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bMechanical Engineering, Université de Moncton, E1A 3E9, NB, Canada 

 

 

 
 

Abstract 

Nanofluids present enhanced thermal conductivity compared to their base fluid and then have become 

good candidates for heat transfer fluids. In this study, the convective heat transfer coefficient and the 

pressure drop are measured in a circular tube of inner diameter 4.4 mm and outer diameter 5 mm. The 

experiments were conducted from Reynolds number ��� of 500 up to 4500. After making sure that the 

results for water were in good agreement with the literature, five concentrations of a γ-Al2O3-water 

nanofluid were tested. The results show that the concentration has no impact on the critical Reynolds 

number corresponding to the laminar-turbulent transition for this nanofluid up to 5w%. Moreover, a 

slight enhancement of the convective heat transfer coefficient is noted in laminar flow with increasing 

mass concentration while no significant amelioration is observed in turbulent regime compared to water. 

On the other hand, the pressure drop strongly increases with concentration whatever the flow regime. 

As a result, the thermal performance (Convective heat transfer coefficient at constant pumping power) 

of this nanofluid is lower than pure water. 
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Introduction 

 

Since Maxwell [1], it is known that adding particles into a fluid increases the thermal conductivity 

of the mixture. With the development of nanotechnologies, side effects of the usage of millimetric and 

micrometric particles like erosion, sedimentation and an increase in pressure drop have attenuated. 

Choi and Eastman [2] coined the term nanofluid to describe a nanoparticle-laden fluid. Metallic or 

ceramic nanoparticles are often used due to their high thermal conductivity compared to base fluids 

like water or oil. Although many publications exclusively deal with the thermophysical properties of 

nanofluids [3-11], the results are heterogeneous, especially for the thermal conductivity and the 

viscosity making the development of a single correlation difficult. Turgut et al. [6], Barbés et al. [7] and 

Yang et al. [12] measured thermal conductivities of various nanofluids in good agreement with the 

model of Hamilton-Crosser (HC) [13]. On the other hand, Murshed et al. [4] reported increases in 

thermal conductivity of 18% and 45% for a particle volume concentration of 5% of Al and TiO2 in 

ethylene glycol which is much higher than the predicted values of HC model. They proposed a model 

to determine the relative thermal conductivity taking into account the particle size and the thickness 
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Nomenclature 

Symbols Greek Letters ��  Mass flow rate Δ� Pressure drop 	
 Specific heat � Kinematic energy correction � Diameter  Friction factor � Thickness � Dynamic viscosity ℎ Convective heat transfer coefficient � Kinematic viscosity � Intensity �� Mass concentration � Instrument constant �� Volume concentration � Thermal conductivity � Density, resistivity � Pipe length � Stefan-Boltzman constant �� Nusselt number � Emissivity �� Prandtl number Subscripts �" Heat flux   Ambient �  Rayleigh number !" Base fluid ��� Reynolds number # Convective $ Surface � External % Temperature & Internal ' Time &( Inlet ) Voltage �" Nanofluid * Velocity �� Nanoparticles + Axial coordinate , Pressure 

v% Volume fraction � Relative, radiative 

w% Mass fraction Superscripts 

  + Dimensionless 

 

of a nanolayer at the nanoparticle-fluid interface. 

Besides the positive effect of the nanoparticle on the thermal conductivity, their presence also increases 

the viscosity of the mixture. For very dilute suspensions, Einstein [14] developed a theoretical model 

depending on the volume concentration only to predict the increase in viscosity. Later, Brinkman 

[15] and Batchelor [16] extended Einstein’s model to higher concentrations. However, even at very 

low volume concentrations (φv < 1%), these three models often fail to predict correctly the evolution 

of viscosity for Al2O3-water [5, 10, 12, 17-19] and TiO2-water [6, 17] nanofluids. The discrepancies 

between the theoretical predictions and the experimental results can be attributed to the numerous 

parameters to take into account in the determination of the thermophysical properties of nanofluids, like 

the size of the nanoparticles, their shapes, the pH of the solution etc. As the theoretical models often 

fail to predict the change in the properties of nanofluids, several empirical correlations are available in 

the literature and compiled by Khanafer and Vafai [20]. 

