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Abstract

In view of a direct and simple improvement of vanilla
SGD, this paper presents a fine-tuning of its step-sizes
in the mini-batch case. For doing so, one estimates
curvature, based on a local quadratic model and using
only noisy gradient approximations. One obtains a
new stochastic first-order method (Step-Tuned SGD)
which can be seen as a stochastic version of the classical
Barzilai-Borwein method. Our theoretical results en-
sure almost sure convergence to the critical set and we
provide convergence rates. Experiments on deep resid-
ual network training illustrate the favorable properties
of our approach. For such networks we observe, during
training, both a sudden drop of the loss and an im-
provement of test accuracy at medium stages, yielding
better results than SGD, RMSprop, or ADAM.

1 Introduction

In the recent years, machine learning has generated
a growing need for methods to solve non-convex opti-
mization problems. In particular, the training of deep
neural networks (DNNs) has received tremendous atten-
tion. Designing methods for this purpose is particularly
difficult as one deals with both expensive function eval-
uations and limited storage capacities. This explains
why stochastic gradient descent (SGD) remains the
central algorithm in deep learning (DL). It consists in
the iterative scheme,

Or+1 = Ok — WV Is, (Ok), (1)

where J is the function to minimize (usually the empir-
ical loss) parameterized by 6 € R¥ (the weights of the
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DNN), VJg, (1) is a stochastic estimation of the gradi-
ent of J (randomness being related to the sub-sampled
mini-batch By), and v, > 0 is a step-size whose choice
is critical in terms of empirical performance.

In order to improve the basic SGD method, a com-
mon practice is to use adaptive methods (Duchi et al.,
2011; [Tieleman and Hinton, 2012; Kingma and Bal
2015)). They act as preconditioners, reducing the im-
portance of the choice of the sequence of step-sizes
(vk)ken. This paper focuses instead exclusively on the
step-size issue: how can we tune steps in a stochastic
context by taking advantage of curvature information
for non-convex landscapes?

Our starting point for step-size tuning is an infinites-
imal second-order variational model along the gradi-
ent direction. The infinitesimal feature is particularly
relevant in DL since small steps constitute standard
practice in training due to sub-sampling noise. Second-
order information is approximated with a first-order
quantities using finite differences. In deterministic (full-
batch) setting, our method corresponds to a non-convex
version of the Barzilai-Borwein (BB) method (Barzilai
and Borwein| [1988; [Dai et al., 2002} |Xiao et al., [2010;
Biglari and Solimanpur} 2013) and is somehow a dis-
crete non-convex adaption of the continuous gradient
system in |Alvarez and Cabot| (2004)). It is also close to
earlier work Raydan| (1997)), with the major difference
that our algorithm is supported by a variational model.
This is essential to generalize the method to accommo-
date noisy gradients, providing a convexity test similar
to those in [Babaie-Kafaki and Fatemi| (2013); |Curtis
and Guol (2016).

Our main contribution is a step-size tuning method
for stochastic gradient algorithms, which is built on
a strong geometrical principle: step-sizes are deduced
from a carefully derived discrete approximation of a



curvature term of the expected loss. We provide gen-
eral convergence guarantees to critical points and rates
of convergence. Extensive computations on DL prob-
lems show that our method is particularly successful
for residual networks . In that case, we
observe a surprising phenomenon: in the early training
stage the method shows similar performances to stan-
dard DL algorithms (SGD, ADAM, RMSprop), then
at medium stage, we observe simultaneously a sudden
drop of the training loss and a notable increase in test
accuracy.

To summarize, our contributions are as follows:
e Exploit the vanishing step-size nature of DL training
to use infinitesimal second-order optimization for fine
step-size tuning.
e Use our geometrical perspective to discretize and
adapt the method to noisy gradients despite strong
non-linearities.
e Obtain general rigorous asymptotic theoretical guar-
antees (see Theorem and Corollary .
e Show that our method has remarkable practical prop-
erties, in particular when training residual networks
in DL, for which one observes an advantageous ”drop
down” of the loss during the training phase.

Structure of the paper. A preliminary determin-
istic (i.e., full-batch) algorithm is derived in Section[3.1]
We then build a stochastic mini-batch variant in Sec-
tion [3:2] which is our core contribution. Theoretical
results are stated in Section [4 and DL experiments are
conducted in Section [E

2 Related work

Methods using second-order information for non-convex
optimization have been actively studied in the last
years, both for deterministic and stochastic applica-
tions, see, e.g., Royer and Wright| (2018); |Carmon|
et al| (2017); [Allen-Zhul (2018)); Krishnan et al.| (2018));
Martens and Grosse| (2015); |[Liu and Yang| (2017); |Cury
tis and Robinson| (2019).

BB-like methods are very sensitive to noisy gradient
estimates. Most existing stochastic BB algorithms
(Tan et al., 2016; Liang et al., 2019; Robles-Kelly and|
Nazari, |2019) overcome this issue with stabilization
methods in the style of SVRG (Johnson and Zhang]
, which allows to prescribe a new step-size at every
epoch only (i.e., after a full pass over the data). Doing
S0, one cannot capture variations of curvature within a
full epoch, and one is limited to using absolute values
to prevent negative step-sizes caused by non-convexity.
One the contrary, our stochastic approximation method
can adapt to local curvature every two iterations.

There are few techniques to analyze stochastic meth-

Large step |

6o 0, 0, = argmin(q™)
Figure 1: Illustration of negative and positive curvature
steps. The function ¢~ represents the variational model
at 6y, with negative curvature. Concavity suggests
to take a large step to reach #;. Then, at 6y, the
variational model ¢ has positive curvature and can
be minimized to obtain 65.

ods in non-convex settings. An important category
is the ODE machinery used for SGD (Davis et al.

:
2020; [Bolte and Pauwels, [2020), ADAM (Barakat and|

Bianchi, 2018) and INDIAN (Castera et al., 2019). In
this paper, we use instead direct and more traditional
arguments, such as in [Li and Orabonal (2019) in the
context of DL.

3 Design of the algorithm

We first build a preliminary algorithm based upon
a simple second-order variational model. We then
adapt this algorithm to address mini-batch stochastic
approximations.

