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Abstract

In this work, we consider a linear age-structured problem with diffu-
sion and non-homogeneous boundary conditions both for the age and the
space variables. We handle this linear problem by re-writing it as a non-
densely defined abstract Cauchy problem. To that aim we develop a new
result on the closedness of a commutative sum of two non-densely defined
operators by using the theory of integrated semigroups. As an application
of this abstract result, we are able to associate a suitable integrated semi-
group to some age-structured problem with spatial diffusion and equipped
with non-homogeneous boundary conditions. This integrated semigroup
is characterized by the description of its infinitesimal generator. Further
applications of our abstract result are also given to the commutative sum
of two almost sectorial operators, for which we derive a closedness results.

Key words. Age-structured problem with diffusion, non densely-defined
operators, almost sectorial operators, integrated semigroups, commutative
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1 Introduction

The study of linear non-homogeneous abstract Cauchy problems involving non-
densely defined operator has a long history starting with the pioneer work of
Da Patro and Sinestrari [7]. The theory related to such equations has received
a lot of interests in the last decades with a huge development of the so-called
integrated semigroups. We refer the reader to [2, 3, 4, 21, 27, 29, 33, 40], to the
recent monograph of Magal and Ruan [30] and the references therein cited. In-
deed linear and semilinear abstract Cauchy problems with non-densely defined
operators allow to handle various different classes of equations such as delay dif-
ferential equations, age structured equations, parabolic equations with nonlinear
and nonlocal boundary conditions and others (see [30] for an overview of some
possible applications of integrated semigroups to various types of equations).
Formulation of partial differential equations as an abstract Cauchy problem al-
lows on the one hand to deal with the existence and the uniqueness of mild
solutions, and more interestingly to deal with various perturbation results and
spectral theory. On the other hand, this also provides a powerful tool to study
semilinear problems by using the constant variation formula. It allows in partic-
ular to study stability and instability properties, to construct smooth invariant
manifolds and also to deal with bifurcation theory. We refer to the reader to
[14, 25, 28] and references therein cited. See also [31] for normal form reduction
for semilinear abstract Cauchy problems, involving non-densely defined opera-
tors.

In this work we study the following linear age-structured problem with dif-
fusion and non-homogeneous boundary conditions

0y + 0y — Ap)ult,a,z) = f(t,a,x), t>0,a>0, ze€Q,

u(t,0,z) = g(t, x), t>0, x €, (1.1)
Vu(t,a,z) - v(z) = h(t,a, ), t>0,a>0, x€d, '
u(0,a,z) = up(a, ), a>0,xe.

Herein Q C RY denotes a bounded spatial domain with a smooth boundary
09, v(z) with z € 09 denotes the outwards unit vector to 02, while f =
f(t,a,2), up(a,z), g = g(t,z) and h = h(t,a,x) denote suitable functions those
regularities and specific properties will be described latter. The system (1.1)
do not contain any mortality terms and birth terms since it can be considered
from our analysis and by using bounded perturbation technics (similar to the
ones presented in [30]).

Linear as well as non-linear age-structured equations with diffusion has been
introduced in various contexts, in particular in mathematical biology to model
the interplay between the spatial motions of populations and the history of
individuals, that somehow generalizes diffusion equations with time delay. We
refer to the reader to the pioneer works of Gurtin and MacCamy [17, 18]. We
also refer to the more recent developments in [8, 10, 11, 12, 14, 22, 24, 42, 43, 44]
and the references therein cited for various studies of (linear or non-linear) age
structured equations with spatial diffusion and more generally for analysis of



problems coupling hyperbolic and diffusive effects.

Here we aim at considering non-homogeneous perturbations both at the spatial
boundary 92 and at the age boundary a = 0. To our best knowledge this paper
is the first work dealing such a boundary conditions. And as a special case, we
able to provide the form of the mild solutions for such a problem (see Lemma
4.5). Here we consider a simple age structured model, but the analysis (and
the mild solutions) obtained in the present article can be extended in several
ways to handle more realistic models, as for instance by taking into account
mortality rates. The study of such a problem can be handled using different
strategies. In view of the recent literature, to consider such a question, one may
split the above problem into three sub-problems separately taking into account
the initial data at ¢ = 0, the non-homogeneous boundary condition at a = 0 and
the non-homogeneous Neumann boundary condition at 9. In other words, a
solution of (1.1) can be considered as u = u; + us + uz wherein uy, us and ug
respectively solve the following sub-problems

(0 + 00 — M) ur (t,a,2) = f(t,a,z), t>0,a>0, z€Q,

ui(t,0,2) =0, t>0, x €, (12)
Vuy(t,a,x) - v(z) =0, t>0,a>0, ze€d,
u1(0,a,x) = ug(a, x), a>0,xe€,
(0t 4+ 00 — Ap) ua(t,a,x) = t>0,a>0, z€Q,
us(t,0,2) = g(t,x) t>0, zeQ, (13)
Vus(t,a,x) - v(z) = t>0,a>0, xz €09,
u2(0,a,x) =0, a>0,zeQ,
and
(0t + 00 — Ap) us(t,a,2) =0, t>0,a>0, x€,
uz(t,0,2) =0, t>0, ze, (1.4)
Vus(t,a,z) - v(z) = h(t,a,z), t>0,a>0, z €,
uz(0,a,x) =0, a>0, e

Each of these sub-problems can be re-written as abstract Cauchy problems
when considered in suitable Lebesgue spaces. The first one can be handled
by the commutative sum of two densely defined operators (see [6]) while the
second and the third can be handled using more recent results (see [14, 41])
on the commutative sum of one densely defined operator and one non-densely
defined operator. More details on this approach will be given in Section 4. This
interesting approach allows us to deal with the existence of solutions for (1.1) but
does not directly provide a reformation of the full problem (1.1) as an abstract
Cauchy problem. In this work we develop another methodology to study (1.1)
by deriving a new and rather general result on the closedness of a commutative
sum of two non-densely defined operators. As a special case, one can apply our
general result to problem (1.1) by re-writing it as a linear non-densely defined
abstract Cauchy problem, that generates a suitable integrated semigroup and for



which we able to describe its infinitesimal generator. This direct approach allows
us to deal with the existence and uniqueness of mild solutions for such a linear
problem but it also provides a tractable analytical framework to handle related
semilinear problem involving, for instance, nonlinear and nonlocal boundary
conditions both at age a = 0 and on the spatial boundary 0. This non-linear
issue will not be discussed in this paper (see [30] for non-linear studies related to
integrated semigroups). Furthermore, as a by-product of our general analysis,
we also obtains a new abstract result ensuring that the closure of the sum of two
resolvent commuting non-densely defined operators becomes an almost sectorial
operator (see (2.7) below for the definition of such operators).

In the literature the properties of the sum of two resolvent commuting lin-
ear operators has been extensively studied, starting from the pioneer work of
Da Prato and Grisvard [6]. One may for instance refer to [5, 9, 32, 35, 36]
where closedness, sectorial property or boundedness of imaginary powers of the
commutative sums of two operators have been investigated, under various as-
sumptions and mostly for densely defined operators. One may also refer to
[20, 23, 37, 38] where the closability and the invertibility of the commutative
sum of two sectorial operators has been discussed using functional calculus, al-
lowing possibly operators with non-dense domains. Here we consider different
settings where the functional calculus used in the aforementioned works does
not apply in general. Rather our arguments and our analysis are based on
the integrated semigroups theory, in the spirit of the works of Thieme [41] and
Ducrot and Magal [14].

This paper is organized as follows. In Section 2 we recall important results
on integrated semigroups, that will be used in throughout this work. Section 3
is concerned with our general results on the closedness and some properties of
the commutative sum of two non-densely defined linear operators while Section
4 is devoted to the application of our abstract result to handle problem (1.1).

