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Theoretical aspects of ASAXS 14 

For the case of randomly oriented particles with identical shape and with size parameterized by 𝑅 15 

dispersed in a homogeneous matrix, the SAXS scattered intensity is given by: 16 

 𝐼 𝑞  ∆𝜌 𝑃 𝑅 𝑉 𝑅 |𝐹 𝑞, 𝑅 | 𝛹 𝑞, 𝑅 d𝑅 (1) 17 

with 𝑁  the number of particles, 𝑉  the sample volume, ∆𝜌  the contrast factor such as: 18 

 ∆𝜌 𝜌 𝜌  2  19 

𝜌  and 𝜌  the scattering length densities of the particles and the matrix: 20 

 𝜌 𝑟 ∑ 𝑛 𝑓  3  21 

𝑛  the number density of the atom 𝑗 in the matrix or in the particles, 𝑓  the atomic form factors and 22 

re the classical Thomson radius (re = 0.282 10-12 cm). 23 

𝑃 𝑅  is the size distribution function, 𝐹 𝑞, 𝑅  is the form factor and Ψ 𝑞, 𝑅  is the structure factor 24 

that equals to 1 when the particles are well spaced, i.e when distances between particles are larger 25 

than particle sizes. 26 
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For the case of metal particles supported on a porous alumina support, the SAXS analysis recorded 27 

at only one energy is not sufficient to distinguish the nanoparticles as the porous support also 28 

contributes significantly to the signal because of the scattering of the pores. 29 

Hence, to isolate the signal specific for each phase, it is therefore mandatory to vary the energy of 30 

the incident beam and to perform the measurements near and far from the metal (molybdenum in 31 

our case) absorption edge.  32 

It is recalled that the atomic form factor of a species 𝑗 can be written: 33 

 𝑓 𝐸 𝑓 𝑓 𝐸 𝑖𝑓 𝐸  (4) 34 

with 𝑓 𝑍, the atomic number. 35 

 36 

Resonant scattering method  37 

The energy dependence of the radial scattering length density profile ∆𝜌 can be determined as [1–38 

4]: 39 

 ∆𝜌 𝑟, 𝐸 ∆𝜌 𝑟 𝜈 𝑟 𝑟 𝑓 𝐸 𝑖𝑓 𝐸  (5) 40 

with ∆𝜌 𝑟  the non-resonant scattering length density profile (i.e. the usual contrast well below 41 

the absorption edge)and 𝜈 𝑟  the spatial distribution of anomalous scattering units (e.g. Mo 42 

species).  43 

The total scattered intensity can then be expressed as 44 

 𝐼 𝑞, 𝐸 𝐹 𝑞 2𝑓 𝐸 𝐹 𝑞 𝜈 𝑞 𝑓 𝐸 𝑓 𝐸 𝜈 𝑞  (6) 45 

 46 
with 𝐹 𝑞  and 𝜈 𝑞  the scattering amplitudes of normal and anomalous scattering units, 47 

respectively.  48 

Finally, 𝐼 𝑞  contains three components: the energy-independent normal SAXS, a cross-term 49 

involving the amplitude of normal SAXS and the resonant scattering of the molybdenum atoms, and 50 

the pure resonant scattering term due to the molybdenum atoms.  51 

 52 

Subtraction method 53 

A second method can also be carried out in order to extract the signal specific for the molybdenum 54 

phase. 55 
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Considering a system of particles 𝑝 supported on a porous support 𝑠 and with air filling the pores, 56 

the scattered intensity can be written thanks to the partial structure factors 𝑆 , 𝑆  and 𝑆  57 

described by Binninger et al. [5] as follow: 58 

 〈𝐼 𝑞, 𝐸 〉 |𝑓 | 𝑛 𝑟 𝑆 𝑞 2ℜ 𝑓 𝐸 𝑓∗ 𝑛 𝑛  𝑟 𝑆 𝑞 𝑓 𝐸 𝑛 𝑟 𝑆 𝑞  (7)	59 

where ℜ is the real part and * the complex conjugate. Notice the similarity of the terms of equation 60 