3.1 Deterministic full-batch algorithm

Second-order infinitesimal step-size tuning.
Assume that J:RF — R is a twice-differentiable func-
tion. Let # € R”. Given an update direction d € R,
a natural strategy is to choose v € R that minimizes
J (0 +~d). Let us approximate v — J (6 + vd) around
0 with a Taylor expansion,

w) 2 T0) + (VT 0).d) + L (IO d). (@)

If the curvature term (V27 (6)d, d) is positive, then g4
has a unique minimizer at,

. (VI0).4)
(V27 (0)d,d)’ ®)



On the contrary when (V27(0)d,d) < 0, the infinites-
imal model ¢4 is concave which suggests to take a
large step-size. These considerations are illustrated on

Figure

Tuning gradient descent. In order to tune gradi-
ent descent we choose the direction d = —V.7(6) which
gives,

Ivrer
(V2T (0)VT(0),VIT(0))

According to our previous considerations, an ideal
iterative process Oxy1 = 0 — % VI (0x) would use
Y = v(6k) when y(0;) > 0. But for computational
reasons and discretization purposes, we shall rather
seek a step-size 7 such that, v ~ v(0x—1) (again
when v(0;_1) > 0). Let us assume that, for k& > 1,
0r_1,7vk—1 are known and let us approximate the quan-
tity,

v(6) = (4)

VT (017
(V2T (0k-1)VT (0k=1),VIT (0k-1))’

Y(Or-1) = (5)

using only first-order objects. We rely on two identities,

Ab, 0 — 01 =~ 1 VT (B1), (6)

Agy E VI (Oh) = VI (O-1) = =11Cr (1), (7)
def —o . .
where C7(0) = V2T (0)VT(0) and (7) is obtained
by Taylor’s formula. Combining the above, we are led
to consider the following step-size,

120° 3 (A, A 0
ve = { (B0 Agk) if (Abk, Agr) > 8)
v otherwise ’

where v > 0 is an hyperparameter of the algorithm rep-
resenting the large step-sizes to use in locally concave
regions.

The resulting full-batch non-convex optimization
method is Algorithm [1} in which « is a so-called learn-
ing rate or scaling factor. This algorithm is present
in the literature under subtle variants (Raydan) [1997;
Dai et al., |2002; Xiao et al.l 2010; [Biglari and Solimani
pur, 2013)). It may be seen as a non-convex version
of the BB method (designed for strongly convex func-
tions). In the classical optimization literature it is
often combined with line-search procedures which is
impossible in our large-scale DL context. The interest
of our variational viewpoint is the characterization of
the underlying geometrical mechanism, which is key in
designing an efficient stochastic version of Algorithm
in Section [3.21

Algorithm 1 Full-batch preliminary algorithm
1: Input: a>0,v >0
2: Initialize 6, € RY
3: 01 =0y — an(é‘o)
4: for k=1,... do

5: Agk = Vj(@k) — Vj(@k_l)
6: A@k = Gk — 9]6,1
7. if (Agy, Ab) > 0 then
8: v = |20k |1
(Agr,A0k)
9: else
10: Y =V
11:  end if
122 Opq1 =0 — o VI (k)
13: end for

Illustrative experiment. Before presenting the
stochastic version, we illustrate the interest of exploit-
ing negative curvature through the ”large-step” parame-
ter v with a synthetic experiment inspired from |Carmon
et al (2017). We apply Algorithm[I]to a non-convex re-
gression problem of the form mingegrr ¢(A6 — b) where
¢ is a non-convex real-valued function (see Section
of the Supplementary). We compare Algorithm [I| with
the current methods a la BB where absolute values
are used when the step-size is negative (see, e.g., [Tan
et al| (2016); Liang et al.| (2019)) in stochastic settings)
and with Armijo’s line-search gradient method. As
shown on Figure P Algorithm [I] efficiently exploits
local curvature and converges much faster than other
methods.

3.2 Stochastic mini-batch algorithm

We wish to adapt Algorithm [I] in cases where gradi-
ents can only be approximated through mini-batch
sub-sampling. This is necessary in particular for DL
applications.

Mini-batch sub-sampling. We assume the follow-
ing sum-structure of the loss function, for N € N*,

1 N
NZ: (9)

where each 7, is a twice continuously-differentiable
function. Given any fixed subset B C {1,..., N}, we
define the following quantities for any § € R,

def 1
|B|ZJn (10)
neB
of 1
VIs(0) 5] 2 Vn(0), (11)
neB
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Figure 2: Values of the loss function J(6) against
iterations (each corresponding to a gradient step) for
the synthetic non-convex regression problem detailed in
Section [C|of the Supplementary. The optimal value J*
is unknown and is estimated by taking the best value
obtained among all algorithms after 10° iterations.

where |B| denotes the number of elements of the set B.
Throughout this paper we will consider independent
copies of a random subset S C {1,..., N} referred
to as mini-batch. The distribution of this subset is
fixed throughout the paper and taken such that the
expectation over the realization of S in corresponds
to the empirical expectation in @[) This is valid for
example if S is taken uniformly at random over all
possible subsets of fixed size. As a consequence, we have
the identity J = Es[Js], where the expectation is taken
over the random draw of S. This allows to interpret
mini-batch sub-sampling as a stochastic approximation
process since we also have V.J = Eg[V Js].

Our algorithm is of stochastic gradient type where
stochasticity is related to the randomness of mini-
batches. We start with an initialization 6y € R, and a
sequence of i.i.d. random mini-batches (By)xen, whose
common distribution is the same as S. The algorithm
produces a random sequence of iterates (6x)ren. For
k € N, By is used to estimate an update direction
—V Js, (0) which is used in place of —V.J (%) in the
same way as gradient descent algorithm.