2 Preliminary

In this section we present some materials on linear abstract Cauchy problems
involving non-densely defined operators and we recall some important results
about integrated semigroups that will be used along this work. We refer the
reader to the monograph [30], the references therein cited and the references
cited above for more details on this topic.

In the following, when X and Z are two given Banach spaces we denote by
L (X, Z) the Banach space of the bounded linear operators from X into Z and
we denote for simplicity by £ (X) the space £ (X, X).

Throughout this section (X, | - ||) denotes a Banach space. In the following
we first recall some known results on integrated semigroups and then we recall
some important results on integrated semigroups generated by the so-called
almost sectorial operators.



2.1 Integrated semigroups

In this subsection we consider a linear operator A : D(A) C X — X and we
denote by p(A), the resolvent set of A. We assume that (A, D(A)) that satisfies
the following set of conditions.

Assumption 2.1 The linear operator A : D(A) C X — X satisfies the follow-
ing weak Hille-Yosida property

(i) There exist wa € R and Ma > 1 such that (wa,o0) C p(A) and

M
—k A

(ii) For all x € X, one has

A=Az =0 as \— oo

We denote by Ay : D(Ag) C D(A) — D(A) the part of A in D(A) the linear
operator given by

D(Ag) = {:v €D(A): Az e W} ,
Aol‘ = AI, Vx € D(Ao)

(2.5)

Let us first recall that, since p(A) # ), one has p(A) = p(A4y) (see Magal
and Ruan [28, Lemma 2.1]) and that, under Assumption 2.1 (i), Ao is the
infinitesimal generator of a strongly continuous semigroup on D(A), denoted by
{T'4,(t)};>o- Moreover it satisfies the following estimate

1T, (ﬂ”am) < Mae®4t, vt >0.

Now recall that wy(Ao), the growth rate of the semigroup {Ta, (t)},~, is defined
by -

wo (Ag) = lim " (”TAO“)”c(mQ.

t—o00 t

Since p(A) = p(Ap) this in particular yields
(wo(Ao),20) C p(A).

Next, according to [27], under the above assumption, A is the generator of a
unique non degenerate integrated semigroup, denoted by {Sa(t)},~, £ (X, (A)) ,
that is defined for each z € X, t > 0 and p > wy by

Salt)e = p / Tay()(n — A)"ds + (u— A) ™ — Ta, (8) (u — A) ',

and that furthermore satisfies



(i) For each x € X and t > 0,
¢ ¢
/ Sa(s)ds € D(A) and Sa(t)z = A/ Sa(s)ds + tx.
0 0

(ii) For each ¢, s > 0 one has
Sa(t+s)—Sa(s) = T4, (s)Sal(t).

We continue this section by recalling some results about the constant variation
formula. To that aim we now fix 7 > 0 and for each f € L'(0,7; X) we define
the convolution S4 * f by

(Sax*f)( / Sa(s)f(t—s)ds, Vtelo,7].

Note that when f € C1([0,7]; X) the convolution map t — (Sa * f)(t) is con-
tinuously differentiable from [0, 7] into D(A).

Next, the existence and uniqueness of mild solutions for the non-homogeneous
Cauchy problem

du(t)
U0 — aut) + 1), 1€ 0,7)

u(0) = z € D(A),

for some 7 > 0 and f € L'(0,7; X), is related to the following condition.

Assumption 2.2 There exist p € [1,00), M > 0 and w € R such that for all
f€C(]0,00); X) one has

¢ b
H (S % f)(t H <M (/ epw(t5>||f(s)||1’ds> , Vt>0.
0

Remark 2.3 For the purpose of this work, it is important to work with LP-
estimates with suitable values for p € [1,00). Indeed, as it will be clear in the
sequel, such LP-framework will allow us to compensate a singularity coming from
almost sectorial perturbation (see (3.17)).

Under the above assumptions, namely Assumptions 2.1 and 2.2, the derivation-
convolution operator %(S A % -) enjoys the following properties. We refer to
Magal and Ruan [27, 30] for the proof of the properties stated below and for
further properties.

Lemma 2.4 Let Assumptions 2.1 and 2.2 be satisfied. For each function f €
LP ([0,00); X), the convolution function (Sa * f) belongs to C'* ([0,00); D(A))

loc
and the function u(t) = £(Sax f)(t) is the unique mild (or integrated) solution
of the abstract Cauchy problem

du(t)
Frak Au(t)+ f(t), t>0,

u(0) =0,




namely the function t — u(t) satisfies

/0 u(s)ds € D(A), Vt>0 and u(t) :A/O u(s)ds—l—/o f(s)ds, Vt>0.

Moreover, the following estimate holds for all f € L1, ([0,00);X)

t I
H (Sax f)(t H <M (/ ep“’(t_s)Hf(s)pds) , Vt>0,
0

and, for each A > wgo(Ap) one has

(/\—Ao)*I%(SA*f)(t):/O Ta,(t —s) (A — A) " f(s)ds, Vt>0.

In the sequel, for each 7 > 0 and each f € L'(0,7; X), we make use of the
symbol ¢ to denote the derivation-convolution operator, that is

(Sa00) () = L(SaxN)®), Vrelor]

as soon as the map t — (S * f)(¢) is continuously differentiable on [0, 7].
Using this notation, let us also recall that, for each 7 > 0 and each f €
L?(0,7; X), the following formula holds for 0 < s <t <7

(Sao f) () =Ta,(t—s)(Saof)(s)+(Sacf(+s))(t—s) (2.6)

2.2 Analytic Integrated Semigroup

In this section we present some materials on linear abstract Cauchy problems
involving non-densely defined almost sectorial operators. We refer to Ducrot
and al. [15] for the proof of the results recalled below and also to Ducrot and
al. [13] for further results related to analytic integrated semigroups and linear
abstract Cauchy problems.

Let B : D(B) C X — X be a closed linear operator. We denote by By
the part of B in D(B). Throughout this section we assume that B satisfies the
following assumptions.

Assumption 2.5 Let B : D(B) C X — X be a linear operator on a Banach
space (X, ||||) . We assume that

(a) The linear operator By is the infinitesimal generator of a strongly contin-
uous analytic semigroup of bounded linear operators on D(B), denoted by

{T,(t) }150-
(b) There exist wg € R and p* € [1,00) such that (wg,00) C p(B) and

1
H()\—B)le :0< 1) as A — oo.
L(X) Ap*



Let us recall that Proposition 3.3 in [15] ensures that the above set of assump-
tions is equivalent to the following conditions: The operator By is sectorial on
D(B) and B is p%—almost sectorial on X, meaning that there exist w € R,

0 e (%,’ﬂ') and M > 0 such that

Yoo ={AeC\{w}: |arg (A —w)| < 8} C p(B),

_ 2.7
A=l ||\ = B) 1” <M, VYA€ S, 27)
£(x)

1
¥

We refer to [26] for more details.

Let us observe that, since p* < oo, the resolvent of B, (A — B)™! — 0z(x)
as A — oo in the operator norm topology. Therefore the linear operator B :
D(B) C X — X also satisfies Assumption 2.1 and the results recalled in the
previous subsection hold for the operator B. In particular, it is the infinitesimal
generator of an integrated semigroup on X denoted by {Sg(¢)}i>o0.

