =0.

(10)

(11)

(12)
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For the second term, if 8, > 2L, then © — §, < L — 3, < —L for any = € [—L, L], thus

L
e—ia(m—ﬁa) / eiatf(t) dt
—L

< Ima(m—ﬁa+L)||ﬂ|1

el (=St VAL |l

+w . ~
/ e flx+s— ) ds| =
0

and so
— L ptoo S
(5ud. Pl = pma [ [ e Fa s - ) Fla) dsda
-Jo

L o~

<2mma | VE|fll [ [Fl@)iem oD
-L
L 1/2

< 2V2LImal|f|[3 </ e?ma(z=fa+l) dm)
-L

= 2y/2LTma - sinh(2L Tm a)eX M ae=Falmay| £)2. (13)

2(Im a)?

Note that B, Ima = < 2 so that e P«™ plays no role and we just bound it by 1.

jal?

Further, if 3, > 2L then LIma < 1 thus sinh(L Ima) < sinh(1)LIma. As24/2sinh(2)e! < 15
we get

2y/2LIma - sinh(2LIma)el ™ < 15LTma
and finaly |<S/a\f,f>‘ < 15(LIma)l|f||3. Together with ([I2), we see that (I0) imples (8.

Case 2 B, < 2L.
Observe first that

I£18 = var (RF F ) (Ba) < |V2r (RF+ T ) (82) = 1f1
- ‘/L%(ﬂs—ﬁa)— 7)) de
L

< |1£ll2llF = 75, FII2
< [|£ll2wa(F; Ba)- (14)

It remains to bound the second term in (IIl), that is, to show that

L +oo —
'ZIma/ / e flx+s—Pq)ds f(z)de <C’(a)||f||§
-rJo
with C'(a) — 0 when Ima — 0.
We first want to bound
+m . —~ . L . —~
/ e flx 45— B,)ds = e~z Fa) / e f(t)dt (15)
0 x_ﬁa
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when x € [-L, L]. To do so, assume first that —L < x < 8, — L. Then

L . ~
| e

—L

< elma (z—PBa)

+m . o~
| e s - g0 ds
0

< elma (z—PBa)

L o~
/ e~ Imat| ()| dt
L

< lme =t 1) /3T ]l

On the other hand, if 8, — L < x < L, then by Cauchy-Schwarz inequality, we obtain

L
e—ia(m—ﬁa) / eiatf(t) dt
w_ﬁa

+w . ~
/ eYf(x+s—Py)ds| =
0

L 1/2
eIma(w—Ba)HfH2 |:/ e—2Imat dt:|
m_ﬁa

<
= [t -2t e-sa]
V2Ima
_1Ifle [l_eﬂmm_m_mr/é
V2Ima

Hence, combining these two bounds, we have

L too =
ZIma/_L/O e f(x+s—PBq)f(x)dsdz

Ba—L __
< ZIma[\/2L||f||2/ |f($)|elma($—6a+L) da
—L

* vV2Ima Jg,—L
gmmg[zm (/

L 1/2
1£1l2 ) (1 et d$]

Ba—L 1/2
62 Ima (z—Ba+L) d£E>

—L

+ </ﬁaL—L <1 — e21m“(r—ﬁa—L)) dx>1/2]

1/2
- mwu%[m (1 ama)”

6—2Ba Ima 1/2
+ <2L — Ba — (1 — e2(Ba=2L) Ima)) . (16)

2Ima

This gives the desired bound with

—2BqIma

1/2
C(a) = v2Ima|V2L (1 — e %= Ima)l/2 + <2L —Ba— S (1 — e?(Pa—2D) Im“)) ] (17)

2Ima
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and it is easy to see that 0 < C(a) < 4V LIma. Finally, by (I4) and (I6), we obtain the
estimate in (). O

3.3. Stability between §,f and §;f. In this section, we now compare two nontrivial so-
lutions §,f and c§pf of the phase retrieval problem. To do this, we introduce the following
stability measure given by

‘illa:fl [Baf — S fll2-

Note that we also allow these solutions to be either bandlimited or wide-banded. By using a
similar computation we did to obtain (I0), note that

int 0S8 =2 1713 - |(aF 57 . (%)

Before we look at the next stability result, we first prove some technical lemmas which we
will need.

0]

Lemma 3.5. Let f € L*(R) and let a,b € C with Ima,Imb > 0 and |a — b < ER Let
21 2Imb
By = ﬁ and B, = % Consider vq,v, € L'(R) as defined in (B). Then
|| Tm a (R, * Tgaf) —TImb (R * Tgbf)Hg < C(a,b)||fll2 + \/27Tw2(f; Ba — Bb)
ja —b]
h <14—-
where C(a,b) D

Remark 3.6. The actual value of C(a,b) is a bit more precise and given in ([I9) below.