Second-order tuning of mini-batch SGD: Step-
Tuned SGD. Our goal is to devise a step-size strat-
egy, based on the variational ideas developed earlier
and on the quantity Cz, in the context of mini-batch
sub-sampling. First observe that for § € R”,

Cs(0)

= v270)970) =7 (5I97O1). (12

Algorithm 2 Step-Tuned SGD

1: Input: a>0,v >0
2: Input: 8 € [0,1], m > 0, M>06¢ (0.5,1)
3: Initialize 6, € RP, G_1=0p, Yo =1
4: Draw independent random mini-batches (Bg)gen-
5: for k:fO,l,.. do
7 9k+1 = 91@4.5 - (k+1)5 VI, (ek-&-%)
9: AgBk = vak (0k+%) - vak (ak)
10: ka = 6Gk—1 + (1 - ﬁ)AgBk
11: Gk = Gk/(l - ﬁk-H)
12:  if (Gk,Abg,) > 0 then
R -
: k+1 (Gk A98k>
14: else
15: Ve+1 =V
16:  end if _
170 Yg+1 = min(max(ygy1,m), M)
18: end for

So rewriting J as an expectation,

Cs0) =9 (1B (VEO1F) .

where S denotes like in the previous paragraph a ran-
dom subset of {1,..., N}, or mini-batch. This suggests
the following estimator, for any subset B and § € R,

e (0) 25 (19RO
= V2T (0)VIs(0), (14)

to build an infinitesimal model as in .

Like in the deterministic case we approximate the
new target with a Taylor expansion of Jg between
two iterations. We obtain for any B C {1,..., N},
6 € R, and small v > 0

VIe(0 —vVIs(0)) —
N———’

next iterate

—4Cz,(0) ~ VJs(0). (15)

This suggests to use each mini-batch twice and compute
a difference of gradients every two iterationsEI We
adopt the following convention, at iteration k € N, the
random mini-batch By is used to compute a stochastic
gradient, VJg, (0x) and at iteration k+31 the same mini-
batch is used to compute another stochastic gradient
VIg, (0r4 1), for a given 0, 1. Let us define,

def

Ags, = VIs, (Ory1) — VIs,.(0k), (16)

1There is also the possibility of computing additional esti-
mates as|Schraudolph et al.| (2007)) previously did for a stochastic
BFGS algorithm, but this would double the computational cost.
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Figure 3: Values of the loss function against epochs for
non-convex regression: heuristic methods (dashed lines)
of Section [3.3| are compared with Step-Tuned SGD
(plain blue). SGD serves as a reference to evidence the
drop down effect.

thereby Agg, forms an approximation of —v;C Te, (0r)
that we can use to compute the next step-size y;41. We
define the difference between two iterates accordingly,

Abs, 0,1 — Oy (17)

Finally, we stabilize the approximation of the tar-
get quantity in by using an exponential moving
average of the previously computed (Ags;);j<x. More
precisely, we recursively compute Gy defined by,

G = ﬁGk,1 + (1 — B)AgBk. (18)

We finally introduce Gy = G/(1 — f¥*1) to debias
the estimator G}, such that the sum of the weights in
the average equals 1. This mostly impacts the first
iterations as 8**! vanishes quickly; a similar process
is used in ADAM (Kingma and Bal [2015)).

Altogether we obtain our main method: Algorithm
which we name Step-Tuned SGD, as it aims to tune the
step-size every two iterations and not at every epoch
like most stochastic BB methods. Note that the main
idea behind Step-Tuned SGD remains the same than
in the deterministic setting: we exploit the curvature
properties of Jg, through the quantities (Gj, Adg, )
to devise our method. Compared to Algorithm [I] the
iteration index is shifted by 1 so that the estimated step-
size Y41 only depends on mini-batches By up to By, and
is therefore conditionally independent of Byi1. This
conditional dependency structure is crucial to obtain
the convergence guarantees given in in Section

3.3 Heuristic construction of Step-
Tuned SGD

In this section we present the main elements which led
us to the step-tuned method of Algorithm [2| and dis-
cuss its hyper-parameters. Throughout this paragraph,
the term gradient variation (GV) denotes the local
variations of the gradient; it is simply the difference of
consecutive gradients along a sequence. Our heuristic
discussion blends discretization arguments and experi-
mental considerations. We use the non-convex regres-
sion experiment of Section [3.1]as a test for our intuition
and algorithms. A complete description of the methods
below is given in Section [D] we only sketch the main
ideas.

First heuristic experiment with exact GVs. As-
sume that along any ordered collection 61, ..., 60, € RY,
one is able to evaluate the GVs of 7, that is, terms of
the form VJ(0;) — VJ(0;—1). Recall that we denote
Af#; = 6; — 6,_1, the difference between two consecu-
tive iterates, for all ¢ > 1. In the deterministic (i.e.,
noiseless) setting, Algorithm [1|is based on these GVs,
indeed,

b g oA
ML TR TN T (08) — VT (0r—1), Ag)

VJ(ek)a

(19)
whenever the denominator is positive. Given our se-
quence of independent random mini-batches (Bg)gen,
a heuristic stochastic approximation version of this
recursion could be as follows,

_ ar )| Afx|?

Ok+1 =0 —
(VI(Or) — VI (0r-1), Ab)

Ve, (0k),
(Exact-GV)

where the difference between and lies in

the randomness of the search direction and the depen-
dency of the scaling factor ay which aims to moderate
the effect of noise (generally oy, — 0). As shown in
Figure [3] the recursion is much faster than
SGD especially for the first ~ 150 epochs which is often
the main concern for DL applications.

For large sums, the gradient-variation in
is too computationally expensive. One should therefore

adapt (Exact-GV)) to the mini-batch context. A direct

adaption would simply consists in the algorithm,

Or11
o || A0 |7

Vjch (9k ) y
(Stochastic-GV)



where mini-batches are used both to obtain a search
direction and to approximate the GV. For this naive
approach, we observe a dramatic loss of performance,
as illustrated in Figure |3} This reveals the necessity to
use accurate stochastic approximation of GVs.

Second heuristic experiment using expected
gradient variations. Towards a more stable approx-
imation of the GVs, we consider the following recursion,

|| Ak IV Ty, _, (Ok—1)
\Y% 01),
(Es[Cr (1)), MGy~ o)
(Expected-GV)

Op41 =0 —

where Cz, is defined in for any B C {1,...,N}
and the expectation taken is over the independent draw
of S C {1,..., N}, conditioned on the other random
variables. The main difference with [Exact-GV]is the
use of expected GVs instead of exact GVs, the minus
sign ensures a coherent interpretation in term of GVs.
The numerator in is also modified to
ensure homogeneity of the steps with the other varia-
tions of the algorithm. Indeed Cz,(6x) approximates
a difference of gradients modulo a step-size, see (|15)).
As illustrated in Figure [3] the recursion
provides performances comparable to[Exact-GV] and in

particular for both algorithms, we also recover the loss
drop which was observed in the deterministic setting.