Denote by wq(By), the growth rate of the semigroup {T’5,(t)},~, and recall
that, due to the results of the previous section one has

(wo(Bo),0) C p(B) = p(Bo)-

Next recall that the integrated semigroup {Sg(t)},-, corresponds to the family
of bounded linear operator on X given by a

Sp(t) = (A — Bo)/o Tp,(s)ds(A—B)™",

for all A € (wo(By),00). Moreover, for any « € X, the map ¢t — Sp(t)x from
(0,00) into X is differentiable, so that the family

Tg(t) := %;(t) =(A—By) T, () (A — B)f1 , fort>0,
defines a semigroup of bounded linear operators on X. However when B is not
densely defined then the family {T5(t)},~, of bounded linear operator on X is
not strongly continuous at ¢t = 0 and the map t — T(t) exhibits a singularity
when ¢ — 0.
Next, due to Assumption 2.5, the fractional powers operators (A — Bgy)™
are well defined, for any A > wo(Bp) and a > 0 by the usual formula

P Y
(A=DBo) " = ) / 2 g, (t)dt  and (A —By)" =1I.
0

'
Now, since B is only assumed to be p%—almost sectorial, the fraction powers of

(A — B)~! are not well defined for any power o > 0 but only for power « large
enough linked to p*. More precisely, we have the following result (see [34] or
Lemma 3.7 in [15]).



Lemma 2.6 Let Assumption 2.5 be satisfied. Then, setting ¢* € (1,00] such
that p% + q% =1, for each a € (ql*, oo) and A > wo(By), the fractional power
operator (A — B)™* € L (X) is well defined. Moreover, one has

(A= B) " (X) c D(B),
and the following properties are satisfied:

(i) (n=Bo) ' (A=B) ™ =(A—=Bo) " (n—B)"", Yu>uwo(By)

(i) A= Bo) “z=(\—B) “x, Vxe D(B).
(iii) For each o >0, 8 > qi*’
(A=By) “(A\=B) " =(x-B)~ ",
The fractional powers allow to derive rather precise properties for the integrated
semigroup {Sp(t)}1>0. Indeed, since (A — B)™* and (u — B)™" commute, it fol-

lows that (A — B)™® commutes with Sp(t) and T, (t), that yields the following
expression for the integrated semigroup Sp(t)

smwzu—fm“AHE@max—Brawzo

1
for any o € <*, oo) and for each A > wo(By). From this, we infer that for any
q

A > wo(By) and a € (1 1}

dSp (t)
dt

= ()\—Bo)aTBO(t) ()\—B)_a, vt > 0.
As a consequence, for x € D(B), one also obtains, for any q% < «a <1, that
d2SB (t)l‘
dt?
Hence, fixing A > wy(By), one obtains that for each w > wy(By) and any

a € (q%, 1) there exists some constant M = M, ,, such that, for all € D(B),

the following estimate holds

’ d2SB(t)l‘

dt?
Finally we recall some properties of the non-homogeneous abstract Cauchy
problem

= (A= Bo)*Tp,(t)Bo(A— B)"" (A= By)"* (A — B)z, Vt>O0.

M
< t—aewt”()\ — B)z|, Vt>O0. (2.8)

du(t)
T Bu(t)+ f(t), t>0,

u(0) = = € D(B).

(2.9)




Theorem 2.7 Let Assumption 2.5 holds. Let 7 > 0 and f € LP (0,7; X) with
p > p* be given. Then, the convolution map t — (Sp * f) (t) is continuously
differentiable and one has

(Sp* f)(t) e D(B), Vtelo,7],
and

t
0

(Spof)(t) =B / (Spof)(s)ds + /O f(s)ds, Vte[0,7].

11 1 1
Moreover, for each B € <*, ) (with p —|—]; =1), each A > wo(By) and each

t € [0, 7], the following equality holds

(Spof)t) = (T f)(t) :/0 (A= Bo)" T, (t = s) (A = B)™ f(s)ds,

as well as the following estimate

iS50 ol <=5 | - e (s s,

wherein Mg denotes some positive constant and w > wo(By).

Remark 2.8 We may note that the above result ensures that the linear operator
B satisfies Assumption 2.2 with any w > wo(By) and for any p > p*.

The above result allows us to obtain the following variation of constant
formula:

(S50 f) (8) = Ty (t = 5) (S50 f) (s) + (Sp o f(s +)) (t =), V=520,

Finally, by using the above theorem and the usual uniqueness result of Thieme
[40, Theorem 3.7], one derive the following result.

Corollary 2.9 Let Assumption 2.5 be satisfied. Letp € (p*,00) be given. Then,
for each f € L? (0,7; X) and each x € D(B) the abstract Cauchy problem (2.9)

has a unique integrated solution u € C ([0, 7] ,D(B)) that is given by

u(t) :=Tp,()x+ (Spo f) (), Vitel0,T].

3 Commutative sum of linear operators

In this section we shall prove a result for closedness of the resolvent commuting
sum of two non-densely defined linear operators. We also derive some conditions
ensuring the closure is the infinitesimal generator of an integrated semigroup.
Throughout this section, we denote by (X, || - ||) a given and fixed Banach space.
Before going to the main result of this section let us recall some definitions.

10



Definition 3.1 Let T : D(T) C X — X be a linear operator. We denote by
Graph (T) := {(z,Tz), x € D(T)} C X x X,

its graph. We say that the linear operator T is closable if it admits a closed
extension, that is there exists a closed linear operator T' : D(T") € X — X
such that

Graph (T') C Graph (T").

In that case, we define the closure of T, denoted by T : D (T) C X = X, as the
smallest closed extension of T', namely

D(T)={ze€ X : 3y e X (z,y) € Graph (1)},
Tr=vy, VxeDT).

In other words, one has x € D(T) and y = Tx if and only if there evists a

sequence (Tn)n>0 C D(T) such that ||z, — z|| — 0 and ||[Tz, —y| — 0 as

n — oo.

Throughout the rest of this paper, if T: D(T) C X — X is a linear operator, we
use the notation R(T") to denote the range of T', that is R(T) = T (D(T)) C X.

We now formulate the main assumptions that will be used in this section
and state our main result as well. Let A : D(A) C X — X and B : D(B) C
X — X be two closed resolvent commuting linear operators. Here by resolvent
commuting we mean that

A=A (=B = (u=B) (A= 4", VAuepA)np(B), (3.10)

wherein p(A) and p(B) denote the resolvent set of A and B, respectively.
As far as operator A : D(A) C X — X is concerned, we assume that it
satisfies the following set of properties.

Assumption 3.2 (Assumption on the linear operator A) The closed lin-
ear operator A satisfies Assumptions 2.1 with parameters wqg € R, Mg > 1 and
Assumption 2.2 with some parameter p € [1,00) and, without loss of generality,
M = My and w = way, that reads as for all f € LY. ([0,00); X) one has

loc

t :
(0 ol < 3a ([ eeNsopas) " vezo
0
As far as the linear operator B : D(B) C X — X is concerned, we assume
that it satisfies the following set of assumptions.

Assumption 3.3 (Assumption on the linear operator B) The closed lin-
ear operator B : D(B) C X — X satisfies Assumption 2.5 with parameters
wp € R and p* € [1,00).

In order to state our main result, we need an additional assumption coupling
the properties of the linear operators A and B, that reads as follows.

11



Assumption 3.4 (Assumption coupling A and B) In addition to the two
above assumptions, namely Assumption 3.2 and 3.3, and the commutativity
property (3.10), we assume that the parameters p and p* satisfy

1 1
-+ - > 1.
p p
Setting ¢* € (1,00], the conjugate exponent of p* defined by p% + q% =1, the

above inequality rewrites as
1 1

T p
Before stating the main result that will be proved in this section, note
that Assumption 3.2 allows us to introduce the strongly continuous semigroup

{Ta,(t) }iz0 C L (D(A)) generated by A, the part of A in D(A), while As-
sumption 3.3 allows us to consider {Sg(t)}:>0 the integrated semigroup gener-

ated by B, Tg(t) = %;(t) as well as {Tg,(t)}1>0 C L (D(B)), the analytic and

strongly continuous semigroup generated by By, the part of B in D(B). Let us
observe that from the commutativity property (3.10) one has, for all ¢ > 0,

Ta,(t)D(A)ND(B) C D(A)ND(B), Tp,(t)D(A)ND(B)C D(A)N D(B),

and
T, ()T, (t)x = Tp, (t)Ta,(t)x, VYx € D(A)ND(B), Vt > 0.