Due to their enhanced thermal conductivity, nanofluids have become good candidates for heat transfer 
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fluids. Kim et al. [21] studied the flow of an Al2O3-water nanofluid in a pipe and reported an enhancement 

of 15% and 20% in the convective heat transfer coefficient in laminar and turbulent regimes respectively. 

At 0.3 v% of Al2O3 in water, Hwang et al. [19] observed an increase of 8% in the convective heat transfer 

coefficient in laminar flow that is higher than the enhancement of the thermal conductivity (+1.44%). The 

friction factor is unchanged with the increasing volume concentration up to 0.3% while the viscosity is 

3% higher than pure water at the maximum volume concentration. Wen and Ding [22] showed that the 

thermal entrance length of nanofluids is greater than that of pure fluid in laminar flow. They suggested 

that the particle migration due to high velocity gradient in the entrance length could affect the development 

of the boundary layer and then can be responsible for the anomalous heat transfer enhancement. However, 

the increase in pressure drop is not always considered while it is an important feature of a heat exchanger. 

Pak and Cho [17] already noted in 1998 that under the condition of constant velocity, the convective heat 

transfer coefficient is higher for water than for nanofluids because of the high increase in viscosity. This 

observation is confirmed by other studies [23-26] constituting a potential hindrance for the usage of 

nanofluids in industrial applications where the pumping power is important. 

To our knowledge, only a few studies deal with the laminar-turbulent transition. Liu and Yu [27], 

Meyer et al. [28] and Nikulin et al. [29] studied the convective heat transfer and the pressure drop of a 

flow of a nanofluid in the laminar-turbulent transition region while Rudyak et al. [30] investigated 

the laminar-turbulent transition (1000 ≤ ��� ≤ 9000) through the friction factor only. In [27], it has 

been shown that the presence of the nanoparticles of Al2O3 (40 nm nominal diameter) in water shifts 

the transition to higher Reynolds numbers in pipe flows and that nanofluids should be used in laminar 

or fully turbulent flows with sufficiently high Reynolds number to present an interest in cooling 

applications. On the other hand, in [28], [29] and [30], the authors noted that the laminar-turbulent 

transition occurred earlier for nanofluids of MWCNT-water (dNP = 20 nm× 20 µm), Al2O3-isopropanol 

(dNP = 8 nm as dry powder and 80 nm in solution) and SiO2-water (25 nm and 100 nm nominal diameter) 

respectively compared to base fluids alone. 

In this study, we conducted an experimental investigation of the convective heat transfer coefficient ℎ and the linear pressure drop ∆� of a nanofluid (10 nm γ-Al2O3 in deionized (DI) water) in a pipe 

flow for several mass concentrations (0.75% ≤ �� ≤ 5%) and Reynolds numbers from 500 up to 

4500. The objectives of this work are to study the flow and heat transfer of this nanofluid in the 

laminar-turbulent region and to determine its thermal performance compared to that of water based 

on the recommendation of Yu et al. [31]. 

 
1. Nanofluid characterisation 

 

The nanofluids used in this work are suspended γ-Al2O3 nanoparticles of 10 nm mean diameter, 

dispersed in DI water without any surfactant. The stock solution is a 20w% solution supplied by the 

manufacturer Nanostructured & Anamorphous Materials, Inc. DI water is used to dilute the stock 

solution and to obtain mass concentrations of 0.75%, 1.5%, 2.5%, 3.5% and 5%. 

The density and specific heat capacity of these nanofluids are determined by mixtures laws: 

 �67 = ���69 + ;1 − ��=�>7 , (1) �67	
,67 = ���69	
,69 + ;1 − ��=�>7	
,>7 . (2) 

The density and the specific heat capacity of Al2O3 nanoparticles are respectively 3700 kg·m−3 and 773 
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J·kg−1·K−1. The volume concentration is determined from the mass concentration and the densities of the 

base fluid and the nanoparticles: 

�� = ���� + @�69�>7 A ;1 − ��=. (3) 

The work of Minakov et al. [32] suggests that the Al2O3-water nanofluids are Newtonian up to 2v%. In 

the present study, the Newtonian behaviour has been verified with a rheometer Rheomat RM100 

(Lamy Rheology) in the range of the studied concentrations. Therefore, the kinematic viscosity of our 

nanofluids ν has been measured with an Ubbelohde viscometer from 15°C to 30 °C. The determination of 

the kinematic viscosity is based on the flow time t of the fluid through a capillary tube of 0.47 mm 

diameter: � = �;' − �=, (4) 

where K and γ are respectively the instrument constant and the kinematic energy correction. To avoid any 

human error in the process, the flow time is automatically measured by a ViscoClock plus module from 

SI analytics. The experiment is repeated three times for each configuration and the present results are the 

arithmetic means. 