Algorithm [2] is nothing less than an approximate
version of which combines a double use
of mini-batches with a moving average. Indeed, from
(15)), considering the expectation over the random draw
of S, for any 6 € RY and small v > 0, we have,

—Es[C(0)] ~ Es [VIs (0 — vV Ts(0)) — VJS(9()] ~)
20

The purpose of the term Gy, in Algorithm |2|is precisely
to mimick this last quantity. The experimental results
of Algorithm [2] are very similar to those of
[GV] see Figure 3

Let us conclude by saying that the above considera-
tions on gradient variations (GVs) led us to propose
Algorithm [2] as a possible stochastic version of Algo-
rithm |1} The similarity between the performances of
the two methods and the underlying geometric aspects
(see Section were also major motivations.

Parameters of the algorithm. Algorithm [2] con-
tains more hyper-parameters than in the deterministic
case, but we recommend to keep the default values for
most of themﬂ Like in most optimizers (SGD, Adam,
RMSprop, etc.), only the parameter a > 0 has to be

2Default values: (v, 8,7, M,8) = (2,0.9,0.5,2,0.501)

carefully tuned to get the most of Algorithm [2] Note
that we enforce v, € [m, M]. The bounds stabilize
the algorithm and also play an important role for the
convergence as we will show in Section d] Note that
we also enforce the step-size to decrease using a decay
of the form 1/k° where ¢ is usually close to 0.5. This
standard procedure goes back to [Robbins and Monro
(1951) and is again necessary to obtain the convergence
results presented next.

4 Theoretical results

We study the convergence of Step-Tuned SGD for
smooth non-convex stochastic optimization which en-
compasses in particular smooth DL problems.

Main result. We recall that J 1is a finite
sum of twice continuously-differentiable functions
(Jn)n=1,..,n. Hence, the gradient of J and the gra-
dients of each J,, are locally Lipschitz-continuous. A
function g is locally Lipschitz-continuous on R¥ if for
any 6 € RP, there exists a neighborhood V of # and a
constant L € R, such that for all 41,19 € V,

l9(¥1) = g(b2) < Ll — tal|- (21)

We assume that J is lower-bounded on R¥. The main
theoretical result of this paper follows.

Theorem 4.1. Let 0y € RY, and let (0y)ren be a
sequence generated by Step-Tuned SGD initialized at
0g. Assume that there exists C1 > 0 such that almost
surely supyen||0k||< C1. Then the sequence of values
(T (0r))ken converges almost surely and |V.J (0x)]?
converges to 0 almost surely. In addition, for k € N*,

min
j€{0,....k—1}

EMVJ@mﬂzo(@Q).

The results above state in particular that a realiza-
tion of the algorithm reaches a point where the gradient
is arbitrarily small with probability one. Note that the
rate depends on the parameter ¢ € (0.5,1) which can
be chosen by the user and corresponds to the decay
schedule 1/(k + 1)°. In most cases, one will want to
slowly decay the step-size so § ~ 0.5 and the rate is

close to 1/vk + 1.

An alternative to the boundedness assumption.
In Theorem we make the assumption that almost
surely the iterates (fx)ren are uniformly bounded.
While this is usual for non-convex problems tackled
with stochastic algorithms (Davis et al., |2020; [Duchi
and Ruan) |2018; (Castera et al., 2019)) this may be hard
to check or enforce in practice. One can alternatively



leverage additional regularity assumptions on the loss
function as |Li and Orabona| (2019) did for example
for the scalar variant of ADAGRAD. This is more re-
strictive than the locally Lipschitz-continuous property
of the gradient that we used but for completeness we
provide below an alternative version of Theorem [£.1]
for such a framework.

Corollary 4.2. Let 6y € RY, and let (0;)ren be a
sequence generated by Step-Tuned SGD initialized at 0.
Assume that each J,, and V J, are Lipschitz-continuous
on R, n=1,...,N. Then the same conclusions as

in Theorem [{.1] apply.

Proof sketch of Theorem The proof of our
main theorem is fully detailed in Section |B| of the
Supplementary. Here we present the key elements of
this proof.

e The proof relies on the descent lemma: for any
compact subset C C RF there exists L > 0 such
that for any # € C and d € R” such that #+d € C,

JO+d) <TO)+(VIT0),d)+ ngHQ. (22)

e Let (0;)ren be a realization of the algorithm. Us-
ing the boundedness assumption, almost surely the
iterates belong to a compact subset C on which
VJ and the gradients estimates Vg, are uni-
formly bounded. So at any iteration k € N, we
may use the descent lemma on the update
direction d = =y, V7 (0)) to bound the difference
T (Ort1) — T (Ok)-

e As stated in Section [3.2] conditioning on
Bg,...,Bg_1 the step-size 4 is constructed to be
independent of the current mini-batch Bg. Using
this and the descent lemma, we show that there
exist M7, Ms > 0 such that, for all £ € N*,

E[J(0k41) | Bo, - .- Br—1]

<E[T00)] - VT 60>+

(k+1)

M,
(k+1)20°
(23)

e The convergence of (J(6k))ren follows from

using a martingale argument and the fact that
+oo 1
> k=0 GernE < 00

e The convergence of ||V (6x)|? is obtained by us-

ing the tower property of conditional expectations
on and summing to deduce that,

+oo 1

> 5 IIVT(6k)P< +o0.

P (k+1)° (24)

Since ;% ﬁ = +oo The conclusion then

follows using analysis arguments similar to those
in |[Li and Orabona (2019).

5 Application to Deep Learning

We finally evaluate the performance of Step-Tuned SGD
by training DNNs. We consider four different problems
presented next and fully-specified in Section of the
Supplementary. The results with Problems (a) and (b)
are presented here while the results with Problems (c)
and (d) are relegated to the Supplementary. We com-
pare Step-Tuned SGD with two of the most popular
non-momentum methods, SGD and RMSprop [Tiele/
man and Hinton| (2012), and we also consider the mo-
mentum method ADAM (Kingma and Baj 2015) which
is a very popular DL optimizer. Our method is detailed
below.