Using the above notations, the main result of this section reads as the following
theorem.

Theorem 3.5 Let Assumption 3.4 be satisfied. Consider the linear operator
A+B:D(A+ B) C X = X given by

D(A+ B) =D(A)ND(B),
(A+ B)x = Ax + Bz, VYx € D(A+ B).
Then, the following hold

(a) The linear operator (A + B) is closable and there ezists A\g € R such that
for all X > X\g, we have

D(B) + D(A) C R(\— (A + B)). (3.11)

Moreover, A+B admits a closed extension, denoted by A/+\B : D (m) -
X — X such that p (m) 18 mot empty and contains some interval of
the form [X, oo) , for some NeR.

12



(b) If we moreover assume that there exists Ao € R such that, for all A > A,
one has
R(A— (A+ B)) is dense in X, (3.12)

then the closure A+ B : D (A+ B) C X — X satisfies Assumption 2.1
and the following properties hold true:

(i) D(A+B) =D(A)NnD(B).
(ii) The strongly continuous semigroup generated by (A + B)O, the part
of A+ B in D(A) N D(B) and denoted by

{T(m)o(t)}tzo c £ (DA N D(B)) .
s given by
Tass),®) = Ta O i5enrnm © 1o (O ipanrom: 7 2 0

(iii) The integrated semigroup generated by A+ B on X is given by
Sirpt) = (SaoTp(t—-))(t), Vvt>0.

(iv) The integrated semigroup {Sm(t)} satisfies the following reqularity

property: for any r € [1,00) with

1 1 1

S<=+ =1,

r p P
and any w > wo(By) there exists a continuous function ¢ : [0,00) —
[0, 00) with §(0) = 0 such that for any function f € L ([0, 00); X),
the map t — (Sm * f) (t) is continuously differentiable from [0, 00)
ito X and the following estimate holds

I(Sazm o f) Ol <D flLroux), VE=0.

Remark 3.6 Note that, because of (3.11), when D(B) is dense in X then (3.12)
1s automatically satisfied and the above result has already been proved by Ducrot
and Magal [14] and Thieme [/1] in a more general framework. We also refer to
Thieme [39] for results in the same direction with Hille- Yosida operators. Let us
also notice that when D(A) + D(B) is dense in X then (3.12) is satisfied. This
point will be used latter to consider our application to age structured problem
with diffusion, namely (1.1).

Remark 3.7 From the above theorem, one may observe (see (ii)) that

wo ((A + B)O) < wp (AW) + wo (BW) < wp (AO) + wo (BO) 3
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wherein AD(A)OD(B) and BD(A)QD(B) denote respectively the part of A and B
in D(A) N D(B). Hence we obtain that

(v (4o) + w0 (Bo) ,o0) < (wo (Apcamcar) + 0 (Bocmmea) -2

and, since p (A+ B) = p ((A+ B),) (see Lemma 2.1 in [28]), one has

(wo (AW> + wy (BW) ,oo) Ccp(A+B).

As a special case, if wo (Ag)+wo (By) < 0 then 0 € p (A+ B) and for anyy € X,
the equation — (A + B)x =y has a unique weak solution x € D(A) N D(B), in
the sense of Definition 3.18 below.

Remark 3.8 From our proof given below (see Lemma 8.15), we shall obtain
the following estimate for the resolvent of A +

B
[0-77B)" | =0 () o 2o

11
forany0<'y<5—q—*.
As a special case of Theorem 3.5 we obtain the following corollary.
Corollary 3.9 Let Assumption 3.4 be satisfied. Assume furthermore that

(i) There exists Ao € R such that for all A > Ao, one has

R(\— (A+ B)) is dense in X.
(ii) The strongly continuous semigroup

{TAO (t)lm o TBO (t)‘m}t>0 cL (D(A) N D(B))

18 analytic.

Then, A+ B is closable and its closure, denoted by A+ B: D (A+B) C X —

X, satisfies Assumption 3.8 with p% replaced by ~ € (O,% — qi) In particular

the linear operator A + B is y-almost sectorial for any v € (O, 1% — q%)
The above corollary directly follows from Remark 3.8 coupled with Propo-
sition 3.3 in [15].
A more specific situation is concerned with the commutative sum of two
operators satisfying both Assumption 3.3. This result is presented in the next
corollary.

14



Corollary 3.10 Assume that both linear operators A and B satisfy Assumption
3.3 respectively with exponent p*% € [1,00) and p € [1,00). Then, if there exists
Ao € R such that, for all A > X\g, one has

R(A—(A+ B)) dense in X,

and
1 1
—~t—=>1
Pa  PB

then, A+ B : D(A)ND(B) C X — X is closable and its closure, denoted by
A+B:D (A + B) C X — X, also satisfies Assumption 8.8 with any exponent
p* € (1,00) such that

1 1 1
p Pa Pp

To prove Theorem 3.5 we closely follow the construction provided by Ducrot
and Magal in [14] to handle the closability of the commutative sum of two linear
operators, one satisfying Assumption 3.2 while the other is the generator of a
strongly continuous semigroup. Here we extend this methodology to take care
of the additional difficulty coming from the fact that the linear operator B is, as
A, also not densely-defined and that the derivative semigroup Tg(t) = diB (t)
admits a singularity at ¢ = 0. Here we shall crucially make use the fact that
such a singularity is of polynomial type and thus belongs to a suitable Lebesgue
space.

To perform our analysis and prove Theorem 3.5, we shall make use of ex-
ponentially weighted Lebesgue and Sobolev spaces. More specifically, for any
p € [1,00) and n € R we define the Banach space L} (0, 00; X) by

LB(0,00; X) = {) € Lio([0,00); X) : = e™4(t) € LP(0,00; X)},
endowed with the weighted norm, denoted by || - [[ 4 (0,00:x). and given by
Hw”Lz(O,oo;X) = Hen'w”LP(O,oo;X% V¢ € L2(07 OO,X)

We also introduce the associated weighted Sobolev spaces W,%’p (0, 00; X) given
by

W2 (0,005 X) = {w € WP (10,00)5 X) & (1,0) € L (0,003 X)°}.

Before proving Theorem 3.5 we need to prove several preliminary lemmas and
results. Our first lemma reads as follows.

Lemma 3.11 Let Assumption 3.2 be satisfied. Recalling that wa, My and p
are defined in Assumption 3.2, let n > max (0,wa) be given. Then, for each

f € L5(0,00; X) the following limit exists in D(A)

Jim (Sao f(t =) ().

15



Moreover the operator Ka : L} (0,00; X) — D(A) defined by
Ka(f) = Jim (Sa0 f(t—1) (0),

18 a bounded linear operator and satisfies the following estimate

Mt
A AT
KAl (L50,000) BT < T gtonmy — Ma ().