(7) with the ones of equation (6). 61 

In the aim to simplify the writing of the following equations and to be coherent with literature 62 

notation on this subject [6–8], the electronic density of the particles and the porous support ∑ 𝑛 𝑓  63 

are noted , 𝑛 𝑓  and 𝑛 𝑓 .  64 

 65 

Neglecting the imaginary parts of both 𝑓  and 𝑓 , the difference between the intensities measured at 66 

two different energies 𝐸  and 𝐸  leads to: 67 

〈𝐼 𝑞, 𝐸 〉 〈𝐼 𝑞, 𝐸 〉 𝑛 𝑟 𝑓 𝐸 𝑓 𝐸 𝑆 𝑞 2𝑓 𝑓 𝐸 𝑓 𝐸 𝑛 𝑛 𝑟 𝑆 𝑞

𝑛 𝑟 𝑓 𝐸 𝑓 𝐸 . 𝑆 𝑞 𝛼𝑆 𝑞
 

  (8) 68 

where 𝑓  is the mean value of 𝑓 𝐸  and 𝛼  

 
  69 

For independent spherical metallic particles deposited on spherical  particle of support we have: 70 

 𝑆 𝑞  𝑃 𝑅 𝑉 𝑅 𝐹 𝑞, 𝑅 𝑑𝑅  (9) 71 

 𝑆 ∬ 𝑃 𝑅 𝑃 𝑅 𝑉 𝑅 𝑉 𝑅 𝐹 𝑞, 𝑅 𝐹 𝑞, 𝑅
sin

 d𝑅 d𝑅  (10) 72 

In our case, α ~ 0.83 so the interference term 𝑆  is maybe not negligible. Both terms should 73 

therefore  be taken into account for the data modeling. 74 

Interest of ASAXS 75 

An example of SAXS curves of a sulfide catalyst obtained at E1 = 19700 eV and E3 = 19990 eV is given 76 

in Figure 1, in the form of 𝑖 𝑞 𝑞 𝐼 𝑞  in order to exacerbate differences. It can be noticed that the gap 77 

between both SAXS curves is very tiny, which underlines the importance to carry out careful analysis and 78 

calibration. The respective ASAXS curve obtained from the subtraction of the intensity measured at E1 = 79 

19700 eV and the intensity measured at E3 = 19990 eV is also plotted on Figure 1. One can notice that the 80 

global shape of SAXS and ASAXS curves is different, due to the fact that the SAXS response depends on 81 
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both alumina support and molybdenum particles. Moreover, the main interest of ASAXS is demonstrated 82 

by the Figure 2 on which the SAXS and ASAXS curves are plotted for the TEG-gas and Dried-gas 83 

samples. The SAXS signals of the two catalysts are very close, while the ASAXS signals make it possible 84 

to exacerbate their small differences and so to differentiate them much better. 85 

 86 

 87 

Figure 1. 𝒒𝟐𝑰 𝒒  curves obtained at E1 (19700 eV) and E3 (19990 eV) and the ASAXS curve 88 
obtained from the subtraction 𝒒𝟐𝑰 𝒒, 𝑬𝟏   – 𝒒𝟐𝑰 𝒒, 𝑬𝟑   for the TEG-gas catalyst.  89 

 90 

 91 

Figure 2. 𝒒𝟐𝑰 𝒒  SAXS curves obtained at E1 (19700 eV) and the ASAXS curves obtained from the 92 
subtraction 𝒒𝟐𝑰 𝒒, 𝑬𝟏   – 𝒒𝟐𝑰 𝒒, 𝑬𝟑   for the TEG-gas and Dried-gas catalysts.  93 

 94 

ASAXS data modeling 95 

To evaluate the size distribution of the sulfided slabs, a nonlinear least-squares adjustment of the 96 

ASAXS signal is performed on equation (8). The assumptions made for the choice of the regression 97 

model are listed below. 98 
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Morphology and size distribution of molybdenum phase 99 

Given the shape of the curves (two inflections of the scattered signal), the experimental data could 100 

not be fitted with only one function of size distribution. It appears that two kinds of molybdenum 101 

objects exist in the catalyst, at two different scales. Based on the electron microscopy observations, 102 

these two populations can be attributed to isolated slab stacks at the small scale, and to larger, 103 

polycrystalline and moderately dense slab aggregates at larger scale.  104 

For the molybdenum phase, we thus consider that the scattering objects can be porous. We call the 105 

porosity ε. In the case of crystalline slabs, ε = 0 and in the case of slab aggregates, ε > 0.  106 

The number of molybdenum atoms in the scattering object is defined by [9]: 107 

 𝑁  Mox

Mox
𝑉 1 𝜀  (11) 108 

with Mox = MoS2 in the case of sulfided molybdenum and Mox = MoOy in the case of oxide 109 

molybdenum, 𝑉 the volume of the scattering object, NA the Avogadro’s number  (6.022×1023 mol-1), 110 