5.1 Setting of the experiments

e We consider image classification problems (CIFAR-
10 and CIFAR-100 (Krizhevsky, 2009)) and the
training of an auto-encoder on MNIST (LeCun
et al., 2010).

e The networks are slightly modified versions of
Lenet (LeCun et al.), (1998), ResNet-20 (He
et al 2016) and the auto-encoder of |Hinton and
Salakhutdinov] (2006)).

e As specified in Table [I] of the Supplementary,
we used either smooth (ELU, SiLU) or nons-
mooth (ReLU) activations (ResNets were used
with ReLU). Though our theoretical analysis only
applies to smooth activations, we did not in prac-
tice observe a significant qualitative difference be-
tween ReLU or its smooth versions.

e For image classification tasks, the dissimilarity
measure is the cross-entropy, and for the auto-
encoder, it is the mean-squared error. In each
problem we also add a ¢2-regularization parameter
(a.k.a. weight decay) of the form %6]3.

e For each algorithm, we selected the learning rate
parameter o from the set {107%,...,10°}. The
value is selected as the one yielding minimum train-
ing loss after 10% of the total number of epochs.
For example, if we intend to train the network
during 100 epochs, the grid-search is carried on
the first 10 epochs. For Step-Tuned SGD, the
parameter v was selected with the same criterion
from the set {1,2,5}. All other parameters of the
algorithms are left to their default values.



e The step-size decay schedule of SGD and Step-
Tuned SGD has the form 1/¢° where ¢ is the cur-
rent epoch index and & = 0.501. It slightly differs
from what is given in Algorithm [2] as we apply the
decay at each epoch instead of each iteration. This
slower schedule still satisfies the conditions of Sec-
tion [4 so convergence is still granted. RMSprop
and ADAM rely on their own adaptive procedure
and are used without step-size decay schedule.

e The experiments were run on a Nvidia GTX 1080
TI GPU, with an Intel Xeon 2640 V4 CPU. The
code was written in Python 3.6.9 and PyTorch 1.4
(Paszke et al., |2019).

5.2 Results

We perform two types of experiments, a comparative
one to assess the quality of Step-Tuned SGD against
concurrent optimization algorithms, and another one
to study the effect of changing the way mini-batches
are used.

Comparison with standard methods. The re-
sults with ResNets trained on CIFAR-10 and CIFAR-
100 are displayed on Figure[d] The results for the other
two experiments are postponed to Section of the
Supplementary. In Figure[d] we display the evolution of
the values of the loss function and of the test accuracy
during the training phase. We observe a recurrent be-
havior: during early training Step-Tuned SGD behaves
similarly than other methods, then there is a sudden
drop of the loss (combined with an improvement in
terms of test accuracy which we discuss below). As
a result, it achieves best training performance among
all algorithms. This behavior is in accordance with
our preliminary observations in Figure A similar
behavior has been be reported in the literature when
using SGD with a manually enforced reduction of the
learning rate after a prescribed number of epochs, see,
e.g., He et al.| (2016)). Our algorithm provides a similar
qualitative behavior but in an automatic way.

In addition to efficient training performance (in terms
of loss values), Step-Tuned SGD generalizes well (as
measured by test accuracy). Figure [4| even shows a
correlation between test accuracy and training loss.
Conditions or explanations for when this happens are
not fully understood to this day. Yet, SGD is often
said to behave well with respect to this matter (Wilson
et al. |2017) and hence it is satisfactory to observe that
Step-Tuned SGD seems to inherit this property.

To conclude, in most cases the adaptive step-sizes of
Step-Tuned SGD represent a significant improvement
compared to SGD. It also seems to be a good alternative

to adaptive methods like RMSprop or ADAM especially
on residual networks.

Effect of the new mini-batch sub-sampling.
Step-Tuned SGD departs from the usual process of
drawing a new mini-batch after each gradient update.
Indeed, we use each mini-batch twice in order to prop-
erly approach the curvature of the sliding loss, but
also to maintain a computing time similar to standard
algorithms.

We need to make sure that using the same mini-batch
twice is not the source of the observed advantage of
Step-Tuned SGD. We therefore performed additional
experiments where all competing methods are used
with the mini-batch drawing procedure of Step-Tuned
SGD (each mini-batch being used to compute two con-
secutive gradient steps). The results are presented
in Figure[5] and in Section of the Supplementary.
We observe that this variant actually reduces the per-
formance of concurrent methods especially in term of
training error. Thus, on these problems, changing the
mini-batch strategy is not the reason for the success of
our method.

6 Conclusion

We presented a new method to tune SGD step-sizes
for stochastic non-convex optimization within a first-
order computational framework. Using empirical and
geometric considerations, we addressed the difficulty
of preserving favorable behaviors of deterministic algo-
rithms while dealing with mini-batches. In particular,
we tackled the problem of adapting the step-sizes to
the local landscape of non-convex loss functions. For a
computational cost similar to SGD, our method uses a
step-size schedule changing every two iterations unlike
other stochastic methods a la Barzilai-Borwein. Our
algorithm comes with asymptotic convergence results
and convergence rates. The method shows efficiency
in DL with a typical sudden drop of the error rate at
medium stages, especially on ResNets.
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Figure 4: Classification of CIFAR-10 (left) and CIFAR-100 (right) with ResNet-20, corresponding to Problems
(a) and (b) described in Section of the Supplementary. Continuous lines: average values from 3 random
initializations. Limits of shadow area: best and worst runs (in training loss). For fair comparison values are
plotted against the number of gradient estimates computed (using back-propagation).
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A Deep learning: Details and additional experiments

A.1 Summary of the DL experiments

In addition to the method described in Section [5.1] we provide in Table [I] a summary of each problem considered.

Table 1: Setting of the four different deep learning experiments.