Proof. Fix n > max(0,wa) and f € LP(0,00; X). Next in order to prove the
above result, let us show that the function ¢ — (Sa ¢ f(t — -)) (¢) satisfies the
Cauchy criterion as t — oco. To that aim, let us first observe that due to the
constant variation formula (2.6), for all 0 < s < ¢, one has

(Sao f)(t) =Ta,(t —5)(Sao f)(s)+ (Saof(s+))(t—s)
Hence one gets, for all ¢ > 0 and A > 0,

(Saoft+h—=))(t+h) =Ta,(t+h—h)(Sao f(t+h—"))(h)
+(Saof(t+h—h—))({t+h—h),

so that, for any ¢ > 0 and h > 0, one has

(Saoflt+h=))t+h)—(Saef(t—-)(F)

:TAo(t)(SAOf(t+h7 ))(h) (313)

Now, for any ¢ > 0 and h > 0, one has
140 (8)(Sa 0 £t + b — DA < 1Taa (Ol gy | (Sa 0 £+ B = DB,
Next, since the strongly continuous semigroup {74, (t)}:>0 satisfies
ITa0 O 2 peay) < Mae“*t, vt =0,
the estimate in Assumption 3.2 leads us to

[Ta, (£)(Sao f(E+h—))(h)]

h 1/p
< Mye?A?t (MA/ ePa (=D £t 4+ b — l)|pdl>
0
1 h 1/p
<My e (/ R z>|pd1> ,
0
hence
[Ta, (t)(Sa o f(t+h—-))(h)

h 1/p
< M;+%e(““*’")t </ ePwa=m (=) pn(t+h=U)) £t 4 p — l)||pdl>
0
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Recalling that n > max(0,w,), we infer from (3.13) and the above inequality
that, for all ¢ > 0 and h > 0,

[(Saoflt+h—=))E+h) = (Saof(t =)@ =[Tay(t)(Sac f(t+h—-)) ()]

N h
< M:rpe(um—n)t (/ ePth=D f(t 4 b — l)|pdl>
0

1

P

i t+h P 1
< MLTPewamm </ e””"lf(a)pd0> < M eleammt | ]
t

L3(0,00;X)

Since wq — 1 < 0, the above estimate ensures that the expect limit do exist.
Now we derive the estimate for K 4. To do, note that since wq —n < 0 and
(Sa ¢ f(0—="-))(0) =0, it follows that for each k € N and ¢ € [k, k + 1] one has

[(Saoft=)@OI <I[(Saeft—-))(t) = (Saoflk—-))(k)
F(Sao f(k—))(k) = (Sao f((k—=1)=))(k=1)]

H(Sa0f(1=)A) = (Sao f(0=-)O)
< M,T_E ||fHL$,(O,oo;X) [e(wA—ﬁ)k +elwa—m(k=1) L = 4 1]
141

P
M ,
= T _ewa-n

f||L2(07oo;X) )

and the result follows. ]
By using the approximation formula (see Magal and Ruan [27])

g(SA * f)(t) = lim tTAO(t — A\ — A) "L f(s)ds, Vt>0,
dt A—o0 Jo

we deduce that for each 7 >0, f € LP(0,7; X) and 6 € R
(Sacso ft—2)) )= (Sao (e f)(t—2)) (1), Vtelo,7]. (3.14)
The above formula coupled with Lemma 3.11 yields the following lemma.

Lemma 3.12 Let 6 € R and n > max(0,w4) be given. Then, for all function
fe L275(0700;X), the limit

Ka_s(f) == tlgglo (Sa—so f(t—"))(t) exists in D(A),
and for all f € LZ_(;(0,00;X) one has
Ka—s(f) =Ka (e f),

and N
IKa—s (NI < Ma () [ fllz2_0,00:)-
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Proof. The proof of this lemma directly follows from the application of Lemma
3.11 together with (3.14) by noticing that

fell 5(0,00;X) < e f e L}(0,00; X),

Our next lemma reads as follows.

Lemma 3.13 Letn > max (0,w,) be given. Then, for each f € W#’p(O, o0; X),
one has
Ka(f) € D(A).

Moreover, the following identity holds true
Ka(f') + AKa(f) + f(0) = 0,

Proof. Applying Assumption 3.2 with any constant function f(t) = x for x € X
and noticing that in such a case one has:

(Sao f)(t) = Sa(t)z,
one obtains that S4(t) satisfies

t 1/p
1Sa(t)z]| < Ma (/ ep“’Asds) lzll, V>0, Ve e X. (3.15)
0
Now let f € WP ([0,00),X) be given. Then, for all ¢ > 0, one has

|uwnleWN@wssLmeﬁ%wwﬁ@mm&

Next set ¢ € (1,00], the conjugate exponent of p, namely % + % = 1 and using
Holder inequality yields, for any ¢t > 0,

0o 1/q
£(t)] < U e‘""st] €™ f'll L (0,00:) < C(m@)e™ ™€ f'|| Lo (0,005)
t

Herein the constant C(n,q) is given by C(n,q) = (qn)~/%. Next, applying
(3.15) with & = f(¢), one gets

t 1/p
mmmwwhvfwﬂm4<wmwmmmm,wm.
0

We infer from the condition 7 > max(0,w,) that
Sat)f(t) =0 as t— oo. (3.16)

On the one hand, let us observe that, since f € W* ([0,00), X), for all £ > 0,
one has

(Saof)(t)=Sa)f(0) + (Saxf)(t) = Sa(t)f(0) + /0 (Saof')(s)ds.
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Thus, this yields
(Saoflt=2)) () = Sa®)f(t)—(Saxf(t—") ()
= / Sa(t—s)f'(t—s)ds

= Sa(t)f() - / (Sao f/(t—)) (s)ds.

0
The above computation coupled together with (3.16) and the definition of K4(f)
in Lemma 3.11 yields
t

Ka(f) =— lim | (Saof/(t—"))(s)ds.

t—o0 0

On the other hand, note that the map ¢t — (Sa ¢ f'(t —.)) (t) satisfies, for any
t > 0, the following equation

Saoft=D@ = A [ (Saor-)eds+ [ fie-9a

_ / (Sao f(t =) (s)ds + () — £(0).

Finally, since A is closed and f’ € Ly (0, 00; X), letting t — oo and using Lemma
3.11 (with f replaced by f’) yields K4(f) € D(A) and the following identity

Ka(f') = —AKa(f) — £(0).
This completes the proof of the result. [

Lemma 3.14 Fiz n > max(0,wa). Then, for each f € L?(0,00; D(B)) one
has

KA(f) € D(B) and KA(Bf) = BKA(f)
Here the notation f € L (0,00; D(B)) is used to mean f € L} (0,00; X), f(t) €
D(B) for almost any t > 0 and t — Bf(t) belongs to L} (0, 00; X).

The proof of this lemma is similar to the one of Lemma 4.2 in [14] and thus
omitted.

To go further, we introduce more notations related to the linear operator
B. According to Assumption 3.3 we denote by {Sg(t)},~, C L£(X) the inte-

grated semigroup generated by B. We also consider By, the part of B in D(B),
{TB,(t)}i>0 C L (D( )) the strongly continuous semigroup generated by By

as well as {TB(t)}+>0 C L(X) the semigroup obtained by differentiating Sp(t)
with respect to time, for ¢ > 0.

Recall also that for each w > wg(By) and each « € ( ) there exists some
constant M = M, > 0 such that

M
IT5@®)llex) < Zzes vt >0. (3.17)

(63
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Now fix 77 > max(0,w,) and recalling Assumption 3.4, let us fix « such that

1 1
—~ <a< -—.
q b

With such a choice of the parameter «, observe that for any € X and any
A > 1+ wo(By) the map t — e MTg(t)r € L% (0,00; X). Hence, in view of

Lemma 3.11, let us define for A > n+wo(Bo) the map R (A, A, B) € L(X, D(A))
by

R(MAB)x :tlirrolo {SA o (e_)‘(t_')TB(t - )x)} t), VzeX
=Ky (e_A'TB(-)x) .
Let us observe that, using Lemma 3.12, the following identities hold
R(MNAB)=R(0,A,B—X)=R(0,A—X,B), VYA>n+we(By).