𝑀Mox
 the molar mass in g/mol and 𝜌Mox

  the density in g/cm3 of the molybdenum phase. 111 

Hence, the scattering factor of a molybdenum object is defined by:  112 

 𝑛 𝑓 Mox

Mox
𝑓 1 𝜀  (12) 113 

The term  of the equation (9) can be expressed as: 114 

 Mox

Mox 〈 〉
 (13) 115 

With V  the mean volume of the slab stack or slab aggregate (cm-3), 𝑤Mox
 the weight concentration 116 

of the molybdenum phase (wt.%), ρs	the sample structural density in g/cm3. 117 

 118 

Slab stacks are considered to be isolated as the total volume fraction is very low: therefore, the 119 

structure factor at small 𝑞 is not taken into account while the form factor is.  120 

 121 

Stacked slabs can be modeled as discs of height  2𝐻 and radius 𝑅 . 122 

The form factor for disc-like particles of radius 𝑅  and height 2𝐻 is [10,11]:   123 

 𝐹 𝑞, 𝑅 , 𝐻 4
/

sin 𝛽 d𝛽 (14) 124 

and  𝑉 𝑅 , 𝐻 𝜋𝑅 2𝐻 15  125 

Slab aggregates can be modeled as ellipsoids of revolution (a spheroid) of axes (𝑅 , 𝑅  and 𝜈𝑅 ).  126 
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The form factor for spheroidal object is:   127 

 𝐹 𝑞, 𝑅 , 𝜈 𝛷 𝑞𝑅 1 𝑥 𝜈 1 . d𝑥 (16) 128 

and  𝛷 𝑡 3  (17) 129 

and   𝑉 𝑅 , 𝜈 𝜋𝜈𝑅  (18) 130 

 131 

The size distributions of slabs and aggregates are represented by log-normal distributions: 132 

 𝑃 𝑅
√  

exp   (19) 133 

Where 𝑘 equals to 𝑝 for slab stacks and equals to 𝑎 for the aggregates, and 𝜇 and 𝜎 are respectively 134 

the scale and the shape parameters of the lognormal law. 135 

The size distribution of slab stacks modeled by discs concerns only the radius dimension 𝑅  (the 136 

thickness 2𝐻 is monodisperse), and the size distribution of slab aggregates modeled by a spheroid 137 

concerns only the axes 𝑅  (𝜈 takes a single value, so the aspect ratio is fixed). 138 

In order to calculate the number and volume average sizes from the adjusted log-normal 139 

distribution, the distribution moments 𝑀   must be known [12]: 140 

 𝑀 exp 𝜇 𝑛  (20) 141 

The volume size distributions 𝑃  and 𝑃  respectively for disc-like particles and ellipsoidal 142 

aggregates are defined by: 143 

 𝑃 𝑅  (21) 144 

 𝑃 𝑅  (22) 145 

The number and the volume averaged size of the slabs can be calculated: 146 

 𝑅𝑝 exp 𝜇  and  𝑅𝑝 exp 𝜇  (23) 147 

And the number and the volume averaged size of the aggregates can be calculated: 148 

 𝑅𝑎 exp 𝜇  and 𝑅𝑎 exp 𝜇   (24) 149 

 150 

Finally, the term 𝑆  reads: 151 

  152 
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𝑆 𝑞
𝑁
𝑉

 𝑃 𝑅  𝑉 𝑅 , 𝐻 𝐹 𝑞, 𝑅 , 𝐻 d𝑅

𝑁
𝑉

 𝑃 𝑅 𝑉 𝑅 , 𝜈 𝐹 𝑞, 𝑅 , 𝜈 d𝑅  

  (25) 153 

with 154 

 𝑤
〈 〉

 and  𝑤
〈 〉

 (26) 155 

where 𝑤  and 𝑤  are the fraction of molybdenum in slabs and aggregates, respectively and pV  156 

and aV are the mean volumes of the slabs and the aggregates, respectively such as :   157 

 〈𝑉 〉 𝜋 2𝐻 𝑅 𝑃 𝑅 d𝑅 𝜋 𝑀 2𝐻 𝜋 2𝐻 exp 2𝜇  (27) 158 

 〈𝑉 〉 𝜋 𝜈 𝑅 𝑃 𝑅 d𝑅 𝜋 𝜈 𝑀 𝜋 exp 3𝜇  (28) 159 

 160 

Interference between molybdenum phase and support 161 

To take into account the interference between molybdenum phase and the alumina support and to 162 

calculate the 𝑆  term of the equation (8), the size distribution 𝑃 𝑅 , the particle volume 𝑉 𝑅  163 

and the form factor 𝐹 𝑞, 𝑅  have to be defined. Hence, pure alumina support has been analyzed by 164 