 
Figure 1: Dynamic viscosity versus temperature for different concentrations of nanofluid. 

 

Figure 1 presents the dynamic viscosity (obtained by multiplying the kinematic viscosity with the 

density determined by Eq. (1)) as a function the temperature. The measured viscosity of water is in 

very good accordance with the literature [33] as the maximum relative deviation is 0.84%. The 

viscosity of the nanofluid clearly increases with mass concentration and its evolution as a function 

of the temperature follows the same trend as water. Actually, the relative viscosity �B = �67/�>7 is 



5  

independent of the temperature and can be described by the following equation: 

 �B = 1 + 16.54�� + 1329��H (5) 

 
Consequently, the properties of nanofluids are estimated at the mean temperature of the flow in the 

test section, their temperature dependence being implicitly taken into account through the base fluid 

properties. 

 
Figure 2: Relative viscosity versus volume fraction. 

Figure 2 compares the experimental results with Eq. (5) and two models from the literature [14, 20]. 

It can be seen that the theoretical model of Einstein [14] is not appropriated for this nanofluid while 

the correlation of Khanafer and Vafai [20] obtained from curve-fitting the measurements of Pak and 

Cho [17] (Al2O3-water nanofluid, dN P = 13 nm) overestimates the present results. This discrepancy can 

be due to the difference of pH allowing a better dispersion of the nanoparticles in [17], decreasing 

their effective diameter. 

2. Experimental set-up 

The flow loop is composed of a gear pump, a temperature controlled water bath, a 1.56 m long straight 

copper tube with inner diameter di = 4.4 mm and outer diameter de = 5.0 mm, an ultrasonic bath and a 

flowmeter (Figure 3). The copper tube is electrically heated by Joule heating on 41.4 cm after a 1 m entry 

length to avoid entry effect (L/di ≈ 220). It is covered with a matte black paint with an emissivity � of 

0.93±0.01 that allows the recording of the external wall temperature thanks to a thermal camera (CEDIP-

FLIR Titanium, 640×512 pixels, Spectral range from 1.5 to 5.1 µm, NETD 20 mK at 20°C). The 

measurement area represents 6×2.4 mm2. Voltage is directly recorded by a GRAPHTEC data logger while 

intensity is measured by a DC clamp meter. Likewise, volume flow rate and pressure losses are 

respectively measured by a MACNAUGHT MX06P flowmeter (0.5 to 100 L·h−1 with ± 0.5% accuracy) 
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and a KELLER PD23 pressure transmitter with a measuring range of 0.5 bar, both connected to the data 

logger. 

 

The convective heat transfer coefficient is determined from a thermal balance on the copper tube after an 

electrical excitation increasing the external wall temperature by 3°C. Once the system has reached the 

steady state, the recording of the thermograms starts for 40 seconds at a frequency of 5 Hz. After 16 

seconds, voltage ) and intensity � are cut and the external wall temperature decreases to reach the 

temperature of the fluid at the inlet of the test zone (Figure 4). This methodology was previously validated 

for periodic excitations [34] while a Heaviside step function is used here. Moreover, it does not require 

thermocouples, thus avoiding flow disturbances. Due to the very small thickness of the tube (e = 0.3 mm) 

and the high thermal conductivity of copper (k = 400 W·m−1·K−1), the internal and external wall 

temperatures are considered to be equal. Indeed, the maximum power Q used in this study of 70 W (12.2 

kW·m−2) would result in a temperature difference ∆T of 9×10−3K between the internal and external walls 

according to the following equation: 

Δ% = I ln;�L/�M=2N�� . (6) 

Figure 1: Schematic diagram of the experimental set-up. 
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(a) (b) 

 
(c) 

 

Figure 4: Thermograms of the copper tube during heating (4a) and at rest (4b) and temperature profile (4c). The measurement area 

represents 6 × 2.4 mm2 
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Moreover, the heat losses to the surroundings are estimated. The radiative heat transfer coefficient is 

obtained by linearizing Stefan-Boltzman law: ℎB = ��;%L + %O=H;%L + %O= (7) 
 

where σ, Te and Ta denote the Stefan-Boltzmann constant (5.67 × 10−8 W·m−2·K−4), the external 

wall temperature and the temperature of surroundings. 