Problem (a)

Problem (b)

Type Image classification Image classification
Dataset CIFAR-10 CIFAR-100
Network ResNet-20 ResNet-20
(Residual, Convolutional)  (Residual, Convolutional)
Batch-size 128 128
Activation functions ReLU ReLLU

Dissimilarity measure

Cross-entropy

Cross-entropy

Regularization A=10"* A=10"*
Grid-search 50 epochs 50 epochs
Stop-criterion 500 epochs 500 epochs

Problem (c)

Problem (d)

Type Image classification Auto-encoder

Dataset CIFAR-10 MNIST
Lenet

Network (Classical, Convolutional) Dense

Batch-size 128 128

Activation functions ELU SiLU

Dissimilarity measure

Cross-entropy

Mean-squared error

Regularization A=10"* A=10"*
Grid-search 30 epochs 50 epochs
Stop-criterion 300 epochs 500 epochs
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A.2 Additional comparative experiments

We compared different algorithms for solving Problems (a) and (b) in Section |5, below we provide the same type
of experiments for Problems (c) and (d). The results are presented in Figure [6

Problem (c): training error Problem (c): test accuracy Problem (d): training error Problem (d): test accuracy

—— Step-Tuned SGD
—— RMSprop

SGD
— Adam

| — Step-Tuned SGD | —— Step-Tuned SGD
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Figure 6: Classification of CIFAR-10 with an adaptation of LeNet (left) and training of an auto-encoder on
MNIST (right). This corresponds to Problems (c¢) and (d) of Table [l Continuous lines: average values from 3
random initializations. Limits of shadow area: best and worst runs (in training loss). For fair comparison values
are plotted against the number of gradient estimates computed (using back-propagation).

On these problems we do not observe the same drop in training loss as we observed when training the ResNets.
Yet, in every cases Step-Tuned SGD represents an improvement to vanilla SGD for a negligible additional
computational cost. RMSprop and ADAM are more efficient for training the auto-encoder. This may come from
the fact that these methods use a coordinate-wise step-size, acting as a preconditioners, which may be particularly
useful to train networks with a complex structure such as auto-encoders.

A.3 Additional experiments on the effect of using twice each mini-batch.

We present two additional experiments on the effect of using each mini-batch twice, similarly to what we presented
in Figure 5] The results for Problems (c) and (d) are reported on Figure[7]

Problem (c): training error Problem (c): test accuracy Problem (d): training error Problem (d): test accuracy
—— Step-Tuned SGD 07 —— Step-Tuned SGD —— Step-Tuned SGD
«+++ RMSprop RMSprop § ++++ RMSprop
SGD SGD i SGD

weer Adam

.+t Adam <+ee Adam

accuracy
J(e)
J(8)

6% 1072
—— Step-Tuned SGD 610

050 <. RMSprop
SGD
o Adam

045
4 6 8 10 12 k o 2 4 10 12 o 5 10 15 20 0
number of backpropagations x10* number of backpropagations x10* number of backpropagations 10 number of backpropagations x10*

Figure 7: Experiment on the effect of using the same mini-batch twice. For each algorithm, a mini-batch is drawn
and used twice consecutively to perform two updates as in Algorithm [2] Classification of CIFAR-10 with an
adaptation of LeNet (left) and training of an auto-encoder on MNIST (right).

Like for Problems (a) and (b) we observe that changing the way of using the mini-batches is not the source of the
satisfactory results of our method. Actually, under this usage of the mini-batches, ADAM and RMSprop achieve
similar results as Step-Tuned SGD on LeNet (unlike the comparative experiments of Figure@. Finally, these
experiments consolidate the hypothesis that coordinate-wise step-sizes are the reason for the gap of performance
between ADAM, RMSprop and Step-Tuned SGD on the training of the auto-encoder.
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B Proof of the theoretical results

We state a lemma that we will use to prove Theorem [4.1

B.1 Preliminary lemma

The result is the following.

Lemma B.1 (Alber et al. (1998, Proposition 2)). Let (ug)ren and (vi)ren two non-negative real sequences.
Assume that ZZ:S upvE < 00, and Z,j;x(’) v, = +oo. If there exist a constant C > 0 such that Vk € N, |ug41 —

ug|< Coyg, then up, — 0.
k—+oo

B.2 Proof of the main theorem

We can now prove Theorem [4.1

Proof of Theorem[].1 We first clarify the random process induced by the draw of the mini-batches. Algorithm [2]
takes a sequence of mini-batches as input. This sequence is represented by the random variables (By)ren as
described in Section [3.2] Each of these random variables is independent of the others. In particular, for k& € N*,
B is independent of the previous mini-batches By, ..., Bg_1. For convenience, we will denote B, = {By, ..., Bx},
the mini-batches up to iteration k. Due to the randomness of the mini-batches, the algorithm is a random process
as well. As such, 60, is a random variable with a deterministic dependence on B, _; and is independent of By.
However, 6, +1 and By are not independent. Similarly, we constructed v such that it is a random variable with
a deterministic dependence on B;,_;, which is independent of By. This dependency structure will be crucial to
derive and bound conditional expectations. Finally, we highlight the following important identity, for any k& > 1,

E [V e, (0k)[Bi_1] = VI (0r). (25)

Indeed, the iterate 6, is a deterministic function of B, _, so taking the expectation over By, which is independent
of B, _;, we recover the full gradient of J as the distribution of By, is the same as that of S in Section Notice
in addition that the same does not hold for Q,H_% (as it depends on By).

We now provide estimates that will be used extensively in the rest of the proof. The gradient of the loss
function V.7 is locally Lipschitz-continuous as J is twice continuously differentiable. By assumption, there
exists a compact convex set C C R”, such that with probability 1, the sequence of iterates (6% )ren belongs to C.
Therefore, by local Lipschicity, the restriction of V.J to C is Lipschitz-continuous on C. Similarly, each V7, is
also Lipschitz-continuous on C. We denote by L > 0 a Lipschitz constant common to each V.7,, n=1,..., N.
Notice that the Lipschicity is preserved by averaging, in other words,

VBC{L,...,N} Vi, ¢2 € G, [|Ts(¥1) — Te(h2)I< L[t — 92| (26)
In addition, using the continuity of the V7, ’s, there exists a constant Cs > 0, such that,

Finally, for a function g : R — R with L-Lipschitz continuous gradient, we recall the following inequality called
descent lemma (see for example Bertsekas et al.| (1998, Proposition A.24)). For any 6 € R and any d € R?,

9(0-+d) < g(6) + (Vg(6). ) + 5 (28)

In our case since we only have the L-Lipschitz continuity of V.7 on C which is convex, we have a similar bound
for VJ on C: for any 6 € C and any d € RY such that § +d € C,