SAXS to determine these different terms. The support structure can thus be described by: 165 

 𝐹 𝑞, 𝑅 3 sin cos   (29) 166 

 𝑉 𝑅 𝜋𝑅   (30) 167 

And with a bimodal lognormal distribution such as: 168 

 𝑃 𝑅 C 𝑃 𝑅 C 𝑃 𝑅   (31) 169 

With C  1 and C 0.21,  𝜇   2.88, 𝜎   0.33, 𝜇   2.74 and 𝜎   0.69 170 

 171 

Final model 172 

Supposing that the first particle population corresponds to dense, crystalline and isolated stacked 173 

slabs and that the second one is attributed to aggregates partially dense, the equation (8) becomes:174 

  175 
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〈𝐼 𝑞, 𝐸 〉 〈𝐼 𝑞, 𝐸 〉 𝑤Mox
𝑤

Mox
ΔMox

𝐸 , 𝐸 𝑆′ 𝛼𝑆′  (32) 176 

with  177 

 ∆Mox
𝐸 , 𝐸 𝑟 𝑛Mox

𝑓Mox
𝐸 𝑛Mox

𝑓Mox
𝐸    (33) 178 

  179 

𝑆′ 𝑞
1
𝑉

 𝑃 𝑅  𝑉 𝑅 , 𝐻 𝐹 𝑞, 𝑅 , 𝐻 d𝑅
𝑤 1 ε

𝑤
1
𝑉

 𝑃 𝑅 𝑉 𝑅 , 𝜈 𝐹 𝑞, 𝑅 , 𝜈 d𝑅  

  (34) 180 

 181 

 𝑆′ 𝑞 1

𝑉𝑝
∬ 𝑃 𝑅 𝑉 𝑅 𝐹 𝑞, 𝑅 𝑃 𝑅 𝑉 𝑅 , 𝐻 𝐹 𝑞, 𝑅 , 𝐻

sin
d𝑅 d𝑅182 

𝑤𝑎 1 ε𝑎

𝑤𝑝

1

𝑉𝑎
∬ 𝑃 𝑅 𝑉 𝑅 𝐹 𝑞, 𝑅 𝑃 𝑅 𝑉 𝑅 , 𝜈 𝐹 𝑞, 𝑅 , 𝜈

sin
d𝑅 d𝑅   183 

(35) 184 

 185 

Obtained parameters 186 

This model allows estimating the length distribution of the slabs (𝜇 , 𝜎 ), the size distribution of the 187 

aggregates (𝜇 , 𝜎 ) and the parameter  which depends on the ratio between the 188 

molybdenum content included in the first and in the second population, but also on the porosity of 189 

the aggregates. 190 

In particular, two parameters can be used to describe the slabs: 191 

‐ The mean length (in number)	𝑳𝒔𝒍𝒂𝒃𝒔	such as :  192 

 𝐿 2 𝑅    36  193 

‐ The stacking state 𝒛𝒔𝒍𝒂𝒃𝒔 such as : 194 

 𝑧
.

   37  195 

3.1 Å being the thickness of one slab according to crystallography [13]. Hence,  𝑧 1 when it is a 196 

mono-slab and 𝑧 3 for a two-stack slabs. The number averaged length is considered here so that 197 

it could be easily compared to the mean length measured in TEM. 198 

 199 

Three parameters are useful to describe the slab aggregates: 200 

- The aggregate width 𝑾𝒂𝒈 such as : 201 
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 𝑊 2 𝑅    38  202 

- The aggregate length 𝑳𝒂𝒈	such as : 203 

 𝐿 2  𝑅    (39) 204 

This aggregate length is however subject to significant uncertainties as the ASAXS curves are not 205 

very sensitive to length differences for lengths up to 50 nm. 206 

- The parameter 𝑪𝒂𝒈 such as : 207 

 𝑤Ɛ  𝑎𝑛𝑑 𝐶 Ɛ

Ɛ
 (40) 208 

This parameter traduces roughly the aggregate content (in percent): the higher 𝐶  is, the more 209 

aggregated the slabs are, and so the lower the dispersion is.  210 

 211 

Comparison of both methods  212 

Both method have been carried out for the TEG-gas sample. The three subtraction I(E1)-I(E2), I(E1)-213 