The convective heat transfer coefficient to the ambient air is determined with the following equation 

for horizontal cylinders with a uniform heat flux density [35]: 

ℎP = 0.579 �O�L � Q/R S1 + T0.442�� U VQWXYR/V, (8) 

where ka, Ra and Pr are the thermal conductivity of the air, the Rayleigh number and the Prandtl 

number respectively. 

The global heat transfer coefficient to the surroundings he is the sum of hr and hc and is about 10 

W·m−2·K−1. As a result, the heat losses account for 1% of the heat transferred to the fluid. 

The heat flux, generated by Joule heating writes as: 

�" = ��HN�M� = ��HNH�MZ�LH − �MH[, (9)
 

where R and ρ respectively denote the electrical resistance and resistivity of the copper tube. As the 

input current and the electrical resistivity are constant, the heat flux is also constant. 

Finally, the energy balance writes as: 

�" = )�N�M� = ℎM;+=Z%L;+= − %67;+=[ + ℎL �L�M ;%L;+= − %O=, (10) 

where TNF (x) denotes the temperature of the nanofluid at the x location. 

As the heat flux is constant, the local temperature of the fluid follows a linear profile: 

%67;+= = %67,M\ + )� +��� 	
, (11) 

where ṁ  is the mass flow rate. 

Combining equations (10) and (11), the convective heat transfer coefficient writes as: 

ℎM;+= = )� − ℎL$L;%L;+= − %O=
N�M� ]%L;+= − %67,M\ − )� +��� 	
^. 

(12) 

The absolute uncertainties are evaluated as described in Appendix A. Measurement uncertainties and the 

relative uncertainties are listed in Table 1. The relative uncertainties of the pumping power PP, the 

pressure drop ∆P and the friction factor λ are high at low Reynolds number and quickly decrease. This is 

due to the accuracy of the pressure transmitter that is a percentage of the full scale. 
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Table 1: Relative uncertainties 

Quantity Relative uncertainty [%] ���  0.5 – 3.5 ��  3 – 58 Δ�  2.6 – 47   2.9 – 48 ℎM;+=  3.4 – 6.9 

3. Validation case 

In order to assess the accuracy of the present results, experiments were first conducted with 

deionized water as a function of the Reynolds number: 

��� = �*�M� . (13) 

As the temperature difference between the inlet and the outlet of the test section (eq. 11) is less than 2°C, 

the thermal properties of the fluid are considered constant and the measured pressure drop is then 

compared with the Darcy-Weisbasch equation: 

Δ� =  �*H2 �
�M , (14) 

where the friction factor is determined by the well-known Poiseuille’s law in laminar flow: 

λ = 64��� , (15) 

In turbulent flow, the correlation of Filonenko [36] is used : 

λ = `1.82 log;���= − 1.64dYH. (16) 

According to the flow regime maps developed by Everts and Meyer [37], the flow is forced convection 

for all Reynolds numbers. Therefore, the convective heat transfer coefficient is compared with the 

theoretical solution given by Kays and Crawford [38] for forced convection flows in laminar regime 

accounting for the thermal entrance length effect: 

��e = f1148 − 12 g exp;−��H  +l=m���R
n

�oQ pYQ, (17) 

where the eigenvalues and constants are given in [38] and +l = He/qrsLt 9B. 
In turbulent regime, the present results are confronted with the recent correlation of Meyer et al. [39]: 

�� = 0.0018���Yu.Hv;��� − 500=Q.uw��u.RH T ����xUu.QQ. (18) 
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Figure 5 shows the evolution of the pressure drop for water as a function of the Reynolds number. The 

experimental measurements are in good agreement with the theoretical results obtained from equations 15 

and 16 as the theoretical results are within the error ranges of the data points in laminar and turbulent 

flows, which confirms the good accuracy and reliability of the experiments. 

 

 
Figure 5: Pressure drop in the test section versus Reynolds number for water. 