J(0+d) SJ(G)—HVJ(G),d)—kngHQ. (29)
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Let 6y € RY and let (01 )ren a sequence generated by Algorithminitialized at fy. By assumption this sequence
belongs to C almost surely. To simplify we denote 1, = a7y (k + 1)7. Fix an iteration iteration k € N, we can
use with 0 = 0, and d = —n,VJg, (0x), almost surely (with respect to the boundedness assumption),

2
T Oyy) < T(60) = il VT (00), Vo, (61)) + & LIV T, (60) (30)
Similarly with 6 = 6,1 and d = -V Jg, (9k+%), almost surely,
2
n
TOx11) € TOrs) ~ VT Oy 3). Vo, O ) + B LIV T, (O )1 (31)
We combine and , almost surely,

T (0rs1) < T(08) — i (VT (06), VT, (00)) + (VT (Biy ), VI, 014 1)))

771% 2 2 (32)
+ L (I To, O0) P+ 9 To (6511
Using the boundedness assumption and , almost surely,
IV Te, (0:)?< C2 and [V Te, (61 1)[I< Co. (33)
So almost surely,
T Osr) < T(03) =i (VT O0). VTo, 00)) + (VT Oy 3). VI, (0p4) ) o)

Then, we take the conditional expectation of over By conditionally on B, _; (the mini-batches used up to
iteration k — 1), we have,

E [T (0k+1)[Bi—1] SE [T (04)|Bp_s] +E [15LC2(By ]

—E [mc ((VJ(%), VI8, (0k)) + (VI (0)11), Vs, (9k+§)>> ‘Ekq} : (%)

As explained at the beginning of the proof, ) is a deterministic function of Bj,_;, thus, E [j(@k)@k_d = J(0).
Similarly, by construction 7y is independent of the current mini-batch By, it is a deterministic function of Bj,_;.

Hence, reads,
E [T (0k11)|By—1] <T(0k) + i LC2: — mi(V.T (0), E [V Te, (04)|By._1])

(36)
—E [(VT (s 3). Vo (05))[Bes | -
Then, we use the fact that E [V s, (0k)|Bj_1] = VT (0k). Overall, we obtain,
E [T (0k+1)[Br_1] <T(0k) + ni LC2 — mi|[ VT (0x)||?
— N {<V~7(9k+%)’ vak(0k+%)>‘Ek—l:| : BT
We will now bound the last term of (37). First we write,
- <V»7(9k+§)a Vs, (0k+%>> (38)
= —(VI(011), VI, (O 1) = VI, (Ok)) — (VI (Ohy 1), VI8, (0k))-
Using the Cauchy-Schwarz inequality, as well as and , almost surely,
(VT Or41), VI8 (Oh1.3) = VT8, (0k))] < VT (014 IV Ty Ok 1) — VTs, (01
< VT G )Ly, — O )

SNIVI Oy DILI =1V Ts,. (0k) |
< L02277k-
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Hence,
— (VT (Or41) Vs, (O141)) < LCIne — (VT (By11), VTe, (01))- (40)
We performs similar computations on the last term of , almost surely
— (VT (0411), Vs, (0x))
—(VI(Ory1) = VI (0k), VI8, (0k)) — (VT (0k),VIs, (k)
S IVIOr1) = VIOV Ts, (0) || = (VT (0k), VTs, (01)) (41)
< LCo||0p 3 — Okll— (VT (0k), VT, (0k))
< LO3mw — (VT (0k), VT, (01))
Finally we obtain by combining , and , almost surely,
(VT (O 3). Ve, Oy ) < 2LCIM — (VT (01), VT, (61). (42)

Going back to the last term of , we have, taking the conditional expectation of , almost surely

“E [(VT (O 1), Vo, Orr 1) B
< 2L022771% — & [< J(0k), VT8, (ek»‘ﬁkq] (43)
< 2LCIn; — (VT (01),E [VTs, (01)|Br_1])
= 2LC3n; — ml|V T (00|

In the end we obtain, for an arbitrary iteration k£ € N, almost surely

E [T (0k+1)|Br_1] <T(0k) — 20|V T () | +17 L(C2 + 2C3). (44)
To simplify we assume that M > v (otherwise set M = max(M,v)). We use the fact that, n;, € [2%% ol I,

(Ich1)<S ) (k+1)% D
to obtain almost surely,

2 2
(k+1)%

To prove that the sequence (J(6k))ren converges almost surely, remark that in particular for k € N, we have,

E [T (0r+1)|Bioy] <T(Ok) = 27— 55 IVT (0n) [P+ L(Cy +2C3). (45)

(k—i—l)

2M2
E [T (0541)|Bi1] ST(0k) + 555 L(C2 + 2C3). (46)
(k+1)%°
For each k € N, set
Ve )
Vi = mL(CQ -+ 202), (47)
this sequence is summable. From we have,
E [T (0k+1)|By—1] Z v; < J(0k) + sz (48)
i=k+1

This shows that the sequence of random variable J(6x) + Z & Vi forms a supermartingale with respect to the
filtration induced by the increasing family of random variables (Ek_l) rken (see chapter 4 of |Durrett| (2019))). Since
it is bounded below, by Theorem 4.2.12 of Durrett| (2019) we have that J (6x) + 3.y v; admits a limit almost
surely as k — oco. Then, Z;O,j v; tends to 0, so J(0y) converges almost surely.

We now prove that almost surely, V.7 (0x))||? converges to 0 in expectation. To do so, we go back to ([d5). We
have, almost surely,

21772
M ch 420, (49)

SIVT(00)|2< T (0) — E [T (Ok41)|By.—1] + [CEE (

2(k:+1)
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We now consider the expectation of (49)) (with respect to the random variables (By)ren). The tower property
of the conditional expectation gives EBk E[T (Ok41)|Bi—1]] = E[J (0k41)] so we obtain, for all k € N,

am 9 a?M? 9 50
25 E IV (00)17] <ELT(00)] ~ ELT Guen)] + 55 L(Co +2C3). (50)
Then for K > 1, we sum from 0 to K — 1,
K—1 o K—1 K—1
2 E [V (61)]7] Z E[J E [T (0k11)]
k=0 (k+1)° k=0 (51)

K-1 a2"‘2
+Z e L(Cy +203).
=0

This can be simplified into,

=

—1

Z 2 e IV 001] < 700 7] + 3 b Ca + 203
o @)
< J(6o) — wienﬂgp J (W) + 2:: Gt D> L(Cy +2C3),

from there we can deduce that the right-hand side is bounded. Indeed, by assumption, infycgr J (1) > —o0,
since in addition, § €]1/2,1], > =z < +oo we have,