I(E3) and I(E2)-I(E3) are plotted on Figure 3. From a global point of view, the three curves present 214 

similar shape. Just small differences are observed, either due to interference term or experimental 215 

uncertainties.  216 

 217 

 218 

Figure 3. ASAXS curves obtained from the subtractions I(E1)-I(E2), I(E1)-I(E3) and I(E2)-I(E3). 219 
 220 

Calculation of pure resonant scattering 221 

The pure resonant scattering term was evaluated from both method, using the SAXSutilities 222 

software of Sztucky et al. [1]  for the first method, and by calculating the term 𝑆  for the second 223 

method using Matlab®. Resulting curves are plotted on Figure 4. 224 
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The same general shape is obtained from both methods. However we can notice that the signal 225 

obtained by the first method is quite noisy in the 𝑞-range of 6.10-2 Å-1 – 10-1 Å-1, which can be 226 

problematic for the signal modeling. This is possibly due to the fact that only three energies are 227 

maybe not sufficient to obtain a sufficient accuracy with this method, or also to the uncertainties on 228 

the scattering factors f’ and f”. Indeed, the molybdenum is mainly in the form of MoS2, which impact 229 

the position of the K-edge of absorption and the values of scattering factors. 230 

 231 

 232 

Figure 4. Pure resonant scattering term obtained with both method: 𝝂 𝒒  of equation (6) and the 233 
term 𝑺𝒑𝒑 of equation (8). 234 

 235 

Hence, the subtraction method was chosen to extract the resonant term 𝑆  and the interference 236 

term 𝑆 .  237 

Calculation of interference term 238 

In order to minimize the uncertainties, partly due to the subtraction of two very close intensities, it 239 

made more sense to use I(E1)-I(E3) to extract the morphological data.  240 

𝑆 , 𝑆  and the combination of both term for the TEG-gas sample are plotted on Figure 5. The 241 

contribution of the interference term is negligible, except in the q-range of 6.10-2 Å-1 – 10-1 Å-1. It is 242 

thus important to take it into account, especially for the determination of the slab stacks properties. 243 

To the contrary, slab aggregates scale is slightly affected by the interference term. 244 
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 245 

Figure 5. Pure resonant scattering 𝑺𝒑𝒑, interference term 𝑺𝒔𝒑 and the combination of both.	246 
 247 

Example of fit 248 

An example of fit is presented in Figure 6 for the TEG-gas sample. The first part of the curve (from 10-1 249 

Å-1 to 1 Å-1) is essentially due to the contribution of the first population of small-size slabs (pure resonant 250 

scattering plus interference) whereas the second part of the curve (from 10-2 Å-1 to 10-1 Å-1) is due to the 251 

contribution of the second population of larger objects called aggregates. 252 

 253 

 254 

Figure 6. ASAXS curve obtained on the TEG-gas catalyst and fit of the experimental ASAXS data.  255 
 256 

 257 
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Comparison of results obtained from the three curves I(E1)-I(E2), I(E1)-I(E3) and I(E2)-I(E3) 258 

Data modeling of the TEG-gas sample has been carried out on the three curves I(E1)-I(E2), I(E1)-I(E3) and 259 

I(E2)-I(E3), in order to evaluate the uncertainties of the method. Results are reported in Table 1. The 260 

standard deviation is relatively small for the fourth parameters (z , L , C  and W ). Furthermore, 261 

the values obtained from the I(E1)-I(E3) subtraction are the closest to the mean values. Consequently, 262 

I(E1)-I(E3) curves have been chosen for the data modeling of all samples.  263 

It should also be noticed that the L  values vary a lot depending on the considered subtraction. It is very 264 

sensitive to small variation at small q. Moreover, the ASAXS curves are not very sensitive to length 265 

differences for lengths up to 50 nm. Consequently, this parameter should not be considered for the 266 

comparison of the different samples because of its lack of accuracy. 267 

 268 

Table 1. Results obtained on TEG-gas sample by fitting the three different ASAXS curves with the 269 
multi-scale model.  270 

Subtraction 𝒛𝒔𝒍𝒂𝒃𝒔 𝑳𝒔𝒍𝒂𝒃𝒔 (nm) 𝑪𝒂𝒈 (%) 𝑾𝒂𝒈 (nm) 𝑳𝒂𝒈 (nm) 

E1‐E3 2.8  4.9  32%  13.2  47 

E2‐E3 3.0 4.8 27% 15.1 20 

E1‐E2 2.5 5.0 36% 13.2 86 

Mean  2.8  4.9  32%  13.8  51 

SD  0.24  0.11  4.6%  1.10  33 

 271 

 272 
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