Proof. First, observe that for all z > 0,
in(%52z) | < |sin (Re(%522)) | cosh (Im (%52 b)z) + | sinh (Im(%52)x) |
Im(a— b)

§‘Re“7—b|x-e 2 —|—|Slnh( (%b):n)‘
Hence, with this bound, we get

+w . .
[|[Rya — Rypll1 = \/277/ i1z — eiT| dg
0

400 ca—
= Vo [l

0

t+oo Im(aer) b
:2\/277/ !smT !daj

0

oo b —Imb oo —Imlatb) b
<2Vm| [ IRetegti oo e ar s [ s (m(e0e)

0

_\/—[]Rea—Reb] 11 ”

(Im b)? Ima Imb
b
Note also that |[a—b| < u

and Young’s convolution inequality, we then have

3
implies that Ima < 5 Imb. Using this, the previous norm estimate,

|| T a (Rryg * 75, f) — T b (Royy * 75, f) |2
< |Ima —Imb| - | Ryp * 75, fll2 + Imal|(Rya — R) * 7, f|2
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+Imal|Rya * (78, f — 75, )]z
< [Ima —TImb| - [|[Ry[h[|f]l2 +Tma||Rya — Ryl1][f]]2

+Ima|[Ra|h wa(F; Ba — B)

Ima—Imb R
=V2 |I—b|HfHZ"‘ImaHR’Ya—R’YbﬂleHg—F\/Qng(f;ﬁa—5b)

ﬁ|Ima—Imb| 3v2m |Rea—Reb|
Imb 2 tmb (Im b)? ‘Ima Imb‘ 171l2

+ V21 wa(f; Ba — Bo)-
We thus obtain the lemma with
~|Ima—1mb| 3271 |Rea — Reb| 1 1
Cla,b) = Imb T tm® (Im b)? Ima_Imb‘ ’
10|

Note that if |a — 0] < 5

(19)

then Ima > %Imb thus

1 1 < |Ima — Imb|
Ima Imbl — (Im b)?

-b
from which the bound C(a,b) < 14‘6;m ; | immediately follows. O

2Imb
Lemma 3.7. Let f € PWp, and let b € C with Imb > 0 and 8, = % Then

5 9 1/2
[/ <elmb(9€—5b)/ e_lmby’f(y)’ dy) dx] < |[fll2C(b)
R z—PBp

with
1 —ALTmb _ 171/2
Cb)= — 2L+ 1+ ———
(®) \/2Imb[ 2Imb }

Proof. Firstly, if x > L + By, then

L
/ ¢ 109 F(y)| dy = 0.
x—PB

Secondly, if —L + B < x < L + By, Cauchy-Schwarz inequality implies that

L 1/2
eImb(x—Bb)/ —Imby’ ( )\dy < Imb(z—pb) Hf”2 </ 6_2Imbydy>
z—L TP
mba e—2Imb(z—fy) _ ,~2ImbL 1/2
mb a0 o

_ HfHQ (1 . 62Imbxe—21mb(L+5b)>1/2

=
2

and so

e g PN N Vi A st
/ (elmb(x—ﬁb) / e~ Imby|f(y)| dy | dz = 2 / <1 _ p2Imbx 2 Imb(L-‘rﬁb)) dx
—L+B z—PBy 2Imb —L+B
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_ I

~ 2Imb

e—4LTmb _ |
2L+ ———
[ + 2Imb }

Lastly, if ¢ < —L + 5y,

I L
eImb(l‘—ﬁb) / e~ Imby‘f(y)‘ dy — elmb(x—ﬁb) / e~ Imby‘f(y)] dy
TP

< 62Imb(x—5b)e2lmbLHfH§

and thus,
—L+By L N 2 —L+By
/ <elmb(ﬂc—5b)/ ; E_Imby|f(y)|dy> dz < ||f||§ e2Imb(L—ﬁb)/ e2Imbz ..
— 00 x—Dp —0o0
1B
2Tmb’

Combining all these cases, we obtain

I 2
/R (elmb@—ﬁb) / B e—Imbyrﬂy)\dy) de < || fI3C(b)
x—PB

where

—4LImb _ 1} 1/2

1
v2Imb 2Imb

as announced. O

[2L—|—1+

With these lemmas, we now state and prove our next stability result.

Theorem 3.8. Let f € PWy for some L > 0. Let a,b € C such that Ima,Imb > 0, and

b 21 2Imb
]a—b\gu Letﬂazﬁ andﬂb:—m. Then

>
‘jfzfl IGaf — B fl12 < CLB)w2(F; By — Ba)| fl]2 + Cala, b)|| f][2.

where Cy(a,b) — 0 as a — b.