Next the following estimate holds true

Lemma 3.15 For any o € (q%, %), for each w > wy(By), there exists some
constant M > 0 such that, for any A\ > n+ w, one has
M

IR (A As B)ll 2 x pray) < : (3.18)

1 o
A= (+w))?
In particular one has

B IR OuA By =

Proof. Fix a € (qi, %) and w > wp(Bp) and recall that there exists M = M,
such that (3.17) holds true. Next using Lemma 3.11, one has for any x € X
and A > n+w,

HR()‘v A, B).’t” < MA (77) Hei/\.TB(')‘rHLg(O,OO;X) :

We infer from (3.17) that

—~ © 1 P
IROA Blal < 8 () o1 | [~ eromorent ] .

The change of variable s = (A — (n +w))t ensures that estimate (3.18) holds
true and this completes the proof of the lemma. [
Our next preliminary result reads as follows.

Lemma 3.16 For all A > n+ wq (Bo) one has
R(\ A, B)D(B) C D(A) N D(B),
and

A=A+ B)R(MNA B)x =z, Vxe D(B).
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Proof. To prove the above lemma, let us fix A > 7+ wo(By). Next fix © € D(B)
and let us check that the map

t e Mg () = e Mg, (t)x

belongs both to W, ?(0,00; X) and to L? (0,00; D(B)). Note that the first
statement follows from (2.8). The second statement directly follows from the
first one coupled with the following property of the semigroup Tz, (t), that reads
as

dTBo (t)l‘

dt

Hence (see (2.8)) t = e~ MTg, (t)x belongs to LE(0,00; D(Byg)) C LE(0,00; D(B)).
As a consequence of Lemma 3.13 and 3.14, one obtains that

TBO (t)(E S D(Bo), Vi >0 and = ByIs (t)ﬁ, Vvt > 0.

R (XN A,B)D(B) C D(A)ND(B), VA > 1+ wo(By).

The second statement of the result follows from the same arguments as the ones
developed in [14]. L]
We continue this section by proving the following proposition.

Proposition 3.17 Let Assumption 3.4 be satisfied. Then there exists A\g € R
such that, for all A > X\g, one has

D(B) + D(A) c R(» — (A+ B)).

Proof. To prove the above proposition, let us define the part of B in D(A), that
is linear operator By : D(By) C D(A) — D(A) given by

{ D(B1) = {z € D(B) N D(4) : Bz € D(A)},
Bix=Bx, Vze D(Bl)

Let us also recall that the linear operator Ay : D(Ag) C D(A) — D(A), defined
in (2.5), is the part of A in D(A). Then, from Assumption 2.1, Ay is the
infinitesimal generator of a strongly continuous semigroup {74, (%) }+>o0.

Moreover, thanks to the commutativity property (3.10), for all A € p(B), we
have

(A= B)"'D(4) ¢ D(A).

Then, we deduce that By = B‘m and it follows that

p(Bi)=p(B) and (A= B1)"' = (A= B) 55 YA€ p(B1) = p(B).
Due to Assumption 2.5, the linear operator Bj is the infinitesimal generator
of a strongly continuous analytic semigroup of bounded linear operators on

D(By) = D(B) N D(A) C D(B) and the following estimate holds true

_ _ 1
0= B ey < 10— B) e = 0 (S ) as A .

px
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This implies that the linear operator B is the infinitesimal generator of an
integrated semigroup (Sg, (t)),>, that is given by Sp, (t) = SB(t)IW’ for all
t>0. B

Moreover, from Assumption 2.2 and Remark 2.8, {S1(¢)}:>0 satisfies As-

sumption 3.2 for any p > p* on the Banach space D(A).

Next using Theorem 4.12 in [14], the commutative sum Ag + By is closable
and there exists @ € R, such that [@, 00) C p(Ag + B1) wherein Ag + By denotes
the closure of Ag + By : D(Ao) N D(B;1) C D(A) — D(A). Thus, for any A > @
one obtains that

R (A — (4o + B1)) = D(A),

which implies

D(A)=R(A—(Ag+B1)CR(\A—(A+B)), VA=A (3.19)
Furthermore Lemma 3.16 ensures that

DB)CRA-(A+DB)), VYA>n+wy(Bo). (3.20)

Finally, (3.19) and (3.20) completes the proof of the proposition. ]

In the sequel, we fix \g > 1 + wo(Bp) and we study the solvability of the
equation for y € X and A > \g

f(A+B—X)£c:y. (3.21)

Following [14] we recall the notion of solution for (3.21).

Definition 3.18 (Weak and Classical solutions) Lety € X and A > Ao be
given. We will say that x € X is a weak solution of (3.21) if x and y satisfy
the following equality

|:(M+XB>_1+(>\A)1:|CC (u+3\\fB>_1(>\—A)71[y+(>\+u):c}

for some A € p(A) and u € R such that p+ e p(B).
We will say that z is a classical solution of (3.21) if

zeDA)NDB) and — [A-i—B—X}x:y.

As proved by Ducrot and Magal in [14] and using Lemma 3.16, one has
Lemma 3.19 The following holds true:
(i) Lety € X and h) > Ao be given. Then, the following properties hold

(i1) If x € X s a classical solution of (3.21), then x is a weak solution
according to Definition 3.18.
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(i2) © € X is a weak solution of (3.21) if and only if t =R (X A, B) Y.
(ii) Consider the closed set G C X x X given by
G = {(m,y) EXxX: x:R(X,A,B)y}.
Then, there exists a closed linear operator Ly : D (LX) C X — X such
that G = Graph (~Ls), 0 € p(L3) and (~L) " =R (X, 4, B).

We are now able to prove the closability of A+ B. We will more particularly
prove the following result.

Proposition 3.20 Let Assumption 3.4 be satisfied. Then the linear operator
A+ B:D(A)ND(B) C X — X is closable and its closure, denoted by A+ B :

D (A + B) C X — X satisfies for all A > Ao

D(A)ND(B)c D(ATB) c DA ND®B), D(ATB)cD(Ly),
AFBo=(Ly+X)a, VeeD(A+B).

Let us furthermore assume that there exists h) > Ao such that
R (X —(A+ B)) is dense in X.

Then, the closure A+ B coincides with Ly + X, namely D (LX) =D (A + B).
Moreover one also has \ € p (A + B) and

(X . (m))_l — RO\ A, B).

Proof. We first prove the first part of the proposition, namely the closability
part. To that aim, fix 2> Ao and consider Gg = Graph (A + B — X) Then,
from (i1) in Lemma 3.19 and recalling that Ls is a closed linear operator one
gets
Gy C G = Gy C Graph (LX) .

This means that L : D (LX) C X — X is an invertible closed extension of
(A+B— X) and this completes the proof of the first part of the result.

To prove the second part, assume now there exists h) > )Xo such that the
range (X —(A+ B)) [D(A) N D(B)] is dense in X.

Fix (z,y) € Graph (Ls), that is € D (L) and y = Lz, namely z =
-R <X, A, B) y. Then, there exists a sequence { (2, yn) }n>0 C (D(A) N D(B))x
X such that

Yo —y as n— oo and :\\xn—(A—l—B)xn:—yn, Vn > 0.
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Next, according to Lemma 3.19 (2), one has
T, =—R (X,A,B) Yn, Yn >0,

so that the sequence (x,,)n>0 converges in X toward o := —R (X A, B) ye X.

This ensures that x = 2, € D (LX)' Since A + B is closed, one also deduces
that

B) and XL)O — (A + B) Too = — Y.

m

Lo

D(A+
Therefore x € D (A —+ B) and (z,y) € Graph ((A + B) — X) Hence D (LX) =
D (A+ B) and Ly = A+ B—\. Since 0 € p (L5) we obtain that e p(A+B)

= .
~ -1 ~
and ()\ — A+ B) =R ()\, A,B). This completes the proof of the proposi-
tion.