 

Similarly, Figure 6 compares the present results of the convective heat transfer coefficient with 

equations 17 and 18 as a function of the Reynolds number. In laminar regime, the convective heat 

transfer coefficient increases with the Reynolds number, confirming that the flow is not thermally 

developed. Moreover, one can observe that our experimental measurements are in very good 

agreement with the theoretical results in both laminar and turbulent regimes. 
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Figure 6: Convective heat transfer coefficient versus Reynolds number for water. 

 
 

4. Results and discussion 

4.1. Convective heat transfer coefficient 

Figure 7 presents the evolution of the convective heat transfer coefficient as a function of the Reynolds 

number for three mass concentrations and water. Low concentrations of nanofluids are not shown to 

improve readability. In the laminar region (Fig. 7b), the convective heat transfer coefficient increases 

with mass concentration to reach a 9% enhancement at 5w% compared to water. This enhancement 

can be due to the increased thermal conductivity or the increased entrance length due to the presence 

of the nanoparticles [22, 40]. In the entrance region, the thermal boundary layer is thin favoring heat 

transfer. 

On the other hand, in turbulent flow up to Reynolds number of 4000, all the curves collapse together 

indicating that the nanoparticles do not impact the heat transfer (Fig. 7a). This indicates that the 

increase in convective heat transfer coefficient observed in laminar regime is not solely due to the 

increased thermal conductivity, otherwise hi would be greater in turbulent flow too. However, this is 

consistent with the hypothesis of a longer entrance length due to the presence of the nanoparticles. 

Indeed, the thermal entrance length in turbulent flows is short ; eqr y 10= while it can become very 

long in laminar flows @ eqr y 0.05�����A [41]. As a result, the entrance region is not sufficiently 

lengthened in turbulent flow to have an impact on the heat transfer. 

Furthermore, the mass concentration of this nanofluid has no impact on the onset of the laminar- 

turbulent transition. Indeed, the critical Reynolds number for the onset of the transition is 2300 ± 50 

for all tested fluids and the one for the establishment of fully turbulent flow is around 2600 ± 50. This 

suggests that this nanofluid behaves like a single-phase fluid with modified properties. This 
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observation contrasts with the work of Liu and Yu [27] on an Al2O3-water nanofluid where the 

transition is retarded and the studies of Meyer et al. [28] on a MWCNT-water nanofluid, Rudyak et 

al. [30] on a SiO2-water nanofluid and Nikulin et al. [29] on an Al2O3-isopropanol nanofluid where 

the transition is accelerated. This discrepancy is potentially due to the difference in the nominal 

diameter of the nanoparticles in the studies affecting the viscosity of the nanofluid and then the 

Reynolds number. 
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(a) 

 

 
(b) 

 
Figure 7:  Convective heat transfer coefficient versus Reynolds number for water and different concentrations of Al2O3-water nanofluid (a) 

with a zoom on the laminar region (b). 
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4.2. Pressure drop 

 
Figure 8: Pressure drop in the test section versus Reynolds number for water and different concentrations of Al2O3-water nanofluid. 

Figure 8 shows the pressure drop in the test section as a function of the Reynolds number. One can 

note that the pressure drop significantly increases with the mass concentration whatever the flow 

regime so that at 5w%, it is more than doubled compared to that of water. Even at a very low mass 

concentration of 0.75%, the observed increase in pressure drop reaches 7%, which is much higher than 

the intensification of the convective heat transfer coefficient. The increase in pressure drop is due to 

the higher viscosity of the nanofluid compared to that of water creating more friction losses at the 

pipe wall. As the volumetric flow rate and the pressure drop of this nanofluid are higher than these of 

water, a greater pumping power is required to reach the same Reynolds number. This means that it 

can be difficult to obtain a fully turbulent flow with high concentrations of nanofluids. 

Figure 9 depicts the evolution of the friction factor as a function of the Reynolds number in laminar flow. 

The data points for the different concentrations of nanofluid are close to those of water. Moreover, they 

are in relatively good agreement with the theoretical law (eq. 15) up to a Reynolds number of 1500, 

confirming that the behaviour of this nanofluid is close to that of single-phase fluids. The error bars are 

bigger at low Reynolds numbers because the uncertainty of the pressure drop is a percentage of the full 

scale. 
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Figure 9: Friction factor versus Reynolds number for water and different concentrations of Al2O3-water nanofluid in laminar regime. 