(k+1)
+oo 2072
a“M
k=0
Overall, from we deduce that,
= am
k=0

In each |[VJ(01)||?, for k € N* can be considered as a function of (B;),en although it actually depends
only on (Bg) <k This way, we can use Beppo-Levi’s theorem on the sequence (Zk 0 2(k+1)5 ||Vj(0k)||2)K . to
€

interchange the expectation and the sum, so,

“+o0 ~
am
E|> 22— 01 ||? . 55
— (k ¥ 1)5 ||Vj( k:)” < 400 ( )
This implies in particular that the random variable,
00 1
E 0 56

is finite almost surely and has finite expectation. Indeed, the sum in must be finite with probability one for
to hold. Since Z;:S m = 400, this implies at least that almost surely,

liminf|| V.7 (6%)]|*= 0. (57)
k—o0

e¥1)s "

To prove that in addition hm ||V\7(t9k)||2 0, we will use Lemma with uy = |[VJ(0r)]]? and vy, = ( L
So we need to prove that there exists C3 > 0 such that |ug1 — ug|< Csvg. To do so, we use the L-Lipschitz
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continuity of the gradients on C, triangle inequalities and . It holds, almost surely, for all £k € N

VT Ok )P =V T (00)]1?]
= (IVT O+ )IHIVT @) > T VI Ok ) =IIVT(0k) || |
<2C2 [[IVT (O ) 1= IV.T ()]
<L2C3||VT (Ok11) — VI (01) |l
<205 L||0k 1 — O]

<20, 1 ankwsk (0k) — MV Te, (01 1)

‘ (58)

<2C,L TR IVTe, (0r) + VI8, (9k+ )i

( )
aM
(k+1)°

So taking C3 = 4C3LaM, by Lemma [B.1} almost surely, limy_, 1 o0|| V.7 (81)]>=
Finally, we prove the rate of Theorem From , there exists Cy > 0 such that for any K € N, it holds,

<4C3L

K

1
O4>Z E[IVI@)I] >, _min E[IVIO)I*] D 7y
{1, K} P
> (K+1)"7° ||w<ek>||2 (59)
ke{l, LK
and we obtain the rate. O

B.3 Proof of the corollary

Before proving the corollary we recall the following result.
Lemma B.2. Let g: RP — R an L-Lipschitz and differentiable function. Then Vg is uniformly bounded on RY.

We can now prove the corollary.

proof of Corollary[{-2 The proof is very similar to the one of Theorem [I.I} Denote L the Lipschitz constant of
VJ. Then, the descent lemma holds surely and we obtain . Then, since for all n € {1,..., N}, each 7,
is Lipschitz, so is J. Furthermore, globally Lipschitz functions have uniformly bounded gradients so V.7 has
bounded gradient. Similarly, at iteration k € N, E[||V g, (0%)]|] is also uniformly bounded. These arguments
allows to follow the lines of the proof of Theorem and in particular to obtain and , and the same
conclusions follow by repeating the same arguments. O

C Details on the synthetic experiments

We detail the non-convex regression problem that we presented in Figure 2| and |3| Given a matrix A € RVXP
and a vector b € RV, denote A,, the n-th line of A. The problem is to minimize a loss function of the form,

9 R — J(6) NZ¢AT9 bn), (60)

where the non-convexity comes from the dissimilarity measure ¢(t) = t2/(1 + t2). For more details on the
initialization of A and b we refer to |Carmon et al.| (2017) where this problem is initially proposed. In the
experiments of Figure |3 the mini-batch approximation was made by selecting a subset of the lines of A, which
amounts to compute only a few terms of the full sum in . We used N = 500, P = 30 and mini-batches of size
50.

In the deterministic setting we ran each algorithm during 250 iterations and selected the hyper-parameters of
each algorithm such that they achieved |7 () — J*|< 107! as fast as possible. In the mini-batch experiments we
ran each algorithm during 250 epochs and selected the hyper-parameters that yielded the smallest value of J(6)
after 100 epochs.
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D Description of auxiliary algorithms

We precise the heuristic algorithms used in Figure [3| and discussed in Section

Algorithm 3 Stochastic-GV SGD

1: Input: a>0,v >0

2. Input: m > 0, M >0, § € (0.5,1)

3. Initialize 0y € RY, 7o =1

4: Draw mini-batches (By)ren independently and uniformly at random with replacement.

5: 01 = 0y — ayoV T, (0o)

6: fork=1,...do

7 A, =0, — 0,1

8: Agzaive - vak (ek) - vJBk—l (9;671)

9: if (Agp*¥e, Afg,) > 0 then

T i
(Agiaive Aby)

11:  else

12: Y =V

13:  end if

14: 7, = min(max(yg, m), M)

15: Opp1 =0k — (k%)ﬂijBk (0x)
16: end for

Algorithm 4 Exact-GV SGD

: Input: a>0,v >0
Input: m >0, M >0, 6 € (0.5,1)
Initialize 6y € R, vy =1
Draw mini-batches (By)xen independently and uniformly at random with replacement.
01 = 6y — a0V Ts,(60)
for k=1,...do
Ay, =0y — 01
G =VJIOr) — VI (0k-1)
if <Gk,AGBk> > (0 then
_ _llag)?
L (€PN
else
Ve =V
end if .
Yk = min(max(vyx, m), M)
150 Opy1 =0k — s VT8, (Ok)
16: end for

_.
=

— = =
L -
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Algorithm 5 Expected-GV SGD

1: Input: a>0,v >0

2: Input: m > 0, M >0, § € (0.5,1)

3. Initialize 0y € RY, 7o =1

4: Draw mini-batches (By)ren independently and uniformly at random with replacement.

5: 91 = 90 — Ot’yOVJBO (90)

6: for k=1,...do

T A, =0, — 0,1

5 Gh=— gl [Ca, (0k1)]

9: if <Gk7AGBk> > (0 then

10: . = (A0 |2
(G, A0)

11:  else

12: Y =V

13:  end if

14: 7, = min(max(yy, m), M)

15: 0k+1 =0, — ﬁvkaBk (ek)
16: end for
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