]
We are now in position to complete this section by proving Theorem 3.5.

Proof of Theorem 3.5.

Note that the above proposition already proves the first part of the theorem
on the closability of A+ B. It also show that when the range of A — (A 4+ B) is
dense, for all X large enough, then D(A + B) = D(A) N D(B) and there exists
A large enough such that [5\, o00) Cp (A + B) and that

(A\—A+B) ' =R(\A,B), VA>A

We will now prove (ii). To that aim observe that {T'4,(¢)Tg, (t)}+>0 is a strongly
continuous semigroup on D(A) N D(B). Next, for any 2 € D(A) N D(B) and
any A > )\, one has

(A\— (A¥B),) = =R(\A,B)x

= lim (SA o (e*W*-)TB(t - )x)) (t).

t—o00

Since * € D(B), one has Tg(s)r = Tpg,(s)z, for all s > 0 while since x €
D(A) N D(B), one has Tp,(s)x € D(A) for all s > 0. As a consequence for any
t > 0 we have

t
(SA o (e M )T (t — -)x)) (t) = / Ta,(t — 8)e )T (s)zds
0
t
:/ e T, (8) T, (s)2ds.
0
Hence we get = € D(A) N D(B) and for any A > \ we have

A—(A+ 3)0)71 x = /000 e T, (s)Ts, (s)zds,
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that ensures that (A + B)O, the part of A + B in D(A) N D(B), is the infinitesi-
mal generator of the strongly continuous semigroup {74, (¢t)Tg, (t)},~ (see [16]).
This completes the proof of (ii). B

We now turn to the proof of (iii). To that aim, let us first observe that due
to Lemma 3.15, for all z € X, one has

()\—A+B)_1x—>0 as A\ — oo,

with respect to the operator norm topology in £(X). Hence, due to (ii), A + B
satisfies Assumption 2.1 and thus A + B is the infinitesimal generator of a non-
degenerate and exponentially bounded integrated semigroup {Sz75(t)}+>0 and
for all A > 0 large enough, one has

(e}
(A\-A+B) 2= )\/ e MSg(adl, Vre X.
0

On the other hand, let us fix g > wy and A € R. Then, we infer from Lemma
2.4 that for each ¢ > 0 one has

(b —Ao)~! (SA o (BfA(tf')TB(t - ))) (t) = /Ot e M T, (s)(p — A) "' Tp(s)ds.
Hence, using integration by parts we obtain, for all z € X and ¢ > 0,
(SA o (e*Mt*')TB (t— )x)) () = e (Sa 0 Tt — ) (1)
.\ /Ot e~ (S4 0 Tip(s — ) (s)ds.

Now, choose A > 0 large enough such that A > n + max (0,wo(B)). Then, for
all x € X, we have

e M(SyoTp(t—)x)(t) =0 as t— oo,
and for all z € X and all A > 0 large enough,
(A\-AFB) z=R(\A4,B
= lim (SA o (e—W—')TB(t - )x)) (t)
~) /OOO =5 (Sa 0 Ty(s — )) (5)ds.
This implies that
Sarg(t)r = (SaoTp(t —)x)(t), Vt>0,Vre X,

and this completes the proof of (iii).
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Finally, let us complete the proof of (iv). To do so, let us fix 7 > 0 and let
f € C(]0,7]; X) be given. Next observe that one has

S * () = / (Sa 0Tl — ) f(t — 1)) ()L, ¥t € [0,7].

Next, fix 1 > w4 and note that for any ¢ € [0, 7] one has

(4~ Ao) S+ F(1) / / Ty () (1 — A) VT (s) £ (¢ — sl

. A@/TAU()(u A)"1T5(s) [/ft—mdz}d.

Setting 0 =t — [ yields

(=40 S = 50 = [ Taso)n= ) Ta(s) [ [ st01do]

so that, for each ¢ € [0, 7], we get

(n—A0)™" (Sazpof) (1) = /O T, (s)(n— A) " Tp(s) f(t — s)ds.
This ensures that
(Sazgef) ()= (SA o (Ta(t - -)f(~)))(t), vt > 0.

Now, since for each ¢t € (0, 7] the map s — Tp(t—s)f(s) € LP(0,t; X), Assump-
tion 3.2 for the linear operator A ensures that, for all ¢ € [0, 7],

ISz 0 0l < 0 ([ 20 s)s9)Pas) ", vz o

Hence, due to estimate (3.17), for each o € ( =, %) and each w > wy(By), there

exists some constant M = M, ,, (independent of f) such that for any ¢t € [0, 7]
and any 1 <r < p% it holds that

(Sremo ) O < Mat [ =tz a0 ssras

t orp(wa—w)(t—s) 17
= Mall (A (t—s)Tpa > (/ I f(s)]] pds) i

This prove (iv) for any f of class C! and the result follows from Theorem 3.6
in [30]. n
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4 Applications

In this section, we study problem (1.1), that we recall below

(0t + 00 — Ap) u(t,a,z) = f(t,a,2), t>0,a>0, x€Q,

u(t,0,z) = g(t, x), t>0, x €, (4.22)
Vu(t,a,z) - v(z) = h(t, a,x), t>0,a>0, z€0Q, .
u(0,a,z) = up(a,x), a>0, el

Herein © C RY denotes a bounded domain with a smooth boundary 0.

To handle the above problem, fix ¢ € (1,00) and p € (1,00) those specific
properties will be discussed below (see condition (3.11)). Our aim in this section
is to consider (4.22) using the results of Theorem 3.5 on the commutative sum
of linear operators and to reformulate this partial differential equation as an ab-
stract Cauchy problem involving a non-densely defined operator that generated
a suitable integrated semigroup with a well described generator. Before going
to the main result of this section, we need to introduce various spaces and linear
operators.

Firstly, we consider the Banach space

Y = W' o (09) x LI(Q), (4.23)
as well as the linear operator B’ : D(B’) CY — Y defined by
D(B') = {0} x W1(Q),

P () (). () e

Here W'~ 04 (092) denotes the trace space on 0f) associated to functions in
Wha(Q).

Define also the linear operator B}, : D(B(,) C D(B’) — D(B’) as the part of B’
in D(B’), that is the linear operator given by

D(B}) = {(3) € {0} x W9(Q) : Vi) - v =0 on aQ} :

B (3}) = (Aow) , v (3}) e D(BY}).

It is well known (see for instance Henry [19] and Yagi [45]) that Bj is a sectorial
operator on D(B’) = {0} x LI(£).

Next, recalling the definition of the space Y in (4.23), let us define the
Banach space

X = D(B') x LP(0,00;Y) = ({0} x LI()) x L?(0, 00;Y).
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We define the linear operator B : D(B) C X — X by

D(B) = D(Bj) x LP(0, 00, D(B')),
b (i) - (a - g%m,q) v (;Z) € D(B),

as well as A : D(A) C X — X the linear operator given by

D(A) = {0557} % {w e W(0,00:Y) 1 (0) € DB},

A (O%B/)) - (_féf;)) v (g) € D(A).

Next we now consider the linear operator L : D(L) C X — X defined as the
sum of these two linear operators, that is

D(L)=D(A)ND(B) and Lx= Az+ Bz, VYa € D(A)ND(B).
In a more concrete form, the operator L expresses as

D(L)y=D(A)ND(B) = {Om} X (W“’(O7 00;Y) N LP(0, oo, D(B’))) ,

. (0%13/)) B (a = —6as0(_as,0-(;))+ B’w(%-)) Y <OD$/)) <P

The main result of this section is concerned with the closability of the linear
operator L and with property of the integrated semigroup generated by L. Our
result reads as follows.