 

 

4.3. Figure of merit 

To determine the performance of this nanofluid over the base fluid, several figures of merit (FOM) can be 

used but different conclusions can be drawn. To analyse the performance of heat transfer fluids, it is natural 

to compare heat transfer coefficients. However, the simple base of constant Reynolds number can lead to 

inappropriate conclusions. Indeed, for a constant Reynolds number, the mean velocity of the nanofluid 

would be higher than that of pure water due to the increased viscosity. This would means that the 

convective heat transfer coefficient increases with viscosity because of the velocity effect. To compare 

fluids unambiguously, Yu et al. [42] recommend to compare the convective heat transfer coefficient in a 

constant pumping power (PP) basis. Figure 10 depicts the evolution of the heat transfer coefficient as a 

function of the pumping power necessary to drive the nanofluid in the test section, corresponding to the 

product of the volumetric flow rate by the pressure drop. In laminar flow (Fig. 10b), low concentrations of 

nanofluid (0.75w% and 1.5w%) show no significant difference compared to water while higher 

concentrations clearly deteriorate the thermal performance. Moreover, as the transition occurs at a lower 

velocity for water (Fig. 10a), a better heat transfer coefficient is reached for the same pumping power. In 

turbulent flow, the thermal performance decreases with increasing concentration. This nanofluid could 

still be used in laminar regime at low particle concentrations in applications where the pumping power is 

not of great concern. 
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 (a) 

 

 
(b) 

 

Figure 10: Convective heat transfer coefficient versus pumping power for water and different concentrations of Al2O3-water nanofluid (a) 

with a zoom on the laminar region (b).
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Conclusion 

 

Convective flows of nanofluids in the transitional region have received little attention in the previous 

works. Motivated by this fact, experiments were conducted to determine the heat transfer coefficient 

and the pressure drop in transitional flow through a circular tube with constant heat flux boundary. 

The accuracy of the present set-up has been successfully verified through a series of experiments with 

deionized water. Indeed, the theoretical results are included in the range of the experimental error bars 

for both ∆P and hi. As a result, five concentrations of an Al2O3-water nanofluid have been studied. It 

has been shown that the presence of the nanoparticle does not affect the onset of the laminar-turbulent 

transition for this nanofluid up to 5w%, as the critical Reynolds number is around 2300 ± 50 for all 

tested fluids. Therefore, it suggests that this nanofluid behaves like a single-phase fluid in this range. 

This assumption is strengthened by the good agreement between the experimental results for the 

friction factor and the theoretical relationship in laminar flow. However, the increase in pressure drop 

compared to water exceeds the enhancement of the convective heat transfer coefficient so that the 

thermal performance is lowered when these nanoparticles are added to water whatever the flow regime. 

To overcome this problem, one could use nanoparticles with better thermal properties than Al2O3 like 

pure metals. Another possible solution would be to reduce the viscosity of the nanofluids using larger 

nanoparticles. 

 
Appendix A. Measurement uncertainties 

 

When a quantity X is recorded, (U,  I, ∆P, Qv, Te, and T NF, in), the best estimate is the arithmetic 

mean of the n measurements [43]: 

z{ = 1( g zM
\

MoQ . (A.1) 

The associated type A uncertainty δXA caused by random fluctuations of the measurements with a 95%-

confidence interval is determined by [43]: 

|z} = 'Vv%,\YQ �;z=√( , (A.2) 

 

where t95%,n-1 is the value of the Student t-distribution with n − 1 degrees of freedom at 95% confidence and 

σ(X) is the standard deviation defined by : 

�;z= = � 1( − 1 g;zM − z{=H\
MoQ . (A.3) 

When a quantity q is derived from N possibly correlated input quantities Xi, i.e. q = f (X1, X2, ..., XN ), the 

combined type A uncertainty of q is : 

|H�} = g T ���zMUH |HzM,} + 2 g g ���zM
���z� |zM,}|z�,} �M,�

6
�oMlQ

6YQ
MoQ

6
MoQ , (A.4) 

 

with ri,j the correlation coefficient : 
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�M,� = �ZzM , z�[�;zM=�Zz�[. (A.5) 

 

where σ(Xi, Xj) is the covariance between Xi and Xj. 

On the other hand, type B uncertainty calculations due to systematic errors are based on manufacturers’ 

specifications when available. Finally, type A and type B uncertainties are combined to obtain the overall 

uncertainty of q [43]: 

|H� = |H�} + |H�>. (A.6) 
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