Remark 3.9. The constants C1(b) and Cs(a,b) are given in 2I)-22) and depend on the
quantities C(a,b) and C(b) given in Lemmas and [37, respectively.

Proof. We use the formula for §,f from (7). Write

S5l 307 = [ (Aas(o) + Bos(o) + Cop(w) + Dygla) da

R
where
Aoy(@) = 75, (@)75, ()
Bo.y(x) = —75,f(2)(2i Im a) (Ry, * 74, f) ()
Cop(x) = — 75, F(x)(2i Im b) (R, + 75, ) ()
D,(x) = (4Im aTmb) (R, * 7, ) (2) (Rra * 75, ) ()
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for all z € R. Since [ App(x)dz = ||f||3 and

1f113 = (3o oS ) = /R (App(x) + Byy(x) + Cpp(x) + Dyp(x)) da,

we have
/ (Bb,b(x) + Cb,b(x) + Db,b(x)) dz = 0.
R

Hence,

13

z—lg@?f,@“ )= /R (@) + (Bup = Bug) (2) + (Cap = Cop) (2) + (Day — D) ()] dav. (20)

We will show the result by estimating each term of this integral.
We first look at A, ;. Observe that

191 [ Austo)do < \ [ Austo) do - 1113
g/R|f<x—ﬁb>||%f< ) — 74, F ()| da

< Ifll2llms, f — 75, fll2
< || fllaw2(f; B — By)-

For B, — By, we use the bounds from Lemma to obtain

[ 1B~ Br@lde =2 [ 1m, flo)ll tma (Rya <75, F)(@) ~ b (R + 7, 7)) do
R R

< 2/|f|l2l|Im a (Rya * 75, F) — Imb (Ryy * 75, )] |2
< 2C(a,0)|| 113 + 2v27 wa(F: Ba — Bo)||f]2-

Next, we use the bounds from Lemma 3.7 so that

/|(Ca,b—Cb,b)(:E)|d:17
R
= 21ma | [, fla) = 73, ) (R 75, ) )| o

+o0o
—2Ima/\7'5a ) — T8, f(@) dz

e fla — By + s)ds

L
e‘ib(m_ﬁb)/ e f(y) dy| dz:
z—Pp

L
< 2Ima/ |78, f(x) — 78, f ()| [elmb(x—ﬁb)/ e_lmby]f(y)]dy] dz
R z—PBs

< 2ImbC(b) - wa(f; Ba — By)l| f|2-
For the last term, the bounds from Lemmas and [377] imply that

/ |(Dap — Dyy) ()| da
R

—4Imb/erwb (@) Tm a (R * 75, ) () — Tmb (R, = 7, ) ()| de

— 9Ima /R s, (&) — 75, F ()|
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~ ~

<ATmbCO)[|f]lz]| Tma (Rrya * 73, f) — Tmb (Ryy * 73, f)] |2
< 4TmbC(b)C(a,b)||f|5 + 427 Tmb C(b) - wa(f; Ba — Bo)l|f]2-

Combining these three estimates from above, we get

/R |:(Ba,b — Bb,b)(az) + (Ca,b — Cb,b) (LE) + (Da,b — Db,b) (a:)] dx

< /R [1(Bus = Buy) (@) +1(Cap — Cup) (@)] + | (D — D) ()] e
< [2vEr + 2+ 4VER) b O |ontF 0 — 011
- [20(@, b) +4ImbC(b)CO(a, b)] 1£113.
Finally, from (I8), we obtain
i [0f — /1 <2/ 05T of) - 1]
< [+2vBr + @+ 4V b0 ealF: o — A1

+ [20(&, b) +4ImbC(b)C(a, b)} 1£1]3.

Setting
C1(b) = 2+ 2V2r + (2 + 4V27) Im b C(b) (21)
and
Cs(a,b) =2C(a,b) +4ImbC(b)C(a,b), (22)
so that Cy(a,b) — 0 as a —> b, we obtain the theorem. O

In this corollary, we see that if a false complex zero a goes close to a genuine complex
zero, then the corresponding wide-banded solution §,f goes close to a genuine solution in the
Paley-Wiener class.

Corollary 3.10. Let f € PWy, for some L > 0. Fiz b € C, a simple zero of f with Imb > 0.
b
Suppose a € C with Ima > 0, f(a) # 0 and |a —b| < g Then

i]laf1||3af—cgbf||% —0asa—b.

Remark 3.11. Since zeros are isolated, f does not vanish on V\{b} where V' is a neighborhood

b
of b. Without loss of generality, V C {a €C:la—0b < ’—2’}
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