Theorem 4.1 Assume that the parameters p > 1 and q > 1 satisfy the following

condition L+ 1
q
I<—+-. 4.24
50 T p (4.24)
Then the linear operator L : D(L) C X — X is closable. Its closure L : D (f) C

X — X enjoys the following properties

(i) D(A)ND(B) C D(L) and D (L) = D(A) N D(B),

(ii) The linear operator L : D(L) C X — X satisfies Assumption 3.2 with
parameter p replaced by any r € (1,00) such that

1 1 1
R R
r 2q P

To prove this result we apply Theorem 3.5 with the linear operators A and B
defined above. To that aim, let us first recall some properties satisfied by these
operators.

We start with the description of the linear operator A: D(A) C X — X. It
enjoys the following properties.
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Lemma 4.2 Let p > 1 be given. The linear operator A : D(A) C X — X
satisfies Assumption 3.2. More precisely, one has

(i) (0,00) C p(A) and for all A > 0 one has

(A— A)! (i) = (eA.y+f()- eOM'%(s)ds)’ v (i) € X,

1

@ (/\75) as A — o0.

and

H()‘ - A)_luc(x) =

(ii) The part of A in D(A), denoted by Ay : D(Ag) C D(A) — D(A) is
the infinitesimal generator of a strongly continuous semigroup, denoted by
{TAo(t)}tzoa on D(A).

(iii) The integrated semigroup {Sa(t)};>o C L(X) generated by A : D(A) C
X — X is given, for each (Z) cL?

([0,00); X), by

loc

(34 (1)) 0= (e o) [ 700 (i)

wherein we have used x to denote the characteristic function of a set.

The proof of this lemma can be found in [27, 30].
We are now concerned with the linear operator B’ : D(B’) C Y — Y that
enjoys the following properties.

Lemma 4.3 Letq > 1 be given. Then, the linear operator B' : D(B') CY —» Y
satisfies Assumption 3.3 with p* = ﬁfq, One furthermore has (0,00) C p(B’) =
p(Bg)-

The proof of this lemma follows from the elliptic estimates derived by Agra-
novich et al. [1].

Using this property we are now able to discuss some properties satisfied by
the linear operator B : D(B) C X — X.

Lemma 4.4 Let ¢ > 1 be given. Then the linear operator B : D(B) C X — X
satisfies Assumption 3.8 with p* = f—fq. Moreover one has

(0,00) C p(B) = p(B') = p(By),

and for all A € p(B),

A-B)"! (Z) B (a H(?Ai—BJBé’))fl(i)(a, ')) '
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The proof of this lemma directly follows from the properties of the linear oper-
ator B’ stated in Lemma 4.3 above.

Using the above properties, we are able to prove Theorem 4.1. As already
mentioned above, its proof is a direct application of Theorem 3.5.
Proof. First note that due to Lemma 4.2 and Lemma 4.4, to apply Theo-
rem 3.5, it is sufficient to check that A and B are resolvent commuting and that
R(A—(A+ B)) is dense in X for all X large enough.
Resolvent commutativity: This property follows from the resolvent formula
described in Lemma 4.2 and 4.4. Indeed, let A € p(A) and p € p(B) be given.
Then, for each (y,1)T € X one has

—1/y 1 (Y _ o -1 0 Y
(:U’ - B) (/\ A) (q/}) - (M B) (EA'y+ fo 6)‘('8)1,/}(5)(15) ’ v <w> )

0 v Y
e (n—By) Ty + foe N (= B (s)ds ) v)’

while

_ (v _ - (k= Bo) " (v)
()\—A) l(ﬂ_B) (1/}> - ()\_A) ' (al—) (,U,—Bgl)lw(av')> 7

0

Hence A and B are resolvent commuting.
Density of the range: To prove that Ran (A — A — B) is dense for all A large
enough, let us notice that one has

D(A) = {Ow} x L”(0,00;Y),

D(B) = D(B) x L? (0, 03 D(B’)) :
Hence D(A) + D(B) = X. Hence Property (3.11) in Theorem 3.5 applies and
ensures that the range of A\ — A — B is dense in X for all A large enough. Hence
Condition (3.12) in Theorem 3.5 is satisfied.
As a conclusion, since p* = 12qu, Condition (4.24) ensures that Assump-
tion 3.4 is satisfied. Applying Theorem 3.5 with the linear operators A and B
completes the proof of Theorem 4.1.
(]
Now let us come back to (4.22). Let p > 1 and ¢ > 1 be given satisfying
(4.24). Let r > 1 such that
1 1 1
R
r 2q P
Now let T' > 0 be given and fixed. Consider uy = ug(a,z) € L? (0, 00; L(f2)),
f = [f(t,a,x) € L"(0,T;LP (0,00, LU(R))), g = g(t, ) € L"(0,T;L%(R)) and
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h = h(t,a,z) € L" (o,T; v (o,oo;Wl—%ﬂ(aQ))). Next set F € L"(0,T; X)
the function defined by

Flt) = (g(z -))

B h(tvaa )
@ <f(t7 a, )

Then problem (4.22) formally rewrites as
du(t)

dt
v(0) = vp.

> erL (O,T; (D(B) x LP(O,oo;Y))).

= Lo(t) + F(t), te(0,T),

wherein we have identified v(t) € D(L) = D(A) N D(B) together with the map

o)

0 ,.1
t— ars [ D) € D(A)ND(B) C X,
u(t,a,-)

while v(0) = v is defined similarly with (¢, a, -) replaced by ug(a, -).
According to Theorem 4.1, L is closable, so that we consider the closure equation

do(t) —+
o = Lv+ F(1), te0.T), (4.25)
v(0) = vo.

Herein L denotes the closure of L. Next using the properties of the linear opera-
tor L, the above equation has a unique mild solution u € C' ([O, T);D(A)N D(B))
given by
olt) = T, (B0 + (Spo F) (1), vt € [0,7],

wherein {TZO (t)}t>0 cL (D(A) N D(B)) denotes the strongly continuous semi-
group generated by Lo, the part of L in D(A)ND(B) while {Sz(t)},, C
L(X;D(A) N D(B)) denotes the integrated semigroup on X generated by L.

Now using the formula for 77 and Sz expressed in our general result Theo-
rem 3.5 in term of T4, and T'g,, that respectively denote the strongly continuous
semigroups generated by Ay and By, the parts of A and B in D(A) and D(B);
and S4, Sp the integrated semigroups generated by A and B respectively, one
may obtain the formula below for the mild solution u = u(¢, a, z) of (4.22).

v(t) =T, (t)vo + (Sp o F) (t)
=T, ()T, (t)vo + (Sa o (Ts(t =) F(-))) (t).

Recalling that {Sp/(t)};5, C L£(Y) denotes the integrated semigroup generated
by B’ and {TB(/) (t)}1t20
erated by Bj, the part of B’ in D(B’) then one obtains the following explicit

cL (D(B’ )) is the strongly continuous semigroup gen-
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formula for the function v = u(t,a,z) € C ([0, T]; LP (0, 00; L(f2))), the mild
solution of (4.22).

Lemma 4.5 (Mild solution) The mild solution of the abstract Cauchy prob-
lem (4.25) (which corresponds to (4.22)) is given — in'Y — for t € [0,T] and

almost every a > 0 by
et >) (1), ift<a,

| ) o 1
)) (a), ift>a.

h(-,
f('7
u(t,a,-) 0 h(7+t_a
Tgy(@) (g<t - >> * (SB’ ° (f(~,'+t —a
The above formula for the weak solution of the abstract Cauchy problem (4.25)
corresponds to the formal expression of the solution of (4.22) that can be ob-
tained using integration along the characteristics and also to the decomposition
(1.2)-(1.3)-(1.4) proposed in the introduction.

)
)
)
)
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